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Data-parallel implementations of the computationally intensive
task of solving multiple quadratic forms (MQFs) have been exam-
ined. Coupled and uncoupled parallel methods are investigated,
where coupling relates to the degree of interaction among the
processors. Also, the impact of partitioning a large MQF problem
into smaller non-interacting subtasks is studied. Trade-offs
among the implementations for various data-size/machine-size ra-
tios are categorized in terms of complex arithmetic operation
counts, communication overhead, and memory storage require-
ments. Furthermore, the impact on performance of the mode of
parallelism used is considered, specifically, SIMD versus MIMD
versus SIMD/MIMD mixed-mode. From the complexity analyses,
it is shown that none of the algorithms presented in this paper is
best for all data-size/machine-size ratios. Thus, to achieve scala-
bility (i.e., good performance as the number of processors avail-
able in a machine increases), instead of using a single algorithm,
the approach discussed is to have a set of algorithms from which
the most appropriate algorithm or combination of algorithms is
selected based on the ratio calculated from the scaled machine
size. The analytical results have been verified by experiments on
the MasPar MP-1 (SIMD), nCUBE 2 (MIMD), and PASM
(mixed-mode) prototype. © 1994 Academic Press, Inc.

1. INTRODUCTION

The real-time processing of computationally intensive
tasks often requires a parallel implementation. There
may be several parallel implementations that can satis-
factorily perform the task. As the size of the problem, the
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memory space constraints, the execution time con-
straints, and the machine architecture are changed, the
parallel programmer must reevaluate which approach is
the best [47]. An algorithm is regarded as ‘‘scalable’’ if it
continues to perform effectively the task for which it was
designed as the number of processors increases [15).
Here, the term scalable is applied to a set of algorithms.
In this sense, as the number of processors is varied, the
goal is to select the algorithm or combination of algo-
rithms in the set that most effectively performs the task.

Several data-parallel algorithms are developed and an-
alyzed in this research for computing the multiple qua-
dratic forms (MQFs) that are part of an adaptive beam-
former calculation with minimum variance distortionless
response (MVDR) [29]. The implementations of the MQF
problem for various data-size/machine-size ratios are
evaluated in terms of the number of complex arithmetic
operations, communication overhead, and memory stor-
age requirements. Both coupled and uncoupled parallel
methods are investigated, where coupling relates to the
degree of interaction of the processors. The impact on
performance of the mode of parallelism used is consid-
ered, specifically, SIMD versus MIMD versus SIMD/
MIMD mixed-mode. Then, the effect of partitioning a
large MQF problem into smaller noninteracting subtasks
is studied. The analytical results show that none of the
algorithms presented in this paper is best for all data-size/
machine-size ratios. Thus, to achieve scalability (i.e.,
good performance as the number of processors available
in a machine increases), instead of using a single algo-
rithm, the approach discussed is to have a set of algo-
rithms from which the most appropriate algorithm or
combination of algorithms is selected based on the ratio
calculated from the scaled machine size. The importance
of using a set of algorithms also has been recognized by
other researchers (e.g., [37]). Experimental results from
the MasPar MP-1 (SIMD), nCUBE 2 (MIMD), and
PASM (mixed-mode) parallel processing systems are
shown to support the theoretical results derived herein.
These machines are all part of the Purdue School of Elec-
trical Engineering Parallel Processing Laboratory.
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In Section 2, the MQF problem is defined. Parallel pro-
cessing system models for which the application is tar-
geted are overviewed in Section 3. Section 4 describes
the uncoupled data-parallel algorithm. Several coupled
data-parallel implementations and the impact of problem
partitioning are presented in Section 5. A generalized
method, of which the uncoupled and coupled methods
are special cases, is defined in Section 6. In Section 7, the
theoretical results of Sections 4, 5, and 6 that are useful
for choosing an optimal algorithm are reviewed. Also in
Section 7, a combined coupled/uncoupled approach is
presented. Experimental results are discussed in Section
8. Related work is addressed in Section 9.

2. THE MQF PROBLEM

Let the s-vector, or steering vector, be an n X 1 vector
of complex numbers and v be the total number of s-vec-
tors. Define M to be an n X n matrix of complex numbers
and M(i, j) to be the element of M in row i and column j,
for 0 = i, j < n. The gth s-vector is denoted by s, for 0 =
g < v. Element m of the s-vector g is denoted s,(m), for
0 = m < n. Let H denote the Hermitian transposition,
i.e., the complex conjugate transposition of the s-vector
(where the complex conjugate of a + biis a — bi). Then,
the MQF calculation can be formally defined as

w, = siMs, for0=gq <uv. 4y

For easy reference, Table 1 summarizes most of the pa-
rameters used in the paper.

In addition to the MVDR problem, this type of compu-
tation also appears in other problems. For example,
when mathematically modeling various physical phenom-
ena, minimization problems involving positive definite
matrices occur [50]. An equation of the quadratic form
P(x) = (1/2)x"™x — xTh, where M is a positive definite
matrix, is minimized at the point where Mx = b and the
minimum value is P(M ~'b) = —(1/2)b™M ~'b. The parallel
algorithms proposed here can be easily generalized to
compute this equation.

If the computation of v quadratic forms is performed
on a serial machine, v(n? + n) = vn® + vn complex multi-
plications and v(n(n — 1) + (n — 1)) = vn? — v complex
additions are required. Also, the serial machine must

TABLE I
Summary of Notation Used throughout the Paper

Notation Meaning

M, j) The element of matrix M in row i/ and column j
n The number of rows and columns of matrix M
v Total number of s-vectors

p Number of PEs in a parallel system

s,(m) The element m of the gth s-vector

r, s?M

H
w, soMs, orr,s,
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have enough memory space to store the entire M matrix
and v s-vectors, with n? and vn complex numbers, respec-
tively. 1t is assumed that each complex number is repre-
sented by two floating point numbers.

3. PARALLEL SYSTEM MODEL

There are several parallel machine models that have
been proposed (e.g., Parallel-RAM [26], Vector-RAM
[12]), and the time complexities of the algorithms de-
scribed here are different on each. To focus the scope of
this research, one particular parallel system model is as-
sumed. The model includes p processing elements (PEs)
of the same computing power, where each PE is a proces-
sor and memory module pair. Such a configuration is
often referred to as a physically distributed memory ma-
chine, and is used in most current parallel systems with
64 or more processors, e.g., MasPar MP-1 [11] and
nCUBE 2 [28], as well as in the PASM prototype [21, 48].
The proposed data-parallel algorithms can be imple-
mented on an SIMD, MIMD, or mixed-mode distributed
memory machine. The models used here for these three
types of parallel machines are briefly overviewed be-
low.

An SIMD [22] machine is typically composed of a con-
trol unit (CU), a set of PEs, and an interconnection net-
work. In an SIMD machine, the enabled PEs receive and
synchronously execute common instructions that are
broadcast from the CU. The PEs fetch data from their
memory modules. Because all the PEs are operating syn-
chronously, the computations performed by the PEs can
be overlapped with the CU’s execution of control-flow
instructions and/or any instruction operating on data
common to all PEs. This is called CU/PE overlap [32].
The interconnection network allows PEs to communicate
among themselves and exchange data. Examples of
SIMD machines that have been constructed include
CLIP4 [25], CM-2 [53], DAP [30], Illiac 1V [13], MasPar
MP-1 [11], MPP [6, 7], and STARAN [5].

An MIMD machine consists of a set of PEs and an
interconnection network. In contrast to the SIMD ma-
chine, where all processors are performing the same in-
struction in lock-step on their own data, in an MIMD
machine, each processor executes instructions from its
local memory, asynchronously with respect to each other
[22]. As with the SIMD model, the interconnection net-
work provides communication links among the PEs. Ex-
amples of large MIMD systems that have been con-
structed are BBN Butterfly [17], CM-5 [51], IBM RP3
{40], Intel iPSC Cube {2], and nCUBE 2 [28].

In a mixed-mode parallel processing system, proces-
sors are capable of executing in either SIMD or MIMD
mode of parallelism. The ability to switch between the
two modes at instruction-level granularity with very lttle
overhead allows the parallelism mode to vary for each
portion of an algorithm. There have been at least three
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mixed-mode parallel prototypes built. TRAC [35], de-
signed and built at the University of Texas at Austin,
implemented mixed-mode switching at the subtask level,
rather than at the instruction level. OPSILA [19], from
Laboratoire de Signaux et Systems in Nice, France, has
the capability of executing instructions in either SIMD or
SPMD (single program-muitiple data stream) mode, a
subclass of MIMD. PASM [3, 45, 46, 48) can dynamically
switch between SIMD and full MIMD modes of paraliel-
ism at instruction-level granularity with negligible over-
head. Triton/1 [41], currently under development, is ca-
pable of mixed-mode parallelism at the instruction-
level.

PASM is reconfigurable along three dimensions:
modes of parallelism (SIMD/MIMD) as described above,
partitionability, and interprocessor connections. It can be
dynamically partitioned into dependent or communicat-
ing submachines of various sizes, each having the same
characteristics as the original machine. PASM uses a
fault-tolerant variation [1] of the flexible multistage cube
type network [44], which allows the connection patterns
among the processors to be varied. Extrapolation tech-
niques can be used to study the potential performance of
larger PASM systems with the small-scale prototype, as
done, for example, in [14].

Experimental results for the MQF problem were ob-
tained from SIMD (MasPar MP-1), MIMD (nCUBE 2),
and mixed-mode (PASM) machines. There are many
trade-offs among these modes of parallelism [8, 10, 21,
43]. Computational characteristics of algorithms affect
the choice of the best mode for executing each section of
code [31]. A general discussion of these trade-offs is be-
yond the scope of this paper (see [43]).

A multistage cube or hypercube (single-stage cube)
network [44] is assumed for the proposed algorithms.
These networks are flexible interconnection networks
that can perform the PE-to-PE permutations required by
the MQF implementations without any conflicts (i.e.,
without two simultaneous communication paths needing
a common network link). The multistage cube network
has been used or proposed for use in systems, such as the
Goodyear Aerospace Corporation ASPRO [7], BBN But-
terfly (17], Cedar [33], IBM RP3 {40], Goodyear Aero-
space Corporation STARAN [5], PASM [45, 48], and
NYU Ultracomputer {27]. The class of multistage cube
topologies includes: baseline [55], delta [38], flip [4], gen-
eralized cube [44], indirect binary n-cube [39], multistage
shuffle-exchange [52], omega {34], and SW-banyan (§ =
F =2, L = n) [35] networks [44, 55]. The hypercube
interconnection topology has been implemented in the
CM-2 [53], Intel iPSC cube [2], and nCUBE 2 [28]. These
algorithms can be adapted for use on systems with other
types of interconnection networks.

The following sections describe the data-parallel imple-
mentations of the MQF algorithms. Included is a discus-
sion of the impact of the mode of parallelism and the
network topology used.

WANG ET AL.

4. THE UNCOUPLED DATA-PARALLEL METHOD

The uncoupled method uses the obvious approach to
parallelizing the MQF problem. Assume that p divides v,
i.e., v = ¢ * p where ¢ is an integer. By distributing v
different s-vectors evenly among p PEs, each PE can
compute ¢ quadratic forms in parallel without having to
communicate with any other PE. If p does not divide v,
i.e., v # ¢ *p, Ju/p] different s-vectors will be assigned to
each of v mod p PEs, and |v/p] different s-vectors will be
assigned to each of the remaining PEs. However, in this
case some PEs will do more work than others. If v < p,
only v PEs will actually be utilized. Thus, for the uncou-
pled method, utilization is good when either p divides v
orv = p.

Solving a quadratic form can be decomposed into two
phases. Letting = denote scalar multiplication, the phase
(1) calculation is r,(y) = " s(x) * M(x, y), and the
phase (2) calculation is w, = Z72g r,(») * 5,(y). The num-
ber of complex multiplications and additions required for
each s-vector during phase (1) is n2 and n(n — 1), respec-
tively. For phase (2), n complex multiplications and (n —
1) complex additions are performed for each s-vector.
Thus, the total number of complex multiplications and
additions performed for each s-vector is n? + n and n? —
1, respectively. Because some PEs are assigned [v/p] dif-
ferent s-vectors, the maximum number of parallel com-
plex multiplications and additions is [v/pi(n? + n) and
[v/pl(n? — 1), respectively.

For the uncoupled method, the maximum storage re-
quirement per PE is n? complex elements for the M ma-
trix and [v/pln complex elements for the s-vectors. This
assumes that as each element of r, is computed, it is used
to calculate w, and is not stored (i.e., phases (1) and (2)
are temporally interleaved).

The uncoupled data-paraliel method described above
can be implemented in either SIMD or MIMD mode. In
SIMD mode, CU/PE overlap can occur. Also, during
phase (1), each element of matrix M can be embedded as
an immediate operand of an SIMD instruction broadcast
from the CU to the PEs. Thus, each PE need not store
the M matrix. One disadvantage of the implicit synchro-
nization of the SIMD mode of parallelism is that it can
cause some PEs to remain idle because of data-depen-
dent variable-time instructions (e.g., a floating point addi-
tion instruction) [10, 20].

The data-dependent variable-time instructions are bet-
ter performed in MIMD mode than in SIMD mode [20).
However, CU/PE overlap is not possible in MIMD
mode. Because both the SIMD and MIMD modes of par-
allelism have their advantages and disadvantages, the
right choice of execution mode depends on the machine
design details and the characteristics of the data being
processed. In this case, mixed-mode would not be used
because the advantages and disadvantages of each mode
of parallelism are the same throughout the program;i.e.,
the program characteristics do not change. Hence, the
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program will be performed entirely in one of the two
modes of parallelism.

5. THE COUPLED DATA-PARALLEL METHOD

5.1. Overview

This section describes how to map the MQF problem
onto p PEs configured as an a X b (=p) logical grid (not
necessarily a physical grid or mesh), where | =< a, b < n,
and a, b, and p are powers of 2. Furthermore, the impact
of partitioning the problem is discussed. The special
casesof p=n(a=1,b=n)andp = n’(a = b = n) were
studied first and used to develop this general case (see
[54)).

There are two common data layouts of the M matrix
and s-vectors in memory, referred to in [23] as the block
and scattered decompositions. For the MQF problem,
the block decomposition method has contiguous entries
of the M matrix and s-vectors assigned to PEs in blocks.
The scattered decomposition method has consecutive en-
tries in the M matrix and s-vectors assigned to different
PEs. For this case study, the block decomposition
method is used.

For ease of presentation, » is assumed to be a power of

PE(0,0) memory PE(0,1) memory
M(xy) Mxy)
0<x<nfa, 0<sy <n/b Osx<n/a, nibsy<2nib
s8m) sim)
Osg<v,0¢m<n/a 0<qg <v,0sm<n/a
5(2) 5(2)
t=fa,0<f<[v/q t=fa,0sf <[v/d|
0<z<n/b nb<z <2nlb
PE(1,0) memory
M(x,y)
nia<x <2nfa,0<y <nib
sem)
Osg<v,nfasm<2nia
5,(2)
t=fa+1,0<f<[v/d
Osz<n/b
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2. The proposed method can be readily extended to cover
the case when n is not a power of 2 (see [54]).

5.2. Coupled Data-Parallel Algorithm: General
Description and Evaluation

Let PE(i, j) denote the PE in row i and column j in an
a x b logical PE grid, where 0 =i <gand 0 = j < b.
Figure 1 illustrates how M, s!, and s, are distributed
across the PEs of the a X b grid. The s-vectors are loaded
into the PE memories such that an (n/a)-element part of
the Hermitian of each s-vector, s}, and an (n/b)-element
part of at most [v/a] different s-vectors, s4, are stored in
each PE memory. Each PE also holds an (n/a) X (n/b)
portion of M. The exact elements stored in each PE are
defined for general PE(I, j) in Fig. 1. For example, if v =
6,n =4, a =2, and b = 4, PE(1,2) contains M(2,2),
M(3.,2), s:(2) and s(3) for 0 < ¢ < 6, 5,(2), 53(2), and
§5(2), as shown in the boxes in Fig. 2.

The calculation can be decomposed into two phases:
the phase (1) calculation is r,(y) = 27— sH(x) * M(x, y),
and the phase (2) calculation is w, = 272 r(y) * s,(y).
Assumingv = 6,n =4, a =2, and b = 4, Fig. 3 illustrates
the complex multiplications and subsequent complex ad-
ditions performed by PE(1,2). For each s-vector s}, each

PE(0,b~1) memory
M(xy)
0<x <n/a, (b-1)n/b)<y<n
sem)
0sg<v,0sm<nia
5(2)
t=fa,0<f<[v/d|
(b-~1)Xn/bysz<n

PE(i, j) memory

i(nta)ysx <(i+l)(n/a), j(nib)<y <(j+1)n/b)
0<g <v,i(nfa)ysm<(i+l)(n/a)

Osf<[vial, j(nib)sz < (j+1)(n1b)

M(xy)
5q(m)

s t=fa+i

PE(a-~1,0) memory
M(xy)
(a-1)}nfa)<x<n 0<sy<n/b
si(m)
0sq <v,(@a-1)Xnl/a)sm<n
5,(2)
1=fa +(a-1),0sf<[v/d|
0<z<ntb

FIG. 1.

PE(a-1,b-1) memory
Mx.y)
(a=1)nia)sx <n, (b—1Xn/b)<y <n
sg(m)
0sg <v,(a-1)n/a)sm<n
5(z)
t=fa+(a-1),0<f<[v/d]
(b-D{n/b)sz<n

Distribution of M and v steering vectors onto @ X b PEs. (The maximum value 7 can have is v — 1.)
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FIG. 2. Data elements in boxes are stored in PE(1,2)’s local memory.

PE calculates (n/a) products for each of (n/b) r,(y)’s.
PE(, j) calculates a partial r,(y) sum 2V 0wt sqf,’(x) *
M(x, v), for j(n/b) = y < (j + 1)(n/b) and 0 = g < v. Thus,
each PE performs v(n/b)(n/a) = vn¥p complex multiplica-
tions followed by v(n/b)(nfa — 1) = (vn/p)(n — a) complex
additions. All p PEs do these calculations simulta-
neously.

Next, the partial sums indicated above must be com-
bined among PEs to calculate the r,(y) values. The ele-
ments to be totaled to calculate a given r,(y) are resident
in the a PEs of a single column. Recursive doubling can
be used to compute the sums [49]. Performing interleaved
recursive doubling procedures [43, 46] to find simulta-
neously the sum of the elements of p distinct vectors is
referred to here as a p-recursive doubling.

To help clarify the operations involved in the p-recur-
sive doubling technique, Fig. 4 illustrates how N = 4 PEs
would sum the elements for an arbitrary set of vectors. In
this example, there are p = 6 vectors, o, for 0 = n <6,
each having N elements. If a is the jth element of vector
7 with &, initially stored in PE(j), then the sum that is
sought is )¢ a?, for each n, 0 < n < 6. In Fig. 4, the
arrows denote the transfer of data from one PE to an-
other followed by an addition; together these form a
transfer-add operation. Five transfer-adds are required:
three for the first step and two for the second step.

PE(1,2) memory contents when forming

3
partial sums zs;'(x)*M(x,y). 2<y<3,05¢9<6
x=2

s§@)» M2,2)+s8 3)* M(3,2)
ST r M2 +sH 3+ M3,2)
ST+ M2, +s83) » M(3,2)
sHT@aM@22)+s5¥3) «M(3,2)
SH@QxM22+54 3+ M(3.2)
@M 2+553)*M3B.2)

FIG. 3. Con;ents of PE(i,)), i = 1,j = 2, memory after forming the
partial sums 200 g )« Mx, ), 0 s g < v, jlnlb) = ¥ <

G+ 1¥nib),forv=6,n=4,a=2 and b = 4.

In general, the final sums for all p vectors, each with N
elements, are computed in log, N steps, where [p/2/]
transfer-add operations occur at step i for 1 < i < log,N.
Thus, the total number of transfer-adds required in the p-
recursive doubling procedure is %" [p/2/]. Figure 5
gives an algorithm to perform the p-recursive doubling
procedure. With the multistage cube network, each of
these parallel transfers can be done in a single pass
through the network without any conflicts [44]. With the
hypercube network, because each of these parallel trans-
fers involves pairs of PEs that are directly connected, no

~conflict will occur for any inter-PE transfer (44].

In the coupled algorithm, because each of the a PEs in
a given column contributes to n/b different r,(y)'s for
each of the v different s-vectors, a (vn/b)-recursive dou-
bling procedure, utilizing Z12%* [(vn/b)/2'] transfer-add
operations, on the a PEs of each column can be used.
(Recall that all the partial sums needed to compute a
given r,(y) are stored in PEs in the same column.} All 4
logical columns of PEs simultaneously perform the b
(vn/b)-recursive doublings (one per column). Both the
multistage cube and hypercube networks can perform the
needed inter-PE communications for all PEs with no con-
flicts. After the recursive doubling, PE(i, j) will hold
ry(y), where j(n/b) =y < (j + 1)(n/b) and for all ¢, 0 =
q < v, where gmod a = i. As an example forv =6, n = 4,
a = 2, and b = 4, the calculation of r,(j) (for all g, j) is
illustrated in Fig. 6.

Phase (2) of the coupled algorithm involves the forma-
tion of w, = 2yq r,(¥) * s,(¥). After the first phase of
computation, each PE holds at most {v/a](n/b) distinct
r,(y) components and the corresponding elements of the
s-vectors, s,(y), required to form r,(y) * s,(y). PE(, j)
forms the local partial sums of the products Z{/5 )"
ro(y) * 5,(y), for all g, 0 = g < v, where g mod a = i. This
is shownin Fig. 7forv =6, n=4,a=2,and b = 4. To
do this, [v/al(n/b) complex multiplications and [v/al(n/b -
1) complex additions are needed. Then, similar to that of
the first phase, a [v/al-recursive doubling procedure is
employed in each row of b PEs to combine the partial
sums above to form w, for all q. All PEs in row i, i.e.,
PE(, j) for 0 = j < b and i fixed, participate in the same
{v/al-recursive doubling procedure to form at most [v/a]
different w, values, forall ¢, 0 = g <v, where g mod a =
i. To compute all v values of w, in parallel, a independent
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data held
in PE(0)

data held
in PE(1)

data heid
in PE(2)

data held
in PE(3)

A A A

first transfer-add second transfer-add third transfer-add
S—— I

———
first step
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3
aftogakal
aftal

0 1 2 3
al+a]+a]+a,

0 1 2 3
a5+a5+a5+a5

0. 1
a2+a2+a§+o?z 2 3
a}+a: MLLP

0 1
a,ta,ta,

] ]
fagtato 0, .1 2, 3
awas 33 a o, vata;
fourth transfer-add fifth transfer-add

——
second step

Y

time

FIG. 4. Using recursive doubling to sum simultaneously six vectors, a’, for0 <y < 6and 0 =j < 4, on N = 4 PEs.

[v/al-recursive doubling procedures are performed simul-
taneously (one per row). Both the multistage cube and
hypercube networks can perform the required inter-PE
transfers with no conflicts.

/* The following procedure will be performed on PE(j),0s j < N. */
fori=11ologN do { /stepi*/

k=j@20"1;

for =010 (p/2 1) do {

N = (k mod 2') + B2';

/* the destination PE number */

transfer local partial sum of vector 1} to PE(k);
perform the complex addition with the received data and the
corresponding local partial sum in PE(j);
}
if (p/2' #pi21]) |

B=lpr2};
N = (k mod 2°) + B2%;
if j & 207V 20) ¢

transfer local partial sum of vector 1 to PE(k);
}else {
perform the complex addition with the received data and the

corresponding local partial sum in PE());

}

FIG. S.
dure.

An algorithm to perform the p-recursive doubling proce-

After the [v/a]-recursive doubling procedures, each PE
stores at most [v/p] elements of w,. Specifically, the
results placed in PE(i, j) are w,, for all ¢, 0 = g < v,
where ¢ = ja + i + fab, for 0 = f < [v/p]. This is illus-
trated in Fig. 8forv =6,n =4,a=2,and b = 4. To form
wy, 28? (u/(2a)] transfer-add operations are performed
in this phase.

In summary, the first phase requires vn*p complex
multiplications followed by (vn/p)}(n — a) complex addi-
tions and 2\°%¢ [un/(2'b)] transfer-adds. The second
phase requires [v/al(n/b) complex multiplications fol-
lowed by Jv/al(n/b — 1) complex additions and 2\ %° [v/
(2a)] transfer-adds. Table 11 summarizes the computa-
tional complexity of the uncoupled algorithm from
Section 4 and the coupled algorithm of this subsection.

By regarding a transfer-add as an inter-PE transfer and
a complex addition, the complex additions required in the
coupled scheme becomes (vn/p)(n — a) + [v/al(n/b — 1) +
T8 nl/2B)] + 2%8° [u/(2a)]. The lower bounds for
the number of complex operations can be derived as fol-
lows:

Multiplications: vn%p + [v/al(n/b) = vn?/p
+ (vla)(n/b) = (Vip)(n® + n);  (2)
Additions: (vn/p)Y(n — a) + [v/al(n/b — 1)

logaa log; b

+ > Ton/@b)] + D [v/(2a)]
=1 i=1

= (vn/p)(n — a) + (la)(nib — 1)
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FIG. 6. Distribution of data over the PEsforv =6, n = 4, a = 2, and » = 4, where ry) = 2 sf,"(x) * M (x, y).

logaa

log:b

+ Y vn/Q2ib) + D, vi(2a)
i=1 i=1

The lower bounds are attainable when v/p is an integer.
Recall that with the coupled method, p = a * b, for 0 <
a, b = n, and q, b, and n are assumed to be powers of 2.

= (vip)(n® — 1); (3) As shown in Egs. (2) and (3), the lower bounds for the

number of complex multiplications and additions are in-

logzu . log:/ . dependent of a and b, and there is a factor of p speedup

Inter-PE transfers: ; fun/(2'b)} + ; [v/2al on the required number of serial arithmetic operations.

However, if v, p, and n are fixed, to minimize the number

logza ' logsb ‘ of inter-PE transfers, a should be set as small as possible

= Z vn/(2'b) + Z’ v/(2a) while remaining a power of two (and b should not be

=t a greater than n due to the structure of the algorithm).

= (vnip)a — 1) + (ipXb ~ 1. (4 Thus, if p = n, al X plogical grid of PEs should be

G+1Xnrb)-1
sestay 1OV SO rq®) 540
PE©,0) PE®1) PE(©2)  PE(03) PE(0,0) PE(0,1) PE(0,2) PE(0,3) PE(0,0) PE(0,1) PE(0,2) PE(0,3)
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FIG. 7. Distribution of data over the PEs forv = 6, n = 4, « = 2, and b = 4 (* represents element-wise scalar multiplication).
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PE(0,0) PE(0,1) PE(0,2) PE(@©)3)
wo wo wy -
wy wi ws -

PE(1,0)0 PE(1,1) PE(1,2) PE(L1,3)

FIG. 8. Distribution of w,’s at conclusion of procedure for v = 6,
n=4,a=2,and b =4.

chosen to compute the problem and consequently, the
recursive doubling procedure is involved only in the sec-
ond phase of computation. If n < p = n?, alogical (p/n) x
n grid of PEs is the optimal choice and the recursive
doubling procedure is required to total the partial sums
stored on different PEs during both the first and second
phases of computation. If p > n?, according to the com-
putational characteristics of the coupled method, only »*
PEs can be utilized and the remaining PEs are idle. An
alternative using machine partitioning is discussed in
Section 6.

The data memory storage requirements for this method
are n¥p + vnfa + [v/al(n/b) complex numbers. The n?/p
term is for the (n/a) X (n/b) subarray of M, the vn/a term
is for the (n/a)-element part of each of the v different s-
vector Hermitians, sf,‘, and the [v/al(n/b) term is for the
(n/b)-element part of [v/a] different s-vectors, s,, stored
in each PE memory.

In terms of computational effectiveness, consider the
trade-offs between the SIMD and MIMD modes of paral-
lelism for the coupled method. The trade-offs for the lo-
cal computations, i.e., the sequences of complex multi-
plications and additions executed within each PE, are
similar to those discussed in Section 4. For the transfer-
add operations, in general, they are executed more effec-
tively in SIMD mode [10]. Typically, in MIMD mode,
explicit synchronization primitives and identification pro-
tocols are required for inter-PE communications. How-
ever, due to the implicit synchronization in SIMD mode,
these are not necessary. The choice between a pure
SIMD and a pure MIMD mode implementation will de-
pend upon characteristics of the data being processed,
machine architecture, and the resulting relative impact of
effects discussed above. For PASM, if MIMD mode is
better for the local computations, then the optimal imple-
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mentation of the coupled data-parallel method would be
mixed-mode, i.e., MIMD for local computations and
SIMD for the transfer-add operations; otherwise, the op-
timal implementation would be SIMD mode.

5.3. Comparison of the Single and Multiple Groups
Coupled Data-Parallel Methods

When employing the coupled data-parallel method, it is
assumed that all active PEs are working together as a
single group at execution time. However, some machines
(e.g., nCUBE, PASM) allow another possibility. For the
n < p < n?case, if p = a * n PEs are partitioned into a =
p/n independent groups of 1 X n PEs, [v/a] different s-
vectors are assigned to each of v mod a groups, and [v/al
different s-vectors are assigned to each of the remaining
groups. Each independent group of PEs will have a copy
of the M matrix. Then the recursive doubling becomes
unnecessary during the first phase of computation. This
may reduce overall execution time. Assuming n < p < n?
and a = p/n, Table 111 shows the computational complex-
ity of the single group coupled method (i.e., one group of
a X n PEs) and the multiple groups coupled method (i.e.,
“‘a”’ groups of 1 X n PEs). More storage is required for
the multiple groups coupled method; however, computa-
tional complexity is the performance metric stressed
here.

As shown in Table 111, if a divides v (i.e., v = ca and ¢
is an integer), the multiple groups coupled method is al-
ways better than the single group coupled method. When
v # ca, although the number of inter-PE transfers is re-
duced by partitioning all PEs into “‘a’" groups of 1 X n
PEs (consequently, the communication overhead is re-
duced), the number of complex additions and muitiplica-
tions is increased. Thus, if the reduction in communica-
tion time is greater than the increase in computation time,
the multiple groups coupled method will outperform the
single group coupled method (as shown in Section 8);
otherwise, the single group coupled method will be at
least as good. This trade-off between computation time
and communication time depends upon the speed at
which a particular machine can perform a multiplication,
addition, and inter-PE transfer.

TABLE 11
Computational Complexity for the Uncoupled and Coupled
Parallel Algorithms

Uncoupled complexity

Coupled complexity

Complex multiplications
Complex additions

Transfer-adds —

fv/pl(n? + n)
[v/pl(n® — 1)

vni/p + [v/al(nlb)
(valp)(n — a) + [v/alin/b — 1)
loga logb

> Tonl@bN + D [u/2al

i=1 i=1

Note. Recall that p is the total number of PEs in the logical PE grid (p = a * b).
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TABLE 111
Computational Complexity for the One Group a x n PEs and “a” Groups of 1 X n PEs Coupled Methods when n < p < n?
=|L - R|
L: one group of a X n R: “*a”’ groups
PEs, where a = p/n of (1 X n) PEs v=ca v # ca
M vnia + fv/al [vfal(n + 1) L=R L<R
logaa logan logan OD<A<n
A Wan-a) + Y (21 + 2 vi2a) waln — 1) + >, [v/2a)] L=R L=R
i=1 i=1 i=1 O=A<n-1)
logan
logaa logan ; L>R L>R
T S i)+ Y, e Z @l (logsa + 29%K1 = 1/a) =
i=1 A>v -~ (via])

Note. M, A, and T represent multiplications, additions, and inter-PE transfers, respectively; ¢ is an integer constant.

6. GENERALIZING THE MQF ALGORITHM

Given p PEs where p = a * n < n?, the multiple groups
coupled method described in the previous subsection par-
titions all p PEs into a independent groups of 1 X n PEs.
This idea can be generalized to allow different methods of
solving the MQF problem, three of which are the uncou-
pled method (Section 4), the single group coupled method
(Subsection 5.2), and the multiple group coupled method
(Subsection 5.3). Let p = y * a * B, where a, 3, and vy are
powersof2and l = y=pand 1 <ea, 8 < n. Givenp PEs
where p = n?, if all p PEs can be partitioned into y groups
of a X B PEs, then the problem is to compute the MQF
for lv/yl different s-vectors on a X 3 PEs. It can be seen
that the single group coupled and uncoupled methods
represent two extreme cases of the generalized method,

loga e log: 8

Inter-PE transfers:

= (wn/(yB)(1 — l/a) + (W/(ya)1 — 1/B) =

Multiplications:

= (vly)n(@B) + W/ya)n/p) =

Additions:

logzex

+ Z} [un/(yB2)] +

log: 8
1

i=

e, fory=1, a
respectively.

Let v, a, and b in Table II be replaced by [v/y], «, and
8, respectively. Then, the computational complexity of
the generalized method is [v/yl(n?¥/(aB)) + [v/(ya)l
(n/B) complex multiplications, [v/y]l(n/(aB))(n — a) +
[vi(ye)l(n/B 1) complex additions, and = %°
[on/(yB2)] + ZI%8A [u/(ya2)] transfer-adds. By regardmg
atransfer-add as an inter-PE transfer and a complex addi-
tion, the number of complex additions required in the
generalized method becomes [v/y](n/(ap))(n —a) + [v/
(ya)l(n/B — 1) + 2" [un/(yB2) + Z25P [v/(ya2)].

Similar to the single group coupled method, given v, p,
and n values, the actual number of complex operations
and inter-PE transfers are dependent on the values of vy,
a, and B. The lower bounds for those operations are de-
rived as follows:

=g, 8=b,andy =p,a=8=1,

2 fun/(yB29)] + 2 [v/(ya2i)]

(vnfp)a = 1) + (W/p)(B — 1); (5)

[iy(n*/(af)) + [v/(ya)l(n/B)

(v/p)n* + n); (6)

[v/yWn/(aB))n — a) + [v/(ya)l(n/B — 1)

[v/(ya2)]

= (vn/(yaB)(n — a) + (v/(yaB)(n — B) + (vn/p)a — 1) + (W/p)B — 1)

= (v/p)(n® - 1).

M



DESIGN OF DATA-PARALLEL ALGORITHMS: A CASE STUDY

The lower bounds are attainable when v/p is an integer.

The lower bounds for Eqs. (6) and (7) are independent
of a and 8. When the number of PE groups (y) is decided
and keeping v, p, and n fixed, to minimize Eq. (§), a
should be set as small as possible while remaining a
power of two and 8 should not be greater than », which is
identical to the results obtained for the single group cou-
pled method.

When p > n?, not all of the PEs can be utilized by the
single group coupled method. However, by partitioning p
PEs into y groups, where y is a power of 2and 1 = p/y <
n?, the resources can be fully utilized. This is done by
assigning [v/y] different s-vectors to each of v mod y
groups, and |v/y] different s-vectors to each of the re-
maining groups. Within each group, whether the single
group or multiple groups optimal coupled method should
be used can be determined based on their relative perfor-
mance. Thus, the computational complexity required for
this problem is equal to the complexity of computing the
MQF problem for [v/y] different s-vectors on p/y PEs.
The optimal value of y is dependent on v, n, and the
machine dependent time for floating-point operations and
inter-PE transfers. Table IV summarizes the computa-
tional complexity of the uncoupled, single group, and
generalized methods.

Table V shows the comparison of the computational
complexity between the single group coupled and uncou-
pled methods (the two extreme cases of vy in the general-
ize method). If p divides v, [v/p] = v/p,

vn?/p + [v/al(n/b) = (vip)(nt + n), and
(vnip)n — a) + [vial((n/b) — 1)

logya log2b

+ D [on/2B)] + D, [v/Q2ia)]
i=1 i=1
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= (vn/p)(n — a) + (vip)(n — b)
+ (vn/b)(1 — (1/a))
+ (v/la)(1 — (1/b)) = (v/p)(n* — 1).

Thus, both uncoupled and single group coupled methods
require the same number of complex additions and muliti-
plications. However, because there are inter-PE trans-
fers associated with the single group coupled method, the
uncoupled method will outperform the single group cou-
pled method when p divides v.

If p does not divide v,

vn¥p + [vial(n/b) < [vipln? + [vial(n/b) < [vip)(n* + n).

Ifitis assumed that b = pforO0 <p <nand b = nforn <
p = n?, it can be shown that

(vnip)(n — a) + [vial((n/b) — 1)

logaa log2 5

+ 2 Ton/@QbN + D [v/(2ia)]
i=t i=1
< [vlpl(n® ~ 1).

Although the single group coupled method takes less time
to perform the needed complex additions and multiplica-
tions than the uncoupled method, the single group cou-
pled method has the overhead of inter-PE transfers.
Thus, if this compared communication overhead time is
greater than the increase in computation time for the un-
coupled method, the uncoupled method will outperform
the single group coupled method; otherwise, the single
group coupled method will be at least as good.

It can be seen from Table IV that, in general, if 8 and p

TABLE IV
Computational Complexity for the Coupled and Uncoupled Methods when p < n?

Coupled method where p =a* b=y *a*f

One group of (a X b) PEs

y groups of (a X B) PEs

Uncoupled
method

logaa

A Fa-a G-+ F 5l 3 ] Al

i=1

5]

2l

oo [5E ) el ey
log28
* pur] [yZZ‘l
logra logz8
Sl - £

Note. M, A, and T represent the number of multiplications, additions, and inter-PE transfers, respectively.
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TABLE V
Computational Complexity for the Uncoupled and Single Group Coupled Methods when 0 < p < n?

L: single group coupled
method with p = a = b PEs

R: uncoupled

M vat/p + [v/ al(n/b)

logaa logab
A (un/p) (n — a) + [v/al ((n/b) — 1) + 3, [on/(2b)] + > wi2a)

i=1 i=1

logaa logab

T > lon/@b+ 3 [u/Qa)

i=1 i=1

method v=cp v # cp
[v/pi(n? + n) L=R L<R
[v/pl(nt = 1) L=R L<R
— L>R L >R

Note. M, A, and T represent the number of multiplications, additions,

are Kept constant and vy is doubled (« is halved), the
number of transfers decreases. However, if the number
of vectors, v, is not a multiple of 2y, then more computa-
tion per PE is required when vy is doubled; otherwise, the
same amount of computation takes place. In the former
case, the v value that can provide the best performance is
dependent on the trade-off between the increase in com-
putation time and the reduction in communication time.
In the latter case, it would be preferable to double the
number of groups (i.e., double vy).

7. CHOOSING AN OPTIMAL ALGORITHM

Results from the previous sections that relate different
algorithm data-paraliel approaches include the following.
Section 6 presents the complexity of the algorithm pro-
posed in this paper in terms of v, n, vy, «, and 8. The
parameters v and » are input data parameters and v, «,
and B are logical system configuration parameters used
by the generalized method. Section 4 and Subsection 5.2
describe the structure of the algorithm when certain re-
strictions are placed on vy, «, and 8. The uncoupled
method applies whena * 8 = 1. Wheny =1, a * 8 = p,
and 8 = n, the coupled method is used. Subsection 5.2
showed that, when using the coupled method and vy is
fixed, it is best to make « as small as possible, but keep 8
less than or equal to n. Subsection 5.3 made a strong
argument for partitioning the problem in certain situa-
tions. It demonstrated that if y = ¢, a = 1, and 8 = n,
when v = ca, it is better to use a groups of 1 X n PEs than
1 group of @ X n PEs. Finally, Section 6 concludes that
the logical configuration 2y X «/2 x 8 (when «/2 is an
integer) will outperform the logical configuration y X a X
B when 2y divides v: another argument for partitioning
the problem.

Now consider the many possible ways to solve the
MQF problem by the algorithms presented in this paper,
given v, n, and p. One can use any variant of the general-

and inter-PE transfers, respectively; ¢ is an integer constant.

ized method (e.g., the uncoupled method, the single
group coupled method, the multiple group method) or a
combined approach. A combined approach may use a
different method to compute the MQF problem for each
different subset of steering vectors. For example, if v >
p, then the best algorithm may use the uncoupled method
for v — (v mod p) vectors and the single group coupled
method for v mod p vectors. The combined approach
permits any combination of methods, each being used to
compute the MQF problem for a different subset of steer-
ing vectors. The total number of complex multiplications,
complex additions, and inter-PE transfers for any algo-
rithm can be computed from Table 1V. The relative cost
of a complex multiplication, complex addition, and inter-
PE transfer for a given system can be obtained by experi-
mentation and used to determine the optimal algorithm.
Trade-offs involved in changing the logical system config-
uration, such as those mentioned earlier in this section,
can be used to limit the number of possible algorithm
choices to solve the MQF problem for a given v, n, and p.

8. EXPERIMENTAL STUDIES

The goal of this section is to validate experimentally
many of the theoretical results found earlier. Both the
uncoupled and coupled methods for solving MQFs have
been implemented on the 16-PE small-scale PASM proto-
type, the 64-PE nCUBE 2, and the 16K-PE MasPar
MP-1. The implementations assume that a, b, and p are
powers of 2.

Figure 9 shows that for a logical @ X b machine config-
uration when using the single group coupled method, the
communication overhead for both the PASM prototype
(Fig. 9a) and the nCUBE (Fig. 9b) decreases as b in-
creases. The same is true for the MasPar (not shown),
where communication time nearly doubled when the logi-
cal configuration was changed from 64 x 128 to 128 X 64.
These experimental results confirm the conclusion pre-
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FIG. 9. Communication cost for various p = a * b logical configura-
tions for (a) the PASM prototype forn = 128, p = 16, and v = 2 and §,
and (b) the n"CUBE 2 for n = 16, p = 32, and v = 32.

sented in Subsection 5.2 that communication overhead is
minimized when a is chosen as small as possible (i.e., a
and b being powers of 2 and p = a * b). Consequently, all
the following experiments using the coupled method
chose a to be as small as possible.

The results of executing the uncoupled and coupled
methods on the PASM prototype when transfer costs are
minimal compared to computation costs are shown in
Fig. 10a. The algorithms were executed in mixed-mode:
the floating-point computation was executed in MIMD
mode and all other computation was done in SIMD
mode. The difference between the performance of the
uncoupled and coupled methods on the PASM prototype
when p divides v is not significant. This is because the
current implementation of the PASM prototype does
floating-point operations by software emulation, so the
total execution time is dominated by the complex opera-
tion computation time. The execution time for transfer-
add operations represents only a very small portion of the
entire execution time. These results corroborate the
mathematical derivations in Table V showing that the
uncoupled method outperforms the coupled method
whenever v = ¢p, even when communication costs are
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low. The reduction in communication time by partition-
ing 16 PEs into several independent groups (e.g., two
groups of 1 X 8 PEs, four groups of 1 X 4 PEs) is rela-
tively insignificant when compared to the computation
time of the complex operations. Consequently, only
results from the single group coupled methods are re-
ported for PASM for the performance of the coupled
method.

Figure 10b shows the results of executing the uncou-
pled and single group coupled methods on the nCUBE 2,
using 16, 32, and 64 PEs for a varying number (v) of
steering vectors of size n = 16. The logical system config-
uration (a X b) used to generate the graph for 16 PEs was
1 x 16, for 32 PEs was 2 X 16, and for 64 PEs was 4 x 16
(recall that b should be less than or equal to »n).

The experimental results validate the theoretical con-
clusions summarized in Tables 11l and V. Table V says
that whenever v = ¢p the uncoupled method outperforms
the single group coupled method. Figure 10b verifies this
for p = 16, 32, and 64. Furthermore, when p does not
divide v, the choice of method depends on the relation-
ship between communication and computation costs. For
example, as shown in Fig. 10b, when p = 32, the uncou-
pled method outperforms the single group coupled
method for v = 24, 32, 48, 56, 64, 80, 88, and 96. The

480 —
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360 uncoupled ------
300
Time
(seconds) 240
180
120
60 —
Ot T 7T T T T T 7T
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Number of steering vectors, v
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b uncoupled ------- p
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Time
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FIG. 10. Execution time of the uncoupled and coupled data-parallel

methods for (a) the PASM prototype for n = 128 and p = 16, and (b) the
nCUBE 2 for n = 16 and p = 16, 32, and 64.
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exact points of intersection depend on the communica-
tion and computation cost relationship.

Now consider the computational complexities shown
in Table III. When v = ca, the table shows that “*a”’
groups of 1 X n PEs will outperform one group of p = a *
n PEs. Letv = 80, a = 4, and n = 16. From Fig. 10b, one
group of 64 = 4 16 PEs takes .01 s. To compute v = 80,
it would take four groups of 1 x 16 PEs as long as it takes
one group of 1 x 16 PEs to compute 20 steering vectors.
By looking at the graph for the single group coupled
method using p = 16 PEs for v = 20 vectors, one can
deduce that four groups of 1 X 16 PEs take .0077 s forv =
80, which is less than .01 s. Thus, in this case, the multi-
ple group method outperforms the single group method,
as predicted by Table 111.

The combined approach, discussed in Section 7, can be
used to compute the MQF problem for v steering vectors.
For instance, the combined approach may consist of the
following two steps: (1) use the uncoupled method for the
first (lv/p] * p) vectors and (2) compute the remaining
(v — |v/ip] * p) vectors by the single group coupled
method. For example, if v = 80 and p = 64, then step 1
would compute 64 vectors by the uncoupled method
(.0049 s), and step 2 would compute 16 vectors by the
coupled method (.0032 s). By this combined method, the
MQF problem for v = 80 takes .0081 s on the nCUBE 2.
The coupled and uncoupled methods take .01 s and .0097
s, respectively. Therefore, the combined method outper-
forms the single group coupled and uncoupled methods.
Consequently, when choosing an optimal algorithm for a
particular set of v, n, and p values, different combined
approaches may need to be considered.

The MasPar MP-1 results in Fig. 11 show the number
of steering vectors versus execution time for the single
group coupled and uncoupled methods. It also graphs the
time spent doing communication for the coupled method.

6 1 coupled
uncoupled
5 -{ communication

Time

44
(seconds)
34
2
14
Ot 7T T T T T T T T T T
16 32 48 64 80 96 112128 144 160 176 192 208 224 240 256
Number of steering vectors, v
FIG. 11. [Execution time of the uncoupled and coupled data-paraliel

methods for the MasPar MP-1 for n = 128 and p = 16,384.
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Because the data is distributed across a large number of
PEs (p = n? = 128 * 128), the computation per PE is
negligible compared to the communication time. Despite
this fact, the coupled method greatly outperforms the
uncoupled method for the number of vectors tested. If
the coupled method line (solid line) was extrapolated un-
til it intersected the uncoupled method line (dashed line),
the value of v would be approximately 516 at the point of
intersection. For v < 516, the added computation cost of
the uncoupled method outweighs the communication
cost of the coupled method. This shows that when mas-
sive parallelism is available to implement the MQF prob-
lem (p > v), the more sophisticated coupled method is
needed to exploit the available parallelism, despite incur-
ring high communication overhead. In contrast, when
516 < v = 16,384, the uncoupled method using only v PEs
will outperform the single group coupled method using
16,384 PEs. This is the communication overhead price
that is paid for the ‘‘fine grain parallelism’’ that charac-
terizes the coupled method.

9. RELATED WORK

Adaptive filter theory [29] provides a theoretical back-
ground for implementing an adaptive beamformer with
MVDR and a serial algorithm for implementing this prob-
lem can be found in [42]. To date, no related work has
been found that examines the problem of determining
parallel implementations for computing multiple qua-
dratic forms for the same matrix (the type of computation
in the MVDR problem). However, many publications ex-
ist that examine the more general problem of parallel
implementations of matrix multiplication (e.g., [9, 16, 18,
24, 36]).

In [36], different parallel algorithms for matrix multipli-
cation are discussed. Its treatment covers data layout on
a logical mesh of processors (including the p = nand p =
a * b general case). However, time complexities and
arithmetic operation counts are not provided.

An overview of parallel matrix multiplication algo-
rithms based on different processor interconnection to-
pologies, such as the hypercube, mesh, and perfect shuf-
fle networks, is given in [18]. Concerning the hypercube
topology, that paper presents some parallel matrix multi-
plication algorithms for p = n® and p = n? cases. The
computational complexity of the parallel algorithms is
O(log, n) when p = rn® and O(n) when p = n’.

Several papers (e.g., [9, 16, 24]) have been published
that discuss performing matrix multiplication on hyper-
cube machines by using a logical mesh of processors. In
[24] it is shown that the optimal performance of matrix
multiplication on the Cosmic Cube is achieved (in terms
of communication overhead and load balancing) by de-
composing the problem into square subblocks. Similarly,
{16] discusses partitioning the matrix and the impact of
communication overhead when performing matrix muiti-
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plication problem on an nCUBE [28]. The work pre-
sented in [9] is an extension of [24] in that it considers the
restrictive condition of only having nearest-neighbor one-
to-one communication.

The publications described above address the problem
of multiplying together two- or three-dimensional matri-
ces. Unlike previous work, this paper deals with the com-
putation of multiple quadratic forms and discusses the
impact of the two primary aspects of system configura-
tion on the computation: interprocessor communication
and partitionability. Trade-offs among various parallel
implementations are also addressed in this paper. Fur-
thermore, it is presented that, for a given problem, a
combined uncoupled/coupled approach could achieve
the optimal scalability for this computation. Conse-
quently, the results set forth in the above publications are
not directly applicable to the MQF problem discussed
here.

10. SUMMARY

Several data-parallel implementations of the computa-
tionally intensive task of computing the MQF problem
have been examined. Trade-offs among the implementa-
tions for various data-size/machine-size ratios are cate-
gorized in terms of complex arithmetic operation counts,
communication overhead, and memory storage require-
ments. The results showed that when p (the number of
PEs) divides v (the number of steering vectors), the un-
coupled data-parallel method is the optimal parallel im-
plementation and a speedup of p on the number of com-
plex multiplications and complex additions can be
achieved. However, when v is not a multiple of p, a com-
bined approach using both the uncoupled and coupled
data-parallel methods should be considered. For both the
uncoupled and coupled data-parallel methods, the advan-
tages and disadvantages of executing the different sec-
tions of the algorithms in SIMD, MIMD, and mixed-
mode were discussed. In addition, trade-offs between the
‘*single-group’’ and ‘‘multiple-group’’ decomposition for
the coupled method were presented.

This research can be directly applied to SIMD, MIMD,
and mixed-mode parallel machines interconnected with
either the multistage cube or the hypercube interconnec-
tion network topology. This work can be extended to
other topologies (e.g., mesh-connected). The experi-
ments performed on the MasPar MP-1 (SIMD), nCUBE 2
(MIMD), and PASM (mixed-mode) prototype were used
to validate some of the analytically derived relationships
among input data and logical system parameters.

Choosing an optimal algorithm for an MQF problem
with a given n (the size of a steering vector) and v is
machine and p dependent. Therefore, by having a set of
algorithms that perform the MQF problem efficiently for
various input data parameters (e.g., n, v) and system pa-
rameters (e.g., p, communication time, complex addition
time, complex multiplication time, mode of parallelism
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supported), an automatic algorithm selection methodol-
ogy that may combine several approaches can be imple-
mented using the analysis established. This analysis of
the MQF problem that has been presented and experi-
mentally explored supports the viability of such an auto-
matic method that can be developed for a variety of appli-
cations.
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