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Abstract—Designing complex embedded systems requires
simultaneous optimization of multiple system performance metrics that can be addressed by applying Pareto-based multiobjective optimization techniques. At the end of this type of
optimization process, designers always face Pareto fronts (PFs)
including a large number of near-optimal solutions from which
selecting the most proper system implementation is potentially
infeasible. In this letter, for the first time, we present HypAp,
a hypervolume-based automated approach to systematically help
designers efficiently choose their preferred solutions after the
optimization process. HypAp is a two-stage approach relying on
clustering Pareto optimal solutions and then finding a subset of
solutions that maximizes the hypervolume by using a genetic algorithm. The performance of HypAp is evaluated through applying
HypAp to the PF by the case study of mapping applications on
network-on-chip-based heterogeneous MPSoC.
Index Terms—Design space exploration, designer support,
hypervolume, multi-objective optimization, Pareto front.

I. I NTRODUCTION
EW APPLICATIONS, such as Internet-of-things, have
driven the integration of a large number of functionalities into modern embedded systems. As a result, more software
and hardware components need to be used, considerably
enlarging the design space of modern embedded systems [1].
Furthermore, the design of such systems involves the optimization of multiple competing objectives (i.e., multiobjective
optimization) in which the preferred system configuration can
be realized by finding the best tradeoffs between these objectives (e.g., energy, throughput, etc.) usually expressed using
fitness functions [2]. This optimization process is referred
to as the design space exploration (DSE), allowing designers to find a near-optimal solution. It is worth mentioning that there is no unique optimal solution but rather a
set of efficient solutions, also known as Pareto solutions.
The set of all the Pareto solutions constitutes the Pareto
front (PF) [3].
A common approach for the DSE is to employ Pareto-based
multiobjective optimization techniques [4]. These approaches,
such as evolutionary algorithms [5], aims at finding the solutions approximating the PF [6]. The PF represents a range
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of performance tradeoffs that can be achieved by adjusting different design parameters. As a result, such approaches
can simultaneously optimize different competing objectives.
However, the large size of the PF constitutes the major shortcoming of such techniques: the main challenge for designers,
is how to effectively select their preferred solution(s).
From the designers’ perspective, evaluating all the nearoptimal solutions (i.e., nondominated solutions) is unrealistic.
On the other hand, selecting a preferred solution from a large
PF is potentially infeasible. Therefore, a possible solution is
to provide a refined representation of the PF optimal solutions
(i.e., a subset of solutions belonging to the PF) to which we
refer as the reduced Pareto front (RPF). The novel contribution
of this letter is in developing HypAp, a hypervolume-based
automated approach generating an RPF that is much smaller in
size compared to the PF, and yet maintains the main characteristics of the PF. HypAp helps the system designers effectively
to choose their preferred solutions, now from an RPF includes
fewer solutions.
HypAp is a two-stage approach consisting of clustering PF solutions, and then finding a subset of solutions
from each cluster that maximizes the hypervolume by using
a genetic algorithm. We define several quality indicators,
including hypervolume, nonuniformity, and outer-diameter, to
evaluate the similarity and effectiveness of the RPF compared to the PF. As a case study, we apply HypAp to
the PF of a network-on-chip (NoC) mapping optimization
problem.
The rest of this letter is organized as follows. Section II
briefly reviews related work. In Section III, we detail the
proposed two-stage approach, called HypAp. Section IV evaluates the effectiveness of the proposed approach and includes
the case study of an NoC mapping problem and the results.
Finally, Section V concludes this letter.
II. R ELATED W ORK
High-level design of embedded systems can be performed
by employing different automated approaches relying on
Pareto-based algorithms. Nevertheless, the major drawback
of such works is that designers cannot easily choose their
preferred solution(s) from the resulting large-size PF.
Designers’ preferences can be ignored [7] or considered
in different multiobjective optimization approaches before the
optimization (i.e., a-priori methods), after the optimization
(i.e., a-posteriori methods), or interactively during the optimization process. An a-priori approach was presented in [8]
to guide the search in the design space toward a preferred
region. In [9], an a-priori method was proposed based on
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assigning a relative preference factor (i.e., weight) to each
design objective considering the designer’s preferences. An
a-priori technique to optimize one objective and assign other
objectives with an upper constraint was proposed in [10]. This
method can alleviate the difficulties faced by the scalarization approach when solving problems with concave PFs. Such
techniques, however, require extensive knowledge of the problem in advance and cannot guarantee the Pareto-optimality of
the obtained solutions, while missing some regions including
promising solutions.
A-posteriori preference consideration methods are employed
when the relative importance of the objectives is unknown.
Such techniques guarantee that no superior solution will be
missed and the feasible implementations are available for evaluation. In [11], a clustering approach was proposed to find an
RPF by applying K-means method and then picking the closest
solution to the centroid of each cluster as the candidate of that
cluster. A graphical representation, called level diagrams, for
n-dimensional PF analysis was proposed in [12]. By clustering the PF and then employing level diagrams to represent and
analyze the RPF, [13] proposed a two-stage approach aimed
at identifying a limited number of representative solutions to
be presented to the designer.
While there is no unique definition of an optimal selection,
all the aforementioned a-posteriori methods failed to comprehensively evaluate the quality of their RPFs in terms of
different Pareto quality indicators. In this letter, an effort is
made to find an RPF that highly represents the PF. Particularly,
we evaluate the effectiveness of the RPF in terms of several
quality indicators, such as the Pareto-coverage, distribution,
uniformity, and extent, and hence, quantify the characteristics
of the PF that have been maintained in the RPF.
III. H YPA P : O UR P ROPOSED A PPROACH
This section details our proposed HypAp, developed to systematically help with the design choices obtained after the
optimization process (i.e., a-posteriori approach). HypAp is
a two-stage approach: Pareto optimal solutions will be first
clustered and then a subset of solutions that maximizes the
hypervolume will be selected. Please note that different performance metrics that need to be optimized during the DSE
have a large size or great variability due to their different distributions and orders of magnitudes. Consequently, this kind
of variability can lead to a knock-on effect on the clustering
result. Therefore, prior to clustering, we normalize the fitness
values by adjusting them to notionally averages (also known as
feature scaling) which leads to a better symmetry, and hence,
more reliable learning.
A. Clustering Pareto Front Optimal Solutions
The first stage of HypAp aims at clustering PF optimal solutions with respect to their similarity, facilitating the application
of the genetic algorithm in the next stage. We consider using
K-means, which is an unsupervised learning algorithm [14],
to perform the clustering. K-means groups a given set of solutions into k different clusters through calculating the centroid
for each cluster, and then assigning each solution to the cluster
with the nearest centroid. Finding the solutions that belong to
the same cluster, K-means considers employing the euclidean
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Fig. 1. Using the elbow method to determine the number of clusters: the
percentage of variance explained versus the number of clusters.

distance. As a result, the sum of squared distances, d, between
the centroid of each cluster, xj , and the solutions on the PF,
xi , should be minimized
d=

k 
n


2
xi − x̄j

(1)

j=1 i=1

in which k and n are the number of clusters and solutions,
respectively.
In any clustering technique, choosing the right number of
clusters (i.e., k) is challenging. The best choice for k is often
ambiguous as it highly depends on the shape and scale of
the PF. In this letter, we consider using the Elbow method to
determine k [15]. Using this method, we consider the number
of clusters based on the percentage of variance explained1
(see Fig. 1), which is the ratio of the between-cluster variance
to the total variance. As a result, based on Fig. 1, we choose
the number of clusters k corresponding to the percentage of
variance explained of 90%, after which the variance explained
gain marginally drops, and hence, increasing the number of
clusters will no longer add significant information.
B. Hypervolume Maximization
Although the resulted clusters from the first stage are informative, the number of solutions existing in each cluster can
still be very large for the designer to make right choices.
Furthermore, selecting solutions maintaining the information
of the PF from each cluster is challenging. We address this
problem by employing an optimization approach seeking ideal
subsets of the PF that maximizes the hypervolume, as we discuss in the following. As a result, the problem can be seen as
a variant of the maximum coverage problem where the RPF
 , in which | | = k and k is the number of clusters, is
obtained in advance. Our aim is to maximize the diversity of
the solutions belonging to  and the coverage of the PF .
The hypervolume indicator (also known as Lebesgue measure [16]) is one of the most popular quality indicators for
multiobjective optimization. It can solely capture the coverage
of the solutions and their distances from the true PF. Therefore,
a subset with a larger hypervolume is likely to present a better
set of tradeoffs. Considering solutions as points in an objective space, the hypervolume is the n-dimensional space that is
contained by a solution relative to a reference point defined
1 In statistics, variance explained measures the proportion to which a
mathematical model accounts for the variation of a given data set.
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TABLE I
C OMPARING THE RPF O BTAINED U SING H YPA P AND
K-M EANS W ITH THE PF OF THE N O C C ASE S TUDY

Fig. 2. Hypervolume indicator for the nondominated solutions with respect
to the nadir point in a biobjective optimization problem.

as the nadir point (depicted in Fig. 2) in our approach. Nadir
point is the worst-known value in each dimension.
¯ is defined
The hypervolume indicator for a normalized PF 
as [17]



 
¯ =
1 ∃x ∈ X : f (x) ≺ y ≺ z dy
(2)
H 
Y

N

is the reference point (i.e., the nadir
in which z ∈
point in our method), f is the vector obtained by stacking
the objectives, and ≺ is the dominance operator defined as
x ≺ y ⇔ (x1 < y1 ) ∧ · · · ∧ (xm < ym ).
The application of the hypervolume indicator has been
greatly limited by the high computation cost of existing
algorithms for the exact hypervolume computation as it is
a #P-Hard problem. We consider a methodology based on
Monte-Carlo sampling [18] to estimate the hypervolume, and
hence improve its computation time, while sacrificing the
accuracy within a tolerable limit. Since using the exact hypervolume values are not crucial in our optimization process,
a Monte-Carlo estimation is performed in order to compute
the percentage of random points in the performance space to
be dominated by the PF. The estimation error related to the
employed Monte-Carlo approach after considering 106 random
points is within 0.02% which is highly reasonable.
Finally, due to the increasing number of possible configurations, selecting the RPF is nontrivial and considered as an
NP-hard problem. Therefore, one needs to use meta-heuristics
to find a good approximation of the optimal configuration.
In order to find this configuration, we implement a genetic
algorithm aiming on the maximization of the hypervolume.
After that, HypAp successfully identifies an RPF that highly
represents the PF, as we indicate in the next section.
IV. E VALUATIONS AND R ESULTS
A. Quality Indicators
Several unary quality indicators have been proposed to evaluate the quality of solution sets in terms of convergence, and
diversity. In this letter, convergence is ignored since we are
assuming that the PF is the input of HypAp. In order to study
the quality of the RPF, we opted for the following.
1) Nonuniformity: An RPF with a lower nonuniformity is
more evenly distributed and better estimates the PF. Given a
¯ nonuniformity is given by [19]
normalized PF ,


¯ |−1
|
di − d̄

 
¯

(3)
NU  =
√  
¯ −1
m 
i=1

where di is the euclidean distance between two consecutive
¯ = k is
solutions, and d̄ defines the average distance. Also, ||
the number of clusters, and m is the dimension of the design
¯ ≤ 1, where NU()
¯ =0
space. Please note that 0 ≤ NU()
means that the set is uniformly distributed.
2) Outer Diameter: The outer diameter indicator aims at
computing the distance between the ideal objective vector and
the nadir objective vector of a given PF using a distance metric.
This unary indicator is given by [20]
 
¯ = max wi
OD 
1≤i≤n

max fi (x) − min fi (x)
¯
x∈

¯
x∈

(4)

with weights 0 < wi ≤ 1. If ∀i ∈ [2, m], wi = 1, then the outer
diameter becomes the maximum extent over all the dimensions
of the design space. The outer diameter has a low computation
cost and it is agnostic to the problem features.
B. Case Study
In this section, we present the case study of an NoC
mapping problem with three objectives; load variance, communication cost, and energy consumption [21]. In this problem,
TGFF [22] is used to generate a set of purely synthetic task
graphs with varying number of tasks to model the application. The architecture model consists of p types of processing
elements interconnected by a Spidergon NoC topology.
We apply HypAp to the PF, depicted in Fig. 3(a), obtained
by mapping the generated task graphs on the NoC architecture.
HypAp first classifies the optimal solutions on the PF into four
clusters. Solutions in each cluster are indicated using a unique
color in Fig. 3(b). As can be seen, clusters represent different
aspects of the PF with respect to the cost functions.
After clustering, HypAp selects the representative solutions
(i.e., RPF), indicated in Fig. 3(b), based on maximizing the
hypervolume. Employing the quality indicators defined before,
Table I compares the RPF suggested by HypAP with the PF
of the problem. For better comparison, Table I also considers
the RPF obtained by applying the K-means method proposed
in [11]. As can be seen, HypAp achieves a high hypervolume that is very close to the one for the PF, while it is also
higher than the hypervolume obtained using K-means. In other
words, HypAp proposes an RPF including only four solutions
that roughly represents the same space coverage as the PF.
Moreover, higher hypervolume also means that the selected
solutions in HypAP are among the closest ones to the true PF.
As a result, designers can easily choose from these four solutions based on their preferences. Moreover, HypAp enables the
designers to refine their choices through iteratively discovering
the neighborhood of the preferred solutions: each iteration can
consider a new subset using a predefined radius r, representing
the smallest disk containing | | = k solutions.
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(a)
Fig. 3.

(b)

(a) PF obtained by mapping the generated task graphs on the NoC architecture along with its (b) 2-D illustration including the clusters and RPF.

Considering the nonuniformity results in Table I, the RPF
obtained using HypAp has a better uniformity compared with
that from K-means and even the one from the PF itself. In
other words, knowing that the PF is not uniformly distributed,
HypAP suggests an RPF that indicates a higher uniformity:
HypAp not only maintains the features of the PF in the RPF
but also improves them when it is possible. Moreover, considering the outer-diameter results, the first observation is that the
extent (i.e., spread of the data) is better using K-means, while
HypAp still provides a good extent. Nevertheless, a deeper
interpretation of the results obtained using this indicator shows
that HypAp avoids selecting the solutions that are in the borders of the PF (i.e., extremity of the PF). It is worth mentioning
that such selections are quite poor in terms of representativity: even if they result in a good extent on the PF, they
cannot provide a good-enough reference point for the refinement process explained above. Consequently, designers will
be guided toward fewer directions as no more improvement
can be achieved through the selections made on the extremity
of the PF.
V. C ONCLUSION
This letter presents HypAp, which systematically help
embedded systems designers choose their preferred solutions
after the optimization process. HypAp first clusters the PF
solutions, and then seeks an RPF that maximizes the hypervolume. The result of this preliminary work is critical for
the design of complex embedded systems, in which designers require to choose from PFs including a large number of
near-optimal solutions.
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