
Numerical Integration

CE 261 DYNAMICS

In dynamics, we often encounter expressions for accelerations which we cannot inte-
grate. The reason being that the acceleration of a particle might depend, not simply
on time, but also on its position and/or its velocity. A simple example of this occurs
when air resistance is taken into account in projectile motion. The air resistance
makes the problem considerably more diÆcult than the simple projectile-in-a-vacum
problem. In order to obtain a solution for such problems, we carry out a numerical
integration using Euler's method. This method simply divides the total time into
many increments of time, each so short that the next position of the particle can
be calculated assuming that velocity remains constant. Then, the small change in
velocity that would actually take place is calculated assuming that the acceleration
remains constant. Thus, for one dimensional motion, if the position, velocity and
acceleration of a particle at time t were known to be

s(t) v(t) a(t)

then the position and velocity a short interval of time later would be:

s(t+�t) = s(t) + v(t)�t

v(t+�t) = v(t) + a(t)�t

At this point, i.e. at t+�t, we assume there is suÆcient information to calculate the
acceleration from an equation obtained from an F = ma diagram. Thus, the above
can be repeated to obtain the position and velocity at time t+�t+�t, and so forth
until we have reached our desired termination.

In two dimensional motion, the procedure is much the same, that is, we use:

x(t +�t) = x(t) + _x(t) ��t

y(t+�t) = y(t) + _y(t) ��t

_x(t+�t) = _x(t) + �x(t) ��t

_y(t +�t) = _y(t) + �y(t) ��t

and

�x(t+�t) = �x(t; x; y; _x; _y)

�y(t +�t) = �y(t; x; y; _x; _y)



or in tabular form

t x _x �x y _y �y

t+�t x+ (�)�t _x + (�)�t �x(x; y; _x; _y) y + (�)�t _y + (�)�t �y(x; y; _x; _y)
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Hence, the velocities at time t are used to increment displacements at time t to dis-
placements at time t + �t, and the accelerations at time t are used to increment
velocities at time t to velocities at time t + �t. Once new displacements and ve-
locities are known at time t + �t, the equations of motion are used to calculate the
accelerations at time t+�t. Clearly, the above procedure can be easily programed for
computation on a computer, thus allowing the procedure to be repeated over thou-
sands of time steps to obtain very accurate numerical solutions. Plots of the path of
the particle, of velocity verses time, etc. can then be easily obtained.



Air Resistance - an Example of Numerical Integration

The resistance to motion created by air on an object can be approximated quite
accurately by

~fd = �Cd�Av2êt

where

Cd = Drag coeÆcient dependent on object's shape.

� = Density of Air.

A = Area of object's projection on a surface perpendicular to velocity.

v2 = The square of the velocity's magnitude.

êt = Unit vector in direction of velocity.

Given a baseball with velocity ~v = vxî+ vy ĵ as shown,

v = v  i  + v  jx y
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1. Draw the F = ma diagram.

2. Write the equations of motion in the x-y (horizontal and vertical) directions in
terms of the components of velocity in these directions.

3. Use the numerical data given below to calculate the values of components of
acceleration in these directions at the instant indicated.

4. Make a table as described in Numerical Integration and �ll in the numerical
values for the next three time steps using �t = 0.01 seconds.

Cd 0.5
radius 1.43 inches
A �r2

� 2.13 slugs/ft3

weight 5.0 oz.
speed 180.0 mph
� 20 degrees


