22 The z-Transform

Recommended
Problems

P22.1

P22.2

An LTI system has an impulse response k[n] for which the 2-transform is

H = h T o —_— -
=) n;_w [n]z 1—lz 0’ 2] > 2
(a) Plot the pole-zero pattern for H(2).

(b) Using the fact that signals of the form 2" are eigenfunctions of LTI systems,
determine the system output for all » if the input x[n] is

z[n] = @" + 3(2)

P22.3

Consider the sequence x{n] = 2"u[n].
(a) Is x[n] absolutely summable?
(b) Does the Fourier transform of x[n] converge?

(¢) For what range of values of r does the Fourier transform of the sequence
r~"x[n] converge?

(d) Determine the 2-transform X(2) of x[n], including a specification of the ROC.

(e) X(2) for z = 3e’® can be thought of as the Fourier transform of a sequence x,[n],
i.e.,

2"u[n] A X(2),
z[n] <> X(3e™) = X (™)

Determine x,[n].

Shown in Figure P22.3 is the pole-zero plot for the 2-transform X(2) of a sequence
x[n].

Im
z plane
X—%—; X Re
1 2 2
3 3
Figure P22.3

P22-1
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Determine what can be inferred about the associated region of convergence from
each of the following statements.

(a) x[n]is right-sided.

(b) The Fourier transform of x[n] converges.

(c) The Fourier transform of x{n}] does not converge.

(d) x[n]is left-sided.

P22.4
(a) Determine the 2-transforms of the following two signals. Note that the z-trans-
forms for both have the same algebraic expression and differ only in the ROC.
) xin] = @uln]
(i) widn] = —@®"ul-n — 1]
(b) Sketch the pole-zero plot and ROC for each signal in part (a).
(c) Repeat parts (a) and (b) for the following two signals:
(1) xin] = 2uln]
(i)  xn] = —@)u[—n — 1]
(d) For which of the four signals x,[n], xJ[n], x3n], and x[n] in parts (a) and (c)
does the Fourier transform converge?
P22.5

Consider the pole-zero plot of H(2) given in Figure P22.5, where H(a/2) = 1.

Im

z plane

Figure P22.5

(a) Sketch |H(e’)| as the number of zeros at 2z = 0 increases from 1 to 5.
(b) Does the number of zeros affect <H(e’")? If so, specifically in what way?
(c) Find the region of the 2 plane where |H(2)| = 1.
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The z-Transform / Problems
P22-3

P22.7

Determine the z-transform (including the ROC) of the following sequences. Also
sketch the pole-zero plots and indicate the ROC on your sketch.

(@) 'u[n]
(®) dn + 1]

For each of the following 2-transforms determine the inverse z-transform.

1 1
(a) X(z)—ﬂ?_—“ 12| >3
1 — 27! 1
M) X@) =11, [21>3
1—az! ll’
@ X)) =—"_—,>» [21>]3

Optional
Problems

P22.8

P22.9

In this problem we study the relation between the z-transform, the Fourier trans-
form, and the ROC.

(a) Consider the signal x[n] = u[n]. For which values of  does " "x[n] have a con-
verging Fourier transform?
(b) In the lecture, we discussed the relation between X(2) and F{r~"x[n]}). For each

of the following values of r, sketch where in the 2 plane X(2) equals the Fourier
transform of r~"x[n].

i r=1
(i) r=3%
(iii) r=3
(¢) From your observations in parts (a) and (b), sketch the ROC of the 2-transform
of u[n].

(a) Suppose X(2) on the circle 2 = 2¢’* is given by

X(2e’) = 1—_1‘——

se

Using the relation X(re’®) = F{r "x[n]}, find 27 "x[n] and then x[n], the inverse
z-transform of X(2).
(b) Find x[n] from X(2) below using partial fraction expansion, where x[n] is
known to be causal, i.e., x[n] = 0 for n < 0.
3 + 227!
2+ 827+ 277

X(2) =
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P22.10

A discrete-time system with the pole-zero pattern shown in Figure P22.10-1 is

referred to as a first-order all-pass system because the magnitude of the frequency

response is a constant, independent of frequency.
9m
Unit circle
>/-X\ © Re
a 1 1
a
ROC: |z|>a

Figure P22.10-1

(a) Demonstrate algebraically that |H(e’)| is constant.

(b) To demonstrate the same property geometrically, consider the vector diagram
in Figure P22.10-2. Show that the length of v, is proportional to the length of v,
independent of Q by following these two steps:

(i) Express the length of v, using the law of cosines and the fact that it is
one leg of a triangle for which the other two legs are the unit vector and
a vector of length a.
(ii) In amanner similar to that in step (i), determine the length of v, and show
that it is proportional in length to v, independent of Q.
dm
Unit circle
Q 1A vy
\\(i\ Vi ° (Re
a 1
a
Figure P22.10-2
P22.11

Parts (a)—(e) (Figures P22.11-1 to P22.11-5) give pole-zero plots, and parts (i)-(iv)
(Figures P22.11-6 to P22.11-9) give sketches of possible Fourier transform magni-
tudes. Assume that for all the pole-zero plots, the ROC includes the unit circle. For
each pole-zero plot (a)-(e), specify which one if any of the sketches (i)-(iv) could
represent the associated Fourier transform magnitude. More than one pole-zero plot
may be associated with the same sketch.
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(@) Q)

Im z plane Im
z plane

D :
) C\ 8

1
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Figure P22.111 Figure P22.11-2
© C))
Im z plane Im z plane
f ) S Re
T X Re 1
a
Figure P22.11-3 Figure P22.11-4
(e)
Im z plane
(o)
double zero atz =0
Figure P22.11-5
(i)
Q
n - Q
Figure P22.11-6 Figure P22.11-7
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P22-6

(iii)

@iv)

Figure P22.11-8 Figure P22.11-9

P22.12

P22.13

Determine the z-transform for the following sequences. Express all sums in closed
form. Sketch the pole-zero plot and indicate the ROC. Indicate whether the Fourier
transform of the sequence exists.

(a) OYuln] — u[n — 10]}
® »™

© 7( ) cos [2—7(;2 E] u[n]

0, n <0
(d) x[n] = 1, 0=<=n=<9
0, 9<n

Using the power-series expansion

=2} wi
log(l —w)= -3 —, |w| <L,
i=1
determine the inverse of the following z-transforms.
(a) X() = log(1 — 22), |z| <3
() X(2) =log(1 —$27"), |2] >4
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23 Mapping Continuous-Time Filters

to Discrete-Time Filters

Recommended
Problems

P23.1

P23.2

For each of the following sequences, determine the associated z-transform, includ-
ing the ROC. Make use of properties of the z-transform wherever possible.

() xi[n] = (D"uln]

(d) x[n] = (—3)u[—n]
(©) xy[n] = x[n] + xyn]
(@) zn] = x\[n — 5]
(e) zin] = z(n + 5]
&) xn] = P"uln]

(8) xAn] = x\[n] * xdn]

P23.3

A causal LTI system is described by the difference equation

yln] — 3yln — 1] + 2y[n — 2] = x[n]
(a) Find H(2) = Y(2)/X(2). Plot the poles and zeros and indicate the ROC.
(b) Find the unit sample response. Is the system stable? Justify your answer.
(¢) Find y[n]if x[n] = 3"u[n].

(d) Determine the system function, associated ROC, and impulse response for all
LTI systems that satisfy the preceding difference equation but are not causal.
In each case, specify whether the corresponding system is stable.

P23.4

Carry out the proof for the following properties from Table 10.1 of the text (page
654).

(a) 10.5.2
(b) 10.5.3
(¢) 10.5.6 [Hint: Consider

Consider the second-order system with the pole-zero plot given in Figure P23.4. The
poles are located at 2 = re’’, 2 = re™”, and H(1) = 1.

P23-1



Signals and Systems
P23-2

Im

z plane

Figure P23.4

(a) Sketch |H(e’")| as 6 is kept constant at =/4 and with r = 0.5, 0.75, and 0.9.
(b) Sketch H(e™) as r is kept constant at » = 0.75 and with § = =/4, 2x/4, and

3r/ 4.
P23.5
Consider the system function
2
HR)= ——F——
—90D=—2)
(a) Sketch the pole-zero locations.
(b) Sketch the ROC assuming the system is causal. Is the system stable?
(¢) Sketch the ROC assuming the system is stable. Is the system causal?
(d) Sketch the remaining possible ROC. Is the corresponding system either stable or
causal?
P23.6

Consider the continuous-time LTI system described by the following equation:

d*y(t) dy(t) _ da(t)
dt? + 5 dt + 6y(t) = .’L’(t) + 2 7

(a) Determine the system function H(s) and the impulse response h(t).

(b) Determine the system function H,(2) of a discrete-time LTI system obtained
from H(s) through impulse invariance.

(¢) For T = 0.01 determine the impulse response associated with H(2), h n].
(d) Verify that hyn] = h(nT) for all n.
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Optional
Problems

P23.7

P23.8

Consider a continuous-time LTI filter described by the following differential
equation:
dy(t
) | 05y(t) = x(t)
dt
A discrete-time filter is obtained by replacing the derivative by a first forward dif-
ference to obtain the difference equation

yln + 1] — yln]
T

+ 0.6y[n] = x[n]

Assume that the resulting system is causal.

(a) Determine and sketch the magnitude of the frequency response of the continu-
ous-time filter.

(b) Determine and sketch the magnitude of the frequency response of the discrete-
time filter for T = 2.

(c¢) Determine the range of values of T (if any) for which the discrete-time filter is
unstable.

Consider an even sequence x[n] (i.e., x[n] = x[—n]) with rational z-transform X(2).

(a) From the definition of the 2-transform show that

X(@) =X (l)
4

(b) From your result in part (a), show that if a pole (or a zero) of X(2) occurs at
2 = z,, then a pole (or a zero) must also occur at 2 = 1/2,.

(¢) Verify the result in part (b) for each of the following sequences:
(i) dn + 11+ 9n — 1]
(i) on + 1] — 39[n] + 8[n — 1]

(d) Consider a real-valued sequence y[n] with rational z-transform Y(2).
(€))] Show that Y(2) = Y*(=*).

(ii) From part (i) show that if a pole (or a zero) of ¥Y(2) occurs at 2 = 2, then
a pole (or a zero) must also occur at z = 25.

(e) By combining your result in part (b) with that in part (d), show that for a real,
even sequence, if there is a pole (or a zero) of H(2) at z = pe’’, then there is also
a pole (or a zero) of H(z) at z = pe ™, at z = (1/p)e”, and at z = (1/p)e ™.

P23-3
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P23-4

P23.9
In Section 10.5.5 of the text we stated the convolution property for the z-transform.
To prove this property, we begin with the convolution sum expressed as
+ oo
xyn] = 2i[n]*xdn] = D xi[klwin — k] (P23.9-1)
k=—o0
(a) By taking the z-transform of eq. (P23.9-1) and using eq. (10.3) of the text (page
630), show that
+0o0
Xy2) = > x[kIXo(2),
k=—0c0
where X,(2) = Z{xin — k]).
(b) Using the result in part (a) and the time-shifting property of z-transforms, show
that
+oo
Xy(2) = Xy(2) ) x|kl
k=—x
(¢) From part (b), show that
X3(2) = X (2)Xx(?).
P23.10
Consider a signal x[n] that is absolutely summable and its associated z-transform
X(2). Show that the z-transform of y[n] = x[n]u[n] can have poles only at the poles
of X(2) that are inside the unit circle.
P23.11
Let h.(t), st), and H.(s) denote the impulse response, step response, and system
function, respectively, of a continuous-time, linear, time-invariant filter.
Let k4n], sin], and H,(z) denote the unit sample response, step response, and
system function, respectively, of a discrete-time, linear, time-invariant filter.
@) If hyn] = h(nT), does s n] = Z h(kT)?
k=—c0
(b) If sfn] = s(nT), does hjn] = h(nT)?
P23.12

Consider a continuous-time filter with input x.(¢) and output y,(¢) that is described
by a linear constant-coefficient differential equation of the form

S 0, LULD _ $~ dwt)

a, (P23.12-1)
k=0 dat k=0 at*



P23.13

Mapping Continuous-Time Filters to Discrete-Time Filters / Problems

The filter is to be mapped to a discrete-time filter with input x[n] and output y[n]
by replacing derivatives with central differences. Specifically, let V*{x[n]} denote
the kth central difference of x[n], defined as follows:

VOx[n]} = x[n]

VOzin]) = x[n + 1) g x[n — 1]]

V®{x[n]) = VOVE Dix[n]))
The difference equation for the digital filter obtained from the differential equation
(P23.12-1) is then

> a,V¥yn]) = ) b,V x[n])

(a) If the transfer function of the continuous-time filter is H,(s) and if the transfer
function of the corresponding discrete-time filter is H,(2), determine how H,(2)
is related to H,(s).

(b) For the continuous-time frequency response H.(jw), as indicated in Figure

P23.12-1, sketch the discrete-time frequency response H,(e’®) that would result
from the mapping determined in part (a).

H, (jeo)

.l

€

Figure P23.12

(c) Assume that H.(s) corresponds to a causal stable filter. If the region of conver-
gence of H,(2) is specified to include the unit circle, will H,(2) necessarily cor-
respond to a causal filter?

In discussing impulse invariance in Section 10.8.1 of the text, we considered H.(s)
to be of the form of eq. (10.84) of the text with only first-order poles. In this problem
we consider how the presence of a second-order pole in eq. (10.84) would be
reflected in eq. (10.87) of the text. Toward this end, consider H(s) to be

==y

(a) By referring to Table 9.2 of the text (page 604), determine h(t). (Assume
causality.)

P23-5
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(b) Determine hyn] defined as hyn] = h(nT).
(¢) By referring to Table 10.2 of the text (page 655), determine H,(z), the z-trans-
form of h,n].

(d) Determine the system function and pole-zero pattern for the discrete-time sys-
tem obtained by applying impulse invariance to the following continuous-time
system:

1

HO = e e + 2»
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22 The z-Transform

Solutions to
Recommended Problems

S22.1

(a) The z-transform H(z) can be written as
2
H(z) = —
 —3

Setting the numerator equal to zero to obtain the zeros, we find a zero at 2 = 0.
Setting the denominator equal to zero to get the poles, we find a pole at z = 4.
The pole-zero pattern is shown in Figure S22.1.

Im

z plane

D

3
Dl >

—_

ROC: |z|>%

Figure S22.1

(b) Since H(2) is the eigenvalue of the input 2" and the system is linear, the output
is given by

1 (3) 1 .
virl =1 —%%)(Z) e [1 —%(%)J @
3" + 42

$22.2

(a) To see if x[n] is absolutely summable, we form the sum

N-1 N-1 1 _ 2N
Sy=2 lalnll = 3 2" = T—5
n=0

n=0

Since limy ...Sy diverges, x[n] is not absolutely summable.

(b) Since x[n] is not absolutely summable, the Fourier transform of x[n] does not
converge.

() Sv=12_

n=0

]

S22-1
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$22-2

S22.3

limy_..Sy is finite for |r| > 2. Therefore, the Fourier transform of »~"x[n] con-
verges for |r| > 2.

Z znz—n - Z (2z—l)n
n=0 n=0
1

=15 for 2271 <1

Therefore, the ROC is |z| > 2.

. 1
(e) X (&™) = ]

— %e —je

(D X(2)

Therefore, x,[n] = () u[n].

S22.4

(a) Since x[n] is right-sided, the ROC is given by |z| > a. Since the ROC cannot
include poles, for this case the ROC is given by |z| > 2.

(b) The statement implies that the ROC includes the unit circle |z| = 1. Since the
ROC is a connected region and bounded by poles, the ROC must be

<z <2
(c¢) For this situation there are three possibilities:
D |2l <3
(i) <zl <}
(iii) |z > 2

(d) This statement implies that the ROC is given by |2]| < 4.

o0

> mnle =Y de 7ty
n=-—0o n=0

1
11—z’

@ (O X

1
with an ROC of ,—2;| <1l,or|z| >4

i) X = Y @z

Letting n = —m, we have
X)) == B

m=1
= 2z

= — 2 o=
m;( 2) 1- 22

-1

1—-327"’

with an ROC of |22| < 1, 0r |2| <&
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®) )
Figure S22.4-1
(iD)
Im ‘Z}
Re {z}
Figure $22.4-2
o 1 2z .
© (1) X=)=2 Z =2 (1 — z_l) = ——7 - The ROCis |2| > 1, as shown
in Figure 22 4-3.
]mtz}
/ ({//
ROC
/ Re{z}
7
/ WA
/ ///
Figure $22.4-3
() X, 2) = — Z 2z " = —ZZ ngn

n=-—00

z/2 _®
—Z() Tl z-2’

n=1

with an ROC of |2/2| < 1, or |2| < 2, shown in Figure S22.4-4.
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Figure S22.4-4

(d) For the Fourier transform to converge, the ROC of the z-transform must include
the unit circle. Therefore, for x,[n] and x,[n], the corresponding Fourier trans-
forms converge.

S§22.5

Consider the pole-zero plot of H(2) given in Figure S22.5-1, where H(a/2) = 1.

z plane

D—X% Re
a 1

a
N

1to S zeros

Figure S22.5-1

(a) When H(z) = 2/(z — a), i.e., the number of zeros is 1, we have

cos @ + jsin Q
(cosQ — a) + 7sin Q

H(e'™) =

Therefore,

1
1+a®—2acosQ’

and we can plot |H(e’®)| as in Figure S22.5-2.

|H(e™)| =



)

©

The z-Transform / Solutions
S22-5

[H(es)]
1
-~ 1— 2

Q

Figure S22.5-2

When H(2) = 2*/(z — a), i.e., the number of zeros is 2, we have

cos 2Q + j sin 2Q
(cos @ — a) + 7sinQ

H(e™) =

Therefore,

1
1+ a® — 2a cos Q

|H(e™)| =

Hence, we see that the magnitude of H(e’®) does not change as the number of
zeros increases.

For one zero at 2z = 0, we have
2
H(z) =
@ =",
Jje
iy =
He )—e"“—a

We can calculate the phase of H(e’) by {2 — < (denominator)]. For two zeros
at 0, the phase of H(e’®) i§ [2@ — < (denominator)]. Hence, the phase changes
by a linear factor with the number of zeros.

The region of the 2z plane where |H(2)| = 1 is indicated in Figure S22.5-3.

Im

z plane

~—
-
-

&Y
Ay
>
x
Q

- Re{z}=%

Figure S22.5-3
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S22.6

(a) ®"uln] Z S Gy

1 2

B ;(32) T1-d 21

Therefore, there is a zero at 2 = 0 and a pole at 2 = }, and the ROC is
1
3z

as shown in Figure S22.6-1.

1
<1 > =
or |2} 3

7

A

7 % Re
.

Figure S22.6-1

®on +1] <5 on + 1™ = 2,

n=—c0

with the ROC comprising the entire z-plane, as shown in Figure $22.6-2.

Im z plane

Figure S22.6-2

S22.7

(a) Using long division, we have
X@)=1—-327" 4+ =42+ ...
We recognize that

xz[n] = (—8) uln]
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(b) Proceeding as we did in part (a), we have

xz[n] = (— uln]

© X@ = 1—
1—a?
_ 1 n a
T oa 1 —az
1—-a?\ |
1 a )
" T—a
Therefore,
1 1 — a?
aln] = =< dnl = S upn — 1)

Solutions to
Optional Problems

$22.8

(@) Frx[n)} = fijo{r‘"u[n]}

= Z r—ne-—jnn
n=0
o

— Z (re+jﬂ)—n
n=0

For the sum to converge, we must have
1

re+jﬂ

<1

Thus, |r| > 1.

r=1 /‘\ z plane
Re

) O

Figure S22.8-1
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(iD)

(iii)

Im

~
Il
[ —

\ z plane

-
N

Figure S22.8-2

Re

o] —

m

z plane

~/
N

/3 )

Figure S22.8-3

()

Im

i
a s

Figure S22.8-4

e

S22.9

(a) The inverse transform of

1—3e




is 3)"u[n]. But from the given relation, we have

27"x[n] = 3)"u[n],

or
x[n] = 3)"uln]
o 2t 342
2+82 ' +2% (2+z2)1+2hH
_ 1 n 1
T 242t 142V
1
3 1
X(z) = 2
@) 1+ 327! + 1+ 2!
= {(—d"uln] + (—1)"u(n]
§22.10
A —
(a) H(z) = —(%)2 ,  with A a constant
Therefore,
. A(e™ — a)
gy = A€ - T 4
He™ 1—ae™®
, A%(e " — a)e’ — a)
N2 = =
[H(e™)] (1 — ae™ (1 — ae’™)
and thus,
|H(e’™| = |A]
M) () |vl’=1+a>— 2acosQ
1 2
() |vl*=1+ pri LY
1
= Eg(az + 1 — 2acosQ)
1
= ; |v,|?
S22.11

The z-Transform / Solutions
S22-9

In all the parts of this problem, draw the vectors from the poles or zeros to the unit
circle. Then estimate the frequency response from the magnitudes of these vectors,
as was done in the lecture. The following rough association can be made:

(@) —= (D
(b) = (ii)
(©) = (iv)
(d) = (iii)
() =— (iv)
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S$22.12
(a) z[n] = @ u[r] — u[n — 10]]. Therefore,

9
X@ =) Bz

n=0
- S e O
I S o
le _ (1)10
= zg(z—_2%)7 2| >0,

shown in Figure S22.12-1. The Fourier transform exists.
®) z[n] = A" = @ uln] + &) "u[—n — 1]. But

1\ 4 2 1
(2) u[n]ez_%, 1zl >3,
and
l_nu[—n—l] Z 2 el <2
2 z2—2’

Summing the two 2-transforms, we have

3
—352 1
—_— - <
-8z -—-2)’ g < l2l<2

(See Figure S22.12-2.) The Fourier transform exists.

X2 =

(©) x[n] = 7" cos (2"—" + 1) uln]

6 4
d
1

n
(_ [ Jl(2x/6)n +(x/4)] -+ e-ji(2*/6)"+('/4)l]z*"
3

Therefore,

M8

CO| =

" 2zn  w|
X)) = ) cos [T + Z} P4

£l
[
<

[Ms

0

[ el /4 Z (ée"‘z'/‘”z“) + g Ir/4 Z (ée j(2r/6)z—1> ]
n=0

n=0

1IN NI NI

P e i/t
- + —
1 — %e’(z’/ﬁ)z‘l 1 — %e J(Zr/G)z“l

~N N

2 ej1/4 e—j:r/4
2 |z — %ej(21/6) 2 — %@ —Jj(2x/6)

2zc0sI —gcos E{_‘I_r
_ 7z 4 3 6 4

1
2 (& — 10Tz — lg Ty , where |2| > =

3

The pole-zero plot and ROC are shown in Figure S22.12-3. Clearly, the Fourier
transform exists.
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pole-zero
cancel

Figure S22.12-3
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9 Y 1 — le le — 1
@ X@ =3 2" =1 5= 5o

The ROC is all 2z except 2 = 0, shown in Figure $22.12-4. The Fourier transform
exists.

pole -zero
cancel

Re

Figure §22.12-4

$22.13
(a) From
log(1 — w) = —Z-"’%, lw] <1,
i=1
we find
log(l — 22) = — Z(—fl, 122] <1
i=1
= — igz' |2 <1
“ ’L ) 2 )
271’.
, n <O,
0, n=0

(b) We solve this similarly to the way we solved part (a).
1 = Gz l 1 l
1 1—-=-2"'=— 27 — 2!
og ( 5% ) ; At 52| <1
1

SO
- Ziz’ 2<|z|7

I
|
S|~
—_——
DO =
N——
. s
B
\Y
L

x[n]
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23 Mapping Continuous-Time Filters
to Discrete-Time Filters

Solutions to
Recommended Problems

$23.1
(1Y L1 1 ’
(a)Xl(z)_;(z)z _1_%2—1, 2z <1)
so the ROC is |z| > %.
0
®) Xy(2) = ) (—3)yz™"
= — ok P 91
L (=T =g, 18R <

so the ROC is |2]| < 3.
We can also show this by using the property that
x[—n] < Xz
Letting x[—n] = x,[n], we have

x[—n] = (—3)u[—n],
x[+n] = (—D uln],
1
&= 13

Therefore,

Xz(z) = 1 + lzy
3

and the ROC is |2]| < 3.

(¢) Using linearity we see that

1 1
X3(Z) = Xl(z) + X2(z) = 1 — 127! + 1+ éz
2

The ROC is the common ROC for X,(2) and X,(2), which is} < |2| < 3, as shown
in Figure S23.1.

S§23-1
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e
/,

Figure S23.1

(d) Using the time-shifting property

z
x[n — ny] == 2 "X(2),
we have
-5

X(2) =27°X\(2) = [y
2

Delaying the sequence does not affect the ROC of the corresponding z-trans-
form, so the ROC is |z| > 3.
(e) Using the time-shifting property, we have
5
Xy(2) =

1

1 —5271,

and the ROC is |z| > 3.

= (1) 1
(f) Xi2) = ) (§> 2t =TT

n=0 3%
and the ROC is |327'| < 1,0r |2| >4
(g) Using the convolution property, we have

1
X7(z>=Xl(z)X6<z)=(I_Lz_l)( . )

1 —32

and the ROC is |2| > 3, corresponding to ROC, N ROC;.

S§23.2

(a) We have
yln] — 3yln — 1] + 2y[n — 2] = x[n]
Taking the z-transform of both sides, we obtain
Y21 — 327" + 2277 = X(2),
Y(z) 1 2° _ 22

X)) 1-82"'+4+22% 22—-32+2 (-2)0z-1’
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and the ROC is outside the outermost pole for the causal (and therefore right-
sided) system, as shown in Figure S23.2.

_

o

Figure $23.2

(b) Using partial fractions, we have
1 _ 2 + —1
l—=-2H1—-2H 1—22' 1 -2

H(2) =

By inspection we recognize that the corresponding causal k[n] is the sum of two
terms:

hin] = (2)2"u[n] + (—D1"u[n]
= 2" ly[n] — uln]
= (2" — Duln].

The system is not stable because the ROC does not include the unit circle. We
can also conclude this from the fact that

o
Z |2n+1| = o0
n=0

(¢) Since z[n] = 3"u[nr],

X@ ==, 2l >3,

3271’
)

1
1-32HA—-22H1—-2H

Y(2) = H®)X(2) =

Using partial fractions, we have

I S
3z7! 1 —-2z!' 1 -2V

Y(z)=1_ |z] > 3

since the output is also causal. Therefore,
yinl = D3 uln] — (4)2"u[n] + tu[n]
(d) There are two other possible impulse responses for the same

1
— 327! + 2272

H(z) = 1

S$23-3
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corresponding to different ROCs. For the ROC |2| < 1 the system impulse
response is left-sided. Therefore, since

2 4 -1

2278 1 —27"

H(z) = 77

then

h[n] = — (2)2"u[—n — 1] + (Du[—n — 1]

= 2" ly[—n — 1] + u[—n — 1]
For the ROC 1 < |z| < 2, which yields a two-sided impulse response, we have
h[n] = —2"*'u[—n — 1] — ufn]

since the second term corresponding to —1/(1 — 27 ') has the ROC 1 < |z].
Neither system is stable since the ROCs do not include the unit circle.

S23.3

(a) Consider

X(2) = Y x[n — noe"
Letting m = n — n,, we have

o

X)) = ) xlmp ™

=z™" Z x[mle ™

m=—Qo

= 27 "X(2)

It is clear that the ROC of X,(2) is identical to that of X(2) since both require
that Zi _, X[n]z™" converge in the ROC.

(b) Property 10.5.3 corresponds to multiplication of x[n] by a real or complex expo-
nential. There are three cases listed in the text, which we consider separately

here.

i X@= ) e™zmn]"
= ) x[n](ze ™)
= X(ze ™),

with the same ROC as for X(2).
(ii) Now suppose that

oo

X,2) = Y zix[nle "

- .
- 5 am(2)
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Letting 2’ = 2/2,, we see that the ROC for X,(2) are those values of 2 such
that 2’ is in the ROC of X(2’). If the ROC of X(2) is R, < |2| < Ry, then
the ROC of X,(2) is Ry|2,| < |2] < Ry|20].

(iii) This proof is the same as that for part (ii), with a = 2,.
(c) We want to show that

nx[n] Z -2 __d)éiz)
Consider
X@) = Y zMnl"
Then
dX(@) _ «— _ ot
~d n;w nx[n)z
= —z7! Z nxnlz™",
SO

which is what we wanted to show. The ROC is the same as for X(z) except for
possible trouble due to the presence of the 27! term.

(a)

|H(e/®)|

$ } + } 4 Q
0 o n 4 2n
4 2

Figure S23.4-1
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(b)
|H(e/$)|
—_ T
0=1%
1
} 7 4 + Q
i m In_ 27
3 7
|H(e/2)]
0= —’2’
1
% : | + @
n 71 3n 2n
2 2
|H(e/)l
- 3m
0=
1 1 i i - O
1 1 x £
3n m CLA 27
4 4
Figure S23.4-2
S23.5
@
Im
z plane
D—h—X Re
1
3 2
Figure S23.5-1
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(b)

Figure $23.5-2

The ROC is |z| > 2. The system is not stable because the ROC does not include
the unit circle.

©

z plane

Z

Figure S$23.5-3

The ROC is 2 > |2z| > $, which for this case includes the unit circle. The corre-
sponding impulse response is two-sided because the ROC is annular. Therefore,
the system is not causal.

(d)

Im z plane

o XK
X
)

1
3

Figure S23.5-4




Signals and Systems
S23-8

The remaining ROC does not include the unit circle and is not outside the out-
ermost pole. Therefore, the system is not stable and not causal.

S23.6
d’y(t) |, dy(t) _ dx(t)
(a) Fro 5 T 6y(t) = 2(t) + 2 i
is the system differential equation. Taking Laplace transforms of both sides, we
have
Y(s)(s®> + Bbs + 6) = X(s)(1 + 2s),

SO

Y(s) 1+ 2s

H = =
)= Xe) " T 48516
1+ 2s 5 -3

TG+3G+2) s+3 s+2
Assuming the system is causal, we obtain by inspection
h(t) = be *'u(t) — 3e ~u(t)

(b) Using the fact that the continuous-time system function A,/(s — s,) maps to the
discrete-time system function A,/(1 — e*72™") (see page 662 of the text), we

have
5 3
Hy(z) = 1 —¢ 3Ty 1 1 — g 2Ty 1
(¢) Suppose T = 0.01. Then
b 3
Hy2) = 1 — ¢ 0031 ] _ g-002,-1
Lettinga = ¢ %% b = ¢7%%2 we have
b 3
B = " T

So by inspection, assuming causality,
han] = ba™u[n] — 3b™u[n]
(d) From part (a), we have

h(t) = 5e ~>'u(t) — 3e ~*u(t)

Replacing t by nT = 0.01n, we have
h(nT) = 5e % "u(0.01n) — 3¢ ~*°2*4(0.02n)

Lettinga = e *® and b = ¢ %2 yijelds

h(nT) = 5a™u[n] — 3b™u[n],

which agrees with the result in part (c).
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Solutions to
Optional Problems

$23.7

(a) The differential equation is

dy(t) _
—at— + 0.5y(t) = x(t)

Taking the Laplace transform yields
Y(s)(s + 0.5] = X(s),

S0
_ Y(s) 1
Hs) = X(s) s+05’
1
B = 5505

which is sketched in Figure S23.7-1.

ZOIOgI%((—‘(;’)lI

slope

0 ——\< —20 dB/decade
_20 3 |

Figure S$23.7-1

yln + 1] — y[r]
T
Taking the z-transform of both sides yields

(b) + 0.5y[n] = x[n]

%(z — DY(2) + 0.5Y(2) = X(2),
Y(2) (0.5 +5 = 1) = X(2)

Letting T = 2 yields

Now since

Hde™| = |H@) |

ei®

S23-9
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we have
|Hy(e’™| = 2, for all Q,
which is an all-pass filter and is sketched in Figure S23.7-2.

|Hg (/)]

e}

=27 2m
Figure S23.7-2
1
(c) Hd(z) = 1 1
0.5 — T + i,z
- r
T (0BT - 1)+ 2
The pole is located at 2, = —(0.5T — 1) and, since we assume causality, we

require that the ROC be outside this pole. When the pole moves onto or outside
the unit circle, stability does not exist. The filter is unstable for

2l =1 or [—(0.5T —1)] =1,
|0.56T — 1| = 1,
T>4

Therefore, for T = 4, the system is not stable.

S523.8

o

@ X@= ) znl

XY = i x[n]z"
Letting m = —n, we have
X(zH= Y a[-mle =Y almlz™ =X
H (z—a
(b) X(2) = A-——

[Ie - b0

k
from the definition of a rational z-transform. Now
[Ie!—an
XY = A
| I RCEEED
k

Each pole (or zero) at 2, in X(2) goes to a pole (or zero) z; ' in X(2~'). This implies
that 2, = 1 or that X(2) must have another pole (or zero) at z; .
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(c) (D) x[n] = dn + 1] + on — 1],
X@=z+o =T ETIED))

The zeros are at 2 = 7, 1/, and the poles are atz = 0, 2 = co.
(i) x[n] =dn + 1] — 38[n] + 8n — 1],
X@)=2z—-53+z"
Z—%2+1 @@E—-—HDz-2)
- 2 - 2

The zeros are at z = %, 2, and the poles are at 0, co.

@ @ Y(2) = > ylnlk™,

n=—0oo

Y*(2) = ( > y[nlz-") = > yrlzH ™ = ¥Y(=*),

n=-—co n=—oo

SO

@) = > ylnl™ = Y)

n=—a0

(ii)  Since Y(z) is rational,

[Ie-av
V() = A X —
[Iz - b0
k
Now if a term such as (z — a,) appears in Y(2), a term such as (2* — a,)*
must also appear in Y(z). For example,

Y(2) = (2 — a )@ — a),
(") = [(* — a )z — a,)*T*
=@ —a)R— a) = Y(2)

So if a pole (or zero) appears at 2 = q,, a pole (or zero) must also appear
at 2 = aj because

—ap) =0=2 = af

(e) Both conditions discussed in parts (b) and (d) hold, i.e., a real, even sequence is
considered. A pole at 2 = z, implies a pole at 1/z, from part (b). The poles at
2 = 2z,and z = 1/2, imply poles at 2 = z; and 2 = (1/2,)* from part (d). There-
fore, if 2, = pe’’, poles exist at

1 1 . . * 1
—=—e  (pe") = pe”, (—) ==e”
pe” p p p

S23.9

el

Y xnje

n=—00

(a) Xi(2)

[e e}

> xilkl Y adn — klz"

k=—00 n=—oo
=3

> xi[kIXy(2),

k=—o0
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S$23.10

where

@

X)) = ) xn — k™"

n=-—o

Z{xsn — K]}
(b) Z{xyn — k]} = 27*X;(2) from the time-shifting property of the z-transform, so

oo

Xy2) = ) xilkle " Xy(2)

k=—o00

(©) Xi(2) = Xy(2) D x[klz™

k=—co

= X (2)Xx(2)

Consider x[n] to be composed of a causal and an anticausal part:

x[n] = x[rlu[—n — 1] + z[rn]ul[r]

Let
x[rn] = x[rlu[—n — 1],
xn] = x[nluln],
so that
x[n] = x\[n] + x4n]
and

X(2) = X\(2) + Xx(2)

It is clear that every pole of X,(2) is also a pole of X(2). The only way for this not
to be true is by pole cancellation from X,(2). But pole cancellation cannot happen
because a pole a, that appears in X,(2) yields a contribution (a,)"u[n], which cannot
be canceled by terms of x,[n] that are of the form (b,)"u[—n — 1].

From the linearity property of z-transforms, if

y[r]l = yin] + yin]
then
Y(2) = Yi(2) + Yi(2),

with the ROC of ¥(2) being at least the intersection of the ROC of Y,(2) and the ROC
of Y,(2). The ‘“‘at least’ specification is required because of possible pole cancella-
tion. In our case, pole cancellation cannot occur, so the ROC of X(2) is exactly the
intersection of the ROC of X,(2) and the ROC of X,(2).

Now suppose X,(2) has a pole outside the unit circle. Since x,[n] is causal, the
ROC of X,(2) must be outside the unit circle, which implies that the ROC of X(z)
must be outside the unit circle. This is a contradiction, however, because x[n] is
assumed to be absolutely summable, which implies that X(2) has an ROC that
includes the unit circle.

Therefore, all poles of the z-transform of x[n}u[n] must be within the unit
circle.
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S23.11
(a) If k[n] = h(nT), then
sdnl = ) hd(kT)
k=—oc0
The proof follows.
sdn] = ) uln — ki k]
k=—0c0
= Y hdkl,
k=—c0
but kk] = h(kT), so
sdn] = ) h(kT)
k=—0o0
(b) If s[n] = s(nT), then k n] does not necessarily equal h(nT). For example,
h(t) = e *u(l),
s(t) = J- e "u(mu(t — 7)dr
Y 1
=J. e Ydr=—(1—e™*), t=0
0 a
1
sdn] = s, (nT) = a (1 — e, n=0
However,
sdn] = Y hk],
k=—o0
SO
Sdn] — sdn — 1] = hyfn]
and, in our case, for n = 0,
pu— l _ —anTy __ l — —a(n—1)T"
hdn] a(l e ") a(l e )
—_ _1_ —anTr,aT __
=3 e (e 1
But, forn = 0,
h(nT) = e *"Tu(nT)
9& l e —anT(eaT — 1)
a
$23.12

(a) From the differential equation

N M
(Z w") Y(s) = (Z bks") X(s),

k=0
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we have
M
2 bis*
Y(s -
)% Hs) = &8
a,s*

Now consider

x[n + 1] — x[n — 1]
2 )
Yi(2) = Z{y\n]) = Z(VOin]) = (z —zz )X(z),

L 1] —yin - 1
yg[n] = V(Z){x[n]} = V(l){yl[n]} - y [n + 1] Yin ]

yiln] = VO[n]) =

2 2 ’
z2—2z! z2—z!
Yy (2) = ,(2) = ( )X(z)
By induction,
—_ -1 k
Z(Vfaln))) = <z 5 ) X@)
Therefore,
N - 1\F M _ a-1\F
Z%(z z ) ¥(z) = Zm(z ? ) X(),
k=0 2 k=0 2
ul z—z1\"
b
) = ve) _ & ( 2 )
¢ h X TN (z _ z—l)k
>
=0 2
= H/(s)
s=(z—z"1)/2
(b) H(s) = Hy(2)
s=(z~2z"1)/2
from part (a). Consider s = jw, z = ¢’ So
e’ — g 0

Jo = g

and, thus, w = sin Q is the mapping between discrete-time and continuous-time
frequencies. Since H(w) = w for |w| < 1, H, (e’ is as indicated in Figure
S23.12.
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SYE] -F-

Figure $23.12

(¢) From part (a) we see that
H,(2) = H(z™")

and that H,(2) is a rational z-transform.

P
AH (2 — 2, )"

Hd(z) = Ql=l
[I NGz — 2,

=1

Therefore, if a term such as (2 — 2,,) appears, (7' — ?,,) must also appear. If

H,(2) has a pole within the unit circle, it must also have a pole outside the unit
circle. If the ROC includes the unit circle, it is therefore not outside the outer-
most pole (which lies outside the unit circle) and, therefore, H,(2) does not cor-
respond to a causal filter.

Consider

Hs) =

[

s +

corresponding to a stable, causal k. (2).

1
Hy?) = Hc(s)|s=(z_z_l)/2 EETA
2 2
_ 2z _ 22
#+z-1 [ ) (—1+\/3)H (=1 - VB’
T T T T2

so poles of z are at 0.618, —1.618. Therefore, H,(2) is not causal if it is assumed
stable because stability and causality require that all poles be inside the unit
circle.
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(a) We are given that

==y

From Table 9.2 of the text (page 604), we see that k (t) = Ate*u(t).
To verify, consider

1 @©
= Sot. t —stdt
s — 8 J—w e™u(t)e ’
d 1 d J'°° o w
— =— “u(t)e *di
ds(s—so) ds[ ~ooe u(t)e ’
1 j“’
—_— = te*o'u(t)e ~*'dt
G — s . e*‘u(t)e
Therefore,
1

L
teou(t) <= ———
() (s — so)

(b) hdn] = h(nT) = AnTe*""u[n]
(©) Hy(2) = i hnle " = ATi ne’onTz—"

n=—0c0 n=0
From Table 10.2 of the text (page 655),

1

natufn] <% —%
“ (1 — a2 ')
This can be verified:
1 oo
T - Z a’u[nlz™"
d 1 d &, n
o) = & B wuine
_az“2 ®
T—ay ~ 2, Culnle™”
az_l n=—0o

i na*u[nlz"

1-aex'y =
In our case, a = %7, so

ATe*0T2~!
(1 _ esoTz—l)2
1 1 —1 -1
H = =
D HS) = e rar s+1 s+2  G+oy
Using the first-order pole result for 1/(s + 1) and —1/(s + 2) and the second-
order pole result for —1/(s + 2)% we have

1 1 Te 227!

I e e (1 — e 22712

Hy2) =

After some algebra, we obtain

Zz(—e "+ e T—Te )+ e T — ¢ % + Te %)
(z—e Nz — e )

Hy(2) =



The corresponding pole-zero pattern is shown in Figure S23.13.
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Im

z plane

double pole

Fan

AY
“

SN Re
\ e—-ZT e—T
—4T =37

-€ 1-7T)
zeroatz = — T 5T
T e °7 (1+T)

Figure S23.13
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