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Abstract

The log-law of the wall in the overlap for wall-bounded turbulent flows is re-derived from a pure dimensional
analysis that is based on three experimental facts: (1) in the inner flow region, the mean velocity distribution
is dominated by the viscous length scale; (2) in the outer flow region, the mean velocity distribution is
dominated by the largest eddy size or the boundary layer thickness; and (3) there is an overlap between
the inner and outer regions. These facts lead to a functional equation that yields a universal log-law in the
overlap. Hence, the log-law is independent of any turbulence model, and it is an axiom accepted widely in
fluid mechanics.
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Introduction

The log-law of the wall was proposed by von Karmén (1930) from a similarity hypothesis and Prandtl (1932)
from a mixing length hypothesis; it was experimentally confirmed by Nikuradse (1932, 1933) with pipe flow
experiments. Later, it was shown by Millikan (1938) and others that it is universal in the overlap layer for
wall-bounded turbulent flows, including pipe flow, channel flow, and boundary layer flow. The log-law is
the foundation of the log-wake law (Coles 1956) and the second log-wake law (Guo 2020; Patel et al. 2021;
Shan et al. 2022). Furthermore, it is a criterion for examining all turbulence models near a wall.

Nevertheless, with the publications of the second log-wake law, several readers wrote to the writer and
asked: (1) Why is the log-law of the wall is an axiom in fluid mechanics and all turbulence models must meet
it near a wall? (2) Why is the von Kédrmdn constant x a universal constant that does not vary with Reynolds
number? (3) Why is the log-law invalid in the wake layer or why is a wake-law correction necessary in the
outer flow region? The writer referred readers to Millikan (1938), but Millikan’s derivation of the log-law
in the overlap is slightly complicated and not straightforward. As a supplemental to the second log-wake
law (Guo 2020; Patel et al. 2021; Shan et al. 2022), this technical note re-derives the log-law from a pure
dimensional analysis, which does not need any turbulence model.

Derivation

To make this technical note as short as possible, a literature review on the log-law is referred to Guo (2017)
and thus neglected here. For a pipe or boundary layer flow, physically, it contains many different eddy sizes
or length scales. The smallest length scale is defined by the viscous length scale v /u., where v = kinematic
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fluid viscosity and u, = wall shear velocity; and the largest length scale is defined by the pipe radius or the
boundary layer thickness /. Besides, for hydraulically-rough wall turbulence, there is a roughness length &;.
Therefore, the streamwise mean velocity distribution u is generally expressed by

u=F(y,V,u, ks, h) (D

where F' is a functional symbol; and y = distance from the wall. Eq. includes two fundamental dimen-
sions: length L, and time 7. Choosing y and u, to represent the length dimension L and the time dimension
T, respectively, the Buckingham IT-theorem reduces Eq. (I) to
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where y is scaled by three different length scales: viscous length v /u,, roughness height k;, and boundary
layer thickness h. These three length scales make a wall-bounded turbulent flow very complicated. Fortu-

nately, Eq. (2) can be simplified under different flow conditions and regions.
For a hydraulically smooth-wall turbulence (k; = 0), Eq. @ reduces to
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where experiments (Nikuradse 1932, 1933; Hultmark et al. 2012) show that: (1) Near the wall, Eq. (3) is
dominated by the viscous length scale v/u,; and the effect of the boundary layer thickness % is negligible.

Thus, Eq. (3)) reduces to
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The region described by Eq. is referred to as the law of the wall, including the viscous layer and the
overlap in the inner flow region (Fig. 1), which is experimentally defined by yu./v > 0 and y/h < 0.15
(Hinze 1975). (2) Far from the wall, the flow is independent of the viscous length scale v /u, and dominated
by the boundary layer thickness 4. Eq. (3] then reduces to
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The region described by Eq. (9) is referred to as the outer flow region, including the overlap and the wake
layer in Fig. 1. This region is experimentally defined by yu./v > 800 and y/h < 1, according to Hult-
mark et al. (2012) from high Reynolds number (> 10°) flow experiments, as shown in Fig. 1. Note that
conventionally, the lower limit of the outer region was defined by yu./v = 70 (Nikuradse 1932). Neverthe-
less, this difference does not matter for high Reynolds number flows because the viscous layer is negligible
practically, particularly for river flows where Reynolds numbers are often greater than 10°.
The overlap is the transition between the inner and outer flow regions, where yu, /v — oo in the inner
region to make sure the flow is beyond the viscous layer (Fig. 1), and y/h — 0 in the outer region to make
sure the flow is beyond the wake layer (Fig. 1). In this overlap, the velocities from Eqgs. and (5) must be

identical, namely
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Besides, the shear stresses and the energy dissipation rates from both Eqs. () and (5) in the overlap should
be identical, which implies that the velocity gradients must be identical. Therefore, taking the derivative of
Eq. (6) with respect to y on both sides gives
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Figure 1: Dimensionless mean velocity distribution as a function of inner variable and outer variable, re-
spectively.

Multiplying y on both sides of Eq. (7)) yields
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where the left-hand side is only a function of yu, /v while the right-hand side is only a function of y/h. If
Eq. holds true, it has to be a universal constant that, conventionally, is denoted as 1/x with k¥ = the von
Kérmén constant. Eq. (8) then becomes
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which answers the second question about the von Karman constant.
Integrating Eq. @I}, in terms of yu, /v and y/h, respectively, results in
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where C| = an integration constant from the inner region, and
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where C; = an integration constant from the outer region. It is noteworthy that x, C; and C, should be
universal constants though different researchers suggest slightly different values in the literature (Nikuradse
1932, 1933; Hinze 1975; Hult,ark et al. 2012 ).

Egs. (T0) and (TT)) reproduce the classic log-law in the overlap, without any turbulence model. There-
fore, the log-law is universal in the overlap layer and considered an axiom for wall-bounded turbulence near
a wall; it then is a criterion for all turbulence models. This answers the first question why the log-law of the
wall is an axiom so that all turbulence models must meet it near a wall.



For hydraulically rough-wall turbulence, the roughness scale k; dominates the near-wall flow so the
viscous length scale v /u, is replaced by k. Hence, Eq. becomes
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Finally, in the wake layer in Fig. 1, according to Millikan (1938), a correction function W (y/h) must
be added to the log-law near the pipe axis or the boundary layer edge. Coles (1956) found that the shape of
this correction function is similar to that of a wake flow. Therefore, this correction function is referred to
as the wake law. Consequently, Hinze (1975) found that the Coles wake function can be approximated by a
sine-squared function, which specifies the Coles log-wake law in the outer flow region as:
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where the log-law is one of Egs. (10), and (I2); and IT = wake strength that is independent of Reynolds
number but varies with flow type. This answers the third question why the log-law is invalid in the wake
layer and why a wake-law correction is necessary in the outer region. Note that in practice, the viscous layer
is often negligible (Fig. 1) so that the log-wake law is approximated in the entire flow domain.
Furthermore, if a wall-bounded turbulent flow is restricted by two parallel walls or boundary shear
stresses, the log-wake law of Eq. must be modified to be the second log-wake law (Guo 2020; Patel et
al. 2021; Shan et al. 2022), which accounts for the interaction between the two walls or boundary conditions.

Conclusions

This technical note re-derived the log-law of the wall in the overlap from a pure dimensional analysis. It
shows that: (1) the log-law of the wall in the overlap is a pure mathematical law that is independent of
any turbulence model; (2) the von Kidrmén constant is a pure mathematical constant that is independent of
Reynolds number; and (3) a wake-law correction is necessary in the outer flow region.
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