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ABSTRACT

The secondary flow in the developing boundary layer of a square -

duct is experimentally investigated. Measurements of the horizontal
components of secondary flow were made for free stream velocities of
3, 6.1, and 12.2 m/s, corresponding to Reynolds numbers based on
‘hydraulic diameter of 3.6 x 105, 7.2 X 105, and 1.4 x 106 at a ratio
of L/Dh of 6.7. Measurements of the developing boundary layer
parameters and turbulence quantities in a corner were made for the
interﬁediate Reynolds number.

The secondary flow and turbulence distribution in a corner are
discussed and compared with the fully developed flow situation. The
results indicate the maximum secondary flow velocity is less than 2%
of the free stream velocity, and that the secondary flow may
encompass the entire cross section. The turbulence distribution was
found to not differ fundamentally from those found in fully developed

flow,



INTRODUCTION

A variety of fluid mechanic experiments have been‘performed in.wind—
tunnels with thick boundary layers. For example, studies of the action
of wind on buildings in the atmosphéric shear layer; instantaneous and
continuous diffusion from line and point sources with a variety of
stratification and roughness conditions and basic boundary layer research N
have been done. In most éases, the flow is assumed to be twofdimensional
in nature. Unfortunately, turbulent flow in straight ducts éf noncircular
cross section is generally of a three-dimensional nature. The mean velocity
vector consists of a primary component in the axial direction and a
transverse component in the plane perpendicular to the axial direction.
The turbulence properties of these flows are also generally of a three-
dimensional nature. This study was instituted to evaludte perturbations
generated by the background flow field which must be subtracted from
effects directly related to three-dimensional nonhomogenetics in
roughness or temperature.

The most obvious characteristic of this inherené three-dimensionality
is the now commonly accepted distortion of the lines of constant velocity,
or isovels, particularly in the regidn of a corner. Nikuradse (10) was
the first to obsérve experimentally that the isovels were displaced toward
the walls in corner regions and away from the walls at the mid-points
between corners of a triangﬁlar duct. From this, Prandtl (14) con-
cluded that a flow component must exist perpendicular to the isovels at
points of nonuniform isovel curvature and be directed from the concave
side/to the convex side of an isovel. The effect of the transverse
flow was to convect higher momentum fluid intc the corner regions and

lower momentum fluid into the center region of the duct at mid-points



between corners. These transverse currents have since become known as
secondary flows and are generally regarded as superimposed upon the

»

axial mean flow, .

Since the time of Nikuradse's and of Prandtl's initial exploration,
conclusive experimental information regarding secdndary flow awaited th¢
innovation of the hot-wire anemometer, Sevéral discussions of an analytic
nature were also advanced. Maslen (9) was able to show that secondary
flows could not generate themselves in a fully developed laminar flow,
and Einstein and Li (3) were able to indicate that gradients in the
turbulent stresses were responsible for generation of secondary flow
in fully developed turbulent flows. Earlier, Townsend (16) had suggested
that the cross currents were the result of gradients in thq wall shear
stress.

Hoagland (6) was the first to actually measure the magnitude of
the secondary flow components in a closed,nbncircular duct with fully
developed flow. Gessner (5),and Brundrett and Baines (1) expénded
the investiggtiop of fully developed flow in closed square ducts.
(Gessner (5) and Tracy (17) also‘examinedirectangular ducts.) -
Experimental investigation of the secondary flow in the entrance region
of a closed duct,where the flow was not fully developed,was initiated |
by Pletcher and McManus (13). Perkins (il) also reported a series of
measurements made in a developing flow field; however, he only reported
detailed results for the near-corner regipn.

With the exception of the stuéy performed by Pletcher and McManus,
and Perkins in the entrance region of a rectangular duct, the previous

studies of secondary flows have been restricted to the fully developed

flow case. The present investigation is intended to examine further



the case of a developing turbulent flow, in particular, the boundary layer
developing along the floor of a wind tunnel with the emphasis placed

on experimentally determining the regions of secondary flow.
ANALYTICAL BACKGROUND

The equgtions governing a general flow are the turbulent Navier-
Stokes equations of motion and the equation of continuity. Under the
restrictions of steady and incompressible flow, the momentum equation
is in tensor notation _
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for 1, j = 1 s 2 , and 3 . The Ui are the mean velocities in the
three coordinate directions, the subscript 1 dénoting the axial, with 2
denoting the vertical, and 3 the horizontal direction. The last term
in equation (1) is the apparent Reynold's stresses. The otherrsymbols
have their standard meanings.

The continuity equation for the mean flow is
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and for the turbulent components is
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Operating on equation (1) with the curl operator, and manipulating
with the continuity equations, produces the vorticity equation. It is
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where QZ = Ejiz 3;1- is the mean vorticity vector about the 2%
j
direction and Ejil is the alternating third order permulation tensor.

When the flow is fully developed some simplification.of the
governing equations is possible. Fully developed flow is taken to mean
allvvariables are constant in the axial, or mean flow direction,

i.e., derivatives with respect to x; are zero. With this simplification
introduced, the axial momentum equation is
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The continuity equations are written as
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Analytic solutions of these equations appear to be as unapproach-
able as solutions to the full equations. Liggett, Chiu and Miao (7)
used a semi-theoretical approach, wherein the axial equation of motion
was transformed into an equation in coordinates corresponding to the
isovels of the mean axial flow and their perpendiculars. The measured
axial mean velocity profiles were used with von Kafman's equation for
shear/in a finite difference form of the transformed equation of motion
to obtain a numerical solution for the flow in a 90° corner. The results

obtained did compare favorably with experimental measurements for a 90°

"y open channel.



The vorticity equation for fully developed flow has been discussed
extensively by Brundrett and Baines (1) and Einstein and Li (3). With

the above mentioned simplification for fully developed flow, vorticity

equation for the axial vorticity is
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The terms on the right,involving the fluctuating components of
velocity,are commonly thought of as the source of vorticity production.

If U2 = U3 = 0, there is ﬁo secondary flow by definition, and
there is no axial vorticity,since Ql = 8U3/8x2 - 3U2/3x3 . Conversely,
when Ql =0, U2 and U3 can be shown to éatisfy Laplace's two
dimensional equation and must be zero since U2 = U3'= 0 on the boundaries.

In either case, the terms involving the mean quantities in equation (8)

reduces to zero, resulting in

2

3 2 7 ) ) _
X ox, (U3 " Uz) - 7T T Wiz = 0. )
02773 8x3 ax3

When the terms of equation (9) make a non-zero contribution, vorticity
exists, thus the terms of equation (9) are termed vorticity production
terms.

The developing flow found in the entrance regions of non-circular
wind tunnels is characterized by two regions of flow; the free stream,
and the boundary layers which develop along the walls., The entrance
conditions greatly influence the characteristics of the flow in the

free stream, and to a lesser extent, in the boundary layers. The
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turbulence characteristics of the free stream are dependent upon the
characteristics of the fluid before it enters the duct, and it also
depends upon the physical structures which are located in the entrance.
Although correlations between the entrance conditions and the tur-
bulence characteristics directly downstream have been studied

it has never been determined how to relate them to solutions of the
flow field. The entrance conditions at the beginning of the boundary
iayer affect the turbulence characteristics of the flow field for some
distance downstream, although, at sufficient distances from the beginning
these effects decay and the boundary layer approaches an equilibrium
boundary layer.

Interaction between the free stream and the outer edges of the
boundary layer creates further complications. Intermittency of tur-
bulence is a charactéristic of this interac?ion between the two regions
of floW. Litfle is actually known about this intermittency except that
it is dependent upon the free stream turbulence level and upon the
external preséuré gradient of the free stream.

The mathematical description of secondary flow in a three—dimensional
boundary layer becomes more cumbersome because the axial derivaties do
not reduce to zero. Boundary layer .approximations to reduce the com-
plexity of the equations of motion are not applicable, since these
approximations generally assume the flow field to be of a two-dimensional
nature. Three-dimensional boundary layer equations have been developed
by Mager (8) and Sears (15), but these apply specifically to the region
of the boundary layer. Introducing secondary flow of this nature into

the boundary layer equations would require modification of the boundary

conditions of the external boundary. This modification would take the

form of making these conditions functional in nature. As such, they



they would become part of the solution to be solved for, therby increasing

 the complexity of the solution.

The equation for the axial vorticity without the previous simpli-

fication now contains all of its terms
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where V2 is the usual Laplacian. In addition to the equations for
mean vorticity in the three coordinate directions,a continuity equation
for vorticity is available. It is

N o2 193
Bxl * 3x2 * Bxs =0 . - an
1 2 3

Solutions to the equations for a developing flow do not appear

any more accessible than the fully developed flow equations.
EXPERIMENTAL EQUATIONS AND PROCEDURES

The U. S. Army Micrometeorological wind tunnel, Figure 1 was designed
to simulate atomospheric boundary layer effects. The test section of
approximately 30 meters in length and a 2 meter by 2 meter cross section
constituted one side of the recirculating system with the driving motor
and heating-cooling coils located on the opposite side. From the
stilling chamber the air passed through four fine-mesh screens with a

wire diameter of 0.19 millimeters,and 9.45 by 9.45 meshes-per square

centimeter, followed by a nine to one contraction down to the test
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section entrance. Around the test section entrance was a gravel
roughness 1.3 centimeters high and 1.2 meters in length;followed by é
3.8 centimeter high sawtooth fence used to trip the boundar§ layer.

A complete description of this facility is given by Plate and

Cermak (12).

For secondary flow measurements, a rotating constant temperature
hot-wire anemometer technique, similar to that used by Hoagland (6),
Gessner (5), and Brundrett and Baines (l),was utilized. This technique
employs the following physical characteristic of the hot wire: When
a hot wire, operating at constant temperature, is parallel to the flow
direction, a minimum heat loss from the wire to the fluid occurs,'and
therefore, a minimum voltage output is obtained. Yawing of the wire
about the position where the wire is parallel to the flow direction
produces, for a well constructed hot wire, a voltage signal which is
symmetrical about the flow direction. To determine the flow direction,
the hot wire is rotated either clockwise, or counterclockwise, about
an axis that is normal (usually the probe axis) to the wire axis,
until the wire is yawed approximately twenty degrees from the
direction of flow and the wire signal noted. Rotation of the wire
in the opposite direction,until the noted signal is again obtained,
will determine the flow direction as being half the total angular
éhange from one position to the othef. Accuracy of the method is
limited by the turbulence level of the fluid passing by the wire (2)
and by the ability to determine the angular position of the hot wire

itself. Accuracy under the present conditions was * 0.05 T e

degrees for any single realization.



The foliowing method of probe alignment was used fo measure the
flow direction, from which the horizontal components of the total
velocity vector were calculated._ The free stream direction in the
tunnel was used as the reference direction for determining the reference
position of the hot wire probe. This reference was used since preliminary
measurements in the free stfeam of the tunnel indicated that the free
stream direction coincided with the'geometrical center line of the
tunnel. |

Alignment of the hot wire was accomplished by employing a reference
line fixed to the base of the stand on which the rotating hot wire and
its rotating mechanism were mounted. The reference line was then
oriented in the free stream with a transit aligned with the tunnel. This
procedure yielded the relationship between the reference line, the center
line of the tunnel,and the hot wire and allowed re-alignment at any
position in the cross section of the tunnel. The hot wire filament
used for these measurements was a platinum wire 10.2 microns in diameter
and 13 millime?ers in length, mounted on a probe with prongs 2.6
centimeters in length.

For the determination of the mean velocity profiles and the longi-
tudinal turbulence intensity a single hot wire was used normal to the
flow in a horizontal position. The wire used was a 5.1 micron diameter
tungsten wire approﬁimately 2.5 millimeters in length. An x-wire probe
was used for the measurement of Reynolds' stresses. Considerable effort
was expended to orient the wires at right angles to each other. The hot
wires were operated with Colorado State University Constant Temperature
Anemometers, model HW300B (4). The root-mean-square values were

recorded from a B and K, model 2409 true RMS meter.
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A pitot static probe type PAC-12-KL from United Sensor and Control
Corporation was used in conjunction with a Transonics Equibar Type 120
electronic manometer to monitor the free stream velocity and to make
several velocity profile surveys. The hot wires described above were
calibrated using the pitot tube as a standard. The calibrations were
performed in free stream of the wind tunnel where there was a minimum
turbulence level.

Only horizontal components of the secondary flow were measured using
the long, single rotating wire in the test quadrant. The quadrant
studied was the lower right‘quadrant of the cross section when
observing it in the stream-wise direction, located 12 meters from the
sawtooth roughness at the entrance. The cross section of the tunnel
had a hydraulic diameter of 1.8 meters, giving a L/Dh ratio of 6.7. The
range of Reynolds numbers based on the free stream speed and the hydraulic

diameter was from 3.6 x 105 to 1.4 x 106.

EXPERIMENTAL RESULTS AND DISCUSSION

>

Sevé;al boundary layer paramefers——boundary layer thicknéss,
displacement thickness, momentum thickness, and shape facfor-4were
determined from a series of velocity profiles on the center line of
the test section at sevéral stations from the entrance. Figure 2
shows the velocity profiles plotted in non-dimensional form. The
boundary layer parameters, shown in figure 3, are indicative of a zero
pressure gradient boundary layer which has a constant shape factor and
constant wall shear after some distance downstream of the entrance.
| Profiles of mean velocity in the cross séction 12 meters from the

entrance indicate the flow is not symmetrical with respect to the
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center of the cross section. There are two aspects of the nonsymmetrical
behavior. First, as indicated by the isovels for the test quadrant
figure 4, the mean motion is displaced approximately six to eight
centimeters from the center line of the test section. It appears that
this condition existed throughout the length of the test section.
Secondly, the boundary layers on the tunnel Boundaries grew at different
rates. That is, as figure 4 shows, the boundary layers on the vertical
walls were not as thick as the one along the flow.

The isovels of figure 4 show the same penetration into the corner
and displacement from the wall at the center line as is characteristics
of a fully developed duct flow. As pointed out below, this has
particular significance,.

The mean transverse velocities measured in the horizontal plane
are shown in figures 5 and 6. In figureAS thé>ordinate has been
nondimensionalized with the boundary layer thickness at the center line,

and in figure 6 with the half height of the tunnel cross section. The

data shown, collapses better, in general, using the boundary layer thick-

ness for nondiﬁensionalizing the vertical coordinates, however, the
data in the corner collapses better if the half height is used in place
of the boundary layer thickness. This implies that the flow distribution
away from the corner is influencgd more by the boundary layers, whereas in
the corner, it is influenced more by the geometry of the corner. From
these measurements approximate values were obtained for the vertical
éomponents of the secondary flow.

To obtain values of the vertical component; the continuity equation

was integrated graphically:
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where F(xl) = G(XS) = 0. The term 3U3/8x3 was obtained‘graphically
from the measured values for U3. An estimation of an average value

for aUl/ax1 was obtained by differentiating the displacement thick-

ness, with respect to X; 5 to obtain
ou, U, 38, o (13)
3x1 § Bxl
Thus, equation (9) becomes
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which was used to calculate the vertical component of the secondary

flow shown in figﬁre 7. Of the two terms on the right side of equation
“Tgia, the first is at least one order of magnitude, or more larger than

the second. Neaf the center of the cross section is the region of

upward flow characteristic of a developing boundary layer and of

secondary flows. In the corner, is the region of downward flow character-
istic of secoﬁdary flow., These two regions agree with Prandtl's pre-
diction of secondary flow direction based on isovels exhibited for fullyﬂ
developed duct flow. The same is true for boundary layer flows, that>is,‘
the Secondary flow direction is from the concave to the convex side of an’
isovel. The relatively strong positive vertical component at x3/d3 ='0.55
is not ciearly understood; A possible explanation for it may be tﬁat there

is more than one secondary flow pattern present in the part of the

boundary layer as suggested by Pletcher and McManus (13) and Perkins (11).
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A comparison of data from this éxperiment, with selected data from
previous experiments of other investigators, is given in figure 8. The
data from Plétchér and McManus 1is for‘fully developed flow, as are
the data shown from other investigators; however, the Pletcher and
McManus data is from a 3:1 aspect ratio duct. The coordinates for this
data were nondimensionalized, using the half width for the minor dimension.
The bottom portion of figure 8 indicates that the present data have a
definite shift in the direction of increased flow away from tﬁe vertical wall,
compared to previous information. The same is true in thevupper part of
figure 8, for the upper half of the data, but as the floor is approached,
the agreement between the present data and previous data becomes better.
The large descrepancy in the upper part of the figure may be due to the
relative influence of the corner geometry and the boundary layers. The.
fact that the boundary layer along the vertical wall differed from that
along the floor may also contribute significantly to this discrepancy.

A significant fact worthy of note is the effect of uéing the boundary
layer thickness in place of the half height for making the ordinate
dimensionless., For thé fully developed flow data shown, no change would
occur since the boundary layer thickness would be equivalent to the

half height. The data from the developing boundary layer would change
significantly. The boundary layer thickness was approximately half,

or less of the half height of the tunnel which would move the data

from tﬁis eXperiment out of the range of the fully developed flow data;

The resultants of the measured mean horizontal components and the‘
calculated vertical components are shown in figures 9, 10, and 11, for
three different free stream speeds. The flow in the corner, along

the vertical wall, and along the floor, was similar for all three speeds.
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In the area nearer the center of the cross section, the resultants for
the lower speed exhibit a direction opposite to those in the same relative
position for the two higher speeds. The absolute value of the secondary
velocities in the area were very small, indicating weak seondary currents.
In comparing the lower speed resultants with the two higher speed
resultanfs, suspicion arises that the flow has not developed sufficiently
to establish the secondary currents. Of note is that the measured
secondary flows are all less than two percent of the free stream
speed which agrees with the results for fully developed flows.

In considering fully developed flows the indroduction of a streanm
function for the secondary currents through the continuity equatioh
will result in what is called a secondary flow cell. In a particular
cross section the stream lines must close on themselves since the flow
away from a boundary must equal thé flow toward the boundary. The
same concept may be applied to the developing flow; however, it will
not necessarily have the characteristic of the stream lines closing upon
themselves in a pérticular cross section since the rate of fluid flow
in the axial direction may change in the axial direction for a developing
boundary layer. Even with this distinction the word cell is attractivé
to describe the patterns of seéondafy flow. The velocify resUitapts
shown in figures 9, 10, and 11 indicate at least two regions of the
cross section where the fluid is rotating about a longitudinal axis. -
If cells were to be constructed from the velocity resultants shown,
it is apparent that, if nearly closed cells are imagined to exist, they
must be cdmpleted outside the boundary layers. Otherwise a return flow
from the center line to the wall would have been observed within the

boundary layer. That is, the cell would encompass not only the boundary



15

layers, but the free stream as well. Whether or not the free stream
‘actually has transverse currents was not determined in this experiment,
however, Pletcher and McManus indicate secondary flow velocities along
the axis of symmetry for their cross section in the enfrance region of
their duct. If such currents do exist, the concept of a potential core
will need some aiteration. Obviously such secondary flows in the free
stream are the result of only advectioA and any vorticity generation
must occur within the boundary layer.

The turbulent stresses were measured in the same cross section a§
the secondary flow component for the intermediate free stream speed of
6.1 meters per second, with the exception of ﬁ;ﬁ; . Figures 12, 13 and
14 display the distribution of the normal intensities in the cross
section. Shown are contours which were interpolated between values
determined at a number of grid points in the cross section. Of note is
the penetration of the contours into the corner along the corner
bisector (CB) characteristic of turbulent flow along a corner. The
penetration appears to be more severe than for fully developed
turbulent flow, due to the possible convection of fluid from the free
stream containing little turbulence energy. The turbulence level in
the free stream of the test facility was below 0.02%. The departure
of the contours from theAwall in the region of the center line is
indicative of the secondary flow at the center line, similar to the isbvels

in figure 4,

The distributioniin the cross section of the difference (u32 - uéz)

is shown in figure 15. The mixed second derivative, with respect to X,
and Xz of this difference is the vorticity production term of equation

(7). This second derivative was not evaluated because of the uncertainty
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in obtaining a second derivative from experimental data, but from the
distribution shown, the magnitude of the production term is greater
along the wall than along the floor indicating stronger vorticity along

-

the wall. This agrees with the resultant velocities of fiéure 9, 10,
and 11 in the same region.

Figures 16 and 17 show the distributions of the turbulent sﬁear
terms in the cross section. Again, these are characteristic of flow
along a corner with secondary flow. It is the derivatives of the cross
gradients of these terms, with regpect to Xy that indicatemé transfer

of vorticity from the lateral directioﬁs into the axial direction in a

developing flow.
CONCLUSION

The general pattern of secondary flow in a developing boundary
layér, a; implied by the ekperimental data shown in the figures, is
one in which a cross flow along the tunnel floor occurs from the wall
to the center line of the cross section. At the center line the cross
flow turns upward alohg the bi;ecﬁo}iof the floor bouﬁdary and appears
to continue through the boundary layer into the free strean. Thus,
low momentum fluid is convected from.the cofners, acréss the boundary
layer along the floor to the center of the cross section, and up into
the free stream along the vertical axis of symmetry of the duct.

A flow from the free stream into the corner occurs along the corner
bisector. Of particular interest is the observation that no measure-
ments indicated a flow from the center of £h¢ duct to the corners

- within the boundary layer along the floor. Along the vertical wall

such a flow was indicated.
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The strength of the secondary currents may be influenced by an
interagtion of the relative boundary layer thicknesses and the geometry
of th¢ corner. The two effects can not be separated; however, immediately
at the corner the geometry of the corner predominates. In all cases the
maximum measured secondary flow veldcity magnitude was less than two
percent of the free stream speed.

Whether or not the cross currents connect the free stream and
boundary layer is speculative, based on the experimental evidence
presented here. The term responsible for the production of vorticity
does not exist in the free stream of this study, thus, the vor;icity
can only be dissipated in the free stream, not strengthened.

Associated with the pattern of secondary motion ié the distribution
of the turbulence stresses. The distributions measured differ from
those of fully developed turbulent duct flow in that alllapproach Zero
magnitude near the edge of the boundary layer and remain zero throughout
the free stream region of flow. Otherwise the distribution in the cross
section is quite similar to fully developed turbuleht flow along a

corner,
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LIST OF SYMBOLS

Definition
Hydraulic diameter
Half width, height of tunnel Cross section
Shape factor
Index
Index
Index
Wind tunnel width
Index
Mean pressure
Mean velocity in i-th direction

Resultant of i-th and j-th mean velocity
components '

Free stream velocity

Turbulent velocity component in i-th direction
Time mean of product of u, and>»uj
Spatial coordinate in i-th direction
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