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Abstract—We propose a universal and analytic step-by-step
method to calculate the optimal 90° and 180° waveguide bends
(L-bends and U-bends) in silicon-on-insulator photonics platform.
This approach consists of first building an analytic model of loss
per unit length as a function of radius of curvature and then using
a variational optimization of the bending loss. It is shown that the
shape of the optimal bends is ultimately determined either by the
radiation loss of tight bends if the curvature of the bend is set to
eliminate mode-mismatch losses or by the sidewall roughness loss
if the radius of curvature is large. Numerical results from full wave
simulations and comparison of the optimal bend with the Bezier,
Euler, and Hybrid Euler-Circular bend are also provided to show
the validity of our approach.
Index Terms—Bends, optical loss, radius of curvature, silicon
photonics, variational optimization, waveguides.

I. INTRODUCTION
ILICON-ON-INSULATOR (SOI) platform is inherently
capable of providing single-mode optical waveguides with
subwavelength dimensions (e.g., 400 × 220 nm) [1]–[5] at low
propagation loss [2], [6]. It is therefore no wonder that silicon
photonics has been recognized as a key platform for developing highly sophisticated photonic integrated circuits over a
small footprint [7]–[10]. The high index contrast between silicon (∼3.5 at 1550 nm) and silica (∼1.45 at 1550 nm) results in
high confinement of the optical mode, which is especially beneficial in providing waveguide bends of small radii (on the order
of a few microns) with low bending loss [11], [12]. This is particularly important when designing high-Q microring add-drop
filters [3] or trying to optimize the capacity of a wavelength-
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division-multiplexed (WDM) silicon photonic link based on
microring modulators [13]–[16].
It has been recognized that the loss of an optical mode inside
a bent waveguide is due to three main contributors [3]: 1) material absorption and surface state absorption, 2) scattering, mainly
due to sidewall roughness, and 3) radiation loss due to the curvature of the waveguide. As a result, designing a bent waveguide
with minimal bending loss is not an easy task. On one hand,
the optical mode profile of the bend (and its mismatch from a
straight waveguide mode at its input and output connections) and
the radiation loss of the bend (i.e., the imaginary part of the propagation constant) depend on the radius of curvature for a given
polarization, which suggests that circular bends may not be the
optimal choice [17], [18] when connecting two straight waveguides. In 2007, Hu et al. [17] proposed an optimization approach
based on the beam propagation method and cubic-spline interpolation of the optimally chosen points along the bend. They
showed that in contrast to circular bends, the optimal bends
have a larger radius of curvature near the end points to better
match with the zero curvature of the straight waveguides. Unfortunately, their analysis was mainly developed for waveguides
with low index contrast. In 2011, Bogaerts et al. [12] proposed
an adiabatic bend for silicon waveguides based on a combination of circular and spline curves to create a smooth match
between the curvature of the bending part (adiabatic curvature
matching) and the zero curvature of the straight waveguides.
However, this curvature matching approach typically results in
a large footprint and in general does not guarantee the absolute
optimal solution. In 2012, Chen et al. [18] tried to solve the
problem of designing optimal waveguide bends from a different
perspective by minimizing the power transfer coupling between
the fundamental mode and the higher order modes along the
bend (inter-modal coupling), which might inevitably occur due
to fabrication-related impairments. However, the manufacturing accuracy of SOI photonic foundries today has proven to be
reliable enough to adequately resolve these impairments [19].
Such variations will most likely not cause the excitation of any
higher order propagation modes in a single-mode waveguide design. Various studies have also been conducted on non-circular
bends such as Bezier bends [20], Euler bends [11], [21], and
Hybrid (Euler-Circular) bends [22] for integrated photonics.
These bends provide non-uniform curvature along the bend; a
characteristic that will be discussed in detail in this work.
On the other hand, the scattering loss due to the roughness
of the sidewalls can have a large contribution to the overall
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bending loss in a high index contrast platform. This is particularly pronounced for the TE-polarized fundamental mode of
silicon waveguides (due to its large overlap with the vertical
edges of the waveguide) as experimentally shown by Vlasov et
al. [23]. Consequently, optimizing a bending waveguide solely
based on Maxwell’s equations may not result in the best practical solution; further reiterating that a prior characteristic of the
fab is necessary to design waveguide bends with the lowest loss.
Therefore, the question to answer is how to achieve the optimal
design of a waveguide bend while considering the combined impact of the sidewall roughness, the radiation loss, and the optical
mode (curvature) mismatch into the optimization problem.
In this work, we propose a simple universal yet analytic approach for designing optimal waveguide bends in SOI platform.
Our optimization approach starts with an analytic model that
describes the optical loss of circular bends (including modemismatch, radiation, and sidewall roughness) per unit length
(i.e., dB/cm) as a function of their radii based on numerical (finite difference time domain—FDTD) and/or experimental results [3], [24]. We then interpret this model as a mathematical
way to describe the differential loss of a curved waveguide as
a function of its local radius of curvature at each point along
the waveguide (amortization of the loss). We subsequently show
that this interpretation combined with a variational optimization
of the bending loss results in designing optimal bends that are
specifically optimized for the given loss model (hence easily
adapted for a particular fab). Comparison of the loss and curvature of the optimal bends with Bezier bends, Euler bends, and
Hybrid (Euler-Circular) bends show better performance for our
optimal bend, hence validating our analytic approach.
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Fig. 1. (a) Schematic of a 90-degree circular bend connecting two straight
waveguides. Both the radiation and the mode mismatch contribute to the overall
propagation loss in the transition. (b) Schematic of a 180-degree circular bend
connecting two straight waveguides. (c) Ey component of the input TE excitation
along the bend. (d) Ex component along the bend. (e) magnitude of E field along
the bend. The main losses of the bend happen at the input and output connections
due to difference in the curvature of waveguides.

II. BEND LOSS MODELING
It is well known that the loss of the circular bends depends
on their radius of curvature such that a smaller radius will lead
to higher loss [25], [26]. Since the material absorption has a
very weak contribution to the optical loss at optical C-band or
L-band in silicon, scattering due to the sidewall roughness, as
well as radiation loss and the mode mismatch between a straight
waveguide and a curved waveguide are the main sources of the
optical loss, while the strength and contribution of each part
differs for the TE and TM polarizations. Figs. 1(a) and (b)
schematically depict the circular 90-degree bend (L bend) and
180-degree bend (U bend) as well as mode (curvature) mismatch
and radiation loss in such bends. Figs. 1(c)–(e) show the electric
field components and its magnitude for the fundamental TE
mode of a circular bend. The input excitation is polarized in
the y direction and the output is polarized in the x direction. As
can be seen, the role of the bend is to facilitate this polarization
transition. However, the Ey field encounters some loss at the
input connection and the Ex field encounters loss at the output
connection. These figures demonstrate that a circular bend does
not provide a smooth enough transition for the optical mode; a
fact that can be attributed to its constant and non-zero curvature
along the bend.
The 3D FDTD simulations for the propagation loss of the
90-degree and 180-degree bends for the fundamental TE mode
(TE00 ) of a silicon strip waveguide (400 × 220 nm Si core

Fig. 2. (a) FDTD simulation results of the total loss (modal mismatch +
radiation) of circular 90-degree and 180-degree silicon bends (TE00 mode, 400
× 220nm cross section) as a function of radius. A linear behavior is observed
on log-log scale. (b) Extracted radiation loss of the bend (dB/cm) from FDTD
results. (c) Extracted mode mismatch loss per connection of the bends. (d) Ratio
of the total mode mismatch loss and radiation loss of the bends.

surrounded by SiO2 ) show that the total loss (Pout /Pin ) in dB
units can be described by a linear function of radius when both
quantities are on a log scale (see Fig. 2(a)). The mathematical
expression of this observation is
log10 LdB ≈ q0 − q1 log10 Rμm

(1)

where q0 and q1 are positive constants. LdB is the optical loss
in dB unit and R is the radius of curvature in μm unit. This
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equation reveals a power law relation between the loss (LdB )
and the radius (Rμm ). We can further define the average loss
per unit length, α, in units of dB/cm as
αdB /cm [R] ≈ αr [R] + αsw [R] + αm [R]

(2)

where αr is the radiation loss due to the displacement of the
optical mode from its center as a function of radius of curvature,
αsw is the loss due to the sidewall roughness, and αm is the loss
due to the mode mismatch at the input and output connections.
By measuring the loss of fully circular ring resonators, we have
previously shown that the combination of αr and αsw can be
written as
αr [R] + αsw [R] = a × (Rμm )−b + α0

(3)

where a (in dB/cm unit) is the loss at 1 μm radius, b > 1
is unitless, and α0 (in dB/cm unit) is a constant that mimics
the sidewall roughness loss of a straight waveguide (typically
1–3 dB/cm [3], [6], [23]). The mode mismatch loss only depends
on the radius of the curvature at input and output connections,
i.e.,
αm [R] = Lm [R (s = 0)] δ (s) + Lm [R (s = l)] δ (s − l)
(4)
where Lm is the mode mismatch loss in dB, s is the parameter
of the length of the bending curve, l is the total length of the
bend, and δ(s) is the Dirac delta function. Note that the unit of
δ(s) is inverse of length (e.g., cm−1 ); hence αm is loss per unit
length as expected.
We associate the difference in the bending loss between
90-deg and 180-deg bends (FDTD simulations) in Fig. 2(a)
to the extra propagation length (a quarter of a full circle) and
calculate the radiation loss per unit length, αr , in unit of dB/cm
in Fig. 2(b) along with a fit to Eq. (3) with a = 181.98 dB/cm,
b = 2.49, and assuming α0 = 0 dB/cm (no side-wall roughness
loss in the simulations). We then use αr to extract the total
curvature mismatch loss of the 90-deg and 180-deg bends as
plotted in Fig. 2(c) for each input/output connection. The extracted mode mismatch losses from the two cases are identical,
proving that the difference between the two cases in Fig. 2(a)
is indeed from the propagation loss. We further verify that the
curvature mismatch loss at the input or output connections of
the bend exhibits a linear behavior on the log-log plot, hence a
power law relation as
Lm [R] = am × (Rμm )−b m

(5)

can be used to describe the curvature mismatch loss (in dB unit).
The extracted parameters are am = 0.1315 dB and bm = 2.37.
Fig. 2(d) shows the calculated ratio between the total curvature
mismatch loss and radiation loss for the 90-deg and 180-deg
circular bends. As expected, the curvature mismatch loss dominates at small radii, whereas the radiation loss is dominant at
large radii.
Clearly, FDTD results presented in Fig. 2 are for circular
bends for which the radius of curvature is constant along the
bend. We take Eq. (2)–(5) as an empirical behavioral model
for the bending loss of circular waveguides encapsulating the
overall impact of sidewalls and curvature mismatch and proceed

Fig. 3. (a) Bending loss behavior as function of radius of curvature. Three
distinct regions can be specified. (b) Calculated loss of a circular 90-deg bend
with α 0 = 1 dB/cm. (c) The structure of a 90-deg bend and its symmetry
plane. The sought-after curve is denoted by y(x).

to extend it to non-circular waveguides by considering it as the
relation between the loss of a differential segment and the local
radius of curvature as
ΔLdB = αdB /cm [R] × Δs

(6)

where Δs is the differential length of a waveguide given by

(7)
Δs = (∂t x )2 + (∂t y)2 dt
and R(s) is the local radius of curvature given by
 32

(∂t x )2 + (∂t y)2
R (t) =
|∂t x × ∂tt y − ∂tt x × ∂t y|

(8)

where t is the defining parameter of the bending curve. The
curvature at each point is defined as the inverse of the radius of
curvature and is given by
C (t) =

|∂t x × ∂tt y − ∂tt x × ∂t y|
1
=

 32
R (t)
(∂t x )2 + (∂t y)2

(9)

Therefore, we postulate that the total loss of the bend (in dB)
is given by integrating the differential loss of Eq. (6) as
Loss (dB) = ∫ αdB /cm [R] ds
which results in the combination of three terms
 l
 l
aR−b ds +
α0 ds
Loss (dB) =
0



+ am R(0)

0
−b m

+ R(l)−b m


(10)

Fig. 3(a) shows the behavior of these three terms and the
overall loss of the bend as function of radius. In general, three
regions can be identified:
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1) region 1 for small radius of curvature in which the mode
mismatch is the dominant term in Eq. (10) since its contribution is asymptotic to the total loss. Our strategy for
minimizing the total loss in this case is to match the curvature of the two ends of the bend to the curvature of straight
waveguides (hence setting it to zero). Then the loss would
be dominated by aR−b term and the shape of the optimal
bend only depends on the b parameter (we also ignore the
α0 term in Eq. (10)).
2) region 2 for intermediate radius of curvature in which the
radiation loss aR−b could be the dominant term in Eq.
(10). Our strategy for minimizing the loss is to still match
the curvature at both ends and drop the α0 term in Eq.
(10), hence determining the shape of the bend based on
aR−b term. Inclusion of α0 term is possible in this case
but will have a small impact on the shape of the optimal
bend.
3) region 3 for large radius of curvature in which the constant
loss, α0 , dominates. In this case, the loss per unit length is
independent of the curvature. Our strategy for minimizing
the bending loss is to only keep the α0 term in Eq. (10).
As we will prove, the circular bend is the optimal solution
in this region.
III. OPTIMAL 90-DEGREE BENDS

y (x = 0) = 0 ,



y (x = R0 ) = ∞

(11)

We also note that circular bends inherently satisfy this
condition. Furthermore, we consider the symmetry plane
(y = R0 − x) of y(x) as drawn on Fig. 3(c), which implies
that
y (R0 − y) = R0 − x

from P0 to P1 is calculated as
 R0

 1 −32 b
b
2
Loss (dB) = a
|y  | 1 + y 
dx

(13)

0

where a and b are parameters of the loss model in Eq. (3). Due
to the symmetry of the structure, we only consider matching
the curvature at one of the end points in either 0 < x < x0
or x0 < x < R0 interval where x0 (to be found) is the point
at which the sought-after curve intersects with the symmetry
plane.
A change of variable y  = f (x) and the assumption that y  ≥
0 over the range of integration leads to
 R0
 1 −3 b
b
(f  ) 1 + f 2 2 dx
(14)
J [f ] = a
0

Here, J[f ] is the functional associated with the total loss of
the bend (in dB units). The objective is to find a function f (x)
such that it minimizes the loss functional and satisfies all the
boundary conditions.
According to the calculus of variations, the sought-after f (x)
is a function at which the variation δJ[f ] is equal to zero. This
results in the following differential equation
 3 b2 −1

b
2
(15)
y  (x) = A 1 + y 
or equivalently

Designing the optimal 90-deg bends, we first determine the
optimization regions by plotting the loss of a circular 90-deg
bend as shown in Fig. 3(b). Here, we assume α0 = 1 dB/cm.
Up to R ∼ 9 μm we consider the curvature mismatch as the
dominant factor, hence region 1 of optimization. For R > 9 μm,
we consider α0 as the dominant loss, hence region 3.
Observing the impact of radius of curvature on the loss of
a circular bend, we try to find an alternative bending curve
y = y(x) such that it minimizes the propagation loss of a 90deg bend. This curve is shown in Fig. 3(c). The curve must
pass through the two fixed points at a horizontal distance R0
and vertical distance R0 from each other, given by P0 = (0, 0)
and P1 = (R0 , R0 ) which represent the points where the two
straight waveguides are positioned. The primary constraint that
we put on the sought-after y(x) bend is the smooth connection
condition in which we consider that the tangent line on the
bend is horizontal at P0 and vertical at P1 . Mathematically, this
condition is written as
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(12)

A. Curvature Mismatch Loss is Dominant
By using Eq. (10) and substituting the radius of curvature as
a function of y(x), the total propagation loss of the 90-deg bend

df
(1 + f 2 )

3 b −1
2b

= A dx

(16)

[see Appendix I], where A is a constant to be found. Using Eq.
(15), the curvature of the bend at each point is calculated as
C (x) = 

A
1 + y 2

(17)

 21b

which can be set to zero at x = R0 due to the boundary condition
y  (R0 ) = ∞ and can be set to zero at x = 0 due to the symmetry.
Therefore, Eq. (15) describes the second derivative of the soughafter y(x) in the x0 < x < R0 interval. By taking the integral of
both sides of Eq. (16) from x0 to R0 and applying the boundary
conditions y  (x0 ) = 1 and y  (R0 ) = ∞, we have
√
π Γ (ξ − 0.5)
A × (R0 − x0 ) =
2
Γ (ξ)
− HG2F1 (0.5, ξ; 1.5; −1)

(18)

where Γ(x) is the standard gamma function, HG2F1 is the hypergeometric function, and ξ = (3b − 1)/2b. Note that ξ > 1
since b > 1. According to Eq. (17) the maximum curvature (or
minimum radius of curvature) happens at x = x0 . Therefore,
Cm ax = A × 2− 2 b
1

,

Rm in = 2 2 b × A−1
1

(19)

Finally, substituting Eq. (15) into Eq. (13) yields the minimum
value for the loss functional:
min (J [f ]) = a × Ab × 2 (R0 − x0 ) .

(20)

Based on the proposed optimization procedure, the following
steps can be taken to find the optimal 90-deg bends:
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case. However, a linear curve is not the solution since it does not
satisfy the conditions of smooth connections in Eq. (11). The
loss is calculated as
 0 
ρ2 (φ) + ρ 2 (φ) dφ
(22)
Loss (dB) = 2α0
− π4

assuming the symmetry plane at φ = −π/4. Setting the variation of the loss to zero results in
ρ2 (φ) + ρ 2 (φ) = γ 2 ρ4 (φ)

(23)

where γ is a √
constant. By defining u(φ) = ρ (φ)/ρ(φ), we see
−1
1 + u2 and the curvature of the bend is given by
that ρ = γ


1 + u 2 − u  
C (φ) = γ
(24)
(1 + u2 )2
From Eq. (23) and the definition of u(φ) it is easy to see that
u(φ) must satisfy the following equation:


(25)
u × 1 + u2 − u = 0
Fig. 4. (a) Plot of the circular 90-deg bend (R = 5 μm) and the optimal
90-deg bend between two fixed points. (b) Comparison of the curvature of the
optimal 90-deg bend as a function of the position with the circular bend (constant
curvature). (c) Comparison of the analytic and FDTD results of the bend loss
for the optimal bend and the circular bend. (d) Presentation of the sought-after
bend in the polar coordinate system.

r Step 1: Find x0 by solving differential Eq. (15) over the
interval x0 < x < R0 using Eq. (18) with the initial conditions y(x0 ) = R0 − x0 and y  (x0 ) = 1 and enforcing the
boundary condition y(R0 ) = R0 .
r Step 2: Find A from Eq. (18) after finding x0 .
r Step 3: Use the symmetry to find the other half of the curve
over the 0 < x̃ < x0 interval:
ỹ = R0 − x

,

x̃ = R0 − y

(21)

[see Appendix II for an explicit form]. As an example, the
optimal 90-deg bend is calculated and plotted in Fig. 4(a)
along with the circular bend for R0 = 5 μm. For this example, x0 = 3.822 μm, A = 0.351 μm−1 , and the maximum
curvature is 0.305 μm−1 . Fig. 4(b) compares the curvature of
the optimal bend against the circular one. We note that the curvature is zero at both ends as desired, and inevitably it goes above
0.2 μm−1 to accommodate for the matching of curvature at both
ends. Fig. 4(c) shows the comparison of the analytic result of
Eq. (20) with FDTD for the optimal bend, indicating a reasonable agreement. The loss of the circular bend in this example
is 0.0125 dB and the loss of the optimal bend is 0.0019 dB
from FDTD simulations, showing ∼85% reduction in the loss.
A reduction of >60% was expected since the mode mismatch
loss is about twice the radiation loss for 5 μm radius as shown
in Fig. 2(d).
B. α0 (Constant Loss) is Dominant
In this case, we only keep the α0 term in Eq. (10) and use
the polar coordinate system as shown in Fig. 4(d). Clearly, the
curve that has the shortest length is the optimal length in this

which has two solutions: the first one is u = 0 that results in
ρ = 0 and hence a circular bend. This solution satisfies the
smooth connection condition and results in C(φ) = γ. The second solution is 1 + u2 = u which results in C(φ) = 0 and a
linear curve between P0 and P1 . This solution is not valid since
it does not satisfy the smooth connection conditions u(0) = 0
and u(−π/2) = 0. We conclude that the optimal bend in this
case is a circular bend.
IV. OPTIMAL 180-DEGREE BENDS
The optimization procedure of the 180-deg bend as shown in
Fig. 5(a) and 5(b) is very similar to the 90-deg bend. For this
bend, the symmetry axis is the y-axis in Fig. 5(b), hence x0 = 0,
and the symmetry condition is y(−x) = y(x). We wish to find
the curve y(x) and its y-intercept, d, such that it minimizes the
overall loss of the bend while satisfying the condition of smooth
connections at P0 and P1 .
A. Mode Mismatch Loss is Dominant
In this case, the total loss is given by
 R0

 1 −32 b
2
b
|y  | 1 + y 
dx
Loss (dB) = 2a

(26)

0

which similarly results in Eq. (15) for the interval 0 < x < R0
if the curvature is smooth over the entire interval. The parameter
A is calculated as
√
1 π Γ (ξ − 0.5)
(27)
A=
R0 2
Γ (ξ)
with ξ = (3b − 1)/2b, and the minimum loss is given by 2aAb ×
R0 . Note that for the optimal 180-deg bend, A is simply the
maximum curvature of the bend; hence the minimum radius of
curvature is 1/A. The shape of the optimal bend can be found
from the following steps:
r Step 1: Find d by solving differential Eq. (15) over the
interval 0 < x < R0 using Eq. (27) with the initial conditions y(0) = d and y  (0) = 0 and enforcing the boundary
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Fig. 6. (a) Bezier 90-deg bend. (b) Curvature of Bezier bend. (c) Comparison
of the curvature of the optimal 90-deg bend and the Bezier bend for R 0 = 5 μm.
Note that the curvature of the Bezier bend does not go to zero at the two end
points. (d) Comparison of the loss of the optimal 90-deg bend and the Bezier
bend for various R 0 .

Fig. 5. (a) The structure of a 180-degree bend. (b) Mathematical representation
of the 180-deg bend. It is assumed that R 0 is given, but d is to be found.
(c) Comparison of the shape of optimal 180-deg bend and the circular bend for
5 μm radius. (b) Comparison of the curvature of the optimal 180-deg bend with
circular bend. (e) Ey field profile of a 180-deg circular bend with 5 μm radius.
(f) Ey field profile of a 180-deg optimal bend with 5 μm radius. (g) Ey field
profile of a 180-deg bend consisting of two optimal 90-deg bends with 5 μm
radius.

connections. Hence, the total loss of two cascaded 90-deg bends
for 5 μm radius is double the loss of each one, i.e., 0.004 dB
(calculated directly from FDTD simulation confirming this
assumption), which is less than the loss of our optimal
180-deg bend. For our optimal 180-deg bend the assumption
was to have smooth curvature in each half of the bend. A structure of two cascaded optimal 90-deg bends does not satisfy this
assumption and can offer lower loss.
B. α0 (Constant Loss) is Dominant

condition y(R0 ) = 0. Note that the boundary condition
y  (0) = ∞ is guaranteed to be satisfied due to the chosen
value of A.
r Step 2: Solve Eq. (15) with the found d to find y(x) over
0 < x < R0 .
r Step 3: Use the symmetry to find y(x) over the −R0 <
x < 0 interval.
As an example, we calculate and plot the optimal 180-deg
bend for R0 = 5 μm and compare it against a circular bend
in Fig. 5(c). For the optimal bend, the parameters are A =
0.23 μm−1 , d = −7.2 μm, and the minimum radius of curvature is 4.35 μm. The loss of the circular bend is 0.023 dB
in FDTD simulation while the loss of the optimal bend is
0.013 dB, which suggests ∼45% reduction in the loss. A reduction of ∼50% was expected for this 180-deg bend according
to Fig. 2(d). A comparison of the curvature of the circular bend
and the optimal bend is presented in Fig. 5(d). Figure 5(e) and
5(f) compare the Ey field profile of these bends.
It is also interesting to compare the loss of our optimal
180-deg bend to the total loss of two cascaded optimal 90deg bends (Fig. 5(g)). Since the curvature is zero at both ends of
each optimal 90-deg bend, there is no mode mismatch loss at the

As discussed in the previous section, the optimal bend in this
case is a circular bend.
V. COMPARISON OF 90-DEGREE BENDS
In this section, we compare the performance of the optimal
90-deg bend against Bezier bend [27], [28], Euler bend [21],
and Hybrid (Euler-Circular) bend [22] using the loss model in
Eq. (3) and Eq. (5) and further assuming α0 = 0 dB/cm.
A. Bezier Bends
Bezier curves have been shown to provide less bending loss
for silicon photonics waveguides, hence being a better choice for
racetrack resonators [27], [28]. A cubic Bezier curve is generally
described by
P (t) = (1 − t)3 P0 + 3(1 − t)2 t P2
+ 3 (1 − t) t2 P3 + t3 P1

(28)

where t is the curve parameter (0 ≤ t ≤ 1). P (t) = (x(t), y(t))
is the trajectory of the curve which passes through the two end
points P0 and P1 . Fig. 6(a) shows the plot of the 90-degree
Bezier bend [20] with a free parameter 0 < B < 1 that is
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As shown in Fig. 7(b), the middle point P2 is where the
curvature of the Euler bend is at its maximum. The length of
each half of the bend is also denoted by sm id on Fig. 7(b). In
order to determine the parameters of the bend such that it goes
from P0 to P1 the following steps are taken:
r Step 1: write β in terms of minimum radius of curvature
and half length:
β=√

1
2Rm in sm id

(31)

r Step 2: At midpoint P2 , the tangent vector to the bend must
be orthogonal to y = R0 − x line, therefore
dx
dy
=
ds
ds

(32)

which results in
sm id =
Fig. 7. (a) Euler 90-deg bend. (b) Curvature of Euler bend. (c) Comparison of
the curvature of the optimal 90-deg bend and the Euler bend for R 0 = 5 μm.
(d) Comparison of the loss of the optimal bend and the Euler bend.

π
Rm in .
2

r Step 3: Find sm id by solving the following relation at
midpoint P2 :
y (sm id ) = R0 − x (sm id )

subject to optimization to minimize the total loss. Fig. 6(b)
shows a plot of the curvature of the Bezier bend. Here, s is
the parameter of the length of the curve. Fig. 6(c) shows the
comparison of the curvature of the optimal 90-deg bend and the
optimal Bezier bend for R0 = 5 μm. Parameter B is found to
be 0.2906. Not surprisingly, the curvature of the Bezier bend has
a similar behavior to the optimal bend; however, the curvature
of the Bezier bend does not go to zero at the end points. This is
the main reason that the Bezier bend has more loss at smaller
radii than the optimal bend as shown in Fig. 6(d). It is also seen
that our analytic predictions of the loss match reasonably well
with the results of FDTD simulations for R ≥ 4 μm.
B. Euler Bends
Another class of widely used waveguide bends in integrated
photonics is Euler bends [11], [21]. These structures are derivatives of the Euler spiral whose curvature linearly changes along
the curve. The structure of a 90-deg Euler bend is shown in
Fig. 7(a). It is assumed that the two endpoints P0 and P1 are
fixed and the point P2 is the midpoint along the curve. Each half
of this bend (i.e., P0 P2 and P2 P1 ) belongs to an Euler spiral
whose radius of curvature is defined by


1
= 2β 2 s
(29)
R
where β is the parameter of Euler spiral (to be found) and s is
the parameter of the length along the curve (see Eq. (7)). A plot
of the curvature of this bend is shown in Fig. 7(b). The x and y
coordinates of the first half of the bend (i.e., P0 P2 ) are given by

1 βs
x (s) =
cos t2 dt,
(30a)
β 0

1 βs
sin t2 dt.
(30b)
y (s) =
β 0

(33)

(34)

Since the curvature of the Euler bend is zero at the two endpoints, the total loss of the Euler bend can be calculated as

b (sm id )b+1
Loss (dB) = 2a 2β 2
b+1

(35)

The comparison of the curvature of the optimal 90-deg bend
and the Euler bend is shown in Fig. 7(c). Euler bend offers
zero curvature at both ends, but its maximum curvature along
the bend is higher than the optimal bend. Since higher curvature
results in higher radiation loss, the Euler bend should have more
loss than the optimal bend. This is indeed the case as plotted
in Fig. 7(d) along with the loss of the optimal bend for various
values of R0 .
C. Hybrid Bends
The large curvature of the Euler bend at its midpoint can be
reduced if the curve is broken into two pieces: one is the Euler
curve that provides matching of curvature at the two end points
and the other is a circular bend that connects the two pieces of
Euler bends together. Such a curve has been proposed as Hybrid
Euler-Circular bends [22] as shown in Fig. 8(a). The circular
part of the bend puts a cap on the curvature and does not allow
it to go beyond a certain limit, which is determined by the ratio
of the length of the circular part, 2sc , to the Euler part, 2se , of
the bend:
2 sc
(36)
r=
2 se
The curvature of the Hybrid bend is shown in Fig. 8(b). Unlike
the previous bends that provide a smooth curvature at each half
of the bend, the curvature of the Hybrid bend has a sharp corner
that marks the beginning and end of the circular part of it. In
order to determine the parameters of the bend such that it extends
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TABLE I
COMPARISON OF OPTICAL LOSS IMPROVEMENT OF VARIOUS 90-DEG
WAVEGUIDE BENDS (400 × 220 NM)

Average improvement is calculated for 4 to 10 micron radii.

r Step 6: find the x and y components of the circular P2 P3
Fig. 8. (a) Hybrid 90-deg bend. (b) Curvature of the Hybrid bend. (c) Comparison of the curvature of Hybrid bend (r = 0.53) with the optimal 90-deg
bend. (d) Comparison of the loss of the Hybrid bend (r = 0.53) with the
optimal 90-deg bend. A similar performance is observed.

from P0 to P2 as an Euler bend while extending from P2 to P3
as a circular bend, the following steps are taken:
r Step 1: write β parameter of the Euler bend in terms of the
length of P0 P2 using
β × se =

π
4

1 + 2r

(37)

r Step 2: write θ (angle of the circular bend as shown in
Fig. 8(a)) in terms of se by enforcing the smooth connections at P2 and P3 :
θ = 2r × (βse )2

(38)

r Step 3: write the radius of circular of P2 P3 (which is also
the minimum radius of curvature of Euler part) as
Rm in × θ = r se

(39)

r Step 4: solve for se by imposing the symmetry condition
at the intersection of the circular P2 P3 part with the y =
R0 − x line:
√
(40)
xP 2 + yP 2 = R0 − 2Rm in sin θ
where



se

xP 2 =

cos (βu)2 du

(41a)

sin (βu)2 du

(41b)

0



se

yP 2 =
0

r Step 5: work backward to find β and then use Eq. (30) to
determine the Euler part.

section from the following equations

π

x (φ) = xP 2 + Rm in cos φ − cos
+θ
(42a)
4

π

y (φ) = yP 2 + Rm in sin (φ) + sin
+θ
(42b)
4
where − π4 − θ < φ < − π4 .
r Step 7: use the symmetry presented in Eq. (21) to find the
x and y of the other half of the bend.
The total loss of the Hybrid bend can be calculated using Eq.
(10), which results in
b sb+1

e
(1 + r (b + 1))
(43)
Loss (dB) = 2a 2β 2
b+1
We see that if r → 0, this equation gives the same result as
Eq. (35) for the Euler bend.
It has been shown that the Hybrid bend provides maximum
reduction at r ≈ 0.53 (the Euler part is ∼65% of the length
of the total bend) [22]. Figure 8(c) shows the comparison of
the curvature of our optimal 90-deg bend and the Hybrid bend
whose curvature is limited to a constant value that is equal to the
curvature of the circular part. Figure 8(d) shows the comparison
between the estimated bending loss from the analytic approach
and the FDTD simulations. Our analytic approach provides a
reasonable agreement with the FDTD results for R ≥ 4 μm.
We believe that the slight disagreement between the analytic
and the FDTD approach for R ≤ 3 μm is because the notion
of separating radiation loss (i.e., radiation due to the non-zero
curvature) and curvature mismatch loss (i.e., radiation due to
curvature discontinuity) falls apart. This can be in particular
due to the fact that for small radii the length of the bend is
so short that the optical mode does not have enough time to
sufficiently evolve along the bend. Such effects have not been
included in our optimization; hence the analytic results predict
a lower loss than the FDTD.
Finally, in Figs. 9(a)–(e) we provide the field profile of the
electric field for the five types of the 90-deg bends with 5 μm
radius. Table I shows the summary of bending loss improvements compared to 90-deg circular bends for the aforementioned
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180-degree (U-bend) bends in silicon photonics. The use of
such analytical model significantly reduces the complexity of
mathematical calculations and leads to ∼85% reduction of loss
for a 5 μm bend. Our characterization of the bending loss relative
to a circular bend improves the generality of the discussion and
is applicable to both TE and TM polarizations and various types
of silicon waveguides (strip, ridge) using the right parameters
in the loss model (i.e., extracting the required parameters by
only simulating or measuring the loss of circular bends).
The loss model is also used to analyze and compare the performance of Bezier bends, Euler bends, and Hybrid bends (hybrid
Euler-Circular) proving that the optimal bend can outperform
them.
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APPENDIX I
According to the calculus of variations, setting the variation
of the functional J defined as
 x2
L (x, f, f  ) dx
(A1)
J [f ] =
x1

to zero results in the following differential equation
∂L
d
−
∂f
dx

∂L
∂f 

=0

(A2)

which is the well-known Euler-Lagrange equation. The EulerLagrange equation can be recast as
d
dx

L − f

∂L
∂f 

=

∂L
∂x

(A3)

and is simplified if the integrand L(x, f, f  ) does not explicitly
depend on x, i.e.,
∂L
=0
∂x
which results in the Beltrami identity given by
Fig. 9. (a) Electric field distribution of the fundamental TE0 0 mode of a 5 μm
circular bend with 400 × 220 nm silicon strip waveguide. (b) E-field distribution
of the TE0 0 mode of the optimal bend. (c) E-field distribution of the TE0 0 mode
of the Bezier bend. (d) E-field distribution of the TE0 0 mode of the Euler bend.
(e) E-field distribution of the TE0 0 mode of the Hybrid bend.

bending structures. It is seen that the limiting radius is below
3 μm where the performance of these bends is negative (i.e., the
circular bend is a better choice). Above 4 μm, our optimal bend
provides the highest improvement.
VI. CONCLUSIONS
Bending loss of single-mode silicon waveguides are known to
have a dependence on the bending radius. Based on the FDTD
simulations, we start from an analytical model for the bending
loss of circular bends (the combination of radiation loss, modal
mismatch, and scattering loss) and utilize it to provide a stepby-step design guide for the optimal 90-degree (L-bend) and

L − f

∂L
= C0
∂f 

(A4)

(A5)

where C0 is some constant. Clearly, the loss functional presented
in Eq. (13) satisfies the condition in Eq. (A4), therefore, applying
Eq. (A5) results in
 1 −3 b
∂L
b
(A6)
L − f   = (1 − b) (f  ) 1 + f 2 2
∂f
and hence
df
=
dx

C0
1−b

1
b



1 + f2

 3 b2 −1
b

(A7)

where we consider b ≥ 1 and f  > 0 for all 0 < x < R0 . By
defining
A =

C0
1−b

we see that Eq. (15) is achieved.

1
b

(A8)
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An explicit equation for the optimal bend can be derived if
the parameter of the optimal bend is defined as the angle of
curvature, θ, such that
y  (x) =

dy
= tan θ
dx

(A9)

in the x0 < x < R0 interval and hence π4 < θ < π2 . Considering
the element of the differential length along the bend as ds, it is
easy to see that
dx = ds × cos θ

(A10)

dy = ds × sin θ

(A11)

and

Therefore, the curvature is given by
C=

dθ
dθ
dθ
= cos θ ×
= sin θ ×
ds
dx
dy

(A12)

Combining this with equation (17) for the curvature of the
optimal bend yields
b −1
dx
1
=
(cos θ) b
dθ
A

(A13)

1
dy
1
= sin θ (cos θ)− b
dθ
A

(A14)

and

The solutions to these differential equations provide the explicit format of the optimal bend:
 θ
b −1
1
(cos θ) b dθ
(A15)
x = x0 +
π
A 4

1
1 θ
sin θ (cos θ)− b dθ
(A16)
y = R0 − x0 +
A π4
The unknown parameters x0 and A can be calculated by
enforcing the boundary conditions at θ = π/2:
 π
2
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(cos θ) b dθ = F1
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A (R0 − x0 ) =

A x0 =

π
4

π
2
π
4

sin θ (cos θ)− b dθ = F2
1
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and thus
x0 = R0

A=

F2
F1 + F2

F1 + F2
R0
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Plugging these two parameters back into (A15) and (A16)
provides the explicit equations for the optimal bend.
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