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Abstract—A detailed analysis of fundamental tradeoffs between
ring radius and coupling gap size is presented to draw realistic borders of the possible design space for microring resonators (MRRs).
The coupling coefficient for the ring-waveguide structure is estimated based on an integration of the nonuniform gap between the
ring and the waveguide. Combined with the supermode analysis
of two coupled waveguides, this approach is further expanded into
a closed-form equation that describes the coupling strength. This
equation permits to evaluate how the distance separating a waveguide from a ring resonator, and the ring radius, affect coupling.
The effect of ring radius on the bending loss of the ring is furthermore modeled based on the measurements for silicon MRRs with
different radii. These compact models for coupling and loss are
subsequently used to derive the main optical properties of MRRs,
such as 3-dB optical bandwidth, extinction ratio of resonance, and
insertion loss, hence identifying the design space. Our results indicate that the design space for add-drop filters in a wavelength
division multiplexed link is currently limited to 5–10 µm in radius
and gap sizes ranging from 120 to 210 nm. The good agreement
between the results from the proposed compact model for coupling
and the numerical FDTD and experimental measurements indicate
the application of our approach in realizing fast and efficient design
space exploration of MRRs in silicon photonic interconnects.
Index Terms—Bending loss, compact models, coupling strength,
design space, design space exploration, discretization, finite difference time domain, microring resonators, optical loss, optical power
budget, silicon photonics, waveguides, wavelength.
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I. INTRODUCTION
ICRORING resonators (MRRs) are often presented as
the workhorse of future architectures for integrated optical interconnects based on high-speed silicon photonics [1], [2].
The compact footprint of a microring (e.g. radius ∼5 μm), and
its capability of performing variety of functions, such as filtering
[3]–[5], modulation [6], [7], wavelength-selective dropping [5],
[8], and spatial switching [9], [10] are all merits of such siliconbased structures. It is therefore no wonder that the path to commercialization of silicon photonics has had a major overlap with
the development of passive and active microring-based structures [11]–[13] suitable for wavelength division multiplexed
(WDM) applications. Despite their susceptibility to temperature variations due to the large thermo-optic coefficient of silicon [14], [15], MRRs equipped with integrated microheaters
[16], [17] and feedback control loops [18], [19] have shown
resilient behavior to ambient thermal fluctuations or thermal
crosstalk among co-located devices. The same thermal principle has shown advantages in performing low-speed modulation
[20] and switching on a micro-second time scale [21], [22]. Using a diode type junction (i.e., PIN or PN) for carrier injection or
depletion, nanosecond-scale tunability and switching have also
been realized with MRRs [23], [24].
These appealing features have led to a variety of recent proposed WDM transmitters and receivers based on MRRs [25]–
[27]. Numerous MRR-based network architectures, acting as
Photonic Networks-on-Chip (PNoCs), have also been promoted
[28], [29]. In these designs, the MRR frequently appears as a
discrete component achieving a specific function (e.g. selection
of a single wavelength) at the cost of a predetermined power
penalty [30], [31]. For an architecture to remain feasible, the
sum of all such power penalties must remain in a certain range
such that the link power budget is not exceeded. The sum of
inflicted power penalties also has an impact on the architecture
power efficiency [32]. The incentive is thus strong to minimize
power penalties of each individual MRR, no matter if used for
modulation [33], demultiplexing [33], [34], or switching [35].
Optimization of microrings’ power penalty, however, demands a deeper understanding of how these structures operate. Hence, MRRs are subject to multiple constraints. On one
hand, the radius must be large enough to prevent undesired high
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bending losses (i.e., radiation and scattering), especially when
used in a drop configuration, but must also remain small enough
to avoid multiple resonances in the optical bandwidth of interest
[36]. On the other hand, their coupling to the adjacent waveguides must be strong enough to capture the signal of interest.
More specifically and for instance, the 3 dB bandwidth of a
ring used in a WDM add-drop configuration should be large
enough to accommodate the bandwidth of the optical signal to
be dropped. A too narrow bandwidth will result in heavy, and
undesired, truncation of the signal spectrum, thus distortions
[33] (truncation power penalty). However, the same 3 dB bandwidth should not be too large to avoid capturing parts of other
signals in addition to the one to drop. A too large bandwidth
can cause a severe crosstalk problem (crosstalk power penalty)
if the channel density is high [34], [37]–[39].
Under these multiple constraints, the selection of a ring with
right parameters, although a must, is not a straightforward process. For example, a larger radius results in a strong coupling of
the ring to the waveguides (increasing 3 dB bandwidth) while at
the same time it results in a smaller optical loss of the ring (decreasing 3 dB bandwidth) [38]. Furthermore, in some cases no
realistic MRR matching all the requirements exists. Methods enabling photonic architecture designers to identify whether rings
matching different requirements can be fabricated, and how they
should be designed, are therefore highly required.
In this paper, we propose such a method, and introduce two
compact models underlying this method. The first model, detailed in Section III, aims at predicting how the optical mode
coupling effect present at the interface between a ring and a
waveguide is affected by geometrical parameters, namely the
ring-waveguide distance (i.e., minimum gap size between the
ring and the waveguide) and ring radius. The second model
(Section IV) relates the optical loss observable in the ring to
its diameter. We then exemplify how our method can ease the
selection of ring design parameters in Section V. But prior to
presenting the specifics of each model, we briefly review former
work on ring resonator modeling in the next Section.
II. RING RESONATOR MODELING
The most accurate and complete way to explore the design
space of ring resonators (i.e., estimation of the coupling strength
and radiation loss) is by means of brute-force full-wave methods, such as three-dimensional finite-difference-time-domain
(3D FDTD) [40]–[42] or finite-element method (FEM) [43],
[44]. As shown in Fig. 1, such numerical simulations do not
include any intermediate steps and once setup, they can directly
calculate the desired parameters. Although attractive for simulating structures of limited complexity, these methods are based
on time-consuming calculation procedures, which render them
rather ineffective when applied to complex structures such as
higher-order MRR filters [8], [45]. Even for a simple MRR
structure, the coupling strength between the ring and the bus
waveguides depends on multiple parameters, namely the width
and height of waveguides, radius of the ring, the wavelength
of operation, and the gap between the ring and the waveguide.
This complexity makes the design space exploration of MRRs

Fig. 1. Comparison between the numerical method and our proposed analytical method for estimating the coupling between a ring and a waveguide. A fully
numerical approach requires only one step while our analytical approach requires intermediate steps for calculating optical modes. In return, the analytical
approach provides closed-form solutions for the coupling coefficients.

by means of FDTD or FEM simulations particularly cumbersome.
Alternatively, the design space of MRRs can be explored by
means of abstract compact models. A ring of the radius R can
be defined by a loss coefficient α in units of cm−1 or dB/cm
(hence a round-trip loss of L = exp(−2πR α1/cm ) or LdB =
2πR αdB/cm ), and one (all-pass configuration), two (first-order
add-drop configuration), or even more (higher-order add-drop
configuration [8]) through and cross coupling coefficient(s) (t
and κ – unitless parameters) describing the coupling strength of
the electric and magnetic fields inside the ring with the adjacent
waveguide(s). As long as the coupling between the ring and
waveguides is assumed lossless, the relation κ2 + t2 = 1 holds,
hence knowing only one of the two parameters is sufficient.
These models are key to understand the dynamics of the resonant behavior [46], and to quickly seize the principles at play
for a large-scale system. However, they do not capture the relationships between the physical dimensions of the structure, the
fabrication-induced effects, and the coefficients used. As further
discussed by Nikdast et al. [47], Le Maitre et al. [48], and Lu
et al. [49] fabrication-induced effects are of major importance
when a structure as compact as a MRR is considered. Compact models agnostic to the physical dimensions of the structure
are thus insufficient to clearly assess the capabilities of MRRs
for silicon photonic interconnects in practice. This motivates
us to establish accurate yet efficient models to bridge the gap
between abstract compact models, time-consuming full-wave
simulations, and the fabrication aspects of MRRs for siliconon-insulator (SOI) platform. The resulting models allow us to
sweep a design space corresponding to different wavelengths,
ring radii, and coupling gap sizes. For each considered ring, we
calculate various figures of merit and exclude the designs failing
to fulfill a set of minimal requirements. Finally, by considering
the remaining “realm of feasibility”, we derive conclusions on
MRR capabilities. To the best of our knowledge, this is the first
time that such comprehensive design space exploration of ring
resonators in SOI platform is presented in the literature.
As shown in Fig. 1, our proposed approach for estimating
coupling coefficients requires some intermediate steps for calculating the optical modes of the waveguides [see Fig. 1]. This
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can be realized by building a waveguide cross-section specific
database of effective indices inside an isolated waveguide (for
different wavelengths), as well as inside a coupled pair of waveguides (for different wavelengths and gaps) as described below:
A. Database for Optical Modes of Isolated Waveguides
We used COMSOL [50] software to numerically calculate
the effective index neff of the fundamental mode (quasi-TE00 )
of a straight silicon waveguide by sweeping the wavelength
from 1500 nm to 1600 nm (on 2.5 nm steps) and then linearly
interpolated. Subsequently, the group index of the waveguide
is also calculated from the equation ng = neff − λ dneff /dλ.
The dispersion of silicon and silica is taken into account with
Sellmier equation:

Fig. 2. Impact of radius and gap size on coupling region. κ is the cross
coupling coefficient and t is the through coupling coefficient. (a) and (b) have
the same gap sizes but the larger radius of (a) results in a larger interaction
region. Therefore, the cross coupling coefficients in (a) and (b) are not the same.
(b) and (c) have the same radius, but the smaller gap size in (c) results in a larger
interaction region.

A. Estimation of Coupling Coefficient
n2 − 1 =

2

2

2

A1 λ
A2 λ
A3 λ
+ 2
+ 2
λ2 − B12
λ − B22
λ − B32

(1)

The coefficients for silicon are set to A1 = 10.6684, A2 = 0.003,
A3 = 1.5413, B1 = 0.3015, B2 = 1.1347, B3 = 1104, and the
coefficients for silica are set to A1 = 0.6961, A2 = 0.4079, A3
= 0.8974, B1 = 0.0684, B2 = 0.1162, B3 = 9.8961 (note that
λ is in μm units) [51].
B. Database for Optical Modes of Waveguide Pairs
We used COMSOL [50] to create a database of the effective
indices of the even and odd supermodes in order to deliver an
even and odd index for any gap and wavelength using interpolation. To populate this database, the coupling gap distance
separating the coupled straight waveguides is swept from 50 nm
to 1000 nm (on a step of 5 nm) while the wavelength is swept
from 1500 nm to 1600 nm on the step of 2.5 nm.
III. MODELING OF RING-WAVEGUIDE COUPLING
In this section, a compact modeling methodology is presented
for the fundamental parameters of the MRR structures: the ring
cross coupling coefficient, κ, and through coupling coefficient,
t. We start by discretizing the nonuniform coupling region between the ring resonator and the waveguide into many short
regions, and treating each small region as a uniform directional
coupler whose cross and through coupling coefficients are well
known [51], [52]. By accumulating the coupling effects of all the
small coupling elements, an estimation of the coupling strength
of MRRs can be obtained through a Riemann sum leading to a
continuous integral form. As we will see, the accuracy of the
proposed approach is confirmed both by FDTD simulations and
our fabricated MRR structures through AIM Photonics [53].
In all that follows, it is assumed that the ring and the adjacent
coupling waveguides have identical cross-sections (i.e., same
width and height). As further explained in Appendix I, this
will remove the need to calculate mode overlap integrals in our
intermediate steps [see also Fig. 1] and will result in compact
closed-form equations for the coupling coefficients.

Considering a rectangular cross-section for the silicon waveguides (e.g. 450 × 220 nm Si surrounded by SiO2 cladding),
we intend to capture the dependence of the cross and through
coupling coefficients (κ and t) on the ring radius and the gap
size (minimum distance between the ring and the waveguide
as shown in Fig. 2). Although it is obvious that κ has a strong
dependence on the gap [40], which is typically described by an
exponential fitting [54], [55], its dependence on the radius is not
clear at first glance. Fig. 2 demonstrates the impact of radius and
the coupling gap size on the ring-waveguide electric field coupling coefficients. The colored area around each ring indicates
the decaying tail of the optical mode inside the ring. Although
this tail is infinite in practice, for the sake of the example, let
us assume that no coupling occurs beyond the colored region.
Fig. 2(a) and (b) have the same gap size, but the larger radius
of the ring in Fig. 2(a) results in a larger coupling interaction
region between ring and waveguide (denoted by double-arrow).
A larger interaction region then leads to a larger cross coupling
coefficient (κ) since the coupling at the closest proximity between the ring and the waveguide is more uniform. Fig. 2(b) and
(c) have the same radius, but the smaller gap in Fig. 2(c) results
in a larger coupling region, hence a stronger coupling.
As shown in Fig. 3(a), the coupling gap along the coupling
region, g(z), can be estimated by the following equation:

(2)
g(z) = d + (R + w/2) − (R + w/2)2 − z 2
where R is the radius of the ring (center to midpoint), w is the
width of the ring, d is the minimum gap distance between the
ring and the waveguide, and z is the distance relative to the
point where the gap distance is at its minimum. Note that g(0)
= d, and g(R + w/2) = d + (R + w/2). Assuming that the
coupling is only significant within a distance D (≈ 1 μm) [see
Fig. 3(a)], the length of the coupling region is thus Zmax − Zmin
= 2 Zmax as Zmin = −Zmax due to the symmetry, with

Zmax = (D − d)(2(R + w/2) − (D − d)).
(3)
It is clear that unlike a directional coupler made of two straight
waveguides where the coupling region is uniform, due to the curvature of the ring structure, the coupling region formed between
the ring and the waveguide is nonuniform. To properly capture
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curves as a function of gap size, and thus be written as
nE ≈ neff + aE exp(−γE g)

(6)

for the even mode, and
nO ≈ neff − aO exp(−γO g)

(7)

for the odd mode [see Appendix II]. neff is the effective index of
the optical mode of each waveguide in the absence of coupling.
The full impact of the coupling region can then be evaluated
by cascading the intervals, thus by multiplying the transfer matrices of all the intervals. The resulting global transfer matrix
T = TN × TN −1 × . . . T2 × T1 , has the same form as (4) due
to the identity

 

cos(A) −j sin(A)
cos(B) −j sin(B)
×
−j sin(A) cos(A)
−j sin(B) cos(B)


cos(A + B) −j sin(A + B)
=
(8)
−j sin(A + B) cos(A + B)
and is given by
Fig. 3. (a) Schematic of non-uniform coupling between the ring and the
waveguide. It is assumed that D = 1000 nm and there is no coupling between
the ring and the bus waveguide beyond D. (b) Discretization of the non-uniform
coupling region between the ring and the waveguide. By letting N → ∞ over
the finite coupling region, the discretization leads to an integral form.

the through and cross coupling coefficients of the structure (t
and κ), this non-uniformity must be taken into account.
To this aim, consider a uniform discretization of the nonuniform region into N very small intervals of size Δz =
(Zmax − Zmin )/N in the z direction, as shown in Fig. 3(b). The
gap distance corresponding to each position on the z-axis (i.e.,
zi , i = 1, 2, . . . , N ), denoted by gi , can be obtained from (2).
Assuming the ith interval extends from zi−1 to zi , its corresponding gap can be estimated by gi = g((zi−1 + zi )/2). Small
intervals permit to consider a uniform coupling within each interval. We then write the transfer matrix of the ith interval [see
Appendix I] as


ti −jκi
Ti = exp(−jφi )
(4)
−jκi ti
where
neven [gi ] + nodd [gi ]
2π
Δz
,
λ
2


2π
neven [gi ] − nodd [gi ]
Δz
ti = cos
,
λ
2


2π
neven [gi ] − nodd [gi ]
Δz
.
κi = sin
λ
2

φi =

(5a)
(5b)
(5c)

In these equations, neven [gi ] and nodd [gi ] are the effective
indices of the even and odd supermodes as a function of the
gap distance gi at a given wavelength. For an identical pair of
coupled waveguides, these functions can be fitted by exponential



T = exp(−jφ+ )

cos(φ− ) −j sin(φ− )



−j sin(φ− ) cos(φ− )

(9)

where
φ+ =

N
2π  neven [gi ] + nodd [gi ]
Δz,
λ i=1
2

(10a)

φ− =

N
2π  neven [gi ] − nodd [gi ]
Δz.
λ i=1
2

(10b)

Therefore coupling coefficients (t and κ) are obtained simply
by inspecting the elements of T matrix in (9), i.e., t = cos(φ− )
and κ = sin(φ− ). In the limit where N → ∞, the summation in
these equations turns into an integral since Δz → 0. As shown
in Appendix II, the result of the integration for kappa is given
by

 
π aE −γ E d
aO −γ O d
e
B(xE ) +
e
B(xO )
(11)
κ = sin
λ γE
γO
where aE , aO , γE , γO are the parameters of the fitted exponential curves of (6) and (7), which are independent of the shape of
the coupling region. We define B(x) as the curvature function
of the coupling region and is given by
B(x) = 2x

π /2
0

exp (−x(1 − cos θ)) cos θ dθ

(12)

for the ring-waveguide structure in Fig. 3. (12) has a closed-form
solution given by
B(x) = π x exp(−x) [I1 (x) + L−1 (x)]

(13)

in which I1 (x) is the modified Bessel function of the first kind
of order 1 and L−1 (x) is the modified Struve function of the first
kind of order −1. Based on the asymptotic behavior of I1 (x)
and L−1 (x) functions for large x, it can be verified that
√
(14)
B(x) ≈ 2πx .
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Fig. 4. Summary of the curvature function of the coupling for different structures including uniform and circular coupling regions. The coupling coefficient
is then found from (11) and Table I.

The parameters of function B(x) in (11), and therefore in (13)
are given by xE = γE (R + w/2) and xO = γO (R + w/2).
Noting finally that since in general the argument of sin(. . . )
function in (11) is small for coupling of ring to the waveguide,
the approximation sin(t) ≈ t can be applied:

aO −γ O d
π aE −γ E d
e
B(xE ) +
e
B(xO ) .
(15)
κ≈
λ γE
γO
Equation (11) is sufficient to fulfill our initial goal of evaluating
κ as a function of radius and gap. It is worth noting that radius
only appears in the B(x) function in (11). In fact, the effect of
the non-uniform coupling is solely captured by B(x), and the
four parameters aE , aO , γE , γO do not depend on the shape
of the coupling region. For example, if a uniform coupling of
length L and gap d between two straight waveguides is considered, B(x) = x is obtained where xE ,O = γE ,O L. Appendix III
provides details of calculating B(x) for other structures such as
race-track rings, and ring-ring coupling in higher order add-drop
filters. The results are summarized in Fig. 4.
B. Model vs. FDTD for 2D Structures
We now aim at validating (11) against finite-difference timedomain (FDTD) simulations. We set up a 2D FDTD simulation of 450 nm wide slab waveguides with 10 nm grid
resolution in OptiFDTD software from OptiWave [56], in order to numerically evaluate the coupling coefficients (t and
κ) of the ring-waveguide structure. Fig. 5(a) shows the simulated structure consisting of a straight waveguide and half of a
ring resonator. Perfectly matched layers (PML) boundary conditions are applied for the unidirectional transmission. Power
monitors are placed at the input and output ports of the bus
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Fig. 5. (a) Schematic of the 2D FDTD with perfectly matched layers (PML)
boundary conditions for the coupling of waveguide to the ring resonator. (b)
Thru transmission as a function of gap for 5 μm radius at 1550 nm wavelength.
(c) Thru transmission as a function of gap for 10 μm at 1550 nm wavelength.

Fig. 6. (a) Numerical evaluation of the circular curvature function B(x) given
in (11). (b) Comparison of results from model and 2D FDTD for R = 5 μm, w
= 450 nm and various coupling gaps.

waveguide. Fig. 5(b) shows the comparison between our approach and FDTD as a function of gap size for 5 μm radius at
1550 nm wavelength. A maximum error of 5% is observed for
50 nm gap size while the error is progressively decreasing as the
gap size is increased. This further advocates the validity of our
model since fabricating gap sizes less than 100 nm is typically
difficult and avoided. Fig. 5(c) shows the same plot for 10 μm
radius. A larger radius results in a smaller through transmission,
hence stronger cross coupling of power from the waveguide into
the ring resonator. It is seen that (11) provides more accurate
results for a larger radius.
For the 2D example of 5 μm radius at 1550 nm wavelength,
the coefficients of the model in (11) are extracted by a nonlinear least mean square error curve fitting as aE = 0.141188,
aO = 0.092605, γE = 0.012756 nm−1 , γO = 0.010761 nm−1 ,
therefore xE = 66.65, and xO = 56.2254. Fig. 6(a) shows a
plot of the curvature function B(x) as a function of x. Fig. 6(b)
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Fig. 7. (a) Schematic of a ring resonator with two coupling waveguides. The
cross-section of single strip and coupled strip waveguides and the mode profiles
from COMSOL are also shown. The strip waveguides are 450 × 220 nm. (b)
Coupling coefficients (κ and t) as a function of coupling gap at 1550 nm with
three different radii. (c) Contours of κ for various gap sizes and radii at 1550 nm.

TABLE I
PARAMETERS OF THE COUPLING MODEL FOR THE FUNDAMENTAL QUASI-TE0 0
MODE OF SILICON STRIP WAVEGUIDES AT λ = 1550 NM

plots (11) against the results of 2D FDTD with 5 nm mesh size
for R = 5 μm based on the extracted parameters of the modes
and the curvature function. A very good agreement is observed.

Fig. 8. (a) Comparison of predicted ring-waveguide coupling coefficients
(solid lines) and the 3D FDTD simulations (circled dotted) for R = 5 μm and
w = 400 nm. (b) R = 10 μm and w = 400 nm. (c) R = 5 μm and w = 450 nm.
(d) R = 10 μm and w = 450 nm. (e) Dependence of coupling coefficients on
the radius of the ring for gap = 100 nm and w = 400 nm. The proposed model
accurately captures the effect of radius as it closely resembles the results of
full-wave 3D FDTD simulations.

C. Model vs. FDTD for 3D Structures
Next, we examine our analytical approach for a 3D case where
the rings and waveguides are all made of silicon strip waveguides with 450 × 220 nm cross-section. The modes of a single
waveguide and the supermodes of two coupled waveguides are
calculated from COMSOL software as shown in Fig. 7(a) for
two identical waveguides. For this example, the parameters of
the model are extracted as aE = 0.177967, aO = 0.049910,
γE = 0.011898 nm−1 , γO = 0.006601 nm−1 , xE = 62.1671,
xO = 34.49 for R = 5 μm at λ = 1550 nm, and then
the curvature coefficients are calculated as B(xE ) = 19.64,
and B(xO ) = 14.57. Table I summarizes the parameters of the
model for 400 × 220 nm, 450 × 220 nm, and 500 × 220 nm strip
waveguides at λ = 1550 nm. It is seen that aE and aO have a
stronger dependence on the width of the waveguide than γE and
γO . Fig. 7(b) shows the result of estimating t and κ with (11) at
1550 nm wavelength for 5 μm, 10 μm, and 20 μm radii. As can
be observed, the curvature of the coupling region (i.e., the radius

of the ring) has a noticeable effect on the coupling coefficients.
Fig. 7(c) plots the contours of kappa (cross coupling) as a function of gap and radius of the ring. Even though they approach a
vertical line for very large radii, these contours are clearly nonvertical for smaller radii, demonstrating the significant effect of
the radius on the coupling strength in that regime.
Next, we performed a series of 3D FDTD simulations with
10 nm grid size with Lumerical FDTD software [57]. To show
the effect of three main physical parameters of the structure,
i.e., gap, radius, and width of the waveguide, the wavelength of
operation was set to the fixed value of 1550 nm. The structure in
the simulations is the 3D version of the one shown in Fig. 5(a).
First, the cross-section of the waveguide was set to 400 × 220 nm
and then the FDTD simulations were performed by sweeping
the gap size from 50 nm to 400 nm on the step size of 50 nm for
various radii. Fig. 8(a) and (b) show the dependence of κ and t as
a function of gap size for R = 5 μm and R =10 μm, respectively.
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A good agreement is observed between our analytical model
and 3D FDTD results. As expected, a larger radius results in
a stronger coupling between the ring and waveguide, hence a
larger value for κ. Next, the cross-section of the waveguide was
set to 450 × 220 nm and the simulations were performed again.
Fig. 8(c) and (d) depict the results for R = 5 μm and R = 10
μm, respectively. Compared to Fig. 8(a) and (b) it is seen that
both the model and FDTD predict a weaker coupling as the
width of the waveguide increases. This is due to the fact that the
fundamental optical mode inside a wider waveguide has a higher
effective index, hence it is more confined within the silicon core
and its exponential tail outside the core is shorter. Finally, to
demonstrate the effect of radius on the coupling strength, we set
the gap size to 100 nm and swept the radius from 3 μm to 15 μm.
The results are shown in Fig. 8(e) for both FDTD and our model.
A very good agreement is observed indicating that our proposed
model in (11) fully captures the effect of physical parameters on
the coupling strength. Since radius only appears in the curvature
function B(x) in (11), the concluded rule-of-thumb is that ringwaveguide coupling coefficient scales up as the square-root of
the radius. For example, increasing the radius by a factor of two
(e.g., going from 5 μm to 10 μm) while maintaining the same
gap size and
√ waveguide dimensions will increase the kappa by
a factor of 2. This can be easily verified in Fig. 8(e).
D. Model vs. Experimental Results
After validating our model of ring-waveguide coupling
against full-wave FDTD simulations, three batches of test structures based on add-drop configurations were designed and fabricated through AIM Photonics [53] multi-project wafer run. The
waveguides were chosen to be 400 × 220 nm strip waveguides
since a 400 nm width will provide the strongest coupling coefficients. We used the “gdspy” open source library [58] to create
the layout of the test structures. The first batch of structures have
radii of 5 μm while the second and third batches are designed
with 7.5 μm and 10 μm radii. Each batch includes five symmetric add-drop structures (i.e., input gap size = drop gap size) set
to 100 nm, 150 nm, 200 nm, 250 nm, and 300 nm. Fig. 9 shows
the GDS layout of the first batch with 5 μm radius. TE-polarized
vertical grating couplers were used to couple the light in and
out of the silicon chip. Each add-drop structure is connected to
three grating couplers for monitoring both the through spectral
response and the drop spectral response.
The through and drop transmissions responses for the adddrop structure are given by [36]
√
tin − tdrp L exp(−jδφ)
√
TR =
1 − tin tdrp L exp(−jδφ)

2

κin κdrp L0.25 exp(−jδφ/2)
√
DR =
1 − tin tdrp L exp(−jδφ)

(16a)
2

(16b)

where L is the round-trip optical power attenuation inside the
ring, tin and tdrp are the through coefficient of the input coupling
region and the drop coupling region (t2in,drp = 1 − κ2in,drp ), and
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Fig. 9. Layout of fabricated silicon rings through AIM Photonics MPW run
(2016). This figure shows symmetric add-drop structures with 5 μm radius and
gap sizes varying from 100 nm to 300 nm in 50 nm steps. The layout also shows
the TE-polarized vertical grating couplers used for coupling light in and out.
Each add-drop ring is connected to three grating couplers in this design.

δφ is the relative phase shift with respect to the target resonance:
δφ ≈ −

δλ
× 2π
FSRn m

(17)

and δλ = λ − λres . FSR is the free-spectral range of the resonance spectrum approximated as [36]:
FSRn m ≈

λ2res(n m )
2πRn m ng

.

(18)

The minimum through power (TRmin ) and the maximum drop
power (DRmax ) is obtained by setting δφ = 0 whereas the maximum through power (TRmax ) and the minimum drop power
(DRmin ) at FSR/2 distance from the resonance is obtained by
setting δφ = π. Finally, the half-power bandwidth (full width at
half maximum) of the drop spectrum is given by
Δλ3 dB ≈ FSRn m

1
× cos−1
π

√
(1 − tin tdrp L)2
√
1−
2 tin tdrp L

.

(19)
Note that due to the symmetry of all the test structures, it is
assumed that tin = tdrp and κin = κdrp .
In order to extract the coupling of ring-waveguide, we use
the drop transmission and perform a least mean square fitting of
(16 b) to the measured spectra. Note that in general determining
the state of the ring resonator (under-coupled or over-coupled)
is not possible without having knowledge of the phase response
of the resonator. As pointed out in [59], this leads to an ambiguity in distinguishing between through coupling coefficients and
the round-trip loss for all-pass structures (a ring coupled to a
single bus waveguide). However, since the test structures were
designed to have equal input and drop coupling gaps, the ring
resonators will never reach the critical coupling state and should
stay under-coupled for any given gap size. The following steps
were taken to uniquely extract the coupling coefficients:
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Fig. 11. Comparison of extracted ring-waveguide coupling with the analytical
model and FDTD for (a) 7.5 μm radius, and (b) 10 μm radius. As the radius
increases, the coupling coefficient increases.

Fig. 10. (a) Comparison of the predicted coupling coefficient (κ) of the ringwaveguide (solid line), the 3D FDTD simulations (dotted circle), and the extracted values by fitting to the Lorentzian response of the drop port of measured
spectra. It can be seen that the model has a good agreement with the measurements. (b) Comparison of the measured spectra and the fitted Lorentzian for
cases (A), (B), (C), and (D). The last three cases exhibit very good fit.

r Step 1: extract the FSR and 3 dB bandwidth of the spectrum
by fitting the normalized drop spectrum to the normalized
measured spectrum (least-squares fitting).
r Step 2: use the extracted bandwidth to find the parameter
√
ξ = t2 L from (19).
r Step 3: use the measured drop loss at the resonance to
establish another relation between t and L.
r Step 4: solve the two found equations to uniquely determine t, κ, and L.
Fig. 10(a) shows the extracted ring-waveguide coupling coefficients for 5 μm radius batch. Fig. 10(b) depicts the quality
of the spectral fitting to the measured spectra for cases (A), (B),
(C), and (D). It is seen that in case (A) the measured spectrum
is not smooth around the resonance while in cases (B), (C), and
(D) the measured spectra are reasonably smooth. One possible
explanation is the strong scattering of light due to the roughness
of the sidewalls of the ring in the coupling region between the

ring and the waveguide when the gap is 100 nm. The extracted
coupling coefficients for these four cases are very close to what
our model and 3D FDTD predicts. However, in case (E), corresponding to a gap of 300 nm, the extracted value (κ ≈ 0.16)
exhibits a noticeable error when compared to the predicted values (κ ≈ 0.1). The reason for this behavior is the presence of
resonance splitting, addressed in the next subsection.
As mentioned in Section III-A, the curvature function in (11)
includes the impact of the radius on the coupling coefficients.
The predictions of the model in Figs. 7 and 8(e) show that larger
radii will result in a stronger cross coupling between the ring
and the waveguide. To verify this, the result of the extraction
of kappa for R = 7.5 μm and R = 10 μm from our fabricated
devices are plotted and compared against the predictions of the
model and FDTD in Fig. 11(a) and (b), respectively. For any
given coupling gap size, the larger radius clearly provides a
stronger coupling coefficient between the ring and the waveguides. Although a more thorough statistical analysis of yield and
fabrication variations (e.g. wafer-scale variations) is outside of
the scope of this work, but for the given limited dataset we see
that the predictions of the model and FDTD closely match the
extracted values for kappa.
E. Impact of Back Scattering Inside the Ring
Fig. 12(a) depicts the drop spectrum measured in the (E) case
(300 nm gap) of Fig. 10(a). As known in the literature [60], the
measured spectrum indicates a clear resonance splitting with two
peaks when the coupling of the ring to the adjacent waveguide
is weak. The red curve on this figure is the fitted spectrum based
on 16(b). Although our fitting procedure appears to be able to
decently estimate the 3 dB bandwidth of the measured spectrum,
it clearly fails to provide a good overall match.
The phenomenon of resonance splitting in microring resonators has been investigated in the literature and its origins
have typically been associated with the roughness of the sidewalls of the ring [60]–[63], although recently the presence of
the coupling section has been highlighted as a contributor of reflection in rings with smaller gaps [64]. Such roughness causes
backscattering of the optical mode that is circulating in one
direction inside the ring. The backscattering results in the excitation of a degenerate optical mode circulating in the opposite direction inside the ring. The work presented in [64] has
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Fig. 12. (a) Comparison of spectral fitting (solid red) to the measured spectrum
(solid blue) for R = 5 μm and gap = 300 nm. A clear splitting of resonance
is observed. (b) Modeling the backscattering inside the ring by including a
lumped reflector. (c) Comparison of the spectral fitting with lumped reflector
to the measured spectrum. A very good agreement is observed. (d) Close-up
on a small region around the resonance. A symmetric splitting of resonance is
observed.

formulated a correction on 16(b) to include the backscattering
effects based on the temporal coupled mode theory, while the
work in [60] has proposed an interpretation based on a lumped
reflectivity inside the ring. In [64] asymmetric heights of the split
resonances were linked to additional reflections in the coupling
section. However, in our data the prevalence of symmetric split
resonances was observed. Therefore, we choose to model the
backscattering effects by a lumped reflector. Fig. 12(b) shows an
abstract representation of the structure to which we assimilate
the ring. It consists of two lossless directional couplers (DC1
and DC2), two curved waveguides of equal length (Cwg1 and
Cwg2) and a lumped reflector (LR) of null length with reflectivity r [see Appendix IV]. The coupling coefficients (t and κ) of
the directional couplers and the field reflectivity r of the lumped
reflector were then subject to a least mean square fitting to the
measured spectrum shown in Fig. 12(a). The result of the curve
fitting is shown in Fig. 12(c), which exhibits an almost perfect fit
to the measured spectrum. With this correction, the coupling coefficient is now estimated to be κ ≈ 0.12, which is much closer
to the predicted value of 0.1. Fig. 12(d) presents a close-up of
the fitting result indicating the clear symmetric splitting of the
resonance. The backscattering reflectively was extracted to be
r = 0.0124. This is well aligned with the conclusion made by
Little et al. [60] that when r ≥ κ2 , a clear resonance splitting is
observed.
F. Coupling Region Modeling: Conclusion
Summarizing this section, we have presented a mathematical approach to evaluate through and cross coupling coefficients (t and κ) in waveguide structures that include nonuniform coupling regions. The coupling strength can be obtained by
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Fig. 13. (a) Transforming the straight bus waveguide into a circular bus.
(b) Comparison of ring-waveguide coupling between the case where the bus
waveguide is straight and the case where the bus waveguide is circular with the
coupling region angle set to 30 degree, 45 degree, and 90 degree. It can be seen
that the circular bus provides stronger coupling under similar conditions (same
radius and gap size).

evaluating (11) once modal coefficients (aE , aO , γE , γO ) related
to wavelengths and waveguide dimensions and materials have
been derived. Note that the approach can be applied to more
complicated structures than a circular ring coupled with a rectilinear waveguide, as developed in Appendix III and summarized
in Fig. 4. In particular, structures involving a waveguide circularly shaped around a ring [4] can also be modeled as pictured
in Fig. 13(a). Fig. 13(b) compares the cross coupling coefficient
of a straight bus with the circular bus waveguide.
Finally, we point out that (11) presents the estimation of the
coupling strength for the cases in which both structures (such
as a ring and a bus waveguide) are made of identical waveguides. In cases where the width of the ring is not equal to
the width of the waveguide, a clear definition of the curvature
function is not possible. However, the coupling strength can
still be approximated through the result of discretization of the
coupling region by including the mode overlap factors [see also
Appendix I]. Overall, the slight disagreement between our modeling approach and the FDTD results can be attributed to 1) the
finite grid resolution for our optical mode database, 2) the inherent error in considering uniform coupling in small segments,
and 3) mesh size in FDTD simulations.
IV. MODELING THE OPTICAL LOSS OF THE RING
The second compact model relates the loss inflicted to signals
transiting inside the MRR to its size. The loss of the optical
mode inside the ring has three contributors: 1) Loss due to the
material absorption and surface state absorption, 2) scattering,

2776

JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 36, NO. 13, JULY 1, 2018

Fig. 14. Bending loss of ring resonators as a function of radius based on the
simulations and measurements presented in [38] and measurements presented
in this work.

mainly due to sidewall roughness and 3) radiation loss due to
the curvature of the ring. The first contributor applies to any
waveguide and is independent of the MRR radius. The last
contributor radiation loss, in contrast, is widely characterized
by the waveguide bending (and for this reason called bending
loss). Scattering loss, finally, is present in straight waveguides
but can be exacerbated in bent ones as the optical mode is
shifted closer to the waveguide boundaries. Radiation loss has
been extensively studied from a theoretical perspective [65],
[66]. Numerical FDTD models have also been used to express
the bending loss as a function of the ring radius [22], [38],
[42]. However, none of these approaches can directly relate to
fabrication defects, which play a major role in defining scattering
losses.
Acknowledging that a method taking into account fabrication related imperfections is hard to construct, we consider the
bending loss as a fabrication-platform dependent relationship, to
be obtained experimentally and fitted. Such experimental measurements of the ring loss (compared to the loss of a straight
waveguide) have been recently reported in [38]. We fitted these
measurements with a power law
α[dB/cm] = a (Rμm )−b + c

(20)

where R is the ring radius (in micron units) and a, b and c
are constant parameters. Hence, we assume the bending loss
to be infinite for null radius and a constant for infinite radius
(i.e., rectilinear waveguide). As shown in Fig. 14, the fit agrees
reasonably well with two sets of measurements, one provided
by authors of [38] (with parameters a = 4.5323×108 and b =
9.0334, c ≈ 0), the other collected from our fabricated structures
(with parameters a = 2096.3, b = 2.9123, and c = 0). The
power law fit is also in good agreement with FDTD simulations
realized in [38] (with parameters a = 1.1452×109 and b =
10.1848, c = 0). As indicated in [38], an additional radiusindependent propagation loss must be added to the bending
loss to include the effects of material absorption and standard
sidewall roughness. Our baseline compact model for ring loss
(black curve in Fig. 14) considers the aforementioned a and b
values, plus a constant loss of c = 2 dB/cm [67]. Note that the
rings studied in [38] are made of ridge waveguides with 90 nm

Fig. 15. Characterization of design space for microring Add-drop filters based
on strip waveguides and the baseline loss model [38]. (a) Contours of attenuation
at the resonance. The white area corresponds to less than 1 dB attenuation. (b)
Contours of attenuation at half FSR. White area corresponds to attenuation better
than 30 dB. (c) Contours of 3 dB optical bandwidth. White area corresponds
to a bandwidth greater than 10 GHz and less than 50 GHz. (d) Overall design
space of add-drop ring filters.

of slab thickness while the rings in this work are made of strip
waveguides.
V. DESIGN SPACE FOR ADD-DROP FILTERS
Add-Drop ring structures can serve as wavelength selective
filters and demultiplexers for WDM-based optical links [33].
The design space for each individual ring can be constructed
as shown in the plots of Fig. 15. The main assumptions that
we apply are that the ring is made of 450 × 220 nm strip
waveguides and is operating at critical coupling. This condition is satisfied when t2in = L × t2drp . For the loss of the ring,
we use the power-law model that fits the measured ring losses
in Fig. 14. Satisfaction of critical coupling condition requires
that κdrp < κin , and hence the drop gap (output gap) should be
slightly bigger than the input gap. We take the output gap as the
independent variable and find the input gap such that the critical
coupling condition is held.
Since the design space depends on the loss of the ring, we
consider two cases one of which is for the loss model fitted to
measured data in [38] and the other one is for the loss model
fitted to the data from our own measurements.
Fig. 15 shows the exploration of the design space for the first
case. Fig. 15(a) shows the contours of drop insertion loss at
the resonance. By limiting the insertion loss of the drop path to
better than 1 dB, the design space is divided such that a larger
radius is accompanied by a larger gap size. Fig. 15(b) describes
the spectral attenuation of the drop path at FSR/2 detuning
from the resonance. This is also describing the extinction of
each resonance in the spectrum. We set the requirement for the
extinction of resonance to be better than −30 dB to provide
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Fig. 17. Structure of a directional coupler. The coupling region has two supermodes (Ψ e for the even mode, Ψ o for the odd mode). The transfer matrix
relates the amplitudes of the optical modes at z = 0 and z = l.

this case is very close to the previous case even though the loss
models were quite different for small radii.
VI. CONCLUSION

Fig. 16. Characterization of design space for microring Add-drop filters based
on strip waveguides and the loss model from our direct measurements. (a)
Contours of drop attenuation at the resonance. The white area corresponds to
less than 1 dB attenuation. (b) Contours of attenuation at half FSR. White area
corresponds to attenuation better than 30 dB. (c) Contours of 3 dB optical
bandwidth. White area corresponds to a bandwidth greater than 10 GHz and
less than 50 GHz. (d) Overall design space of add-drop ring filters.

at least −20 dB crosstalk suppression in a WDM link [34].
Therefore, the left side of the design space is grayed out in
Fig. 15(b). Fig. 15(c) shows the 3 dB optical bandwidth of the
drop filter. Considering a minimum signaling rate of 10 Gbpsper-λ for a WDM-based link, we require that the bandwidth
of the filter be greater than 10 GHz yet less than 50 GHz, and
gray out the undesired regions. Finally, we demand that each
add-drop ring filter should provide a minimum FSR of 10 nm
to allow at least 10 × 10 Gbps channels spaced 1 nm apart
from each other. This sets the upper-bound of radius to about 10
μm. The combination of all these constraints results in a design
space, shown in Fig. 15(d), limiting the radius to 7 μm – 10 μm
and the output gap to 150 nm – 210 nm. The ideal design point is
shown with a red circle on Fig. 15(d). This point is at the center
of the design space corresponding to a radius of about 9 μm and
output gap of 180 nm. This choice of design point will to some
extend be immune to variations on the radius and gap size since
the variations on the width of the waveguides are typically within
5 nm [48].
Fig. 16 shows the exploration of the design space for the
second case. Same conditions are applied to constrain the design
space in Fig. 16(a) for the drop loss at resonance, Fig. 16(b) for
the extinction of resonance, and Fig. 16(c) for the 3 dB optical
bandwidth of the ring. Fig. 16(d) shows the optimal design
space for this case. Compared to the previous case, smaller radii
(down to 5 μm) are supported in the design space. The optimal
design point in Fig. 16(d) is characterized by 8.6 μm radius and
an output gap of 178 nm. As can be seen, the optimal point in

We introduced compact models for coupling coefficients and
bending loss of ring resonators in SOI platform. The model for
coupling coefficients was first validated by full-wave 3D FDTD
simulations and then through direct measurements of spectral
response of fabricated devices. The model for loss established a
power-law relation between the loss of the ring and its radius. It
was shown that this model can be reasonably well fitted to the
measurements and simulated bending loss of ring resonators.
The proposed compact models were used to characterize a
realistic design space for ring resonators that are performing
as add-drop demultiplexers in WDM applications. It was concluded that the design space for add-drop ring filters results in a
range of radii from 5 μm to 10 μm and gap sizes from 120 nm to
210 nm. The center point of the design space was chosen as the
optimal design point whose radius is about 9 μm, output gap is
about 180 nm, and is operating at critical coupling. This design
will provide better than 30 dB of extinction for the resonance, a
drop loss less than 0.5 dB and a resonance bandwidth of about
20 GHz, with an FSR greater than 10 nm.
APPENDIX I
The schematic of a directional coupler made of two waveguides is shown in Fig. 17. Region 1 on the left side indicates the
optical mode for z < 0 given by
ΨL (y, z) = a1 (z)Ψ1 (y) exp(−jβ1 z)
+ a2 (z)Ψ2 (y) exp(−jβ2 z)

(A1)

where Ψ1 (y) and Ψ2 (y) are the individual modes of each waveguide and a1 (z) and a2 (z) correspond to the amplitudes. Region
2 in the middle indicates the coupling region in which the optical mode can be expressed as the superposition of the even, Ψe ,
and odd, Ψo , coupled supermodes:
ΨC (y, z) = Ae Ψe (y) exp(−jβe z)
+ Ao Ψo (y) exp(−jβo z).

(A2)

Finally, region 3 on the right side indicates the optical mode for
z > l given by
ΨR (y, z) = a1 (z)Ψ1 (y) exp(−jβ1 (z − l))
+ a2 (z)Ψ2 (y) exp(−jβ2 (z − l)).

(A3)
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In order to find the transfer matrix of this directional coupler
that relates the amplitudes of the optical modes in regions 1
and 3, boundary conditions at z = 0 and z = l must be satisfied. Applying the boundary condition at z = 0 and using the
orthogonality property of the modes results in

 

a1 (0)
Ae
=M×
(A4)
a2 (0)
Ao
where

⎛ <Ψ
M=⎝

|Ψ 1 > < Ψ e |Ψ 2 >
< Ψ e |Ψ e > < Ψ e |Ψ e >
e

< Ψ o |Ψ 1 > < Ψ o |Ψ 2 >
< Ψ o |Ψ o > < Ψ o |Ψ o >

⎞
⎠.

(A5)

Applying the boundary condition at z = l results in
Ae
Ao

a1 (l)
a2 (l)

= E−1 × M ×

(A6)

Fig. 18. (a) Exponential fitting of the effective index of the even and odd
supermodes for two identical 400 × 220 nm strip waveguides as a function of
coupling gap size. (b) Ring-waveguide coupling structure. D is the maximum
distance that coupling occurs between the ring and the waveguide and θ0 is the
maximum angle. In the limit, θ0 → π/2 and D → R + d + w/2.

for the even mode, and
nO ≈ neff − aO exp(−γO g)

where
E=

exp(−jβe l)

0

0

exp(−jβo l)

.

(A7)

Combining equations (A4)–(A7) finally leads to the transfer
matrix of the directional coupler:
a1 (l)
a2 (l)

= (M−1 E M) ×

a1 (0)
.
a2 (0)

(A8)

In order to reach the expression presented in (4), we examine the
case of coupling of two identical waveguides. By considering
the normalization for the coupled supermodes
< Ψe |Ψe >= 1 , < Ψo |Ψo >= 1

(A9)

and the optical mode profiles plotted on Fig. 17, the following
relations can be concluded:
< Ψe |Ψ1 >≈< Ψe |Ψ2 >

(A10)

< Ψo |Ψ1 >≈ − < Ψo |Ψ2 > .

(A11)

for the odd mode, where g is the coupling gap size between the
two waveguides and neff is the effective index of the uncoupled
waveguide. For a given width and height of the waveguides,
the four fitting parameters aE , aO , γE , γO are positive and only
depend on the wavelength. The values for these parameters are
provided in Table I for 400 × 220 nm, 450 × 220 nm, and
500 × 220 nm strip waveguides. Fig. 18(a) shows the fitting of
these exponential curves for 400 × 220 nm strip waveguides at
1550 nm wavelength. As can be observed, the exponential fits
can closely match the numerical values of the effective indices.
Using these two exponential fittings, we can then turn 10(b) into
an integral form and write κ as


π z max
[nE (z) − nO (z)]dz
(A17)
κ = sin
λ z min
where Zmin = −Zmax due to the symmetry. In order to calculate
the integral, the gap must be expressed as a function of z. It is
easier to use polar coordinates where
z = (R + w/2) sin(θ),

(A18)

g(z) = d + (R + w/2)(1 − cos(θ)),

(A19)

zmax = (R + w/2) sin(θ0 ),

(A20)

This leads to the transfer matrix given by
M−1 E M ≈ exp(−jβ+ l)

cos(β− l) −j sin(β− l)

(A16)

β+ = (βe + βo )/2,

(A13)

and θ0 is the angle that corresponds to the maximum coupling
distance between the ring and the waveguide [see Fig. 18(b)]. It
can be calculated by


D−d
θ0 = cos−1 1 −
.
(A21)
R + w/2

β− = (βe − βo )/2.

(A14)

Using the above equations, the integral in (A17) is reduced to

−j sin(β− l) cos(β− l)
(A12)

where

z max

APPENDIX II

[nE (z) − nO (z)]dz

z min

In order to derive (11) we begin by remarking that for an
identical pair of coupled waveguides, the effective index of the
supermodes can be accurately fitted by exponential curves as a
function of gap sizes given by
nE ≈ neff + aE exp(−γE g)

(A15)

=2

aE xE −γ E d
e
γE

+2

θ0
0

aO xO −γ O d
e
γO

e−x E (1−cos(θ )) cos(θ)dθ
θ0

0

e−x O (1−cos(θ )) cos(θ)dθ

(A22)
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where we defined xE ,O = γE ,O (R + w/2). The two integrals
in the above equations are values of the function F (x, φ) defined
by
F (x, φ) =

φ
0

exp(−x(1 − cos θ)) cos(θ)dθ.

(A23)

Finally, we note that in the limit the coupling between the ring
and the waveguide can go all the way to the side edges of the
ring, i.e., D → d + R + w/2 which results in θ0 → π/2. In
that case by defining B(x) = 2x F (x, π/2), (12) and (13) are
obtained.
APPENDIX III
As we pointed out in Section III-A, (11) can be viewed as
a general equation that can estimate the coupling between two
identical waveguides with any arbitrary coupling region. The
curvature and nonuniformity of the coupling region is entirely
lumped inside the curvature function B(x). Here we extend our
analysis of the ring-waveguide coupling to provide the curvature
function B(x) for different types of coupling structures.
A. Two Straight Waveguides
For two identical straight waveguides of length L coupled to
each other (Fig. 4), the gap is constant
g(z) = d

(A24)

(A25)

where xE ,O = γE ,O L.
B. Directional Coupler With S-bends
S-bends are usually used to bring two straight waveguides
close to each other in the coupling region and then taking them
away from each other (Fig. 4). S-bends are parametrically defined by a cosine function
Z(t) = H t , Y (t) =

V
(1 − cos(πt))
2

C. Ring-Ring Coupling
In the case of two identical ring resonators coupled to each
other as shown in Fig. 4, the curvature function is given by
BRing-Ring (x) = 0.5 BRing-wg (2x)

and the curvature function is given by
B(x) = x

Fig. 19. (a) Plot of the ring-waveguide power coupling (κ 2R W ) for 400 ×
220 nm strip waveguides and 5μm radius. Solid blue curve is estimated from
our model and circles are from a 3D FDTD simulation (RSoft). (b) Plot of the
ring-ring power coupling coefficient (κ 2R R ) for 400 × 220 nm strip waveguides
and 5μm radius. Solid blue curve is estimated from our model and circles are
from a 3D FDTD simulation (RSoft). The ratio between case (a) and case (b) is
close to 2 as predicted by our model.

(A26)

where 0 < t < 1 is the parameter of the curve, H is the horizontal offset of the S-bend and V is the vertical offset. In this
case, the gap is given by

d
|z| ≤ L/2
g(z) =
|z |−L /2
d + V (1 − cos(π H )) L/2 ≤ |z| ≤ L/2 + H
(A27)
and the curvature function is calculated as

2H
B(x) = x 1 +
exp(−V x/L)I0 (V x/L)
(A28)
L
where xE ,O = γE ,O L. Here, I0 (x) is the modified Bessel function of the first kind of order zero.

(A29)

where xE ,O = γE ,O (R + w/2). It can be easily verified that the
B(x) function for ring-ring coupling is always smaller than the
B(x) function for the ring-waveguide coupling.√More precisely,
based on the approximation of BRing-wg (x) ≈ 2πx, it can be
seen that
BRing-Ring (x)
1
≈ √ = 0.71
BRing-wg (x)
2

(A30)

for large values of x. Considering that aE , aO , γE , γO in (11)
do not depend on the curvature of the coupling region, (A30)
results in the following relation
κRing-Ring
1
≈ √ = 0.71
κRing-wg
2

(A31)

To show this, we performed an FDTD simulation in RSoft software [68] for 400 × 220 nm strip waveguides and 5 μm radius
of curvature. The calculated power couplings (κ2 ) are plotted in
Fig. 19. A good agreement is observed.
D. Race-Track Ring Structure
For the case of a race-track ring structure as shown in Fig. 4,
the gap function is given by

d
|z| ≤ L/2
g(z) =
(A32)
d + (R + w/2)(1 − cos θ) L/2 ≤ |z|
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and the curvature function is calculated as
L
x + BRing-wg (x)
BRace-track (x) =
R + w/2

(A33)

where xE ,O = γE ,O (R + w/2). Note that in general, the curvature function of the race-track structure can be written as a superposition of the curvature functions of waveguide-waveguide
and ring-waveguide structures
BRace-track = Bwg-wg (xwg ) + BRing-wg (xring )

(A34)

where xwg = γL and xring = γ(R + w/2) for even and odd
modes.
E. Ring Resonator With Circularly Shaped Bus Waveguide
In this case as shown in Fig. 4, the bus waveguide has a circular
part around the ring over an angle of θ0 . This makes the coupling
region approximately a uniform region whose gap function is
g(z) = d and the curvature function is given by B(x) ≈ x where
xE ,O = γE ,O (R + w/2 + d/2). Fig. 13(b) shows a comparison
between the coupling of a ring resonator to a straight waveguide
and the coupling of a ring to a circularly shaped waveguide
(based on 400 × 220 nm strip waveguides and a radius of 5
μm).
APPENDIX IV
Considering the compact model presented in Fig. 12(b) with
the lumped reflector
characterized by a transmittance t and re√
flectance r = 1 − t2 inside the ring, the scattering parameter
from the input port (port 1) to the drop port (port 4) is given by


S41 = −κ1 κ2 L0.25 exp(−jφ/2)

t−O
1 − 2tO + O2

(A35)

where φ is the round-trip phase inside the ring, O is the loop
gain of the ring given by
√
O = t1 t2 L exp(−jφ).
(A36)
κ1 , κ2 , t1 , t2 are the coefficients of the input and output couplers
(DC1 and DC2) and L is the round-trip power attenuation inside
the ring without a reflector. The splitting of the resonance into
two peaks can be characterized by defining t = cos(φt ) and
then


1
1
1
t−O
=−
+
. (A37)
1 − 2tO + O2
2 O − ej φ t
O − e−j φ t
By expanding the round-trip phase around the resonance
frequency as


dβ
(ω − ω0 ) ,
(A38)
φ(ω) = 2πR β(ω0 ) +
dω
equation (A37) is given as the sum of two Lorentzian terms:
t−O
1 − 2tO + O2
=

A
2

1
(ω − ω+ ) +

Δω0
2

+

1
(ω − ω− ) +

Δω0
2

. (A39)

where A = F SR/ξ and Δω0 is the original 3 dB bandwidth of
the ring without the reflector. The frequencies of the two peaks
are given by
ω± = ω0 ±

F SR 
1 − t2 .
ξ

(A40)
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École Polytechnique Fédérale de Lausanne, Lausanne, Switzerland, in 2011.
He is currently a Research Scientist with the Lightwave Research Laboratory
led by Prof. Keren Bergman, Columbia University, New York, NY, USA. His
research interests include cross-scale modeling and optimization of large-scale
interconnection networks, with particular focus on optical technologies and
silicon photonics.

JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 36, NO. 13, JULY 1, 2018

Qixiang Cheng received the B.S. degree from Huazhong University of Science & Technology, Wuhan, China, in 2010, and the Ph.D. degree from the
University of Cambridge, Cambridge, U.K., studying III/V integrated optical
switches, in 2014. Then, he stayed as a Research Assistant until March 2015
with Shannon Laboratory, Huawei, China, researching future optical computing
systems. He is now a Postdoctoral Research Scientist with the Lightwave Research Lab, Columbia University, New York, NY, USA. His research interests
include silicon photonic integrated circuits for high-capacity optical interconnects in supercomputers and data-centers.

Liang Yuan Dai received the Bachelor of Engineering degree from New Jersey’s
Institute of Technology, Newark, NJ, USA. He is currently working toward the
Ph.D. degree at the Lightwave Research Laboratory, Columbia University, New
York, NY, USA, directed by Dr. Keren Bergman. His research interests include
silicon device testing and packaging.

Natalie Janosik is currently working toward the Graduate degree at the Lightwave Research Laboratory, Columbia University, New York, NY, USA, working
for Dr. Keren Bergman. She is also working toward the M.S./Ph.D. degree in
electrical engineering focusing on silicon photonics. Her current research interests include optical computing and the use of nanotechnology for next generation
computing.

Thomas Van Vaerenbergh received the Master’s degree in applied physics
from Ghent University, Ghent, Belgium, in 2010. He finished the Ph.D. thesis on all-optical spiking neurons with the Photonics Research Group, Ghent
University-imec, in 2014. He is currently a Photonics Research Scientist with
Hewlett Packard Labs, Hewlett Packard Enterprise, Palo Alto, CA, USA, where
he works on optical computing based on silicon photonics. His main research
interests include layout automation for and simulation of large scale photonic
integrated circuits (PIC), nonlinear dynamics in optical components, neuromorphic computing and modeling and design of passive PIC building blocks, such as
microrings and grating couplers. His Ph.D. dissertation won the Alcatel-Lucent
Bell Scientific Award 2015.

Alexander Gazman received the B.S. degree in electrical engineering from
Boston University, Boston, MA, USA, in 2013, and the M.S. degree in electrical
engineering from Columbia University, New York, NY, USA, in 2015, and currently working toward the Ph.D. degree at the Lightwave Research Laboratory,
Columbia University. His research interests include developing silicon photonic
subsystems and integration of optical interconnects in high-performance compute systems.

Robert Polster received the Ph.D. degree from the Universite Paris Sud, Orsay, France, in 2015, for his research on silicon photonic links that was carried
out at the CEA-LETI, Grenoble, France, and the M.S. degree in physics from
the Humboldt University, Berlin, Germany, in 2012. His Master’s thesis was
carried out with the Institute for Quantum Optics and Quantum Information
Theory, Vienna, Austria, from 2011—2012. He carried out further studies with
the Paul-Scherrer-Institut / ETH Zurich and with the High Field Laser Laboratory, Max-Born-Institute, Berlin, Germany, from 2006—2009. He is currently
leading AIM Photonics functional testing program. His team’s responsibilities are the standardization of supported test geometries, the design of test
structures, and the general bootstrapping efforts for AIM Photonics testing
facility.

Keren Bergman (S’87–M’93–SM’07–F’09) received the B.S. degree from
Bucknell University, Lewisburg, PA, USA, in 1988, and the M.S. and Ph.D.
degrees from Massachusetts Institute of Technology, Cambridge, MA, USA,
in 1991 and 1994, respectively, all in electrical engineering. She is currently
the Charles Bachelor Professor of electrical engineering with the Columbia
University, New York, NY, USA, where she is also the Scientific Director of
the Columbia Nano Initiative. Her current research interests include optical
interconnection networks for high performance embedded computing, optical
data center networks, and silicon photonic systems-on-chip.

