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On the Estimation of Doubly-Selective Fading Channels
Fengzhong Qu, Student Member, IEEE, and Liuqing Yang, Senior Member, IEEE

Abstract—Coherent communications over doubly-selective fad-
ing channels are attracting increasing research interests because
of the performance advantage over their noncoherent coun-
terparts. In this paper, we use a simple windowing and de-
windowing technique to improve the accuracy of an existing basis
expansion model (BEM) and develop a windowed least-squares
(WLS) estimator for doubly-selective fading channels. We also
design the optimum pilot pattern for the WLS estimator. Our
designs can considerably improve the channel estimation perfor-
mance. Simulations are provided to corroborate our theoretical
analysis.

Index Terms—Basis expansion model, discrete Fourier trans-
form, window, least squares, channel estimation.

I. INTRODUCTION

DOUBLY-SELECTIVE fading channels are more fre-
quently encountered in wireless communications as the

desired data rate and mobility grow simultaneously. They
are also inherent in underwater acoustic channels with large
fractional bandwidth and unstable propagation media. As a
result, estimation of doubly-selective fading channels has been
extensively studied in recent years (see e.g., [2], [3], [4], [1]).

In order to estimate the doubly-selective fading channels
by using limited number of pilots, one immediate idea is
to reduce the number of the coefficients to be estimated
since the channel coefficients in time domain are typically
highly correlated. Based on this idea, different basis expansion
models (BEMs) have been proposed in previous work. The
polynomial BEM in [1] approaches the real channel when the
polynomial order approaches infinity. The Karhunen-Loève
decomposition BEM in [4] requires channel statistics. The
basis of the Slepian sequence BEM in [5] varies with the
maximum Doppler. Though the discrete Fourier transform
(DFT) BEM in [3] avoids these disadvantages, it suffers from
high frequency leakage as we will analyze in detail later.

In this paper, we propose a simple windowing and de-
windowing technique at the receiver to improve the precision
of the DFT BEM, based on which we develop a windowed
least-squares (WLS) channel estimator. In addition, we will
show that the windowing and de-windowing technique will
also improve the minimum mean square error (MMSE) estima-
tors in [3]. In the literature, windowing techniques have been
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proposed in [2], [6] for channel estimation. However, in [2] the
windowing operation is performed at the transmitter, which
could affect the signal-to-noise ratio (SNR) of the symbols
at the edges of the window with relatively small coefficients
and in turn the bit error rate (BER) performance. Although [6]
uses a window at the receiver, no detailed analysis or optimum
pilot pattern design is given. In our approach, the windowing
and de-windowing procedure is performed only at the receiver
and only on the channel estimation branch. We also design
the optimum pilot pattern. Analysis and simulations will be
provided to verify the performance improvements of our
simple estimator, in comparison with existing ones.
Notation: We will use boldface lowercase and uppercase
letters for vectors and matrices, [𝒙]𝑛 and [𝑿]𝑛,𝑚 for the 𝑛th
element of vector 𝒙 and the (𝑛,𝑚)th element of the matrix
𝑿 . 𝔼{⋅} will be used for expectation, tr{𝑿} for the trace
of matrix 𝑿 , ∗ for convolution, ⊗ for Kronecker product,
superscript {⋅}𝐻 for matrix Hermitian and {⋅}𝑇 for matrix
transposition. 𝑰𝑁 denotes the (𝑁 × 𝑁) identity matrix, 0𝑁

denotes the (𝑁 × 1) zero vector, and 𝒞𝒩 (𝜇, 𝜎2) denotes the
complex Gaussian distribution with mean 𝜇 and variance 𝜎2.

II. SYSTEM MODEL

Let ℎ(𝑛; 𝑙) denote the discrete time-varying impulse re-
sponse of the doubly-selective channel and 𝑥(𝑛) the transmit-
ted signal. The received signal can be obtained by the linear
time varying convolution of 𝑥(𝑛) and ℎ(𝑛; 𝑙) in the presence
of additive white Gaussian noise (AWGN) 𝑧(𝑛):

𝑦(𝑛) =

𝐿∑
𝑙=0

ℎ(𝑛; 𝑙)𝑥(𝑛− 𝑙) + 𝑧(𝑛), (1)

where 𝑥(𝑛) and 𝑦(𝑛) denote the 𝑛th transmitted and received
symbol, and 𝐿 := ⌊𝜏𝑚𝑎𝑥/𝑇𝑠⌋ means the channel has (𝐿+ 1)
delay taps with 𝑇𝑠 being the symbol duration and 𝜏𝑚𝑎𝑥 the
maximum delay spread. We adopt the wide-sense stationary
uncorrelated scattering (WSSUS) assumption so that the chan-
nel coefficients from different delay taps are independent.

Due to the maximum moving speed limit, there is
a maximum Doppler frequency 𝑓𝑚𝑎𝑥. The discrete-time
Fourier transform (DTFT) of ℎ(𝑛; 𝑙) given by 𝐻(𝑓 ; 𝑙) =

∞∑
𝑛=−∞

ℎ(𝑛; 𝑙)𝑒−2𝜋𝑛𝑓 satisfies 𝐻(𝑓 ; 𝑙) = 0 for ∣𝑓 ∣ > 𝑓𝑚𝑎𝑥.

In practice, however, one only has the observation of the
channel over a finite block. Let 𝑁 be the block size, 𝒉(𝑙) :=
[ℎ(1; 𝑙), ..., ℎ(𝑁 ; 𝑙)]𝑇 be the 𝑁 × 1 truncated channel for the
𝑙th delay tap and the (𝑁 × 𝑁) diagonal matrix 𝑾 with
[𝑾 ]𝑘,𝑘 = 𝑤(𝑘) ∕= 0 be the window multiplied to the
channel truncation. If it is a rectangular window, we have

1536-1276/10$25.00 c⃝ 2010 IEEE



1262 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 9, NO. 4, APRIL 2010

𝑾 = 𝑰𝑁 . Then, the time- and Doppler-domain relationship
of the channel can be obtained as:

𝑾𝒉(𝑙) = 𝑭𝐻𝒈(𝑙) = 𝑭𝐻
𝑃 �̃�𝑃 (𝑙) + 𝑭𝐻

𝑁−𝑃 �̃�𝑁−𝑃 (𝑙), (2)

where 𝑭 𝑃 and 𝑭𝑁−𝑃 denote the 𝑃 low-frequency and the
(𝑁 − 𝑃 ) high-frequency rows of the 𝑁 -point DFT matrix
𝑭 ; �̃�(𝑙) := [𝑔(1; 𝑙), ..., 𝑔(𝑁 ; 𝑙)]𝑇 denotes the DFT of the
windowed channel vector 𝑾𝒉(𝑙); �̃�𝑃 (𝑙) and 𝒈𝑁−𝑃 (𝑙) de-
note the 𝑃 low-frequency and the (𝑁 − 𝑃 ) high-frequency
components of 𝒈(𝑙). With a rectangular window 𝑾 = 𝑰𝑁 ,
𝑃 = 2⌈𝑓𝑚𝑎𝑥𝑁𝑇𝑠⌉ + 1, which is simply calculated by 𝑓𝑚𝑎𝑥

divided by the Doppler-domain resolution (𝑁𝑇𝑠)
−1 (sampling

in Doppler domain) and �̃�𝑁−𝑃 (𝑙) = 0, Eq. (2) becomes
the DFT BEM used in [2], [3], where the high frequency
components are simply set to zero. However, we will show
next that this model is not accurate.

Let us treat the channel as random with each realization
satisfying 𝐻(𝑓 ; 𝑙) = 0 when ∣𝑓 ∣ > 𝑓𝑚𝑎𝑥. It follows that the
autocorrelation function of 𝐻(𝑓 ; 𝑙) in Doppler domain (𝑓)
satisfies 𝑅𝑙(𝑓, 𝜙) = 0 when ∣𝑓 ∣ > 𝑓𝑚𝑎𝑥. Actually, one of the
classical methods to generate time-varying fading channels is
to pass a white Gaussian random signal through a filter with
a frequency response equal to the square-root of the desired
Doppler spectrum required [7, Chapter 5]. Hence, we also
assume that 𝑅𝑙(𝑓, 𝜙) = 0 when 𝜙 ∕= 0.

Let 𝑊 (𝑓) be the spectrum of the window function, we
obtain the power spectrum density (PSD) of the windowed
channel as:

�̃�𝑙(𝑓, 0) = 𝔼[{𝐻(𝑓 ; 𝑙) ∗𝑊 (𝑓)}2] = 𝑅𝑙(𝑓, 0) ∗ ∣𝑊 (𝑓)∣2. (3)

Then, sampling in the Doppler domain at the interval
of (𝑁𝑇𝑠)

−1, the PSD of the windowed channel becomes

�̃�𝑙

(
𝑘

𝑁𝑇𝑠
, 0
)
, 𝑘 = 1, 2, ..., 𝑁. This corresponds to the energy

distribution of the channel in Doppler domain.
Notice that, however,𝑊 (𝑓) in Eq. (3) is never strictly band-

limited. More specifically, if one simply truncates the signal or,
equivalently, uses a rectangular window as in [3], 𝑊 (𝑓) is a
folded 𝑠𝑖𝑛𝑐 function. As a result, the PSD �̃�𝑙(𝑓, 0) ∕= 0 when
∣𝑓 ∣ > 𝑓𝑚𝑎𝑥, which indicates that the truncating operation
introduces high-frequency components in Doppler domain.

In fact, the average signal-to-interference ratio (SIR) can be
defined as:

SIR :=

∑
𝑘/∈(𝑃/2,𝑁−𝑃/2)

𝐿∑
𝑙=0

�̃�𝑙

(
𝑘

𝑁𝑇𝑠
, 0

)

∑
𝑘∈(𝑃/2,𝑁−𝑃/2)

𝐿∑
𝑙=0

�̃�𝑙

(
𝑘

𝑁𝑇𝑠
, 0

) . (4)

Eq. (4) implies that the SIR can be improved by better
concentrating the channel energy on the low-frequency com-
ponents. Clearly, the direct truncation in [3] is equivalent to
a rectangular window, whose side lobes decay very slowly,
leading to significant energy leakage into the high-frequency
range. To design the optimum window that maximizes the
SIR in Eq. (4), channel statistics 𝑅𝑙(𝑓, 0) is required. Here,
we consider the situation where the channel statistics are not
available, since the BEM becomes unnecessary otherwise, as
we will show in the next section. In this case, windows with

lower side lobes are clearly desirable according to Eq. (4).
Of course, windows with lower side lobes usually lead to
a broader main lobe. This implies that 𝑃 should be slightly
larger than (2⌈𝑓𝑚𝑎𝑥𝑁𝑇𝑠⌉ + 1). In the next section, we will
introduce an improved LS estimator based on the windowing
advantage discussed above.

III. WLS ESTIMATOR

A. MMSE or LS?

When the channel statistics are available, one can easily
use the linear MMSE estimator introduced in [8, Chapter 12]
with any number of pilot observations to interpolate ℎ(𝑛; 𝑙),
neither time-Doppler analysis nor BEM required. However,
estimation of the channel statistics is often difficult because
the statistics may change over time [9]. In particular, for
underwater acoustic channels, there is even no proper model
to characterize the channel since the channel appears to be
neither Rayleigh nor Rician distributed [10]. Motivated by
these, we propose a WLS estimator that does not require any
channel statistics.

B. WLS Estimator Design

Now, we are ready to design an estimator to LS fit the
𝑃 (𝐿+ 1) low-frequency components in the Doppler domain,
𝑃 for each tap. Let us consider an 𝑁 -symbol transmitted block
with 𝐵 pilot subblocks inserted and let 𝑁𝑏 denote the length
of the 𝑏th pilot subblock. In order to eliminate the interference
between the pilots and the data, 𝐿 zeros are inserted after each
data and pilot subblock. As a result, the last 𝐿 transmitted
symbols in each block are zeros. Together with the 𝐿 zeros
from the previous block, the transmitted vector can be written
as 𝒙 = [0𝑇

𝐿, 𝑥(1), ..., 𝑥(𝑁 −𝐿),0𝑇
𝐿 ]

𝑇 and the received 𝑁 × 1
vector 𝒚 = [𝑦(1), ..., 𝑦(𝑁)]𝑇 as 𝒚 = 𝑯𝒙 + 𝒛, where 𝒛 is
the 𝑁 × 1 noise vector and 𝑯 is the 𝑁 × (𝑁 + 𝐿) channel
matrix with [𝑯 ]𝑛,𝑚 = ℎ(𝑛;𝑛+𝐿−𝑚). With a window being
multiplied to the received vector, the system I/O becomes:

𝑾𝒚 = 𝑾𝑯𝒙+𝑾𝒛 = �̃�𝒙+𝑾𝒛, (5)

where �̃� is the (𝑁 +𝐿)×𝑁 windowed channel matrix with
entries [�̃� ]𝑛,𝑚 = 𝑤(𝑛)ℎ(𝑛;𝑛+𝐿−𝑚). With the time-Doppler
relationship shown in Eq. (2), we have

�̃� =
𝑁∑

𝑘=1

𝑫𝐻
𝑘 �̃�𝑘

=
∑

𝑘/∈(𝑃/2,𝑁−𝑃/2)

𝑫𝐻
𝑘 �̃�𝑘 +

∑
𝑘∈(𝑃/2,𝑁−𝑃/2)

𝑫𝐻
𝑘 �̃�𝑘,

(6)

where 𝑫𝑘 is the 𝑁 × 𝑁 diagonal matrix with the 𝑘th row
of 𝑭 , and �̃�𝑘 is a Toeplitz matrix with the first column
[𝑔(𝑘; 0), ..., 𝑔(𝑘;𝐿), 0, ..., 0]𝑇 . Here, the high-frequency and
low-frequency components are separated. Stacking the win-
dowed received symbols from the pilots, we obtain

𝑾 𝑝𝒚𝑝 =

𝑁∑
𝑘=1

⎡
⎢⎣

𝑫𝐻
𝑘,1�̃�𝑘,1𝒖1

...
𝑫𝐻

𝑘,𝐵�̃�𝑘,𝐵𝒖𝐵

⎤
⎥⎦+𝑾 𝑝𝒛𝑝, (7)

where 𝒖𝑏 is the 𝑏th pilot subblock, 𝑫𝑘,𝑏 and �̃�𝑘,𝑏 are the
submatrices of 𝑫𝑘 and �̃�𝑘 corresponding to 𝒖𝑏. The subscript
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ℎ(𝑛; 𝑙)

�̂�
Data

Data

Insert
pilots

Window De-WindowChannel LS
estimator

Demodulator

Fig. 1. Baseband equivalent system with the windowed least squares (WLS)
estimator.

𝑝 denotes pilot. Since we need to LS fit the 𝑃 (𝐿 + 1) low-
frequency Doppler domain coefficients, the pilots need to be

designed to make 𝒚𝑝 a 𝑃 (𝐿+1)×1 vector. That is,
𝐵∑

𝑏=1

(𝑁𝑏+

𝐿) = 𝑃 . Due to the communtativity law of Toeplitz matrix and
vector multiplication, we get �̃�𝑘,𝑏𝒖𝑏 = 𝑼𝑏�̌�(𝑘), where 𝑼 𝑏 is
an (𝑁𝑏 + 𝐿)× (𝐿+ 1) Toeplitz matrix with the first column
𝒖𝑏 padded by 𝐿 zeros and �̌�(𝑘) = [𝑔(𝑘; 0), ..., 𝑔(𝑘;𝐿)]𝑇 . Eq.
(7) can be rewritten as

𝑾 𝑝𝒚𝑝 =

𝑁∑
𝑘=1

⎡
⎢⎣

𝑫𝐻
𝑘,1𝑼1

...
𝑫𝐻

𝑘,𝐵𝑼𝐵

⎤
⎥⎦ �̌�(𝑘) = Φ𝒈 +𝒘𝑝𝒛𝑝, (8)

where 𝒈 = [�̌�𝑇 (1), ..., 𝒈𝑇 (𝑁)]𝑇 , and the 𝑃 (𝐿+1)×𝑃 (𝐿+1)
matrix Φ is given by

Φ =

⎡
⎢⎣

𝑫𝐻
1,1𝑼1 . . . 𝑫𝐻

𝑁,1𝑼1

... . . .
...

𝑫𝐻
1,𝐵𝑼𝐵 . . . 𝑫𝐻

𝑁,𝐵𝑼𝐵

⎤
⎥⎦ . (9)

According to Eq. (6), we obtain:

𝑾 𝑝𝒚𝑝 = Φ𝑃 �̌�𝑃 +Φ𝑁−𝑃 �̌�𝑁−𝑃 +𝑾 𝑝𝒛𝑝 (10)

where Φ𝑃 and �̌�𝑃 consist of Φ(𝑘) and �̌�(𝑘), with
𝑘 ≤ 𝑃/2 or 𝑘 ≥ 𝑁 − 𝑃/2; Φ𝑁−𝑃 and �̌�𝑁−𝑃 consist of
Φ(𝑘) and 𝒈(𝑘), with 𝑃/2 < 𝑘 < 𝑁−𝑃/2. Notice that Φ𝑃 is a
𝑃 (𝐿+1)×𝑃 (𝐿+1) square matrix with full rank. Considering
the suppressed high-frequency components as interference in
Eq. (10), we obtain the WLS estimate of 𝒈𝑃 as:

�̂�𝑃 = Φ−1
𝑃 𝑾 𝑝𝒚𝑝. (11)

Letting 𝒉 =
[
𝒉𝑇 (0),𝒉𝑇 (1), ...,𝒉𝑇 (𝐿)

]𝑇
,

�̃� =
[
�̃�𝑇 (0), 𝒈𝑇 (1), ..., �̃�𝑇 (𝐿)

]𝑇
and Ω = 𝑰(𝑳+1) ⊗𝑾 , we

obtain the time- and Doppler-domain relationship as:

𝒉 = Ω−1(𝑰𝑵 ⊗ 𝑭 )𝑯𝒈 = Ω−1(𝑰𝑵 ⊗ 𝑭 )𝑯Θ𝑻 𝒈, (12)

where the 𝑁(𝐿+ 1)×𝑁(𝐿+ 1) interleaving matrix is given
by Θ :=

[
(𝑰(𝐿+1) ⊗ 𝒆1)

𝑇 , . . . , (𝑰(𝐿+1) ⊗ 𝒆𝑁 )𝑇
]𝑇

with 𝒆𝑘
denoting the 𝑘th row of 𝑰𝑁 . For notational simplicity, defining
𝑁(𝐿+1)×𝑁(𝐿+1) matrix Γ := Θ(𝑰𝑁⊗𝑭 ), we can rewrite
Eq. (12) as:

𝒉 = Ω−1Γ𝑯𝒈

= Ω−1Γ𝑯
𝑷 𝒈𝑷 + 𝑾−1Γ𝑯

𝑵−𝑷 𝒈𝑵−𝑷

≈ Ω−1Γ𝑯
𝑷 𝒈𝑷 ,

(13)

where Γ𝑃 = Θ𝑃 𝑰(𝐿+1)⊗𝑭 𝑃 and Γ𝑁−𝑃 = Θ𝑁−𝑃 𝑰(𝐿+1)⊗
𝑭𝑁−𝑃 . Θ𝑃 is re-constructed from Θ by taking columns 𝒆𝑘,
𝑘 ≤ 𝑃/2 or 𝑘 ≥ 𝑁 − 𝑃/2, and Θ𝑁−𝑃 by taking 𝒆𝑇𝑘 , 𝑃/2 <
𝑘 < 𝑁 − 𝑃/2. It is easy to check ΓΓ𝐻 = Γ𝐻Γ = 𝑰𝑁(𝐿+1)

and Γ𝑃Γ
𝐻
𝑃 = 𝑰𝑃 (𝐿+1). At the last step of Eq. (13), the high-

frequency components in the Doppler domain are considered
as negligible interference. Thus, from Eq. (11) and (13), we
obtain the channel estimate as

�̂� = Ω−1Γ𝐻
𝑃 Φ−1

𝑃 𝑾 𝑝𝒚𝑝. (14)

In Eq. (14), we can see that our WLS estimator performs the
windowing and de-windowing procedure only at the receiver,
and only on the pilots, affecting neither the data transmission
pattern nor the demodulator. The system with our WLS
channel estimator is illustrated in Fig. 1.

With this WLS estimator ready, a natural question will arise:
what is the optimum pilot pattern?

C. Optimum Pilot Pattern Design

The optimum pilot pattern is designed to minimize the MSE
of channel estimation. The MSE is given by:

MSE = 𝔼{∥𝒉− �̂�∥2} = MSE𝑁−𝑃 +MSE𝑧 , (15)

where

MSE𝑁−𝑃 =𝔼

{∥∥∥Ω−1
[
Γ𝐻
𝑁−𝑃 −Γ𝐻

𝑃 Φ−1
𝑃 Φ𝑁−𝑃

]
𝒈𝑁−𝑃

∥∥∥2
}

(16)
denotes the MSE resulted from the high-frequency compo-
nents in the Doppler domain and

MSE𝑧 = 𝔼

{∥∥∥Ω−1Γ𝐻
𝑃 Φ−1

𝑃 𝑾 𝑝𝒛𝑝

∥∥∥2
}

(17)

denotes the MSE resulted from AWGN.
In Eq. (16), since the windows with lower side lobes are

bell-shaped in time domain suppressing the signals at either
edge of the truncated signal block, MSE𝑁−𝑃 is actually a
weighted summation of individual square errors, with inverse
bell-shaped weights in the time domain. Hence, the resultant
weighted MSE at the center of the windowed truncation is
smaller than the edges. This motivates us to only retain the
results at the center, and to use a sliding window to cover
the entire time domain. Therefore, all the pilot subblocks are
of identical importance. The pilot subblocks should then be
identical and so are the spaces between the pilot subblocks.

Next, let us determine how many pilots each pilot subblock
should have and how they should be placed. As we are
retaining the estimation results for the center symbols of each
sliding block, where the window weight is approximately 1,
with the total pilot energy ℰ𝑃 , we obtain:

MSE𝑧 ≈ 𝔼

{∥∥∥Γ𝐻
𝑃 Φ−1

𝑃 𝒛𝑝

∥∥∥2
}

= tr
{
𝔼

[
Γ𝐻
𝑃 Φ−1

𝑃 𝒛𝑝𝒛
𝐻
𝑝 (Φ−1

𝑃 )𝐻Γ𝑃

]}
= 𝜎2𝑧 tr

{
Φ−1

𝑃 (Φ−1
𝑃 )𝐻

} ≥ 𝜎2𝑧𝑁𝑃/ℰ .
(18)

The last step is derived with a similar procedure in [11]. The
equality at the last step holds if and only if Φ−1

𝑃 (Φ−1
𝑃 )𝐻 is a

diagonal matrix with identical diagonal entries. Therefore, the
optimum pilot pattern is the one with only 1 nonzero pilot in
each pilot subblock and a total 𝑃 such pilots in a block, as
illustrated in Fig. 2. It is worth noting that this design coincides
with the one in [3].
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TABLE I
SIMULATION PARAMETERS

𝑓𝑚𝑎𝑥 = 10Hz 𝑇𝑠 = 1/6000s 𝜏𝑚𝑎𝑥 = 10ms 𝐿 = 60

𝑁 = 1800 𝑃 = 9 2⌈𝑓𝑚𝑎𝑥𝑁𝑇𝑠⌉+ 1 = 7 𝔼

{∑𝐿
𝑙=0 ∥ℎ(𝑛; 𝑙)∥2

}
= 1

Pilot Energy= 61 Channel delay profile: 𝑠(𝑙) = 𝑒−0.1𝑙 Modulation: QPSK Demodulation Equalizer: MMSE

Pilot (1)Data (𝑀)

𝐿 Zeros𝐿 Zeros 𝐿 Zeros𝐿 Zeros⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 𝑡

Fig. 2. The optimum training pattern.
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Fig. 3. One snapshot of the WLS estimation results.

D. Discussions

So far, we have established our WLS estimator with a
simple windowing and de-windowing technique to improve
the performance. In fact, our windowing and de-windowing
technique, together with the DFT BEM, can be regarded as
an improved BEM. We have proved that our improved BEM
approximates the real channel more precisely than the origi-
nal DFT BEM by suppressing the energy of high-frequency
components that are regarded as interference. Hence, it is not
surprising that the windowing technique helps improving the
LS estimator. Actually, our windowed BEM is expected to
help improve other BEM-based estimators, such as the MMSE
estimator in [3], as we will confirm by simulations next.

IV. SIMULATION RESULTS

In this section we use Jakes’ model to test the perfor-
mance of our WLS estimators. We simulate a typical un-
derwater acoustic environment with carrier frequency 12𝑘Hz
and transceiver moving velocity 1.3m/s or 2.4knots. The
simulation parameters are summarized in Table I.

Fig. 3 shows one realization of our WLS estimator in the
absence of AWGN. WLS estimators with a Blackman window
and with a rectangular window are compared. Our WLS
estimator fits the real channel much better in the center. In
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Fig. 4. MSE vs. SNR performance of the WLS and the MMSE channel
estimators.
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Fig. 5. BER vs. SNR performance of the WLS and the MMSE channel
estimators.

addition, we also observe that even with a rectangular window,
the channel estimation error for the data time slots in the center
is also smaller than the edges. The reason is that the channel
estimates of the entire block are obtained from those of the
pilots using a procedure reminiscent of interpolation, and that
the center of the block benefits from the pilots on both sides.

Figs. 4 and 5 show the MSE and BER performance of
several different estimators. We use a sliding window for our
WLS scheme, and only take the estimation and demodulation
results between the 2 center pilots. Notice that among the 4
different windows, Blackman window gives the best perfor-



IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 9, NO. 4, APRIL 2010 1265

mance, and rectangular the worst. This justifies our analysis
in Section III. If the channel statistics are available, the MMSE
estimator in [3] can be adopted. In addition to the fixed
rectangular window (direct truncation) in [3], we also tested
this MMSE estimator with our sliding window approach. From
Figs. 4 and 5, we have the following observations:

i) In terms of channel estimation MSE, the MMSE esti-
mators outperform the LS ones at low SNR, by taking
advantage of the channel statistics. However, this MSE
advantage does not seem to directly carry over to the
BER comparisons. In Fig. 5, we observe that the BER
performance of [3] is identical with the WLS estimators
at low SNR, despite its MSE advantage shown in Fig. 4.

ii) The scheme in [3] results in the worst performance among
all MMSE estimators. This confirms the advantage of our
sliding window approach. Since the schemes with sliding
window only take the results between the 2 center pilots,
they require 𝑃 times computation as the ones with fixed
windows, but without altering the transceiver architecture.

iii) The MMSE estimators with rectangular windows are
worse than appropriately windowed LS estimators at
high SNR. In particular, the scheme in [3] with a fixed
rectangular window is worse than all WLS estimators
even at medium SNR. This confirms that our simple
windowed approach not only helps LS estimators, but
also MMSE ones.

V. CONCLUSIONS

In this paper, we proposed a WLS estimator for doubly-
selective fading channels. We showed that the precision of
the DFT BEM can be improved by a simple windowing
and de-windowing procedure, which is applied only at the
receiver and only to the pilots. We also designed the optimum

pilot pattern. In addition, our simulations confirmed that the
simple windowing and de-windowing procedure improves
the performance of the existing BEM-based MMSE channel
estimators as well.
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