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Structure and Performance Analysis of the 7! Robots
Generated From an Optimally Fault Tolerant Jacobian
Biyun Xie and Anthony A. Maciejewski, Fellow, IEEE

Abstract—A measure of local fault tolerance for kinematically
redundant robots has previously been defined based on the properties of the singular values of the Jacobian matrix. Based on
these measures, one can determine a Jacobian that is optimal. Because these measures are solely based on the singular values of the
Jacobian, permutation of the columns does not affect the optimality. Therefore, when one generates a kinematic robot design from
this optimal Jacobian, there will be 7! robot designs with the same
locally optimal fault tolerant property. The work described here
shows how to analyze and organize the kinematic structure of these
7! designs in terms of their Denavit and Hartenberg (DH) parameters. Furthermore, global fault tolerant measures are defined in
order to evaluate the different designs. It is shown that robot designs that are very similar in terms of DH parameters, e.g., robots
generated from Jacobians where the columns are in reverse order,
can have very different global properties. Finally, a computationally efficient approach to calculate the global pre- and post-failure
dexterity measures is presented and used to identify two Pareto
optimal robot designs. The workspaces for these optimal designs
are also shown.
Index Terms—Failure detection and recovery, kinematics, redundant robots.

I. INTRODUCTION
AULT tolerant robots are defined as those robots that can
still fulfill their remaining assigned tasks after a failure has
occurred, without any hardware repair. These types of robots are
especially useful in two situations. One is where it is difficult
or dangerous to send people to repair the robot, such as space
exploration [1], underwater exploration [2], and nuclear waste
remediation [3], and the other is when there is no time to repair
the robot, such as during surgery [4] and disaster rescue [5].
Because it is impossible to anticipate all possible failures, it
is typical to design robots to be fault tolerant to the classes
of failures that are most likely. The most frequently occurring
failures can be categorized as locked-joint failures [6], because
many failures do result in a locked joint, but also because other
joint failure modes, such as free-swinging joint failures, can be
transformed into this failure mode using fail-safe brakes [7].
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Kinematically redundant robots are one way to realize fault
tolerance because they have more than the minimum number
of degrees of freedom (DOF) to achieve their assigned tasks.
Many of the previous studies on using kinematically redundant
robots to achieve fault tolerance can be roughly divided into two
categories, namely, design and motion planning. For example,
in the design category, researchers have explored the number of
DOFs that are necessary and sufficient to guarantee fault tolerance, along with how these joints should be distributed [8].
Other work has assumed a certain amount of redundancy, frequently a single additional DOF, and then developed an optimal
kinematic design [9], [10] or identified an entire class of designs
with the desired optimal fault tolerance property [11]–[14]. In
the motion planning category, researchers frequently assume
that some type of fault detection [15] and identification [16]
scheme is available. Some motion planning work has focused
on optimizing robot configurations in anticipation of failures
[17], while others on the self-repair after a failure occurs [18].
It has also been shown that it is possible to guarantee a fault
tolerant workspace by applying appropriate constraints on the
motion planning algorithm [19].
The work presented here falls into the category of optimal
fault tolerant kinematic design of robots with a single degree
of redundancy that are used for fully general spatial positioning
and orienting, i.e., 7 DOF manipulators. This letter builds on
the study of [11] and [12] that will be briefly reviewed in the
next section. In [11], an optimally fault tolerant Jacobian that is
isotropic before failure and possesses the maximal worst-case
failure tolerance after failure is developed. From the optimally
fault tolerant Jacobian, a family of 7! different manipulator kinematics that locally possesses the properties of this Jacobian
was generated in [12]. Then the volume of the six-dimensional
workspace where the robot has a guaranteed level of fault tolerance was calculated for a few examples. However, there was
not an exhaustive analysis of the global properties of the large
number of robots with the desired locally optimal design. Nor
has there been any taxonomy developed for the classification
of robots into similar characteristics that helps to explain their
global pre- and post-failure dexterity performance.
These topics are the focus of this letter. Specifically, the main
contributions of this letter are as follows: (1) the characteristics
of the kinematic properties, described by Denavit and Hartenberg (DH) parameters, of the 7! robots are analyzed, and used to
illustrate the structural correlations between these 7! robots; (2)
the global pre- and post-failure dexterity performance of the 7!
robots are studied and the optimal robot designs are obtained.
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The rest of this letter is organized as follows. In the next section the construction of the optimally fault tolerant Jacobians
and the generation of the 7! fault tolerant robots from these
Jacobians are reviewed. In Section III the characteristics of the
DH parameters of the 7! fault tolerant robots are analyzed. In
Section IV, the global pre- and post-failure dexterity performance in the joint space and in the workspace are studied, and
the optimal robot designs are obtained. The conclusions of this
work are presented in Section V.

joints so that a failure at any one joint can be compensated for
by the remaining joints.
Using the above definition, the structure of an optimally fault
tolerant Jacobian can be identified. For the case of a seven DOF
fully spatial manipulator, the canonical optimal Jacobian is a
triangular matrix where the ith row is given by:
jik = 0


jik =

1

The Jacobian matrix J of a robot is a mapping from the
joint angle velocities to the end-effector velocities, which is
frequently used to quantify the dexterity of a robot. For an n DOF
robot working in an m dimensional workspace, the Jacobian J
is an m × n matrix, written as a collection of columns


(1)
Jm ×n = j1 j2 · · · jn
where ji is the contribution of joint i to the end-effector velocity.
When an arbitrary single joint f fails and is locked, the reduced
Jacobian f J can be simply obtained by removing the f th column
from the original Jacobian to obtain


f
Jm ×(n −1) = j1 j2 · · · jf −1 jf +1 · · · jn . (2)
In this work, failure tolerance is defined as the worst-case
dexterity after an arbitrary single joint is locked. Based on this
definition, a measure of the worst-case failure tolerance is given
by
n

∗
= min f σm
σm
f =1

(3)

where the superscript * indicates a post-failure measure, and
σm is the minimal singular value of f J.
In [11], an optimally fault tolerant Jacobian is defined as
follows: (1) in order to ensure that the robot has optimal dexterity
performance before failure, the optimally fault tolerant Jacobian
is required to be isotropic, i.e.,

f

σ1 = σ2 = · · · = σm = σ



jik = −

II. BACKGROUND ON OPTIMALLY FAULT TOLERANT
KINEMATIC DESIGN
A. Definition of Optimally Fault Tolerant Jacobians
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(4)

where the σi ’s are the singular values of the original Jacobian;
(2) in order to ensure that the robot has optimal fault tolerance
after failure, the optimally fault tolerant Jacobian should have
the maximum value of the worst-case failure tolerance measure. Under the condition (4), the worst-case failure tolerance
measure reaches its maximum value when

n−m
1
(5)
σm = 2 σm = · · · = n σm = σ
n
where σ is the singular value of the original Jacobian. This optimally fault tolerant Jacobian requires that each joint contributes
equally to the null space, which physically means that the redundancy of the robot is uniformly distributed among all the
1 The definition of optimally fault tolerant Jacobians was originally presented
in [11]

where
7−i
8−i

k<i

where

1
(7 − i)(8 − i)

k=i

where

k > i.

(6)

Unfortunately, this canonical Jacobian cannot be realized by any
manipulator built with only rotational joints. In [11], a physically
realizable Jacobian for a rotary joint manipulator that is closest
to optimally fault tolerant, was calculated using a numerical
approach resulting in:
J∗ =
⎡
1
⎢0
⎢
⎢0
⎢
⎢0
⎢
⎣1
0

0.43
−0.60
−0.67
0.77
−0.15
0.62

0.75
0.65
−0.14
0.14
−0.36
−0.92

−0.54 0.14
0.46 −0.79
−0.70 0.60
0.84
0.58
0.33 −0.42
−0.43 −0.69

0.33
−0.19
−0.93
−0.69
−0.72
−0.10

⎤
−0.38
−0.80 ⎥
⎥
−0.46 ⎥
⎥.
−0.43 ⎥
⎥
0.59 ⎦
−0.68
(7)

The end-effector position and orientation at this optimally fault
tolerant configuration will be referred to as the design location. The next section will show how one can identify all the
physically realizable robots that possess this optimal Jacobian.
B. Generation of Robot Kinematics From Jacobians2
Once a Jacobian is identified, the DH parameters of a robot
that possesses this Jacobian can be generated by applying the
technique developed in [13]. Let vi and ωi denote the endeffector linear velocity and orientational velocity, respectively,
due to the ith joint velocity. Each column of the Jacobian consists of these two parts, which are calculated as follows,
ji =

vi
ωi

=

ẑi−1 × pi−1
∀ i = 1, ..., n
ẑi−1

(8)

where ẑi−1 is the unit vector along the ith joint axis, and pi−1 is
the position vector from the i − 1 coordinate frame to the hand
coordinate frame. Consequently, all joint axes can be obtained
from the rotational velocities of the Jacobian. By definition, the x
axis of coordinate i is the common normal of zi−1 and zi , so all x
axes can be obtained after the joint axes are determined. Because
all z and x axes are calculated from the Jacobian, the four DH
parameters can be obtained according to their definitions.
Permuting the columns of the Jacobian changes the physical
parameters of the corresponding robot but does not affect its fault
2 The generation of a family of different kinematic designs from a Jacobian
was presented in [12], [13]
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Fig. 1. The four DH parameters for each joint that specify a robot’s kinematics
can be obtained from the columns of a desired Jacobian, in our case the optimally
fault tolerant Jacobian given in (7).

tolerance properties. Therefore, in [12] a family of 7! different
robot designs was generated from the Jacobian in (7), and the
6-dimensional fault tolerant workspace volume was defined.
However, only three robot designs were evaluated due to the
computational complexity of the workspace calculations. The
following section performs an analysis on the structure of all
these 7! robots. This is followed by an analysis of their global
pre- and post-failure capabilities that ultimately can be used to
determine the best robot designs.
III. CHARACTERISTICS OF THE KINEMATIC PARAMETERS OF
THE 7! OPTIMAL ROBOTS
A. All the Possible Values of the Four DH Parameters
By definition, DH parameter αi is the twist angle from the
zi−1 axis to the zi axis about the xi axis, and ai is the link
length, i.e., minimum distance from the zi−1 axis to the zi axis
along the xi axis, as shown in Fig. 1. From the definition it
can be seen that the value of αi and ai are both determined
by the zi−1 axis and the zi axis, which are obtained from two
adjacent columns of a Jacobian, and the permutation of the
zi−1 axis and the zi axis does not affect the sign of αi and ai
due to the convention that the xi axis is chosen to point away
from the zi−1 axis. Because the order does not matter, there
are C(7, 2) = 21 possible combinations to choose 2 columns
from the 7 columns of the optimal Jacobian in (7) to generate
two adjacent columns, so there are only 21 possible values of α
and a in the 7! permutations. In addition, each α has a unique
associated a, and vice versa.
Similarly, by definition, DH parameter di is the distance
from the origin of the i − 1 coordinate frame to the xi axis
along the zi−1 axis, and θi is the joint angle from the xi−1 axis
to the xi axis about the zi−1 axis, as shown in Fig. 1. From the
definition it can be seen that the value of di and θi are both
determined by the xi−1 axis and the xi axis, which are obtained
from the zi−2 , zi−1 and zi axes. Because d and θ are computed
based on three consecutive columns, permuting these columns
will change their values. Thus, there are P (7, 3) = 210 possible
permutations to choose 3 columns from the 7 columns of the
optimal Jacobian in (7), so there are 210 possible values of d

Fig. 2. In (a) are all possible 21 pairs of α and a for the 7! optimal fault
tolerant robot designs. The joint pairs that generate these values are shown in
(c). Note the large number of robots with α near −π/2. In (b) are all possible
210 pairs of d and θ that are symmetric with respect to the origin.

and θ in the 7! permutations. In addition, each d has a unique
associated θ, and vice versa.
In summary, for all the DH parameters of the 7! robot designs,
there are only 21 pairs of α and a, as shown in Fig. 2(a) (with
the joint pairs that generate them shown in Fig. 2(c)), and they
have the following properties:
1) The values of α are not uniformly distributed. In particular,
there are no α’s near 0, and there is a big gap between
−0.50 and 0.86, because if joints i and k are parallel then
ωi = ωk so that ji and jk will have similar contributions
to the end effector velocity, which is not beneficial for
dexterity or fault tolerance. In contrast, there are many
α’s near ±π/2, because if joint i is orthogonal to joint k
then ωi ⊥ ωk so that ji and jk are more likely to maintain
the optimal angular separation for fault tolerance.
2) The values of a vary from 0.00 to 1.57, which makes sense
because a can not be greater than 2. This is true because
at the optimally fault tolerant configuration all the joints
are constrained to lie on a unit sphere that is centered at
the end effector, and a is the distance between two joint
axes, which can not be larger than the diameter of the unit
sphere.
There are 210 pairs of d and θ, as shown in Fig. 2(b), and
they have the following properties:
1) For each pair of d and θ there exists a pair −d and −θ that
is symmetric with respect to the origin. This is because
the permutations of two x axes affect the sign of d and θ,
but not the value.
2) In contrast to the link length a, the values of d vary from
−5.35 to 5.35, and are not limited to 2. In fact, because d
is the distance between the location of the two common
normals before and after its joint axis, it can theoretically

XIE AND MACIEJEWSKI: STRUCTURE AND PERFORMANCE ANALYSIS OF THE 7! ROBOTS

1959

be from −∞ to ∞, however, d is limited because of the
properties of α.
It is important to point out that the DH parameters for a
given robot’s kinematic structure are not unique. For example,
one can take the negative of any column of the Jacobian and
the DH parameters will change, however, the robot’s kinematic
structure and its fault tolerant properties will not. In particular,
taking the negative of the ith column of the Jacobian changes
the values of αi−1 and αi by adding π (if αi−1 or αi is negative)
or subtracting π (if αi−1 or αi is positive). The signs of di and
θi will also change.
B. Organization of the Seven Sets of DH Parameters for Each
Robot
In Section III-A, all the possible DH parameters of the 7! robot
designs generated from the optimally fault tolerant Jacobian in
(7) were determined. In this section, we illustrate how the DH
parameters for each of the seven joints of a robot can be obtained
by selecting from the above possible values.
As stated in Section III-A, there are 21 possible values for
each individual αi and ai . Because selecting one determines
the other, we will denote the pair as {αi , ai } to emphasize
that they can not be separated. In addition, it is important to
recall that once an {αi , ai } is selected, this implies that two
specific columns of the Jacobian, say ja and jb must be adjacent
(see Fig. 2(c)), but the order does not matter. We will denote
this with the ordered pairs (ja , jb ) and (jb , ja ). Also, whenever
{αi+1 , ai+1 } is selected, note that its associated ordered pair
must contain one Jacobian column from the order pair of the
previous {αi , ai }.
We now describe the possibilities for determining all seven
sets of DH parameters of an optimal robot. The value of {α1 , a1 }
can be chosen freely from the 21 possible choices. Once the
value of {α1 , a1 } is determined, the first two columns of the
associated Jacobian (ja , jb ) or (jb , ja ) are determined. Thus
there are now two possibilities for j2 . These two possibilities can
be paired with five remaining choices for j3 so that there are ten
possibilities for {α2 , a2 }. The choices for remaining {αi , ai }’s
can be determined in an analogous manner. In particular, the
number of possible choices for {α3 , a3 } ... {α6 , a6 } are 4, 3, 2,
and 1, respectively. The value of {α7 , a7 } is arbitrary because
the end-effector coordinate frame is arbitrary. In [13], α7 is set
to be 0, and a7 is set to be 1. The organization of all the 7 sets
of {αi , ai } is a tree structure, as shown in Fig. 3.
C. Correlations Between the DH Parameters of Two Reverse
Version Robot Designs
For any robot design
associ
 from the 7! robots whose
ated Jacobian is Jl = jl 1 jl 2 jl 3 jl 4 jl 5 jl 6 jl 7 , there exists
a reverse
 version of this robot whose associated Jacobian
is Jr = jl 7 jl 6 jl 5 jl 4 jl 3 jl 2 jl 1 , where “l” indicates left to
right order, and “r” is the reverse. Based on the analysis in
Subsection A, these two robot designs have the same α’s and
a’s, but they are in reverse order, i.e., α1l = α6r , al1 = ar6 , ...,
α6l = α1r , al6 = ar1 . These two robot designs have d’s and θ’s
that are of opposite sign, and they are also in reverse order, i.e.,

Fig. 3.

The tree structure of the 7 sets {α i , a i } of each robot design.

Fig. 4. Two reverse version robot designs that have very different global
properties. Note how all of the joint axes are tangent to a sphere of unit radius
about the end effector position, as is required for an optimally fault tolerant
configuration. (This depiction of the robot kinematics is meant to illustrate
these properties and not to represent how the robot would be manufactured.)

dl2 = −dr6 , θ2l = −θ6r , ..., dl6 = −dr2 , θ6l = −θ2r . Fig. 4 shows
two reverse version robot designs. It can be seen that although
these two robots have very similar DH parameters, they have
different structures, and it will be shown in the next section that
the global properties of these two reverse version robots is quite
different, although this is not typically the case.
IV. GLOBAL PRE- AND POST-FAILURE DEXTERITY OF THE
7! ROBOT DESIGNS
A. Overview
All these 7! robot designs possess the locally optimal fault tolerant Jacobian at a specific optimal configuration, so they have
the same optimal local performance with the end effector at the
optimal design location. However, it is important to also consider the global performance of a robot design. In [12], a global
measure of a robot’s 6-dimensional fault tolerant workspace
volume was proposed, but only the global performance of three
robot designs was studied due to the computational complexity.
In this section, the global pre- and post-failure dexterity performance of all 7! robot designs are studied, and based on these
results, the optimal robot designs are identified.
B. Correlations Between Common Pre- and Post-Failure
Dexterity Measures
The pre-failure dexterity performance is evaluated by using
the following three commonly used measures, i.e., minimal
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TABLE I
THE CORRELATIONS BETWEEN THE LOCAL PRE- AND POST-FAILURE
DEXTERITY MEASURES

1/κ
w
σm
1/κ ∗
w∗
∗
σm

1/κ

w

σm

1/κ ∗

w∗

∗
σm

1.000
0.748
0.992
0.401
0.439
0.401

0.748
1.000
0.773
0.342
0.604
0.357

0.992
0.773
1.000
0.398
0.454
0.405

0.401
0.342
0.398
1.000
0.817
0.996

0.439
0.604
0.454
0.817
1.000
0.825

0.401
0.357
0.405
0.996
0.825
1.000

singular value σm , the condition number κ, and manipulability w, which are defined as
κ=

σ1
σm

and

w = σ1 σ2 · · · σm .

(9)
(10)

We will use the reciprocal of κ to make the measure be between
0 and 1. The post-failure dexterity performance is frequently
measured by the worst-case value of the above three dexterity
measures after an arbitrary joint is locked, i.e.,
n

κ∗ = min f κ,
f =1
n

w∗ = min f w,
f =1

∗ for 10,000 samples in the joint space for
Fig. 5. The values of σ m and σ m
∗ is bounded by σ , and can take any
the robot generated from (7). Note that σ m
m
value down to zero even for large σ m .

(11)
(12)

∗
and σm
is defined as in (3), where f κ and f w are the condition number and manipulability, respectively, after joint f is
locked. In order to eliminate the difference in units between
linear velocity and rotational velocity, the first three rows of the
Jacobian are normalized by the maximal distance that this robot
can reach, before calculating these measures.
In order to study the correlations between these six pre- and
post-failure dexterity measures, 10,000 configurations are randomly sampled in the joint space of the robot design generated
from the Jacobian in (7). The correlation coefficient between
each of the measures is shown in Table I. The three pre-failure
dexterity measures are highly correlated with each other, especially the inverse condition number and minimal singular value,
and this is also true for the three post-failure dexterity measures.
However, the correlations between the pre- and post-failure dexterity measures are relatively low. In the sub correlation coefficient matrix of the three pre-failure dexterity measures, the
column of σm has the largest norm, which means that σm is the
most representative measure to evaluate the pre-failure dexter∗
is the most
ity performance of the robot designs. Similarly, σm
representative measure among the three post-failure dexterity
∗
at all 10,000
measures. Fig. 5 shows the values of σm and σm
sampled configurations. It can be seen that the configurations
∗
, however, the rewith a small σm must also have a small σm
∗
verse is not true. This indicates that σm is really a measure of
∗
a different property. For the remainder of this work σm and σm
are used to evaluate the global pre- and post-failure dexterity
performance of the 7! robot designs.

C. Correlations Between the Global Pre- and Post-Failure
Dexterity in the Joint Space and in the Workspace
There are two ways to approximate the average global performance of a robot, i.e., sampling in the joint space or sampling
in the workspace. One can estimate the average global dexterity
in the joint space by simply evaluating the dexterity measures at
randomly generated configurations and taking the average. That
∗
in the joint space are calculated using
is, the global σm and σm
N
σm
σ̄m = i=1
and
(13)
N
N
σ∗
∗
(14)
σ̄m
= i=1 m
N
∗
is the average fault tolwhere σ̄m is the average dexterity, σ̄m
erance, and N is the number of samples. Clearly the accuracy
of the average global measure increases with N , however, so
does the computation time. As a compromise between accuracy
and computation time, N = 10, 000 is used when sampling in
the joint space. Based on our analysis this results in an error of
∗
.
≈3% for global σm and ≈5% for global σm
In contrast to sampling in the joint space, the calculation
of the global measure in the workspace is much more difficult
and time consuming, because at each location in the workspace,
there are multiple configurations that have different local dexterity performance. One can assume that an inverse kinematics
routine that optimizes the desired dexterity measure is being
used. Therefore, it makes sense to quantify the dexterity measure at a workspace location using the maximum value over
all configurations at that location. This requires the following
steps: (a) A number of locations (position and orientation) are
randomly sampled in the 6-dimensional workspace by the direct
sampling method in [12]. (b) All the self-motion manifolds at
∗
along
each location are calculated, and the local σm and σm
these self-motion manifolds are obtained. (c) The maximal σm
∗
and σm
are saved as the optimal pre- and post-failure dexterity
∗
performance at this location. (d) Finally, the global σm and σm
in the workspace can be calculated using (13) and (14) based
∗
found at each sample location. For
on these optimal σm and σm
sampling in the workspace N = 5000 is used due to the greater
computational complexity. This results in an error of ≈2% for
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Fig. 6. The correlations between global measures in the joint space and in the
∗ .
workspace where (a) is the global σ m and (b) is the global σ m
Fig. 7.
∗
both global σm and σm
. It may at first seem strange that a higher
accuracy is obtained with a lower number of samples as compared to sampling in the joint space. However, this is due to the
fact that an optimization is done at each workspace location to
identify the optimal value, which are then averaged.
When robots are applied for a particular task, one is usually more interested in a robot’s performance in the workspace.
Therefore, robot designers would typically prefer a measure of
the workspace dexterity. However, as discussed above, this is
much more computationally expensive, especially when it needs
to be evaluated for 7! robot designs. If it can be shown that there
is a correlation between the measures computed in the joint
space and those in the workspace, then the more computationally efficient joint-space computations can be used to identify
a smaller number of optimal robot design candidates on which
the more computationally expensive workspace analysis can be
performed.
To see if joint space measures are correlated to workspace
measures, 20 robot designs are randomly chosen from the 7!
∗
are calculated. Fig. 6
robots, and their global σm and σm
∗
shows the global σm and σm both in the joint space and in
the workspace. There is a relatively strong linear correlation
between the joint space measures and the workspace measures.
The linear correlation coefficient between the global σm in the
joint space and in the workspace is 0.74, and the linear cor∗
in the joint space
relation coefficient between the global σm
and in the workspace is 0.71. This means that one can use the
joint-space measures as an approximation for the workspace
measures to select optimal robot design candidates.

D. Global Pre- and Post-Failure Dexterity of the 7! Optimal
Robots in the Joint Space
Based on the relatively strong linear correlation obtained in
the above section, the robot designs with optimal global dexterity performance in the joint space are more likely to have
optimal global dexterity performance in the workspace. Therefore, the global pre- and post-failure dexterity performance of
all the 7! robots are first calculated in the joint space to find the
robot designs with optimal global joint space measures. These
robots will be the optimal robot design candidates.
∗
of all the 7! robot designs
Fig. 7 shows the global σm and σm
in the joint space. As discussed in Section III, there are some
relationships between specific DH parameters and good local

∗ of the 7! robots in the joint space.
The global σ m and σ m

Fig. 8. Robots that contain a larger number of nearly orthogonal and intersecting joint pairs are more likely to have high global pre- and post-failure dexterity.
The 7! robots have been grouped based on the number of such joint pairs, and
the distribution of their global pre- and post-failure dexterities are shown in (a)
and (b), respectively. The number next to the distribution indicates the numbers
of robots in each group.

pre- and post-failure dexterity measures. Reformatting the data
in Fig. 7 reveals additional correlations with global properties,
i.e., that nearly orthogonal joints with small link lengths are
more likely to generate robots with good global pre- and postfailure dexterity. There are three joint pairs, out of the 21 possible pairs, that nearly satisfy these conditions, i.e., the {α, a}
pairs {−1.32, 0.00}, {−1.72, 0.17} and {1.60, 0.50}. One can
classify each of the 7! robot designs into four groups according
to how many of these {α, a} pairs they contain. The distribution of global pre- and post-failure dexterity performance in the
joint space of these groups is shown in Fig. 8. It is easy to see
that the mean dexterity performance increases as the number
of good pairs increases, and even the worst robot in the group
with three pairs has relatively good global pre- and post-failure
dexterity. However, one must be careful because the order of the
DH parameters also matters. Every one of the 7! robot designs
has a reverse version that has very similar DH parameters, but
in reverse order. The global performance of the two can be quite
different, as shown in Fig. 9 where this difference is plotted for
all 7!/2 pairs.
The red points in Fig. 7 are the 20 optimal robot design candidates, which have optimal global pre- and post-failure dexterity
performance in the joint space. None of the remaining robot designs have both better global pre- and post-failure dexterity than
these 20 candidates. Based on the analysis in the above section,
it is likely that these 20 candidates have better global performance in the workspace than the remaining robot designs, so
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Fig. 9. The distribution of the difference in performance between a robot
design and its reverse version is shown. The difference is computed as the
Euclidean distance between the normalized pre- and post-failure measures.

Fig. 10. The global measures of the 20 optimal robot design candidates in the
joint space and in the workspace where (a) is the global σ m and (b) is the global
∗ .
σm
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∗ computed in the workspace are
Fig. 11. The global values of σ m and σ m
shown for the 20 optimal robot design candidates. Candidates 1 and 4 represent
the Pareto solutions to this bi-objective optimization.

Fig. 12. The optimal robot designs in their optimal configuration where (a) is
the Candidate 1 robot design and (b) is the Candidate 4 robot design.

only the global performance of these 20 robot designs are calculated in the workspace. These top 20 robot designs are ordered
(somewhat arbitrarily) by the sum of their normalized global
∗
.
σm and σm
E. Global Pre- and Post-Failure Dexterity of the 20
Candidates in the Workspace
The global dexterity performance of the 20 optimal robot design candidates are calculated in the workspace. Both the global
joint space measures and the global workspace measures of the
20 candidates are shown in Fig. 10. Clearly, the global measures
in the workspace are much better than those in the joint space,
because at each location the configurations with the optimal
measures at this location are identified. Fig. 11 shows the Pareto
frontier when the two objective functions are global σm and
∗
. Among the 20 robot design
candidates, Candidate
4, that
σm


results from the permutation j7 j4 j5 j1 j2 j6 j3 , has the best
global pre-failure dexterity in the workspace, and Candidate
1,

that results from the permutation j6 j7 j3 j5 j2 j1 j4 , has the
best global post-failure dexterity in the workspace, where ji is
the ith column of the optimal Jacobian in (7). These two optimal robot designs are shown in their optimally fault tolerant
configurations in Fig. 12.
The pre- and post-failure dexterity measures throughout the
workspace for the two optimal robot designs are shown in
Fig. 13. Because of the difficulty of representing and visualizing a 6-dimensional workspace, only the performance in their

Fig. 13. The pre- and post-failure dexterity performance in the 3-dimensional
position workspace are shown for Candidate robot designs 1 and 4, where both
are constrained to be at the orientation of the optimal design point. Pre- and
post-failure dexterity performance of Candidate 4 are shown in (a) and (b),
respectively, and Candidate 1 in (c) and (d), respectively.

3-dimensional position workspace is plotted by constraining
the orientation to be that of the optimal design configuration.
In order to show the dexterity performance in the interior of
the workspace, the 3-dimensional position workspace is shown
with multiple cross-sections at the design point. Fig. 13(a) and
(b) are the pre- and post-failure dexterity performance, respectively, of the Candidate 4 robot design, and Fig. 13(c) and (d) are
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