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Abstract Eigendecomposition is a common technique

that is performed on sets of correlated images in a number

of pattern recognition applications including object

detection and pose estimation. However, many fast eigen-

decomposition algorithms rely on correlated images that

are, at least implicitly, characterized by only one parame-

ter, frequently time, for their computational efficacy. In

some applications, e.g., three-dimensional pose estimation,

images are correlated along multiple parameters and no

natural one-dimensional ordering exists. In this work, a fast

eigendecomposition algorithm that exploits the ‘‘temporal’’

correlation within image data sets characterized by one

parameter is extended to improve the computational effi-

ciency of computing the eigendecomposition for image

data sets characterized by three parameters. The algorithm

is implemented and evaluated using three-dimensional

pose estimation as an example application. Its accuracy

and computational efficiency are compared to that of

the original algorithm applied to one-dimensional pose

estimation.

Keywords Eigenspace � Singular value decomposition �
Computational complexity � Image sequences �
Three-dimensional correlations � Computer vision

1 Originality and contribution

Purely appearance-based techniques such as singular value

decomposition (SVD) have been extensively used in many

computer vision applications, viz., face characterization,

object recognition, pose estimation, visual tracking, and

inspection. Unfortunately, the offline calculation of the

SVD of correlated images of three-dimensional (3D) objects

can be prohibitively expensive and this fundamental prob-

lem is addressed here. Numerous computationally efficient

SVD algorithms have been proposed, which exploit the

correlation between the images along one dimension, typi-

cally using the natural order implied by time. However,

there is no natural order for images correlated along three

dimensions, as is the case with three-dimensional pose

detection. In addition, 3D applications exacerbate the

computational and storage issues. This paper characterizes

such image data sets by three parameters and exploits their

3D frequency properties to propose an ordering of the fre-

quency harmonics in terms of their energy recovery ability

for a given 3D image data set. This frequency analysis is

used to extend one of the fastest known ‘‘one-dimensional’’

SVD algorithms to improve the performance of computing

the eigendecomposition of general 3D image data sets.

The novelty of this algorithm lies in the computatio-

nally efficient use of 3D correlations of general 3D image

data sets for computing their partial SVDs. The empirical

results show that the proposed algorithm gives nearly

an order of magnitude increase in performance for a given

user-specified measure of accuracy.
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2 Introduction

Eigendecomposition-based techniques play an important

role in numerous image processing and computer vision

applications. The advantage of these techniques, also

referred to as subspace methods, is that they are purely

appearance based and require few online computations.

Variously referred to as eigenspace methods, singular value

decomposition (SVD) methods, principal component

analysis methods, and Karhunun–Loeve transformation

methods [1, 2], they have been used extensively in a variety

of applications such as face characterization [3, 4] and

recognition [5–9], lip-reading [10, 11], object recognition

[12–15], pose detection [16, 17], visual tracking [18, 19]

and inspection [20–23]. All of these applications take

advantage of the fact that a set of highly correlated images

can be approximately represented by a small set of eigen-

images [24–32]. Once the set of principal eigenimages is

determined, online computation using these eigenimages

can be performed very efficiently. However, the offline

calculation required to determine both the appropriate

number of eigenimages as well as the eigenimages them-

selves can be prohibitively expensive.

Many computationally efficient eigendecomposition

algorithms have been proposed in recent years including

the SVD power method [24, 25], Lanczos algorithm [28],

conjugate-gradient algorithms [26, 27], recursive/adaptive

eigenspace update techniques [29, 30], and frequency-

domain techniques [31]. Recently, Chang et al. [32] pro-

posed a fundamentally different algorithm by reducing the

‘‘temporal’’ resolution of image data sets, while Saitwal

et al. [33] improved Chang’s algorithm further by effec-

tively using spatial similarities of original images at low

resolutions. Note that all these algorithms considered

exploiting the correlation between the images of a video

sequence using the implicit or natural order imposed by

time. [These image data sets will be referred to as one-

dimensional (1D) image data sets here.] However, certain

pattern recognition applications require that different views

of an object taken from different three-dimensional (3D)

spatial camera locations be considered in the image data set

whose eigendecomposition is desired. Because they are

characterized by three parameters, such image data sets

will be referred to as 3D image data sets. The existing

eigendecomposition algorithms cannot take advantage of

the correlation in such 3D image data sets directly, as they

do not consider the correlation along more than one

dimension. The goal of this paper is to extend Chang’s

eigendecomposition algorithm [32], to efficiently compute

the partial SVD of such 3D image data sets.

The remainder of this paper is organized as follows.

Section 2 provides a review of the fundamentals of

applying eigendecomposition to related images. This

section also defines comparison criteria to quantify the

difference between two eigendecompositions. Section 3

gives an overview of Chang’s algorithm [32] and points out

that it can only work with 1D image data sets. Section 4

explains the generation and frequency analysis of fully

general 3D image data sets. This section also explains how

to efficiently compute and use the real 3D discrete Fourier

transform (DFT) of these sets. Section 5 addresses the issue

of ordering the frequencies for these 3D image data sets.

The frequency analysis along with the proposed ordering of

3D frequencies for the given 3D image data sets, outlined

in Sect. 6, is used to extend Chang’s algorithm to quickly

compute the desired portion of the eigendecomposition of

3D image data sets based on a user-specified measure of

accuracy. In Sect. 7, the performance of the proposed

algorithm is evaluated on different 3D image data sets.

Finally, some concluding remarks are given in Sect. 8.

3 Preliminaries

3.1 Singular value decomposition of correlated images

In this work, a grey-scale image is an h 9 v array of square

pixels with intensity values normalized between 0 and 1.

Thus, an image will be represented by a matrix X 2
½0; 1�h�v: Because sets of related images are considered

here, the image vector x of length m = h 9 v can be

obtained by ‘‘row-scanning’’ an image into a column vec-

tor, i.e., x ¼ vecðXTÞ: The image data matrix of a set of

images X1; . . .;X n is an m 9 n matrix, denoted X, and

defined as X = [x1, ..., xn], where typically m� n. The case

with fixed n is considered in this study, as opposed to cases

where X is constantly updated with new images.

The SVD of X is given by

X ¼ URVT ; ð1Þ

where U [ <m 9 m and V [ <n 9 n are orthogonal matrices,

and R = [Rd 0]T [ <m 9 n where Rd = diag (r1, ..., rn) is

the matrix of singular values with r1 C r2 C ... C rn C 0

and 0 is an n by m-n zero matrix. The SVD of X plays a

central role in several important imaging applications such

as image compression and pattern recognition. The col-

umns of U, denoted ûi; i ¼ 1; . . .;m; are referred to as the

left singular vectors or eigenimages of X, while the col-

umns of V, denoted v̂i; i ¼ 1; . . .; n; are referred to as the

right singular vectors of X. The corresponding singular

values measure how ‘‘aligned’’ the columns of X are with

the associated eigenimage.

In practice, the singular values and the corresponding

singular vectors are not known or computed exactly, and

instead their estimates are used. Hence it is important to

define appropriate comparison criteria that can measure the
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errors between the true and approximated eigenspaces. The

next subsection defines three such error measures that are

relevant to a user’s motivation for performing an

eigendecomposition.

3.2 Difference measures for SVD

The simplest error measure considered in this work is the

difference between the true and the approximated singular

values. Note that the ith approximated singular vector may

not be aligned with the ith true singular vector even though

the subspaces containing the first k vectors may span the

same vector space. Hence two more error measures are

defined in this section that will compare the subspaces

consisting of the singular vectors rather than the individual

vectors.

3.2.1 Energy recovery ratio

True and approximated eigenimages of X can be compared

in terms of their capability of recovering the amount of

the total energy in X. This ‘‘energy recovery ratio’’ for

an orthonormal set of approximate eigenimages can be

given by

qðX; ~̂u1; ~̂u2; . . .; ~̂ukÞ ¼
Pk

i¼1 k~̂u
T

i Xk2

kXk2
F

� 1; ð2Þ

where ||�||F represents the Frobenius norm and ~̂ui is the

ith approximated eigenimage. The true eigenimages

fû1; û2; . . .; ûkg yield the maximum energy recovery ratio

for a given k.

3.2.2 Subspace criterion

True eigenimages give an optimum energy recovery ratio

in (2). Hence, it is possible that more approximated

eigenimages are required than the true ones to achieve the

same energy recovery ratio. Thus another measure used in

this study is the degree to which approximate eigenimages

span the subspace of the first k* true eigenimages, which

will be referred to as the subspace criterion, s, given by

s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

k�

Xk

i¼1

Xk�

j¼1

ð~̂ui � ûjÞ2
v
u
u
t : ð3Þ

Consider Uk� ¼ ½û1; û2; . . .; ûk� � and ~Uk ¼ ½~̂u1; ~̂u2; . . .; ~̂uk�:
If the column space of Uk� is included in that of ~Uk; then

k ~UT
k ûjk ¼ 1 for j = 1, 2, ..., k. Hence, if the entire subspace

of Uk� is spanned by ~Uk; then s = 1, otherwise s \ 1.

The above two error measures provide slightly different

information regarding the ‘‘quality’’ of the estimated

eigenimages. The energy recovery ratio, q, implicitly

includes the effect of the singular values and thus weights

the estimated eigenimages differently based on their

importance. In contrast, the subspace criterion, s, is purely

a subspace measure.

4 Overview of Chang’s algorithm

One of the fastest known ‘‘one-dimensional’’ algorithms

for computing the first k approximated eigenimages of

correlated images to a user-specified accuracy is proposed

by Chang et al. [32]. This section gives an overview of that

algorithm, along with its computational efficiency. For this

purpose, consider X where each xi+1 is obtained from xi by

a planar rotation of h = 2 p/n. The correlation matrix XTX

is given by

XT X ¼

xT
1 x1 xT

1 x2 � � � xT
1 xn

xT
2 x1 xT

2 x2 � � � xT
2 xn

..

. ..
. . .

. ..
.

xT
n x1 xT

n x2 � � � xT
n xn

2

6
6
6
6
4

3

7
7
7
7
5
: ð4Þ

It is shown in [32] that XTX is a circulant matrix with

circularly symmetric rows. Hence its eigendecomposition

[34] is given by

XT X ¼ HDHT ð5Þ

where D is an n 9 n matrix given by

D ¼ diag k1; k2; k2; k3; k3; . . .ð Þ ð6Þ

and H is an n 9 n matrix consisting of the successively

higher frequencies, starting from zero frequency, as its

columns, which is given by

H ¼
ffiffiffi
2

n

r

1ffiffi
2
p c0 �s0 c0 �s0 � � �
1ffiffi
2
p c1 �s1 c2 �s2 � � �
..
. ..

. ..
. ..

. ..
.

� � �
1ffiffi
2
p cn�1 �sn�1 c2ðn�1Þ �s2ðn�1Þ � � �

2

6
6
6
6
4

3

7
7
7
7
5

ð7Þ

where ck ¼ cos 2pk
n

� �
and sk ¼ sin 2pk

n

� �
: This development

means that an unordered SVD for a planar rotated image

sequence can be given in closed form. In particular, V = H,

i.e., the right singular vectors are pure sinusoids of fre-

quencies that are multiples of 2p/n radians. To compute U,

observe that U R = XH, which can be computed efficiently

using fast Fourier transform (FFT) techniques [32].

Although the above eigendecomposition analysis does not

hold true in general, the following two properties were

observed in [32] for arbitrary video sequences:

1. The right singular vectors are well-approximated by

sinusoids of frequencies that are multiples of 2 p/n
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radians, and the magnitude-squared of the spectra, i.e.,

the ‘‘power spectra’’ of the right singular vectors,

consist of a narrow band around the corresponding

dominant harmonics.

2. The dominant frequencies of the power spectra of the

(ordered) singular vectors increase approximately

linearly with their index.

These two properties indicate that the right singular

vectors are approximately spanned by the first few har-

monics. Consequently, by projecting the row space of X to

a smaller subspace spanned by a few of the harmonics, the

computational expense associated with the SVD compu-

tation can be significantly reduced.

Chang’s algorithm makes use of the above two properties

to determine the first k left singular vectors of X. Let p be

such that the power spectra of the first k singular vectors are

restricted to the band [0, 2pp/n]. Owing to the properties of

the singular vectors discussed earlier, p is typically not

much larger than k. Let Hp denote the matrix comprised of

the first p columns of H. Then the first k singular values

~r1; . . .; ~rk and the corresponding left singular vectors
~̂u1; . . .; ~̂uk of XHp serve as excellent estimates to those of X.

It was shown in [32] that when p is chosen so as to

satisfy q(XT, h1,...,hp) C l, the quantity qðX; ~̂u1; . . .; ~̂ukÞ
turns out to exceed l for some k B p, with ~̂u1; . . .; ~̂uk being

very good estimates for û1; . . .; ûk; and ~r1; . . .; ~rk being

very good estimates for r1,...,rk. The energy recovery ratio

qðX; ~̂u1; . . .; ~̂ukÞ can be efficiently approximated by
Pk

i¼1 ~r2
i =kXk

2
F :

If p � n (which is typically true), then the total com-

putation required for Chang’s algorithm is approximately

O(mn log2n). This compares very favorably with the direct

SVD approach (O(mn2) flops), and in most cases with the

updating SVD methods (O(mnk2) flops). However, this

algorithm exploits the correlations along only one dimen-

sion and hence cannot be directly applied to general 3D

image data sets, which are introduced in the next section.

5 Generation and analysis of 3D image data sets

5.1 Experimental setup

Figure 1 illustrates the experimental setup for generating

fully general 3D image data sets, in which the correlated

images are characterized by three parameters instead of

one. In this setup, camera locations are defined on a

spherical patch above the object with two consecutive

camera locations separated by an equiangular distance in

that patch. The range of these camera locations is charac-

terized by two parameters, i.e., al and bm, while the third

parameter cn characterizes image plane rotation to capture

different views of the object in equal increments. In prac-

tice, the required images can be captured using a video

camera attached to a robot end effector. The robot move-

ment can be controlled to position the camera in one of the

specified locations in the spherical patch. The robot end

effector can then be rotated to achieve the image plane

rotation of the camera for capturing different orientations

of the object from the same location.

The images of an object captured using the experimental

setup in Fig. 1 are row-scanned and put into one four-

dimensional (4D) image array Xm 9 L 9 M 9 N. The entries

along the first dimension of X(:, l, m, n)1 correspond to the

row-scanned image of an object taken from camera loca-

tion (l,m) at the image plane rotation n, where 1 B l B L, 1

B m B M, and 1 B n B N.2 The entries of X can be rear-

ranged to obtain the following 3D image data matrix:

�X ¼ ½x111; . . .; xL11; x121; . . .xL21; x131; . . .; xLM1; x112;

x212; . . .; xLM2; x113; . . .; xLMN � ð8Þ

where an image vector xlmn corresponds to the row-scanned

image of an object taken from camera location (l,m) at

α

β

γ
l

m

n

Fig. 1 This figure shows the experimental setup for generating 3D

image data sets, in which the images are characterized by three

parameters, i.e., al, bm, and cn. The crosses (x) denote the simulated

camera locations that are placed on the spherical patch above the

object. The range of the parameters al and bm can be varied with

respect to nadir (-40� to 40� was typically used here), whereas the

range of cn is typically unrestricted

1 A colon (:) in an array argument is used here to specify that all

entries in the corresponding dimension of that array are considered.
2 Please note that we use indices such as l, m, and n (by convention),

despite the fact that they are used elsewhere to denote other

quantities, i.e., m and n are also used to denote the number of pixels

and images, respectively. Context should prevent any confusion.
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image plane rotation n. The next subsection analyzes the

frequency representation of these 3D image data matrices.

5.2 Frequency analysis of 3D image data sets

Consider the three-dimensional signal g(x, y, z) containing

L, M, and N samples in the x, y, and z dimensions,

respectively. Its corresponding frequency representation

using the 3D DFT can be given by

Gða; b; cÞ ¼ 1
ffiffiffiffiffiffiffiffiffiffiffi
LMN
p

XL�1

x¼0

XM�1

y¼0

XN�1

z¼0

gðx; y; zÞxax
L xby

M xcz
N ð9Þ

where 0 B a B L-1, 0 B b B M-1, and 0 B c B N-1,

while xL = e-j2p/L, xM = e-j2p/M, and xN = e-j2p/N. Thus,

similar to 1D image data sets, an orthonormal basis for the

image data matrix �X can be generated using the basis for

the 3D DFT. In particular, the following 3D array

represents one 3D frequency:

Fabcðx; y; zÞ ¼
1
ffiffiffiffiffiffiffiffiffiffiffi
LMN
p xax

L xby
M xcz

N ð10Þ

where a, b, and c denote the desired frequency components

in three dimensions with 0 B x B L-1, 0 B y B M-1, and

0 B z B N-1. All Fabc arrays can be lexicographically

ordered (in the same manner as the ordering of xlmn vectors

in �X) into their respective column vectors (denoted fabc) so

that the corresponding LMN 9 LMN ‘‘3D’’ Fourier matrix

is given by

�F ¼ ½f000j � � � jfabcj � � � jfðL�1ÞðM�1ÞðN�1Þ�: ð11Þ

Note that the columns of �F give the 3D DFT basis for

complex matrices. However, for (real-valued) images in

3D image data sets, the matrix �X in (8) will contain all real

values and hence, similar to the basis given by columns of

H in (7) for 1D image data sets, �X will have a real basis. To

find this real basis, Euler’s formula ðe�jx ¼ cos x� j sin xÞ
can be used to rewrite (10) as follows:

Fabcðx; y; zÞ ¼
1
ffiffiffiffiffiffiffiffiffiffiffi
LMN
p

�
ðcaxcbyccz � caxsbyscz

� saxcbyscz � saxsbycczÞ

� j
�
caxcbyscz þ caxsbyccz

þ saxcbyccz � saxsbyscz

��
ð12Þ

where cax ¼ cos 2pax
L

� �
; cby ¼ cos 2pby

M

� �
; and ccz ¼

cosð2pcz
N Þ; while sax, sby, and scz are the corresponding

sine components. Let r denote the number of non-zero a, b,

and c frequencies, i.e., r = 0, 1, 2, or 3. Then there will be

2r different sine-cosine combinations for Fabc. If these sine-

cosine combinations are lexicographically ordered and are

scaled by
ffiffiffiffiffi
2r
p

to give orthonormal columns of Habc, (where

H has either 1, 2, 4 or 8 columns) then the real 3D Fourier

matrix of size LMN 9 LMN can be given by

�H ¼ f000jH001j � � � jHabc � � �
� �

ð13Þ

where the first column, f000, of �H refers to the zero fre-

quency component corresponding to r = 0. Note that if any

of the three dimensions, e.g., L, is even, then only the

cosine (real) component of the corresponding maximum

‘‘real’’ frequency, i.e., L
2
þ 1 is considered, otherwise both

cosine (real) and sine (imaginary) components of Lþ1
2

are

considered while generating the corresponding orthonor-

mal columns in �H:

The resulting matrix �H; which is generated for a given
�X; can be used to extend Chang’s algorithm to compute the

approximate SVD of �X: In particular, the row space of �X

can be projected to the first few columns of �H and the SVD

of �X �Hp can be used to approximate the SVD of �X; where
�Hp denotes the matrix containing the first p columns of �H:

The computation of �X �H can be performed efficiently using

DFT techniques. However, the implementation and use of

real 3D bases in �H is not as trivial as in the 1D case. This is

discussed in the next subsection.

5.3 Efficient computation of �X �H using FFT techniques

Consider the 3D DFT of g(x,y,z) in (9), which can be

rewritten as

Gða; b; cÞ ¼
X1

l¼0

X1

m¼0

X1

n¼0

ð�jÞlþmþnglmn ð14Þ

where j ¼
ffiffiffiffiffiffiffi
�1
p

and

g000 ¼
1
ffiffiffiffiffiffiffiffiffiffiffi
LMN
p

XL�1

x¼0

XM�1

y¼0

XN�1

z¼0

gðx; y; zÞcaxcbyccz;

g001 ¼
1
ffiffiffiffiffiffiffiffiffiffiffi
LMN
p

XL�1

x¼0

XM�1

y¼0

XN�1

z¼0

gðx; y; zÞcaxcbyscz;

..

.

g111 ¼
1
ffiffiffiffiffiffiffiffiffiffiffi
LMN
p

XL�1

x¼0

XM�1

y¼0

XN�1

z¼0

gðx; y; zÞsaxsbyscz:

ð15Þ

The eight terms glmn can be calculated using a series of

‘‘nested’’ FFT’s as follows:

XF1 ¼<ðfftlð<ðfftmð<ðfftnðXÞÞÞÞÞÞ;
XF2 ¼<ðfftlð<ðfftmð=ðfftnðXÞÞÞÞÞÞ;

..

.

XF8 ¼=ðfftlð=ðfftmð=ðfftnðXÞÞÞÞÞÞ

ð16Þ

where Xm 9 L 9 M 9 N is the original 4D image array, from

which the image data matrix �X is generated, while fftl, fftm,
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and fftn denote the FFT of X computed along the al, bm, and

cn dimension, respectively.

Note that the arrays XF1 through XF8 will each have

mLMN elements (i.e., the same size as that of X), which

suggests that these ‘‘multiplication’’ arrays have a signifi-

cant amount of duplicated information resulting in

unnecessary processing. In particular, consider the FFT

computation of X along its cn dimension. The corre-

sponding Fourier basis vectors will come in complex

conjugate pairs. However, because X contains all real

entries, the real and imaginary components of these com-

plex basis vectors will form the corresponding ‘‘real’’ basis,

which will result in two sets of duplicate basis vectors.

Note that only one of these two sets is necessary and suf-

ficient to proceed with the FFT computation along the bm

dimension. Thus the XF1 array can be computed efficiently

using the following steps:

1. Compute Fn = fftn(X), which will be of the same size

as X.

2. Compute Fm ¼ fftmð<ðFnð:; :; :; 1 : Nþ1
2
ÞÞÞ; which will

have mLM Nþ1
2

� �
elements.3

3. Compute Fl ¼ fftlð<ðFmð:; :; 1 : Mþ1
2
; :ÞÞÞ; which will

have mL Mþ1
2

� �
Nþ1

2

� �
elements.

4. Finally, let XF1 ¼ <ðFl1ð:; 1 : Lþ1
2
; :; :ÞÞ; which will

have m Lþ1
2

� �
Mþ1

2

� �
Nþ1

2

� �
elements.

The remaining arrays, i.e., XF2 through XF8, can be

computed similarly and all these arrays can be rearranged

into their respective 2D matrices, denoted XH1 to XH8.

Without loss of generality, for each frequency combination,

the corresponding columns in the XHi matrices can be given

equal importance. However, the relative importance of one

frequency combination with any other is not as trivial as in

the 1D case. Therefore, this issue needs to be addressed

before combining the columns of the XHi matrices to form

the final XH matrix [which is essentially the multiplication

of �X in (8) and �H in (14)] of size m 9 LMN. This ordering of

the columns of �X �H in terms of their ‘‘importance’’ is

addressed in the next section before extending Chang’s

algorithm to general 3D image data sets.

6 Proposed ordering of 3D frequency components

6.1 Introduction

This section explains the heuristics behind ordering dif-

ferent 3D frequency components in terms of their energy

recovery ability for a given 3D image data set. For this

study, several image data sets were generated by ray-

tracing different objects as per the specifications of the

experimental setup given in Fig. 1. Figure 2 shows eight

such artificial objects that were considered in this study.

For each object, a total of LMN images were ray-traced and

the corresponding 3D image data matrix, �X; of size m 9

LMN was generated, where m = 128 9 128 = 214. Recall

that LM is equal to the total number of camera locations

above the object, while N denotes the number of images

that are captured (after rotating the image plane of the

camera) at each camera location.

To propose a ‘‘good’’ ordering of 3D frequencies based on

the given specifications of 3D image data sets, Object 1 in

Fig. 2 is used as a representative example here. In particular,

two ray-traced 3D image data sets of this object are evaluated

in detail. These two image data sets have the same number of

images with L = M = N = 9 and the parameters al and bm in

both of these image data sets are allowed to span 80 degrees

each. More specifically, the camera locations along the

parameters al and bm are placed from -40� to 40� with 10�
separation between the two consecutive camera locations

along both al and bm. The only difference in these two image

data sets is the range of the parameter cn. In one image data

set, cn spans only 80 degrees (image plane rotation from 0� to

80� in 10� increments), while in the other image data set, cn

spans 320 degrees (image plane rotation from 0� to 320� in

40� increments). Because the first image data set assigns

equal ranges to all three parameters, it will be referred to as

the ‘‘equiangular range’’ (ER) image data set. On the other

hand, the second image data set assigns unequal ranges to the

three parameters and hence it will be referred to as the ‘‘non-

equiangular range’’ (NER) image data set.

To analyze the above two representative image data sets,

consider a three-dimensional (L 9 M 9 N) array, which has N

two-dimensional slices consisting of LM entries each. Let

the ith slice correspond to the ith value of cn. In particular, the

entries in the first slice denote images corresponding to

the minimum value of cn, while the entries in the last slice

denote images corresponding to the maximum value of cn.

Fig. 2 This figure shows eight artificial (ray-traced) objects that are

used in this study. Each image of the object is of size 128 9 128,

resulting in an image data matrix �X of size 214 9 LMN for each object

3 The notation (1:i) here refers to the first i entries in the

corresponding dimension of an array.
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With this terminology, because the minimum value of cn for

both the representative image data sets is 0�, both sets have

the same first slice, as shown in Fig. 3.

6.2 Equiangular range (ER) image data set

This subsection evaluates the variation of images along the

three parameters for the ER image data set. In particular,

images in the middle row and the middle column of Fig. 3

are used here as representative examples for evaluating the

variation of images in the parameters al and bm, respec-

tively. The image in the center (corresponding to

al = bm = cn = 0�) of Fig. 3 is planar rotated from 0� to

80� to obtain nine images in 10� increments (refer

to Fig. 4) and the resulting image set is used as a repre-

sentative example for evaluating the variation of images in

the parameter cn. Figure 5 shows the entries of the first nine

right singular vectors of this image data set corresponding

to the variation of images in the three parameters.4 Similar

to 1D image data sets, Fig. 5 shows that the right singular

vector entries corresponding to variation of images along

each parameter are well-approximated by sinusoids of

increasing frequencies starting from zero. This suggests

that the frequency combinations in �H for such image

data sets can be ordered by the increasing sum of

their frequencies, i.e., (a + b + c), from 0 to
Lþ1

2

� 	
þ Mþ1

2

� 	
þ Nþ1

2

� 	� �
; where d:e represents the ceiling

operation. Note that this is an intuitive extension of the 1D

image data set case due to the equiangular range of all three

parameters in this image data set.

Even if one attempts to order the columns in �H with

increasing sum of frequencies in three dimensions, there

will be many frequency combinations that will have the

same sum. For example, a + b + c = 2 will result in six

different frequency combinations, i.e., (1, 1, 0), (1, 0, 1), (0,

1, 1), (2, 0, 0), (0, 2, 0), and (0, 0, 2). (In general, a + b +

c = n will result in nþ 2
2


 �

frequency combinations.)

Therefore, it is desirable to have an effective ordering

within the group of frequency combinations with the same

sum of frequencies. To achieve this, consider the right

singular vector entries in Fig. 5 again. The plots show that

variation of images along cn requires relatively higher

Fig. 3 This figure shows the images in the first slice (corresponding to

cn = 0�) of both equiangular range and non-equiangular range image

data sets. Within these images, the parameter al varies from left to right

from -40� to 40� in 10� increments, while the parameter bm varies from

top to bottom from -40� to 40� in 10� increments. In particular, the

images in the middle column (confined by the vertical solid lines) of this

figure correspond toal = 0�, while the images in the middle row (confined

by the horizontal solid lines) of this figure correspond to bm = 0�

4 Note that the image data set under consideration has LMN = 729

images in total. Hence, the corresponding right singular vectors will

each have 729 elements. However, only nine of those 729 entries can

be used to monitor the variation of images along any one parameter

while keeping the other two parameters constant.
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frequencies than the variation along the other two param-

eters. A potential explanation for this is that the images

varying along the parameter cn are planar rotations of each

other. Hence the right singular vectors of the corresponding

1D image data matrices would be pure sinusoids with

increasing frequencies (due to the properties of circulant

matrices [32]). On the other hand, the images varying along

the parameters al and bm are not planar rotations and hence

the right singular vectors of the corresponding 1D image

data matrices will typically not be pure sinusoids.5

Therefore higher c frequencies are required as compared to

a and b frequencies (within the group of frequency com-

binations having the same sum of frequency components)

to achieve the same level of ‘‘importance.’’

The above observations motivate ordering the frequency

combinations for the ER image data set as follows:

1. Group frequency combinations in increasing order of

the frequency sum M1 = a + b + c.

2. Within a group of frequencies with the same frequency

sum M1, order these combinations in increasing value

of M2 = a + b.

3. Within a subgroup of frequencies with equal values of

M2, order the combinations based on M3 = a-b using

the following ordering on the set of integers:

0; 1;�1; 2;�2; 3;�3; . . .

This gives more importance to the combinations with lower

individual a and b frequencies over combinations with

higher a and b frequencies. Alternatively, one can obtain

the same ordering with M3

0
= max(a,b) with a preference

given to a smaller b over a smaller a in the case when two

combinations have the same M3

0
value.

Note that the above ordering is uniquely defined since

there is a one-to-one correspondence between (M1, M2, M3)

and (a, b, c).

Recall that there will be a maximum of eight sine-cosine

combinations for the given frequency combination of (a, b,

c). All of these sine-cosine combinations are considered to

be equally important and hence their ordering can be arbi-

trarily chosen. The analysis of the proposed frequency

ordering considers the following ordering of the sine-cosine

combinations for the given frequency combination: (cos,

cos, cos), (cos, cos, sin), (cos, sin, cos), (cos, sin, sin), (sin,

cos, cos), (sin, cos, sin), (sin, sin, cos), and (sin, sin, sin).

Using the above heuristics, the first few frequency

combinations in the proposed ordering for the ER image

Fig. 4 This figure shows the variation of images along the parameter

cn in the equiangular range (ER) image data set with al = bm = 0�.

Within these images, the parameter cn varies from left to right from 0�

to 80� in 10� increments. Note that the leftmost image in this figure

matches with the center image of Fig. 3
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Fig. 5 The plots in this figure show entries of the first nine right

singular vectors of the ER image data set for Object 1 in Fig. 2. In

particular, the first row shows entries of the first nine right singular

vectors corresponding to variation of nine images along the al

parameter with bm = cn = 0�. (The corresponding images are shown

in the middle row of Fig. 3.) The second row shows entries of the

same right singular vectors corresponding to variation of nine images

along the bm parameter with al = cn = 0� (refer to the middle column

of Fig. 3). Finally, the third row shows entries of the same nine right

singular vectors corresponding to variation of nine images along the

cn parameter with al = bm = 0�. (The image in the center of Fig. 3 is

planar rotated from 0� to 80� in 10� increments to obtain the

corresponding images.) Note that only nine (out of a total of LMN =

729) right singular vector entries are plotted in each plot here

5 A simple way of viewing this is that the images varying along cn

contain the ‘‘same’’ information in all of them, while the images

varying along the other two parameters contain slightly different

information in consecutive images.
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data set are given in Table 1, while the pictorial view is

shown in Fig. 6. Note that because L = M = N = 9, there

are five ‘‘real’’ frequencies (0 through 4) along all three

dimensions for this image data set. This results in a total of

125 frequency combinations with the maximum sum of

three frequencies being 12. Figure 7 shows that the fre-

quency combinations in this proposed ordering give a very

good approximation as compared to that using the optimum

ordering in terms of the energy recovery ratio (with maxi-

mum relative error of 1.57%).

It was observed [35] that the above heuristics worked

well for ordering the frequency combinations for a wide

variety of ER image data sets. Therefore, the proposed

measures (M1, M2, M3) can be used for generating �H for a

given ER image data set if the difference between the

number of images sampled along all three dimensions is

within ‘‘reasonable’’ limits, for e.g., within an order of

magnitude.

6.3 Non-equiangular range (NER) image data set

This subsection evaluates the variation of images along the

three parameters for the NER image data set. Because the

data representing the variation along the parameters al and

bm remain the same as in the ER image data set, the only

data that must be generated again are the images varying

along the parameter cn. In particular, the image in the

center (corresponding to al = bm = cn = 0�) of Fig. 3 is

now planar rotated from 0� to 320� to obtain nine images in

40� increments (refer to Fig. 8). The resulting image set is

used as a representative example for evaluating the varia-

tion of images in the parameter cn.

The variation of images in al and bm for this NER image

data set is almost identical to that in the ER image data set

[35], however, images in the parameter cn vary quite dif-

ferently. In particular, Fig. 9 shows the corresponding

entries of the first nine right singular vectors of this image

data set. These entries indicate that the sum of frequencies

does not seem to be a good starting measure to order the

frequency components for this image data set, as even the

first few right singular vectors seem to contain much higher

c frequencies. In particular, apart from the zero frequency,

all four c frequencies6 are as important as the first a and b
frequencies. This is due to the fact that the range of the

parameter cn (320�) is four times larger than that of the

parameters al and bm. However, within the same c fre-

quency, it appears that a and b frequencies should be

ordered in their increasing sum.

Several other experiments were conducted for a variety

of NER image data sets and some general trends were

observed [35] about the relative importance of a, b, and c
frequencies for different ranges of al, bm, and cn. Let g, s,

and d represent the ratios between the three parameters,

i.e., g : s : d = max (al)-min (al):max (bm)-min (bm):max

(cn)-min (cn)7 and let the corresponding ratio of the rela-

tive importance of a, b, and c frequencies be given by

ga:sb:dc. It was observed that

ga : sb : dc ¼
g : s : d if d	 maxðg; sÞ
g : s : 2d otherwise

�

ð17Þ

served as a good heuristic.

The above observations motivate an NER ordering

where the measures are now given by:

• M1 = a + b
• M2 = a-b
• M3 = c.

These measures place a higher priority on a and b, as

compared to the ER ordering case, so that higher fre-

quencies in c are considered sooner. However, like the ER

case, there is a preference for combinations of lower a and

b frequencies as opposed to combinations with a high

frequency. With the known ga, sb, and dc [refer to (17)],

one can order the family of 3-tuples of non-negative inte-

gers in the following way:

• First, consider the set of 3-tuples of integers, (a, b, c),

such that 0 B a B ga, 0 B b B sb, and 0 B c B dc. There

are (ga + 1) (sb + 1) (dc + 1) such combinations.

Order these 3-tuples using the NER ordering measures

described above and denote the ordered set by S1.

• Next, starting with the set of 3-tuples of integers, (a, b,

c), such that 0 B a B 2ga, 0 B b B 2sb, and 0 B c B 2dc,

remove all those 3-tuples that are in S1. Order the

remaining 3-tuples using NER ordering, concatenate

this ordered set with S1, and denote the resulting

ordered set as S2.

• Continue the above process inductively by the follow-

ing rule. Remove the 3-tuples in Sn from the set of 3-

tuples (a, b, c), such that 0 B a B (n + 1)ga, 0 B b B

(n + 1)sb, and 0 B c B (n + 1)dc. Order the remaining

[(n + 1)ga + 1] [(n + 1)sb + 1] [(n + 1)dc + 1]-

(nga + 1) (nsb + 1) (ndc + 1) 3-tuples using NER

ordering and concatenate this ordered list to Sn to obtain

Sn+1.

Table 1 First few frequency combinations for ER image data set

a 0 0 1 0 0 1 0 1 2 0 0 1 0 1 2 0 2 1 3 0

b 0 0 0 1 0 0 1 1 0 2 0 0 1 1 0 2 1 2 0 3

c 0 1 0 0 2 1 1 0 0 0 3 2 2 1 1 1 0 0 0 0

6 Note that because L = M = N = 9, there are five ‘‘real’’ frequencies

(0 through 4) along all three parameters for this NER image data set. 7 g,s, and d must be integers with no common factors.
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The above procedure is illustrated in Fig. 10 for (ga : sb :

dc = 1:1:2).

Using the above heuristics, the first few frequency

combinations in the proposed ordering for the NER image

data set are given in Table 2, while its pictorial view is

shown in Fig. 11. The maximum relative error in the

energy recovery ratio for the representative NER image

data set computed using this proposed ordering as opposed
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Fig. 6 The plots in this figure

give a pictorial representation of

the proposed ordering of all

frequency combinations for the

ER image data set for Object 1

in Fig. 2. These plots are shown

as a function of the frequency

combination index and follow

the measures M1 and M2

outlined for ordering these

combinations for the ER image

data set
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Fig. 7 The plots in this figure show the comparison of the proposed

ordering with the optimum ordering of the frequency combinations in

terms of their energy recovery ability in �X for the ER image data set

for Object 1 in Fig. 2. The plot on the left shows the energy recovery

ratio as a function of frequency combination index, while the plot on
the right shows the corresponding difference in the energy recovery

ratios

Fig. 8 This figure shows the variation of images along the parameter

cn in the non-equiangular range (NER) image data set with

al = bm = 0�. Within these images, the parameter cn varies from

left to right from 0� to 320� in 40� increments. Note that the leftmost
image in this figure matches with the center image of Fig. 3
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Fig. 9 This figure shows entries of the first nine right singular vectors

of the NER image data set for Object 1 in Fig. 2 corresponding to

variation of nine images along the cn parameter with al = bm = 0�.

(The image in the center of Fig. 3 is planar rotated from 0� to 320� in

40� increments to obtain the corresponding images.) Note that only

nine (out of a total of LMN = 729) right singular vector entries are

plotted in each plot here
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to that computed using the optimum ordering is 1.76%,

which indicates the promise of the proposed heuristic.

Although the above two ordering heuristics (ER and

NER) determine the frequency ordering for �X solely based

on the range of all three parameters, empirical results [35]

showed that they successfully covered the frequency

ordering for almost all 3D image data sets. Thus these

ordering heuristics for a given �X along with the efficient

computation of �X �H using FFT techniques (refer to Sect.

4.3) can be effectively used to extend Chang’s eigen-

decomposition algorithm to compute the SVD of �X; which

is the topic of the next section.

7 A fast eigendecomposition algorithm for 3D image

data sets

The entire algorithm for the fast computation of a partial

SVD of �Xm�n; where n = LMN, can be summarized as

follows:

1. Form the matrix Y ¼ �X �H using fast Fourier transform

techniques described in Sect. 4 such that the columns

of Y are placed in the order discussed in Sect. 5 based

on the range of the al, bm, cn parameters.

2. Determine the smallest number p such that

qð �XT ; h1; . . .;hpÞ[ l; where l is the user-specified

reconstruction ratio. The key observation here is that

the matrix �X �Hp can be constructed directly from the

first p columns of Y.

3. Compute the SVD of �X �Hp ¼
Pp

i¼1 ~ri
~̂ui

~̂v
T

i :

4. Return ~̂u1; . . .; ~̂uk such that qð �X; ~̂u1; . . .; ~̂ukÞ	 l:

The computational expense of the proposed algorithm is

now analyzed. The cost incurred in Step 1, i.e., performing

the FFT of the 3D image data matrix �X; requires

O(mnlog2n) flops. Step 2, that of estimating p, requires

O(mp) flops. In Step 3, the cost of computing the SVD of

the matrix comprising the first p columns of �X �H is O(mp2).

Step 4, determining the needed dimension k, requires

O(mnk) flops. If p� n, then the total computation required

is approximately O(mnlog2n), otherwise it is approximately

O(mp2). This compares favorably with the direct SVD

approach, which requires O(mn2) flops.

For 1D image data sets, it was observed that the indi-

vidual pixel values do not change rapidly across the

sequence of images resulting in p � n. However, for 3D

image data sets, the value of p increases because the

images are not as highly correlated and the right singular

vectors are not as closely approximated by pure sinusoids.

To illustrate this phenomenon, consider the NER image

data set with L = M = N = 9. Let the columns of �H be in

descending order of their ability to recover energy in �X

using qð �XT ; �h1; �h2; . . .Þ: Then the dotted line in Fig. 12

shows qð �X; �h1; . . .;�hpÞ as a function of p, while the solid

lines show qð �X; ~̂u1; . . .; ~̂ukÞ for k = 1, 2,..., p and p = 50,

100, 150, 200. It is evident that while the ~̂ui give good

estimates of the ûi; qð �XT ; �h1; �h2; . . .Þ does not give as tight

a lower bound on qð �X; ~̂u1; . . .; ~̂ukÞ as in the 1D case.

It is possible to provide a tighter bound on

qð �X; ~̂u1; . . .; ~̂upÞ by using an orthonormal basis for the

range of �X �Hp; however, the following example illustrates

why this may not be desirable. Consider the case shown in

Fig. 13 where the user-specified reconstruction

ratio l = 0.95. The required dimension of the true eigen-

space for the homogeneously sampled image data set is

k* = 80, however, the first p = 166 optimally ordered

columns of �X �H are required to attain qð �X; �h1; . . .;�hpÞ	 l:
If all these p = 166 columns of �X �H are used, then the

approximated eigenimages result in qð �X; ~̂u1; . . .; ~̂u166Þ ¼
0:9693 (refer to Fig. 13(a)), whereas one only needs k = 83

eigenimages to obtain qð �X; ~̂u1; . . .; ~̂ukÞ ¼ 0:95: This indi-

cates that a large number of frequency combinations are

required to span the first k eigenimages. Now if the col-

umns of �X �H are orthonormalized using the QR

decomposition ð �X �H ¼ QRÞ; then qð �X; q1; . . .;q99Þ	 l;
where qi denotes the ith column of the resulting Q matrix.

Thus the value of p is reduced from 166 to 99, which

potentially improves the offline computational efficiency of

calculating the SVD of �X: The approximated eigenimages

for �X would now be given by the columns of �U ¼ QUr

where Ur denotes the matrix containing the left singular

vectors of R. Figure 13(b) shows that these approximated

eigenimages result in qð �X; ~̂u1; . . .; ~̂u99Þ ¼ 0:9503; which

Fig. 10 This figure shows two

ordered sets of 3-tuples (S1 and

S2-S1) using NER ordering

measures for the case where

(ga:sb:dc) is equal to (1:1:2)

Table 2 First few frequency combinations for the NER image data

set

a 0 0 ... 0 1 0 1 0 ... 1 0 1 1 ... 1 2 0 2 0 ... 2 0

b 0 0 ... 0 0 1 0 1 ... 0 1 1 1 ... 1 0 2 0 2 ... 0 2

c 0 1 ... 4 0 0 1 1 ... 4 4 0 1 ... 4 0 0 1 1 ... 4 4
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satisfies the user-specified accuracy very closely. However,

the resulting dimension of the approximate eigenspace is

now k = 99, which results in a significant increase in online

computations, which are proportional to the dimension of

the subspace used in the approximation. Note that the

difference between k and k* increases drastically as the

number of images in �X increases. Also there is no simple

method to determine a priori how many columns of �X �H
should be considered for computing its QR decomposition.

8 Experimental results

The proposed extension of Chang’s algorithm for compu-

tation of the partial SVD of 3D image data sets was

evaluated using the eight artificial (ray-traced) objects

shown in Fig. 2 and the sixteen real objects shown in

Fig. 14. In particular, the algorithm was used to calculate

the partial SVD of �X with l = 0.95 for three image data

sets for each artificial object and for two image data sets for

each real object. Table 3 explains the specifications of the

corresponding image data sets.8

Tables 4, 5, and 6 summarize the performance of the

algorithm, showing p, k, k*, and the computation times for

image data sets of artificial objects. Compared to the direct

SVD, the speed-up factors with the proposed algorithm are

in the range of 3.00–17.00 with averages of 6.28, 5.93, and

7.31 for these three image data sets. Because the original

image frames for all the objects have the same resolution,

the speed-up factor here depends on the values of p and k.

This is evident from all the table entries, as the minimum

speed-up factors are obtained for objects 5 and 7 with the

maximum obtained for object 2. Note that despite the

higher number of images in data set three, which requires

an increase in the time to perform step 4, the overall speed-

up factors are comparable. Note that the value of p is much

larger than k in most of the cases indicating that a large

number of frequency combinations are required to span the

first k eigenimages. It is also interesting to note that

the value of k is also generally large (with respect to the

number of images in the image data set) indicating that the

3D image data sets have far less correlation between

images than in the 1D case.

Tables 7 and 8 summarize the performance of the

algorithm, showing p, k, k*, and the computation times for

image data sets for real objects. Compared to the direct

SVD, the speed-up factors with the proposed algorithm for

these real objects are in the range of 3.82–22.47 with

averages of 7.80 and 21.64 for the two image data sets.

Note that the proposed algorithm performs better on real

objects than on artificial objects. Additionally, if the user-

specified accuracy l is reduced to 0.90, then the range of

speed-up factors of the proposed algorithm as compared to
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Fig. 11 The plots in this figure

give a pictorial representation of

the proposed ordering of all

frequency combinations for the

NER image data set for Object 1

in Fig. 2. These plots are shown

as a function of the frequency

combination index and follow
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Fig. 12 This figure shows the typical relationship between the true

left singular vectors, the computed estimates (as a function of k, 1 B

k B p, for several fixed values of p), and ordered frequency

combinations. The plots shown here are for the 3D image data matrix

generated for the NER image data set for Object 1 in Fig. 2 with L
= M = N = 9 and 90, 90, 360� ranges for al, bm, and cn parameters,

respectively

8 Due to the physical limitations of the robot, the range for the al and

bm parameters for the real objects was restricted to 60o.
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the direct SVD improves to 5.23–23.12 with averages of

9.74, 9.19, and 14.35 for image data sets for artificial

objects, and averages of 10.26 and 32.48 for image data

sets for real objects.

The quality of the resulting eigendecomposition was

also evaluated using the error measures described earlier

for both real and artificial objects. In particular, Tables 4,

5, 6, 7, and 8 show that the subspace criterion measure

between the true and approximated eigenimages for all

image data sets is in the range of 0.9213–0.9930. Also, the

difference between qð �X; û1; . . .; ûk� Þ and qð �X; ~̂u1; . . .; ~̂ukÞ
for each set was less than 0.17%, with an average of 0.09%,

which reveals that f~̂u1; . . .; ~̂ukg provides a very good

approximate basis for the first k* eigenimages

fû1; . . .; ûk�g:

9 Conclusion

This paper considered the efficient computation of the

eigendecomposition of general three-dimensional image

data sets that are parameterized by three different param-

eters. It was shown that the three-dimensional frequency

properties of these image data sets can be used to extend

one of the fastest known one-dimensional eigendecompo-

sition algorithm, proposed by Chang, to such image data

sets. In particular, two important extensions were dis-

cussed, i.e., (1) efficient computation of the multiplication

of the image data matrix with three-dimensional frequency

combinations using FFT techniques, and (2) optimum

ordering of the frequency combinations based on the ran-

ges of the three-dimensional parameters that parameterize

the given image data sets. These extensions were suc-

cessfully implemented to realize a computationally

efficient eigendecomposition algorithm, which performed

very well on several three-dimensional image data sets

with different parameterizations. This eigendecomposition
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(a) (b)Fig. 13 This figure shows the

energy recovery ratio plots for �X
using the columns of the �X �H
matrix for computing the

approximated eigenimages in

(a) versus an orthonormal basis

for the �X �H matrix in (b)

Fig. 14 This figure shows 16 real objects that are used in this study.

Each image of the object is of size 128 9 128, resulting in an image

data matrix �X of size 214 9 LMN for each object

Table 3 Image data sets generated for each object in Figs. 2 and 14

Image data set Number of images Range Angular separation

Artificial objects

1 10 9 10 9 10 81, 81, 81 9, 9, 9

2 10 9 10 9 10 81, 81, 324 9, 9, 36

3 9 9 9 9 36 80, 80, 360 10, 10, 10

Real objects

1 9 9 9 9 9 60, 60, 60 7.5, 7.5, 7.5

2 9 9 9 9 33 60, 60, 240 7.5, 7.5, 7.5
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Table 4 Performance of the proposed algorithm on image data set 1 for artificial objects (all times are in seconds)

Object p k k* Time required for different steps Speed-up Subspace

1 2 3 4 Total Factor Criterion (s)

1 238 105 99 6.53 0.024 3.23 3.73 13.52 7.81 0.9676

2 61 36 34 6.54 0.006 0.46 1.26 8.27 12.77 0.9679

3 485 183 161 6.53 0.049 10.54 6.50 23.62 4.47 0.9555

4 299 82 73 6.53 0.030 4.56 2.91 14.02 7.53 0.9508

5 625 248 222 6.53 0.063 17.43 8.77 32.81 3.22 0.9526

6 536 227 201 6.53 0.054 12.77 8.03 27.39 3.86 0.9508

7 638 209 192 6.53 0.065 17.60 7.37 31.58 3.34 0.9637

8 292 110 101 6.54 0.029 4.15 3.88 14.63 7.22 0.9556

Average 6.28 0.9581

Minimum 3.22 0.9508

Maximum 12.77 0.9679

Table 5 Performance of the proposed algorithm on image data set 2 for artificial objects (all times are in seconds)

Object p k k* Time required for different steps Speed-up Subspace

1 2 3 4 Total Factor Criterion (s)

1 259 126 121 6.53 0.026 3.49 4.46 14.51 7.28 0.9750

2 73 42 40 6.54 0.007 0.64 1.49 8.68 12.17 0.9815

3 494 240 215 6.53 0.050 10.84 8.50 25.92 4.07 0.9556

4 277 101 93 6.54 0.028 4.07 3.57 14.21 7.43 0.9536

5 641 309 277 6.54 0.065 17.56 10.95 35.18 3.00 0.9538

6 541 261 235 6.53 0.054 12.98 9.27 28.92 3.65 0.9532

7 646 250 228 6.54 0.065 17.84 8.94 33.43 3.16 0.9593

8 307 129 122 6.54 0.031 4.77 4.64 16.01 6.60 0.9686

Average 5.93 0.9626

Minimum 3.00 0.9532

Maximum 12.17 0.9815

Table 6 Performance of the proposed algorithm on image data set 3 for artificial objects (all times are in seconds)

Object p k k* Time required for different steps Speed-up Subspace

1 2 3 4 Total Factor Criterion (s)

1 626 194 184 38.20 0.06 16.77 64.20 119.23 7.23 0.9712

2 151 73 70 40.97 0.01 2.05 7.65 50.70 17.00 0.9871

3 898 351 320 39.40 0.33 85.66 37.00 162.40 5.31 0.9529

4 577 147 139 40.16 0.14 14.33 25.50 80.15 10.75 0.9727

5 1,236 457 425 40.67 0.41 134.22 48.59 223.91 3.85 0.9631

6 1,044 418 382 39.91 0.15 113.41 66.14 219.62 3.92 0.9566

7 1,333 392 373 39.55 0.46 146.36 42.32 248.71 3.47 0.9786

8 736 185 175 40.37 0.08 23.02 36.97 124.56 6.92 0.9642

Average 7.31 0.9683

Minimum 3.47 0.9529

Maximum 17.00 0.9871
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Table 7 Performance of the proposed algorithm on image data set 1 for real objects (all times are in seconds)

Object p k k* Time required for different steps Speed-up Subspace

1 2 3 4 Total Factor Criterion (s)

1 351 154 132 4.35 0.03 6.25 4.07 14.72 3.82 0.9320

2 259 108 91 4.35 0.02 3.51 2.86 10.76 5.23 0.9332

3 245 89 76 4.33 0.02 3.44 2.30 10.11 5.56 0.9220

4 56 12 11 4.35 0.00 0.38 0.31 5.06 11.12 0.9468

5 115 44 36 4.35 0.01 1.52 1.13 7.03 8.03 0.9262

6 288 93 79 4.35 0.02 4.45 2.41 11.25 5.00 0.9276

7 208 84 75 4.36 0.02 2.70 2.18 9.27 6.07 0.9261

8 134 28 26 4.35 0.01 1.55 0.73 6.66 8.44 0.9261

9 22 5 4 4.35 0.00 0.07 0.13 4.56 12.33 0.9930

10 94 13 13 4.36 0.01 1.03 0.35 5.75 9.78 0.9756

11 221 61 56 4.35 0.02 3.11 1.60 9.10 6.18 0.9449

12 207 58 50 4.36 0.05 2.71 1.50 8.64 6.51 0.9260

13 194 61 55 4.36 0.01 2.32 1.61 8.33 6.75 0.9300

14 67 14 14 4.36 0.00 0.54 0.37 5.29 10.63 0.9375

15 21 5 5 4.37 0.00 0.06 0.13 4.57 12.31 0.9812

16 184 41 38 4.35 0.01 2.43 1.10 7.91 7.11 0.9530

Average 7.80 0.9426

Minimum 3.82 0.9220

Maximum 12.33 0.9930

Table 8 Performance of the proposed algorithm on image data set 2 for real objects (all times are in seconds)

Object p k k* Time required for different steps Speed-up Subspace

1 2 3 4 Total Factor Criterion (s)

1 1,215 346 301 16.43 0.31 76.50 33.39 126.72 5.85 0.9338

2 874 205 182 16.42 0.22 35.67 19.79 71.95 10.29 0.9367

3 823 198 170 16.49 0.21 31.77 19.13 67.59 10.96 0.9257

4 159 25 24 16.38 0.04 2.25 2.43 21.11 35.10 0.9537

5 391 96 84 16.45 0.10 7.12 9.30 32.99 22.46 0.9300

6 975 169 147 16.55 0.25 45.31 16.31 78.43 9.45 0.9286

7 680 135 123 16.39 0.17 20.35 13.02 49.94 14.84 0.9423

8 422 64 57 16.39 0.10 8.05 6.18 30.74 24.11 0.9213

9 53 7 7 16.40 0.01 0.35 0.67 17.43 42.51 0.9778

10 296 26 25 16.39 0.07 4.24 2.51 23.24 31.88 0.9533

11 717 142 128 16.45 0.18 22.76 13.69 53.09 13.96 0.9449

12 706 140 120 16.40 0.18 21.94 13.54 52.07 14.03 0.9304

13 629 114 105 16.40 0.16 17.56 11.02 45.15 16.41 0.9358

14 184 28 25 16.48 0.04 2.41 2.70 21.65 34.23 0.9355

15 55 9 9 16.41 0.01 0.37 0.87 17.68 41.91 0.9909

16 596 89 84 16.43 0.15 15.32 8.59 40.51 18.29 0.9536

Average 21.64 0.9433

Minimum 5.85 0.9213

Maximum 42.51 0.9909
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algorithm can be used for computationally efficient three-

dimensional pose estimation of objects.
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