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Timing with Dirty Templates for Low-Resolution Digital UWB Receivers
Huilin Xu and Liuqing Yang, Senior Member, IEEE

Abstract— As a rapid timing synchronization technique for
ultra-wideband (UWB) communications, the timing with dirty
templates (TDT) technique effectively collects the multipath
energy even when the channel is unknown [7]. In this paper,
we investigate TDT algorithms for digital UWB receivers with
low-resolution analog-to-digital converters (ADC). Different from
the original TDT in [7] for analog UWB receivers, our digital
TDT synchronizers here can avoid the ultra-wideband analog
delay elements which are difficult to implement at the IC level.
Our analysis and simulations show that the (non)data-aided
digital TDT algorithms remain operational even when the ADC
resolution is very low.

Index Terms— Analog-digital conversion, multipath channels,
synchronization, signal detection, timing.

I. INTRODUCTION

IN UWB impulse radio systems, information is conveyed
by low-power impulse-like waveforms. Therefore, timing

synchronization for UWB systems is more challenging than
for conventional narrowband systems. To facilitate rapid syn-
chronization in analog UWB systems, TDT algorithms were
recently proposed [7]. By correlating two consecutive symbol-
long segments of the received waveform, these algorithms can
effectively collect the multipath energy even when the channel
and the spreading codes are both unknown.

In this paper, we adapt the TDT algorithms to low-resolution
digital UWB receivers with 2- or 3-bit analog-to-digital con-
verters (ADC). Unlike their analog counterparts in [7], our
digital TDT algorithms have to operate in the presence of both
the additive Gaussian noise and considerable quantization er-
rors. We prove that the (non)data-aided digital TDT algorithms
remain operational even when the ADC resolution is very low,
and without the knowledge of either the spreading codes or
the multipath propagation channel. Our simulations also verify
that the resolution of the ADCs has very little effect on the
synchronization performance.

Our results here have very practical implications: TDT-
based timing synchronization algorithms can be carried out
at digital UWB receivers using very-low-resolution ADCs,
without invoking the analog UWB delay lines that are difficult
to implement at the IC level. In addition, we will show that
our digital TDT algorithms rely on digital operations which
can be further exploited to enhance the receiver flexibility, in
comparison with analog TDT.
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II. SYSTEM MODEL

Consider an impulse radio UWB system, where every in-
formation symbol is transmitted over a Ts period that consists
of Nf frames. During each frame of duration Tf , a data-
modulated short pulse p(t) of duration Tp � Tf is transmitted.
Though TDT has been shown to be capable of handling pulse
position modulation (PPM) and multi-user applications [7],
here we will focus on a peer-to-peer scenario with pulse
amplitude modulation (PAM). Specifically, the transmitted
signal is

v(t) =
√
E

∞∑
k=0

s(k) · pT (t − kTs) , (1)

where E is the energy per pulse, s(k) is the kth information
symbol taking values {±1} and pT (t) =

∑Nf−1
n=0 cds(n) ·

p(t − nTf − cth(n)Tc) denotes the transmitted symbol-long
waveform. Notice that pT (t) can be regarded as the symbol-
level pulse shaper which accounts for the time-hopping (TH)
and/or direct-sequence (DS) spreading via cth(n) and cds(n),
respectively.

Let g(t−τ0) denote the multipath channel with propagation
delay τ0

1. Then, the received waveform can be expressed as

r(t) =
√
E

∞∑
k=0

s(k) · pR(t − kTs − τ0) + η(t) , (2)

where pR(t) := pT (t) � g(t) is the aggregate symbol-long
received waveform with � denoting convolution, and η(t) rep-
resents the zero-mean additive white Gaussian noise (AWGN)
with power spectral density N0/2. As in [7], we assume
that the support of pR(t) is bounded by Ts; that is, there
is no inter-symbol interference (ISI). However, it is worth
emphasizing that inter-frame interference (IFI) is allowed and
can be significant especially when TH is present.

The received signal r(t) is filtered by a matched-filter p(−t)
and sampled every Tt seconds with a low-resolution ADC (see
e.g., [6]). Without loss of generality, we assume that Ts =
NT Tt. Then, the received waveform becomes [c.f. (2)]

u(n) =
√
E

∞∑
k=0

s(k)p̃R(n− kNT −Nτ0) + ζ(n) + e(n), (3)

where Nτ0 := �τ0/Tt� is the propagation delay, p̃R(n), n ∈
[0, . . . , NT − 1], are the ADC outputs corresponding to the
symbol-long waveform pR(t), t ∈ [0, Ts), ζ(n) is the AWGN
with variance N0/2, and e(n) is the quantization error due to
the finite ADC resolution.

1As many existing timing algorithms, the TDT-based ones here are also
blind to timing offsets that are integer multiples of the symbol duration.
Therefore, we assume that τ0 is upper bounded by Ts.
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III. DIGITAL TDT ALGORITHMS

In this section, we will introduce the digital TDT algorithms
for estimating Nτ0 . Following the idea of the dirty templates
[7], these algorithms rely on successive symbol-long signal
groups each consisting of NT samples u(n). Specifically, with
Nτ ∈ [0, . . . , NT − 1] denoting the candidate time shift, the
kth signal group consists of samples {u(n + Nτ)}(k+1)NT −1

n=kNT
.

The 2kth and the (2k+1)st groups are then correlated to yield
the symbol-rate samples as follows:

x(k; Nτ ) =
NT −1∑
n=0

u(n + 2kNT + Nτ )

×u(n + (2k − 1)NT + Nτ ), ∀k ∈ [1, +∞) .

(4)

Notice that, in this correlation, the two groups are serving as
correlator templates for each other.

In the absence of the AWGN and the quantization error,
applying the Cauchy-Schwartz [1] inequality to (4), we obtain

x2(k; Nτ ) ≤
NT−1∑
n=0

u2(n + 2kNT + Nτ )

×
NT−1∑
n=0

u2(n + (2k − 1)NT + Nτ ) .

(5)

Following the proof in [7], we know that the equality in (5)
holds for any sequence of information symbols if and only
if Nτ0 = Nτ ; that is, x2(k; Nτ ) reaches its maximum when
Nτ0 = Nτ , when both the AWGN and the quantization error
are absent.

With an analog UWB receiver, this observation has been
proved to remain valid even in the presence of AWGN
[7]. In the contrast, for digital UWB receivers with low-
resolution ADCs, the interference component also includes
the quantization error which is correlated with the noise-free
part of the received analog waveform. Next, we will analyze
the statistical characteristics of the noise at the ADC output
and prove that the observation of (5) holds true even in the
presence of both the AWGN ζ(n) and the quantization error
e(n).

A. Noise Analysis

Let Ñτ0 := [Nτ0 −Nτ ]NT denote the residual synchroniza-
tion error, where [a]b represents the modulo operation on a
with base b. Using (3), the kth symbol-rate sample defined in
(4) can be explicitly expressed as

x(k; Nτ ) =
(
s(2k − 2)EA(Ñτ0) + s(2k)EB(Ñτ0)

)
× s(2k − 1) + ξ(k; Nτ ),

(6)

where EA(Ñτ0) := E · ∑NT−1

n=NT−Ñτ0
p̃2

R(n), EB(Ñτ0) :=

E · ∑NT−Ñτ0−1
n=0 p̃2

R(n) and the noise term ξ(k; Nτ ) :=
ξ1(k; Nτ ) + ξ2(k; Nτ ) consists of two parts

ξ1(k; Nτ ) :=

Ñτ0−1�
n=0

√
E (s(2k − 2)ν(n + 2kNT + Nτ )

+ s(2k−1)ν(n + (2k−1)NT + Nτ )) p̌(n)

+

Ñτ0−1�
n=0

ν(n + (2k − 1)NT + Nτ )ν(n + 2kNT + Nτ ) ,

ξ2(k; Nτ ) :=

NT −1�
n=Ñτ0

√
E (s(2k − 1)ν(n + 2kNT + Nτ )

+s(2k)ν(n + (2k − 1)NT + Nτ )) p̌(n)

+

NT −1�
n=Ñτ0

ν(n + (2k − 1)NT + Nτ )ν(n + 2kNT + Nτ ) ,

with ν(n) := ζ(n)+e(n) and p̌(n) := p̃R([n+NT −Ñτ0 ]NT ).
Unlike the high-resolution ADC, the uniform quantization
error assumption does not hold for low-resolution ADCs [5],
[6]. Specifically, the assumption that the quantization error is
uniform and independent of the input signal is not valid. For
digital UWB receivers with low-resolution ADCs, we found
that:

Proposition 1: The expected values of the noise terms
ξ1(k; Nτ ) and ξ2(k; Nτ ) are

m1(k; Nτ ) := E{ξ1(k; Nτ )}
= s(2k − 2)s(2k − 1)m1(Nτ )

and m2(k; Nτ ) := E{ξ2(k; Nτ )}
= s(2k − 1)s(2k)m2(Nτ ),

respectively, where m1(Nτ ) and m2(Nτ ) are independent of
k and mξ := m1(Nτ ) + m2(Nτ ) is a constant indepen-
dent of Nτ . Their variances σ2

1(Nτ ) := var{ξ1(k; Nτ )} and
σ2

2(Nτ ) := var{ξ2(k; Nτ )} are also independent of k, and
σ2

ξ := σ2
1(Nτ ) + σ2

2(Nτ ) is a constant.
Proof: See Appendix.

Using Proposition 1, and by the central limit theorem,
x(k; Nτ ) in (6) can be approximated as a Gaussian ran-
dom variable with variance var{x(k; Nτ )} = σ2

ξ and
mean E{x(k; Nτ )} = s(2k − 1)(s(2k − 2)ĒA(Ñτ0) +
s(2k)ĒB(Ñτ0)), where ĒA(Ñτ0) := EA(Ñτ0) + m1(Nτ ) and
ĒB(Ñτ0) := EB(Ñτ0) + m2(Nτ ). Accordingly, the mean-
square of x(k; Nτ ) can be obtained as

E{x2(k; Nτ )} = E2{x(k; Nτ )} + var{x(k; Nτ )}
=

1
2
E2

D(Ñτ0) +
E2

R

2
+ σ2

ξ ,
(7)

where ER := ĒA(Ñτ0) + ĒB(Ñτ0) is a constant and
ED(Ñτ0) := ĒA(Ñτ0) − ĒB(Ñτ0). With proper setting of the
scale of the low-resolution ADC, both ĒA(Ñτ0) and ĒB(Ñτ0)
are positive ∀Ñτ0 ∈ [0, . . . , NT−1]. Accordingly, when Ñτ0 =
0, ED(Ñτ0) reaches its maximum value ER. This proves that,
even in the presence of both the AWGN and the quantization
error, the mean-square of the symbol-rate samples x(k; Nτ )
is maximized when synchronization is achieved. Based on
this principle, the digital version of the TDT algorithms can
be established, in both nondata-aided (NDA) and data-aided
(DA) modes.
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Fig. 1. Means of ynda(K; Nτ ), yda1(K; Nτ ), yda2(K; Nτ ) and
yda3(K; Nτ ) (K=16, Nf =32, E/N0 = 5dB).

B. Digital TDT Algorithms

A general expression of the timing offset (propagation
delay) estimator is given by:

N̂τ0 = argmax
Nτ

y(K; Nτ) , (8)

where y(K; Nτ ) is the objective function. Depending on
the operating mode of the estimator, the objective function
y(K; Nτ ) can be formed differently, as we will specify next.

In the NDA mode, the objective function is the mean-square
of K successive symbol-rate samples (see (4))

ynda(K; Nτ ) =
1
K

K∑
k=1

⎛⎝(2k+1)NT −1∑
n=2kNT

u(n + Nτ ) · u(n + Nτ − NT )

⎞⎠2

.

(9)

Notice that (9) is essentially the sample mean counterpart
of the ensemble expression in (7). Hence, the maximum of
ynda(K; Nτ ) will give the estimate of Nτ0 , even when TH
and/or DS codes are present and the UWB multipath channel
remains unknown.

One major advantage of ynda(K; Nτ ) is that it can be
applied to any information symbol sequence transmitted. How-
ever, the timing acquisition process can be expedited when the
following training sequence is employed [7]:

s(k) = (−1)�k/2� . (10)

Using this sequence, the objective function can still be formu-
lated as in (9). To distinguish from the NDA mode, we will
denote it with yda1(K; Nτ ) for the DA mode.

In fact, with the training sequence in (10), the averaging
and squaring operations can be exchanged to obtain more
accurate estimates of the mean-square of x(k; Nτ ) in (7). Such
variants give rise to the following formulations of the objective
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Fig. 2. Variances of ynda(K; Nτ ), yda1(K; Nτ ), yda2(K; Nτ ) and
yda3(K; Nτ ) (K=16, Nf =32, E/N0 = 5dB).

function

yda2(K; Nτ )

=

⎛⎝ 1
K

K∑
k=1

(2k+1)NT −1∑
n=2kNT

u(n + Nτ ) · u(n + Nτ − NT )

⎞⎠2

(11)

and

yda3(K; Nτ )=

(
NT−1∑
n=0

ū(n+Nτ) · ū(n+Nτ−NT )

)2

, (12)

where ū(n) := K−1
∑K

k=1(−1)ku(n + 2kNT ).
From their definitions, we can obtain the means and vari-

ances of these objective functions:

mynda
(K; Nτ) = 1

2E2
D(Ñτ0) + E2

R

2 + σ2
ξ

myda1(K; Nτ) = E2
D(Ñτ0) + σ2

ξ

myda2(K; Nτ) = E2
D(Ñτ0) + 1

K σ2
ξ

myda3(K; Nτ) = E2
D(Ñτ0) + σ2

ξ̄

, (13)

and

σ2
ynda

(K; Nτ ) =
2σ2

ξ

K

[
E2

D(Ñτ0) + E2
R + σ2

ξ

]
+ 4

K Ē2
A(Ñτ0)Ē2

B(Ñτ0)

σ2
yda1

(K; Nτ ) = 2σ2
ξ

K

[
2E2

D(Ñτ0) + σ2
ξ

]
σ2

yda2
(K; Nτ ) = 2σ2

ξ

K

[
2E2

D(Ñτ0) + σ2
ξ

K

]
σ2

yda3
(K; Nτ ) = 2σ2

ξ̄

[
2E2

D(Ñτ0) + σ2
ξ̄

]
, (14)

where σ2
ξ̄

:= σ2
1(Nτ )

K + σ2
2(Nτ )
K2 , and ξ1(k; Nτ ) and ξ2(k; Nτ )

are assumed to be independent in deriving the mean and
variance of yda3(K; Nτ ). The means and variances of the four
objective functions are plotted in Figs. 1 and 2 with K = 16
and E

N0
= 5dB. The means of the objective function, with

peaks appearing at Ñτ0 = 0, suggest that one can find the
correct timing by peak-picking. The variances are dependent
on the timing offset Ñτ0 , as indicated by (14).
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Fig. 3. Probabilities of detection and lower bounds for Algorithm 1-4 (K =
16).
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Fig. 4. Probabilities of detection for 2-bit ADC and infinite-resolution ADC
(K = 16).

It should be noted that, instead of the analog delay lines
entailed by the analog TDT algorithms in [7], the delay
operation here can be easily implemented with registers. All
the digital operations that follow, including the correlation and
peak-picking, can be carried out by general-purpose hardware
using digital signal processing (DSP) chips and/or field pro-
grammable gate arrays (FPGA) that are readily available (see,
e.g., [4]).

IV. PERFORMANCE COMPARISONS

In this section, we will compare the acquisition perfor-
mances of these digital TDT algorithms in a coarse timing
setup. In this setup, instead of estimating the true Nτ0 , the
receiver partitions the symbol duration NT into Ni intervals
each of duration Nt := NT /Ni. The timing acquisition then
amounts to finding n∗ that maximizes the objective function
among possible candidates n ∈ [0, Ni − 1]. In other words,
n̂∗ = argmaxn∈[0,Ni−1] y(K; nNt).

To predict the performance of TDT algorithms, we will
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Fig. 5. Normalized MSE for 2-bit ADC and infinite-resolution ADC (K =
16).
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Fig. 6. Probabilities of detection for Algorithm 4: 2-bit ADC, 3-bit ADC
and infinite-resolution ADC (K = 16).

adopt a lower bound on the probability of detection

P d =
∏

n�=n∗
Q

⎛⎝ my(K; n∗Nt) − my(K; nNt)√
σ2

y(K; n∗Nt) + σ2
y(K; nNt)

⎞⎠ . (15)

This bound has been proved to be universally tighter than the
union bound [3], [7]. From (13), (14) and (15), we deduce that
for all four digital TDT algorithms, the lower bounds decrease
as K increases. This implies that, similar to the analog TDT
(see [7]), the performance of digital TDT algorithms can be
improved by increasing K .

From (13) and (14), together with the fact that σ2
ξ̄

=
σ2
1(Nτ )

K + σ2
2(Nτ )
K2 <

σ2
ξ

K = σ2
1(Nτ )+σ2

2(Nτ)
K , it is straight-

forward to obtain (mynda
(K; n∗Nt) − mynda

(K; nNt)) <
(myda1(K; n∗Nt) − myda1(K; nNt)) = (myda2(K; n∗Nt) −
myda2(K; nNt)) = (myda3(K; n∗Nt) − myda3(K; nNt)) and
σ2

ynda(K; nNt) > σ2
yda1(K; nNt) > σ2

yda2(K; nNt) >
σ2

yda3(K; nNt) (see also Fig. 2). Accordingly, the lower
bounds corresponding to different objective functions satisfy
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P d,nda < P d,da1 < P d,da2 < P d,da3. This indicates that
the DA-TDT outperforms the NDA-TDT and that, even with
the same training pattern, the DA estimators can have differ-
ent performances with slightly different objective functions.
However, unlike the analog TDT synchronizers where the
performance improvement comes at the price of increased
complexity, all DA-TDT algorithms here have nearly the same
complexity, thanks to the digital implementation. Therefore,
the digital TDT with objective function ynda3(K; Nτ ) is
preferable when pilot symbols are employed.

Besides the type of the timing estimator, the ADC reso-
lution Δ (a.k.a. quantization step size) can also affect the
acquisition performance. It is difficult to derive the analytical
relationship between Δ and the acquisition performance, due
to the complexity of the probability density function (PDF)
of the quantization error. However, to gain some intuition,
we notice that, as the resolution of the ADC increases, the
quantization error becomes approximately uniformly distrib-
uted on [−Δ/2, Δ/2]. The variance of the aggregate noise
then approaches (N0/2+Δ2/12), where N0/2 comes from the
AWGN and Δ2/12 from the quantization error [5]. Therefore,
the smaller Δ, the smaller the noise variance and the better
the acquisition performance.

V. SIMULATIONS

In our simulations, we will refer to the TDT algorithms
with objective functions ynda, yda1, yda2 and yda3 as Algo-
rithms 1-4, respectively. These algorithms are tested using the
IEEE802.15.3a channel model CM1 [2]. The UWB pulse is
the second derivative of the Gaussian function, and has unit
energy and duration Tp ≈ 1ns. The sampling frequency of
the low-resolution ADC is 1GHz. The maximum scale of the
ADC Vm is set as the maximum magnitude of the transmitted
pulse p(t). We use Nf = 32, Tf = 40ns and a random TH
code uniformly distributed over [0, Nc − 1] with Nc = 40 and
Tc = 1ns. Notice that with these parameters, severe IFI is
inevitable. To avoid ISI, we set cNf−1 = 0 for the last frame
of each symbol. In all simulations, only frame-level coarse
timing is performed.

In Fig. 3, we observe that the bounds predict the relative
performances of Algorithms 1-4 very well. Fig. 4 and 5
show the comparison of the synchronizers with a 2-bit ADC
and an ideal ADC of infinite resolution. At all SNR values,
the acquisition performance improves from Algorithm 1 to
Algorithm 4. In addition, even with the same training pattern,
Algorithm 4 outperforms the other two DA-TDT algorithms.
More importantly, with a low-resolution digital UWB receiver,
this is achieved without increasing the complexity, as opposed
to the analog TDT in [7]. Fig. 6 illustrates the effects of the
ADC resolution. As the ADC resolution increases from 2 and
3 bits to infinity, the probability of detection improves only
slightly.

VI. CONCLUSIONS

In this paper, we proposed the digital TDT algorithms with
low-resolution ADCs. The major advantage of these digital
TDT algorithms is that they can avoid the ultra-wideband

analog delay lines, and exploit the flexible digital implemen-
tation. Our noise analysis justifies the applicability of the
digital TDT algorithms. The simulations show that, with a
low-resolution ADC, we can realize the timing estimator with
very low complexity. Equally important is that, compared to
the TDT using ADC of infinite resolution, the low-resolution
ADC only induces very small performance degradation.

APPENDIX: PROOF OF PROPOSITION 1

To prove Proposition 1, we will start with the mean of
ξ1(k; Nτ ). Given the transmitted symbols s(2k), s(2k − 1)
and s(2k − 2), the mean of ξ1(k; Nτ ) is:

E{ξ1(k; Nτ )} =

Ñτ0−1�
n=0

√
E (s(2k − 2)E{e(n + 2kNT + Nτ )}

+ s(2k − 1)E{e(n + (2k − 1)NT + Nτ )}) p̌(n)

+

Ñτ0−1�
n=0

E{e(n + (2k − 1)NT + Nτ )}E{e(n + 2kNT + Nτ )}.

To find the mean of the quantization error e(n+kNT +Nτ),
∀k and n ∈ [0, . . . , Ñτ0 − 1], we notice that its corresponding
input γ(n; k; Nτ) :=

√Es(k − 1)p̌(n) + ζ(n + kNT + Nτ ) is
Gaussian distributed with mean

√Es(k−1)p̌(n) and variance
N0/2. For a b-bit roundoff ADC of uniform resolution, the
resolution is Δ = 2Vm/2b. Applying the quantization error
analysis in [5], the mean of e(n + kNT + Nτ ) is given by

E{e(n + kNT + Nτ )} =

∞�
l=1

Δ

πl
(−1)l exp

�
−π2l2N0

Δ2

�

× sin

�
2πl

√Es(k − 1)p̌(n)

Δ

�
.

Notice that, for binary PAM, the transmitted symbol s(k) ∈
{±1}. Hence, E{e(n+kNT +Nτ )}, ∀n ∈ [0, . . . , Ñτ0−1] can
be re-expressed as E{e(n+kNT +Nτ )} = s(k−1)me(n, Nτ ),
where me(n, Nτ ) is a function of p̌(n) and is independent of
the information symbols. As a result, the means of ξ1(k; Nτ )
and ξ2(k; Nτ ) can be obtained as

E{ξ1(k; Nτ )} = s(2k − 2)s(2k − 1)m1(Nτ );
E{ξ2(k; Nτ )} = s(2k − 1)s(2k)m2(Nτ ),

where m1(Nτ ) :=
∑Ñτ0−1

n=0 (2
√Eme(n, Nτ )p̌(n) +

m2
e(n, Nτ )) and m2(Nτ ) :=

∑NT −1

Ñτ0
(2
√Eme(n, Nτ )p̌(n) +

m2
e(n, Nτ )) are functions of p̌(n) and are independent of k

(i.e., independent of the transmitted symbols). Furthermore,
because p̌(n) = p̃R([n+NT − Ñτ0 ]NT ) is a periodic function
with period NT and me(n, Nτ ) is a function of p̌(n), the
summation of m1(Nτ ) and m2(Nτ ),

mξ :=m1(Nτ ) + m2(Nτ )

=
NT−1∑
n=0

(
2
√
Eme(n, Nτ )p̌(n) + m2

e(n, Nτ )
)

,

turns out to be a constant independent of both k and Nτ .
Next, let us consider the variance of the noise at the ADC

output. Given the transmitted symbols s(2k − 2), s(2k − 1)
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and s(2k), the variance of ξ1(k; Nτ ) can be obtained as

σ2
1(Nτ ) := var{ξ1(k; Nτ )}

=
Ñτ0−1∑

n=0

(
E{ξ2

1(n; k; Nτ )} − E2{ξ1(n; k; Nτ )}) ,
(16)

where ξ1(n; k; Nτ ) :=
√E(s(2k − 2)ν(n + 2kNT + Nτ ) +

s(2k−1)ν(n+(2k−1)NT +Nτ))p̌(n)+ν(n+(2k−1)NT +
Nτ )ν(n +2kNT + Nτ ). In the analysis of the mean of noise,
we have already shown that E2{ξ1(n; k; Nτ )} is independent
of the transmitted symbols, and will next show that this is also
true for E{ξ2

1(n; k; Nτ )}. Specially, we have

E{ξ2
1(n; k; Nτ )} = E �E{ν2(n + (2k − 1)NT + Nτ )}
+ 2m2

e(n; Nτ ) + E{ν2(n + 2kNT + Nτ )}� p̌(n)

+ 2
√
EE{ν2(n + (2k − 1)NT + Nτ )me(n; Nτ )

+ ν2(n + 2kNT + Nτ )me(n; Nτ )}
+ E{ν2(n + (2k − 1)NT + Nτ )}E{ν2(n + 2kNT + Nτ )},

where E{ν2(n+kNT +Nτ )} = N0/2+2E{γ(n; k; Nτ)e(n+
kNT +Nτ )}−2

√Es2(k−1)p̌(n)me(n; Nτ )+E{e2(n+kNT +
Nτ )}.

We obtain that E{e2(n + kNT + Nτ )} and
E{γ(n; k; Nτ)e(n + kNT + Nτ )} are both functions of
p̌(n) and independent of s(k− 1) when s(k− 1) takes values

of {±1}. Substituting E{ξ2
1(n; k; Nτ )} to (16), we also obtain

that σ2
1(Nτ ) is independent of the transmitted symbols, and

so is true for σ2
2(Nτ ). Because p̌(n) is periodic with period

NT , σ2
ξ = σ2

1(Nτ )+ σ2
2(Nτ ) is a constant independent of Nτ

and the transmitted symbols. This concludes the proof.
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