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The occurrence of streamwise oriented vortices in
other stratified flows is by no means uncommon. Gage
and Reid [3]. Kuo [4] and more recently Meroney
et al. [5] have indicated that unstable stratification
in various shear flows can cause the appearance of three
dimensional disturbances. Furthermore. Gage and
Reid [3] have shown that for thermally stratified plane
Poiseuille flow. Squire’s Theorem is inapplicable when
the Richardson number {defined by them as Ra/64Rd.
where Ru. Rd are the Rayleigh and Reynolds numbers.
respectively) goes below a certain small negative value.
This implies that when the Rayleigh number of the tlow
is greater than some critical value. three dimensional
rolls will form regardless of the magnitude of the shear.

For the case of inclined plate natural convection. it
appears reasonable to suggest therefore. that whenever
the component of the body force at right angles to the
plate exceeds a certain critical value. streamwise
oriented vortices are generated. For smaller inclination
angles, the body force component along the plate serves
to accelerate the flow streamwise. until the critical
Reynold’s number governing the stability of two dimen-
sional waves is exceeded. The dominant instability
mechanism for the transition process is therefore de-
pendent on two competing factors. the first being the
critical Reynold’s number for wave disturbances. while
the second is the critical Rayleigh number for longi-
tucinal rolls.

The stability of natural convection flow to wave-type
disturbances has been analytically investigated by
Plapp [6]. Nachsteim {7] and Gebhart [8] among
others. The three dimensional instability mode has only
recently received attention (Haaland [9]. Lee and
Lock {10]). Haaland [9] used a form of base tlow
profile and disturbance different {rom that of the
present paper. Lee and Lock [10] who consider both
two as well as three dimensional perturbations assumed
that the base flow was parailel. This type of assumption
has been questioned by Haaland [9]. The present
paper is a linear analysis of the three dimensional
instability in a growing natural convection boundary
layer.

2. FORMULATION

Consider an isothermal plate inclined at some angle
¢ 1o the vertical as depicted in Fig. 1. The coordinate
axes and velocities are assumed conventionaily as
x.1.= and u,r.w respectively. with x being measured
in streamwise direction from the leading edge of the
plate. The standard methods of linear perturbation
theory in which the instantaneous values of the velocity.
temperature and pressure components are perturbed
by -disturbances of small amplitude and the mean flow
components subtracted. with terms higher than first

F1G. 1. Natural convection from an inclined plate.

order in perturbation quantities being neglected results
in the following system of differential equations:

I B S (S T . 1ép
il i = gffcos o+ vViI———=

ct Oy (x dy o0y pex
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et T 4 B = gffsing + ¥V ——
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— it =2V
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where v = kinematic viscosity
_k 1{ép
tn p\CO
~ signify fluctuating components.

t=time and fA=T-T..
In writing the above equations. the assumption of an
incompressible, Boussinesq fluid has been made. Since
the scope of the present investigation is confined to
three dimensional disturbances, and in particular longi-
tudinal vortices. the following representation of the
perturbations are postulated.

= uy(y)ef* cos xz

=yl cosaz

=
|

-

W= wp (et sin s (2
p = pplyie’*cos xz

T = Tlyle?*cosuz.
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A spacewise growth of the disturbance has been as-
sumed on the basis of the experimental observations
[1.2] reported in the literature. In these experiments.
the vortices were seen to appear at some distance from
the leading edge of the plate and amplify with increasing
distance downstream. At any given x. the vortices
appeared stationary with a fixed lateral wavenumber a.
The mathematical assumption made here. is that a
spacewise growth is more unstable than a timewise
growth and is identical with the assumption made by
Smith [11] for Taylor-Goertler vortices along concave
curved walls.

Substitution of equations (2)into the set (1) resuits in:

de da
~Up b + o+ Fup+ 1, o =—— \WP,

+ypT,cos @+ vy — (2 — ¥, ]

dr 1
i, B+ trp+ i, — = yfT,sine ——p,
dy ]
gz wvfrp— (' =50,
T A
s o
ifw, + twp, = 2 = + vy — (7 = P, ]
P

Pup+r,+oaw, =0

i s
afT, Jlsﬂlwﬁ.ﬁ ATy — 1 =BT, ]

The temperatures and velocities are now generalized
and made dimensionless in the manner usually em-
ployed in boundary layer and stability theory. In
accordance with Gebhart [8]. the following scaling
lengths and velocities are defined:

gfx*AT cos
Grashof number Gr, = u\?J‘oofm
2
AT=T,-T.
Gre\i*
G= LA !
4

I
1l
S

Temperatures are scaled with AT
The foliowing system of differential equations results

d2u Qﬁ\a:
dy” dy
= GBC,—T
d% GV de
dy” dn
"~ Ttang
dhw BGY] GAC
- W= —
dn? a: ’
Bu+Aw+r =0 3)
and finally
d:T dT R dT,
e — PrGV —-+[B?*— A= PrBGU]T = PrG
dn* 4 dn L ! ] Y dy

Here Pr = v-%is the Prandtl number, L', I and T refer
to the dimensionless base flow quantities.
It should be :Ena that the parallel flow assumption.

— —

viz. V= dI dij = 0 Hias 6ot béen made. since there is

e

increasing q:masr 9. 12 that_such an_assumption

- e

can cause significant variation in the results obtained.
The boundary conditions for the perturbations are:
dr

=0 y=t=w=T=—=0
] == a:

n— . tow. T=0,

where the auxiliary boundary condition. n =0.de:dn =0
is obtained from the equation of continuity.

The equations are homogenegous and linear with
homogeneous boundary conditions and therefore con-
stitute an eigenvalue problem. The information sought
in solving the system (3) is the variation of G with the
remaining three parameters 4. B and g

The linearized theory Emvm_:wa rmqa‘ requires an
analvtical representation of the mean flow talso re-
ferred 1o as the “base flow™) components. In this
analysis. the similarity solutions of Ostrach [13] for
the natural convection flow along a_vertical heated
plate were approximated by high order polynominais.
Seventh degree polynominals were used o represent
the base How prohies for PF= 072 while thirteenth
degree polynominals Were Tmploye:
order to obfat ICCUTacy Ol representation.
derivatives of the protiles were approximated by
separate polynominals. Calculations were made for
Prandtl numbers of 0-72 and 10-0 at four different
plate inclination angles.

A refinement in the analysis would be to use base
flow profiles obtained for inclined plates. Kierkus [14]
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Rayleigh number (caiculated from Ra = 4 Pr({G/4}*)
vs inclination angle ¢. His results were extrapolated
to non-zero inclination angles by multiplying his
calculated critical Rayleigh number by the cosine of
the inclination angle. For angles up to about 207 this
is probably a good approximation since intuitively,
one would expect a lower value of the critical Rayleigh
number for two dimensional instability. The experi-
ments reported in [2], appear to confirm this.
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F1G. 5. Comparison between theory and experiment.

The curve obtained is shown in Fig. 5 together with
similar curves of the critical Rayleigh number for the
vortex mode of instability. Here, the Rayleigh number
is based on g, not gcos¢. Nachsteim’s results were
evaluated for a Prandtl number of 0-733. The inter-
section point of his curve with the Pr = 0-72 curve of
the present calcuiation shouid mark the inclination
angle at which transition between the wave and vortex
modes of instability occurs. The rationale for this con-
clusion is based on the assumption that to the left of
this crossover point, two dimensional waves are ampli-
fying faster than three dimensional vortices. To the
right of this point. the vortices would grow at a faster
rate than the waves. The actual situation is probably
far more complex. For example. an initial arbitrary
disturbance may start amplifying as a wave if the critical
Rayleigh number for two dimensional waves is first
exceeded. Later on however init's downstream history.
the Rayleigh number for longitudinal vortices may be
exceeded and if their amplification rate is sufficiently

high so as to “overtake™ the two dimensional com-
ponent. then eventually vortices will appear in the
experiments. In fact, the experiments of Llovd and
Sparrow [2] show mixed modes of vortices and waves
appearing at inclination angles of between 4" to 177,
Since the intersection point referred to earlier occurs
at around 17°. it is reasonable to suggest that the
essential mechanism is not badly described by the
present linear analysis, even though actual quantitative
results for the instability Rayleigh numbers differ by
orders of magnitude.

Figure 5 also contains the experimental resuits of
Lloyd and Sparrow [2] together with some data of
other researchers in the field. The data of Lock. Gort
and Pond [19] as well as that of Tritton [15] and
Kierkus [14] plotted in comparison contain a large
amount of uncertainty as pointed out by Llovd and
Sparrow. For this reason. although their data are in
closer agreement with the present calculations than
the experiments of Lloyd and Sparrow. the agreement
must be considered fortuitous. By far the most reliable
data at the present time is Llovd and Sparrow’s and
even they obtained standard deviations of 50 per cent
in their measurements. The difference between their
experimental and the theoretically predicted values is
about two orders of magnitude.

Some of the possible reasons for the discrepuncy are:

(i) The inability of linear theory to predict eventual
finite disturbance growth as opposed to initial in-
stability. The experimental observations are of well
developed secondary flows. By the time the vortices
are visible, the fluctuations may have amplified a
thousand times. Since we have considered perturba-
tions that grow in the streamwise direction and the
value of the Rayleigh number has a third power
dependence on x. the actual point of first instability
corresponds to a much lower value of the Rayleigh
number.

(i1) The experimental vaiue of the Ravleigh number
is very sensitive to errors made in measuring x. The
experiments of Lloyd and Sparrow seem to be con-
sistent and reliabie: therefore most of the discrepancy
is probably due to (i).

(iif) The use here of boundary layer solutions for a
vertical heated plate with the simple cos ¢ correction
to the Grashof number, rather than the solutions for
an inclined plate. To assess some idea of this effect.
we performed a small number of numerical experi-
ments in which the boundary layer solutions were
perturbed slightly towards those calculated by Kierkus
[14]. The indications were that this resulted in lower
values of critical Rayleigh number. thus increasing the
discrepancy between theory and experiment. This
points to (i) as being the principal reason for the
disagreement. a fact already well known.
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FiG. 6. Amplification curves for ¢ = 30" and Pr = 0-72.

The amplification curves for the case Pr = 0-72 and
@ = 45- are drawn in Fig. 6. Unfortunately. sufficient
data on experimentally observed wavenumbers is un-
available at this time to permit a comparison between
theory and experiment.

Figure 7 is a sample of the eigenfunctions obtained.
arbitrarily normalised to unity. They indicate that the
fAuctuations do not penetrate beyond the base flow
region for that particular case. and are more or less
confined to the boundary layer. chiefly because of the
mean vertical velocity component directed towards

the plate.

5. CONCLUSIONS
A linearized stability analysis of the natural convec-
tion flow along inclined plates has been performed.
considering three dimensional spatially growing dis-
turbances.

The results indicate that: )
(a) The critical Rayleigh number of the vortex in-

Normalized eigenfunctions at critical conditions
Pr=072¢0=45"

stability is lowered as plate inclination is increased.
(b) The critical wavenumbers of the vortices are
unaffected by inclination angle and increase with in-

creasing Prandt] number.

{c) The vortex instability dominates the flow beyond
an inclination angle of about 17°.

(d) The disturbances appear to be confined to a
region within the boundary layer, at the point of first
instability. .

The results are mostly reinforced by experiment.
Quantitative discrepancies may be attributed to the
timitations of linear theory in predicting transition. and
the uncertainties involved in experimentally determin-
ing the first point of instability.
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