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Abstract—Conventional scanning probe microscopy (SPM)-
based nanomanipulations always have to face scanner accuracy
problems such as hysteresis, nonlinearity, and thermal drift. Al-
though some scanners consist of internal position sensors, the sen-
sitivity is not high enough to monitor high-resolution nanomanip-
ulations. Additionally, once the scan size decreases to a nanolevel
such as less than 100 nm, the noise brought by sensors is large
enough to affect the performance of the closed-loop motion control
system. In this paper, a non-vector space control strategy based on
compressive feedback is proposed in order to improve the accuracy
of SPM-based nanomanipulations. In this approach, local images
(or compressive data) are used as both the reference input and
feedback for a non-vector space closed-loop controller which con-
siders the local image (or compressive data) as a set. The controller
is designed in non-vector space, and it requires no prior informa-
tion on features or landmarks which are widely used in traditional
visual servoing. In this paper, the atomic force microscopy is used
as an example of SPM to implement the non-vector space con-
trol strategy for nanomanipulations. The motivation of designing
such a non-vector space controller is to solve the accuracy prob-
lem in nanomanipulation. Without this technique, the SPM-based
nanomanipulations, such as nanomeasurement and nanosurgery,
are difficult to conduct, with accuracy controlled under several
nanometers. In order to illustrate the contributions and potential
applications of this non-vector controller, at the end of this paper,
an application of carbon nanotube local electrical property char-
acterization based on a non-vector space motion control is shown
to clearly verify the concept. Compared with other research in
the local electrical property characterization, the non-vector space
controller can ensure that the measurement accuracy (position er-
ror) is controlled within a few nanometers, which also ensures the
reliability of measurement results. Additionally, this non-vector
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space control method can be implemented into any kind of SPM to
realize a real-time control for nanomanipulation such as nanofab-
rication and nanoassembly.

Index Terms—Compressive feedback, nanomanipulation,
nanorobotics, non-vector space.

I. INTRODUCTION

THE nanoworld has been revolutionized by recent ad-
vances in technology, which enable imaging, manipu-

lation, and measurement at the nano and molecular levels.
Targeted nanoparticle imaging and manipulation have intro-
duced nanotechnology to the biomedicine, material science,
and physics studies. Laboratory-level testing and experiments of
nanoscale require instruments that can provide nanoscale imag-
ing and operation. As one of the centerpieces in nanotechnol-
ogy, scanning probe microscopy (SPM) is a suitable candidate
for such needs as it could scan and manipulate nanoparticles or
single molecules at a nanoscale. SPMs such as scanning tun-
neling microscopy (STM) and atomic force microscopy (AFM)
have been frequently used to image and manipulate nanomat-
ters [1]–[3]. Usually, this kind of microscopy is equipped with
a probe which has a very sharp tip (tip apex is approximately
10 nm or less) which can delicately scan on top of the sample
surface to get the topography image. Besides imaging, the sharp
tip can be considered as an end effector of the nanorobot which
is capable of manipulating nanoobjects and modifying sample
surfaces [4].

The accuracy of SPM imaging and manipulation highly de-
pends on the accurate motion control of the probe (which is
equipped at the end of the scanner). Although the piezoelectric
tube scanner which is widely used in SPM has many advantages
such as high response frequency, it still has several accuracy
issues such as hysteresis, nonlinearity [5], and thermal drift [6].
These disadvantages might be acceptable for imaging but not
for manipulation. The nanomanipulation system must have reli-
able and accurate motion control ability to precisely manipulate
particles at a nanoscale. In order to improve these nonlinearity
and thermal drift, models and sensors are introduced.

Typical compensation models, such as the Preisach method
[7], which includes a feed-forward controller to solve hysteresis,
can be used to solve the nonlinearity. It cannot, however, reduce
the online error because of lacking feedback. Apart from the
models, displacement sensors have been placed in SPMs to
provide feedback. However, the precision of the closed-loop
scanner has been limited by the performance of these sensors
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(such as the strain gauge [8], the capacitive sensor [9], and the
optical sensor [10]).

However, sensors have several drawbacks which need to be
solved. First, sensors usually increase the system noise. Second,
the displacement measured by sensors is the output of the
piezo-tube, which is not the exact position of the probe tip
since the cantilever of the probe might be bending during
nanomanipulations.

In order to design a system which can solve the issue, how to
get accurate motion control without introducing extra noise, we
do not use extra sensors for generating the SPM scanner position
feedback. Instead of sensors, the SPM images are used as both
the reference input and the feedback to generate a closed-loop
control system for tip motion control in the nanomanipulation
system [11]. Apparently, it is a typical visual servo problem [12].
In visual servoing, images are used for locating a feature or land-
mark associated with coordinates transformation, allowing the
visual servoing system to get the position or velocity feedback
for the closed-loop system. The system does not need sensors to
monitor the movement. However, the performance of conven-
tional visual servoing heavily depends on feature extractions.
Good features may not be easy to find and may be changed
during manipulation [13]. Some researchers also studied visual
servoing without the feature extraction process. Collewet and
Marchand used the similarity of two images to define the mu-
tual information which was used to design a controller [14].
Dame and Marchand used the completed image intensities as a
feature vector to perform feedback control [15]. Although these
methods work well, the approach in this paper is fundamentally
different from them. In this approach, the image is considered
as a set in non-vector space (there is no order to each element
in the set), which is the advantage through which the random
compressive data can be used as the feedback (detailed in Sec-
tion IV). Moreover, vector space visual servo still needs accurate
calibration which is difficult at a nanoscale.

In this paper, a novel control strategy was developed by uti-
lizing the feedback/compressive feedback produced by images/
compressive data which further improved our previous work
[11]. Because the image or compressive feedback is a set, not a
vector, the terminology non-vector space control is used. Addi-
tionally, the feedback can be a complete local image or partial
image that can be considered as compressive data, which is the
terminology compressive feedback. Inside this control system,
both the controller and feedback are designed in the non-vector
space for tip motion control to conduct SPM-based nanoma-
nipulation (as shown in Fig. 1). Three crucial steps are essen-
tial for the control strategy: 1) Design a non-vector space con-
troller in which the local image is used directly as the feedback.
2) Use compressive scanning to compress the sample and re-
construct a local image. Compressive sensing is introduced
here to reduce the scanning time to increase the feedback rate.
3) Replace the complete feedback (local image) with com-
pressed data directly to generate a compressive feedback (as
shown in Fig. 1). In this step, we designed a non-vector space
controller based on compressive feedback. After compressive
scanning, it is not necessary to recover the local image that
costs extra time on calculation. The compressive data obtained

Fig. 1. Control diagram of the non-vector space control system with compres-
sive feedback (with AFM as an example).

by compressive scanning is used directly as the feedback. In
such a case, the controller must ensure the stability when the
compressed data are used as the feedback of the closed-loop
control. In this paper, AFM is used as a specific example to
illuminate how a non-vector space controller works.

A number of potential applications of a non-vector space con-
trol are easily identified because of its accurate motion control at
a nanoscale. It enables SPMs to conduct complicated nanoma-
nipulations and nanomeasurements which were difficult or im-
possible to perform with traditional nanomanipulation methods.
For example, SPMs have been proposed to study the local con-
ductance of nanomaterials by employing a conductive probe
as a movable electrode to conduct local conductance measure-
ments. However, only a few attempts have been made because
of the lack of accurate position control. In order to characterize
the local electrical properties, spatial measurement resolution
should be controlled within a few nanometers. It is difficult or
even impossible prior to the development of a non-vector space
control. A non-vector space control can conduct precise SPM
tip motion control to accurately reach each measurement point
which leads to reliable measurement results. In the last section
of this paper, we present an AFM-based nanomanipulation ap-
plication: carbon nanotube local conductivity characterization
using a non-vector space control to illustrate the contribution of
this new control strategy to explore the nanoworld.

II. NON-VECTOR SPACE CONTROL BASED

ON LOCAL COMPLETE IMAGE

A non-vector space control strategy based on a local image is
proposed in this section. A local image is obtained by performing
a local scan, which only samples a small area of interest. It
reduces sampling time so that an acceptable feedback rate is
achievable [16].

In traditional visual servoing, features are first extracted from
the image followed by a controller which is designed to reduce
the position error between the desired and current vectors of
features to zero [12]. Traditional visual servoing relies on feature
extraction. In most visual servoing literatures, several fiducial
markers are used for features so that the tracking of them can
be easily achieved [13].

Different from the aforementioned traditional servoing meth-
ods, we developed a featureless method that directly uses the
image intensity information. First, this method considers the
image as a set. Second, we define the difference between sets
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Fig. 2. Basic working approach of a non-vector space control.

as the error between the desired and current image sets. Finally,
a non-vector space controller is designed to converge the dif-
ference to zero [17]. It should be noted that other featureless
methods also exist, including the kernel-based method [18], the
sum-of-square-difference method [19], and the entropy-based
method [20]; however, the non-vector space control approach
is fundamentally different from them. Although the controllers
design in aforementioned applications were performed in the
condition of featureless, the dynamics models are still in vector
space. It brought difficulties in the design and theoretical anal-
ysis of the control systems. In our approach, both the dynamics
model and the controller design are in non-vector space.

The basic non-vector space control strategy is shown in Fig. 2.
First, a large area of interest is scanned by SPM. Then, a small
image patch is chosen as the desired image (inside the large area
SPM image). Then, the tip starts the local scanning to obtain
a current image. According to the two sets corresponding to
the desired image and current image, the non-vector space con-
troller calculates the moving direction and speed for the SPM
tip. Through updating current images, eventually the desired
image matches the current image. In this way, the tip can be
steered to the desired position for manipulation. This strategy
is completely different from current visual servoing method-
ology. Although images are involved in the feedback in the
conventional visual servoing, the image is used for recognizing
features or landmarks in order to obtain the position informa-
tion. In a non-vector space control system, images are directly
used for reference input and state feedback without explicitly
computing the position. Some other methods such as optical
flow [21] could also be used in visual servoing. However, since
optical flow methodology works in vector space, it requires time
consuming delicate calibration before use, which is a drawback
in the nanoworld.

In order to design such a control system (mentioned above),
two fundamental issues need to be solved: how to define a differ-
ence (distance) in non-vector space and how to build a dynamic
model in non-vector space. The non-vector space controller is
based on the set, and if we want to solve these issues, mutation

analysis should be used to formulate the dynamics model in
non-vector space.

A. Basic of Mutation Analysis

Mutation analysis describes the dynamics of the sets. Take
images as an example; the set used in non-vector space is de-
fined as follows: Consider an n × n pixels image A, where A =
[aij ], 1 ≤ i ≤ n, 1 ≤ j ≤ n and its set form X is de-
fined as X = {[1, 1, a11 ]T , [1, 2, a12 ]T , . . . , [i, j, aij ]T ,
. . . , [n, n, ann ]T }. In order to formulate the difference between
two sets, the set distance should be defined. Any set distance
d(X,Y ) between sets X and Y must satisfy the following three
conditions [22]:

1) Nonnegative: d(X,Y ) > 0 if X is not the same with Y ;
d(X,X) = 0;

2) Symmetry: d(Y,X) = d(X,Y );
3) Triangular Inequality: d(X,Z) ≤ d(X,Y ) + d(Y,Z) for

any other set Z.
Any set distance which satisfies these three conditions could

be applied in a non-vector space control system. In this paper,
the Hausdorff distance is used as an example to discuss the
controller design and stabilization problem.

Given a finite set of points P ⊂ Rn , the set distance between
the set P and a point x ∈ Rn is dP (x) = miny∈P ‖y − x‖. The
projection from x to P is denoted as ΠP (x) = {y ∈ P : ‖y −
x‖ = dP (x)}. The Hausdorff distance between two sets P and
Q is defined as

dh(P,Q) = max
{

max
p∈P

min
q∈Q

‖p − q‖,max
q∈Q

min
p∈P

‖q − p‖)
}

.

(1)
Following are some extra definitions for the set dynamics. A

tube K(t) ⊂ Rn is a mapping: K:R+ �→ 2R
n

, where 2R
n

is the
powerset ofRn . For example, in the case when gray scale images
are the sets, the tube is the surface evolution with respect to time
in the 3-D space. Define ϕ: E �→ Rn with E ⊂ Rn as a bounded
Lipschitz function. The set of all such functions is denoted as
BL(E, Rn ). Then, the transition for ϕ ∈ BL(E, Rn ) is defined
as

Tϕ (t,K0) = {x(t) : ẋ = ϕ(x), x(0) ∈ K0} (2)

which is a tube evolving under ϕ. The derivative of a tube K(t)
is denoted as

◦
K(t), which, based on mutation analysis, must

satisfy the following condition:

lim
Δt→0+

1
Δt

dh(K(t + Δt), Tϕ (Δt,K(t))) = 0 (3)

◦
K(t) = {ϕ(x) ∈ BL(E, Rn ): (3) is satisfied}. (4)

Therefore, the set dynamics mutation equation is defined as
follows:

ϕ(x) ∈
◦
K(t). (5)

In addition, the controlled mutation equation (let U be the set
of all the possible controls u) is defined as

ϕ(x(t), u(t)) ∈
◦
K(t) with u(t) = γ(K(t)) (6)
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where ϕ: E × U �→ BL(E, Rn ) is a mapping process from a
state to a bounded Lipschitz function. γ: 2R

n �→ U is a feedback
map from K(t) to the control input.

B. Mutation Analysis for Scanning Probe
Microscopy-Based Nanomanipulation

Mutation analysis provides an alternative way to solve a visual
servoing problem: Design a controller u(t) = γ(K(t)) based
on current image set K(t) so that dh(K(t), K̂) → 0 as t →
∞, where K(0) and K̂ are the initial (first current) and goal
(desired) image sets, respectively.

In fact, if the function ϕ in (6) is linear in u(t), we have the
following theorem [17]: For the system described by mutation

equation L(x)u ∈
◦
K(t) with x ∈ Rm , L(x) ∈ Rm×n , u ∈ Rn ,

and K(t) ⊂ Rm , the following controller can locally exponen-
tially stabilize the system at K̂:

u(t) = γ(K) = −αA(K)+V (K) (7)

where α > 0 is a gain factor. A(K)+ is the Moore–Penrose
pseudoinverse of A(K) ∈ R1×n defined by

A(K) =
∫

K

d2
K̂

(x)
m∑

i=1

∂Li

∂xi
dx + 2

∫

K

[x − ΠK̂ (x)]TL(x)dx

− 2
∫

K̂

[x̂ − ΠK (x̂)]TL(ΠK (x̂))dx̂

where Li is the ith row vector in matrix L. V (K) is the Lyapunov
function defined as

V (K) =
∫

K

d2
K̂

(x)dx +
∫

K̂

d2
K (x̂)dx̂. (8)

The SPM performs imaging with two translational degree-of-
freedom motion (vertical motion is used to obtain the sample
topography). If the control input is u = [ux, uy ]T , the mutation
dynamic equation is

Lu ∈
◦
K(t) (9)

where

L =

⎡
⎣
−1 0
0 −1
0 0

⎤
⎦

is a constant matrix. Then, the controller can be obtained from
(7):

u(t) = −α

2

{∫

K

[x − ΠK̂ (x)]TLdx

+
∫

K̂

[x̂ − ΠK (x̂)]TLdx̂

}+

V (K). (10)

III. COMPRESSIVE SENSING FOR A NON-VECTOR

SPACE CONTROLLER

In the non-vector space control system, SPM images are used
as the feedback. The feedback image here is not the entire image,
which takes too much time in scanning but is the local image
whose dimension is much smaller. We developed a local scan

strategy [3] to scan a small local area for its topography image;
however, it still takes several seconds which is too slow to pro-
vide feedback for the non-vector space controller. To solve that,
compressive sensing is used to reduce the time on scanning.

Considering an unknown signal x ∈ RN , if M linear mea-
surements are taken according to a measurement matrix Φ (as
shown in (11), in the case of M = N , the original signal x can
be well sampled. However, we are more interested in the con-
dition when M 
 N ; fewer measurements might be enough to
reconstruct the original signal.

y = Φx (11)

where Φ is the measurement matrix, and y ∈ RM is the mea-
surement results. Equation (11) is an underdetermined equation
if M 
 N . However, if adding some constraint such as that
Φ has been properly designed and x is sparse, the unique so-
lution of x can be found by solving the 0-norm minimization
problem [23].

x̂ = arg min‖x‖0 s.t. Φx = y. (12)

Because solving the 0-norm minimization problem is NP-
hard [24], [25], 1-norm minimization is used instead of 0-norm.
Then, (12) could be written as

x̂ = arg min‖x‖1 s.t. Φx = y (13)

where x̂ is the reconstructed signal.
Besides the 1-norm minimization algorithm, the minimiza-

tion total variation method (14) is used for signal/image recon-
struction. It can find the sparest solution in the intensity gradient
level to obtain a continuous and smooth reconstructed image.

x̂ = arg minTV (x) s.t. Φx = y (14)

where TV (x) =
∑

i,j

√
(xi+1,j − xi,j )2 + (xi,j+1 − xi,j )2 .

Because compressive sensing can reduce the number of mea-
surements, it can be associated with local scan strategy to in-
crease the feedback rate by further decreasing the scanning time.
How to design a proper measurement matrix is a challenge for
the implementation of compressive sensing into SPM. Usually,
compressive sensing uses random measurement matrixes such
as random Gaussian and Bernoulli matrixes. It is difficult to
apply these random measurement matrixes to SPM due to the
special working principle of SPM. The working principle of
SPM is using a tip to scan on top of a sample surface, line by
line, which is time-consuming work.

The measurement matrix in compressive sensing is an es-
sential part due to the relationship between the measurement
matrix and measurement efficiency. Following pestricted isom-
etry property (RIP) [23] is a way to determine the sampling
capability of a measurement matrix.

Definition 1: A matrix A ∈ Rm×n satisfies the RIP condition
of order S if there exists a δS ∈ (0, 1) such that

(1 − δS )‖x‖2
2 ≤ ‖Ax‖2

2 ≤ (1 + δS )‖x‖2
2 (15)

for all the S sparse vectors x ∈ Rn .
To test whether a matrix satisfies RIP condition is an expo-

nential computational complexity problem. However, random
matrices have been shown to satisfy the RIP condition with very
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Fig. 3. Random sampling points and the TSP trajectory (800 random points
in 50×50 points area with total travel distance 981.1645).

high probability. In order to design a random measurement ma-
trix for SPM, the physical meaning of the measurement matrix
in SPM imaging should be studied first. The tip scanning trajec-
tory is determined by the measurement matrix. However, due to
the imaging principle of SPM, a continuous trajectory should
be found for random sampling points which can connect all the
points with only one visit. This is a typical traveling salesman
problem (TSP), which is an NP-hard problem. In order to find a
near-optimal solution for this trajectory, the Genetic Algorithm
(GA), which is a paradigm based on crossover and mutation, is
used to solve this problem [26]. The working principle of this
algorithm is that it connects each of the two points and then
randomly selects the position to cut the connection between two
points. Through the methods of recombination, mutation, and
selection, the GA could search for new generation points which
are better (shorter traveling distance) than the former trajectory.
For example, we set the local area with 50×50 points, and af-
ter GA is applied, the trajectory obtained is shown in Fig. 3.
The red line denotes the trajectory of the SPM tip which visits
each point once and eventually returns to the initial point. If
we assume that the distance between two neighboring points is
one, the total travel distance is 981.1645. It is much shorter than
raster scanning the entire local area (total distance is 2500). By
means of compressive sensing, the control system can directly
save the time spent on scanning which can increase the image
feedback rate.

IV. NON-VECTOR SPACE CONTROL BASED

ON COMPRESSIVE FEEDBACK

Although compressive sensing decreases the time spent on
scanning, it still needs extra time (approximate 0.5 s for 30×30
image) for image reconstruction. In order to further increase the
feedback rate, we modified the non-vector space controller to
use compressive feedback instead of complete image feedback
directly. Although directly feeding back an image has avoided
many difficulties associated with visual servoing such as feature

extraction and extensive calibration, the amount of the data in
feedback is large. It can significantly limit the feedback rate
and require considerable computing power. The compressive
feedback can solve this problem by significantly reducing the
sampling and data transmission. As a matter of fact, the proposed
compressive feedback makes the non-vector space control com-
putationally feasible and efficient.

The derivation of a controller with compressive feedback is
similar to the case of complete image based non-vector space
control methodology which uses regular state feedback. The
only difference from the approach in Section II is the type of
feedback. The feedback for the former controller is a complete
image recovered from compressive scanning. In contrast, for
compressive feedback, the compressive data obtained by com-
pressive scanning is used directly as the feedback without a
recovery process, which increases the feedback rate. In other
words, the SPM scanner only scans partial points of the local
area. Based on this compressive data, a controller is designed
to control the SPM’s tip toward the desired position which is
achievable if this process is performed repeatedly.

A. Controller Design

Because the mutation equation is the same and the compres-
sive feedback (data) is also a set, the controller in Section II still
works, and it can be slightly modified as follows.

Let Kc and K̂c be the sets obtained by random scanning/
sampling from the current and the desired image sets K, K̂,
respectively. The following controller can locally exponentially
stabilize Kc at K̂c :

u(t) = −α

2

{ ∫

Kc

[x − ΠK̂ c
(x)]TLdx

+
∫

K̂ c

[x̂ − ΠK (x̂)]TLdx̂

}+

V (Kc) (16)

where V (Kc) =
∫

Kc
d2

K̂ c
(x)dx +

∫
K̂ c

d2
Kc

(x̂)dx̂.

This controller might not meet the goal of dh(K, K̂) → 0 as
t → ∞. There possibly exists another set K̃ where K̂c ⊂ K̃, if
the cardinality of K̂c is much less than that of K̂. To prevent
such a condition, we have to prove that when dh(Kc, K̂c) → 0,
dh(K, K̂) → 0, if Kc satisfies some certain constraints. These
constraints come from the compressive sensing technique. Intu-
itively, there should be a unique K given a randomly subsampled
Kc ⊂ K. Assume that the image is S sparse in the frequency
domain (Fourier domain in this research, where the number of
nonzero coefficients is S). If the image pixel intensity is sampled
in a uniform random manner, the image can be exactly recon-
structed by l1 minimization algorithm in which the number of
samples is of the order of O(S log4 n).

B. Stability Analysis

Assume that the elements in set K are obtained from the
image in order (for an image with n × n pixels, the first n
elements in K are the first row (or column) of the image). Let
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xk be the kth vector of all the intensities of the image set K,
and the elements in xk are obtained using the same order in K.
Let x̂k , xkc

, and x̂kc
be the vectors of the intensities of K̂, Kc ,

and K̂c , respectively. The following lemma is used to prove the
stability of the controller.

Lemma 1: dh(K, K̂) → 0 if and only if ‖xk − x̂k‖ → 0
Proof: 1) First of all, let us show dh(K, K̂) → 0 ⇒

‖xk − x̂k‖ → 0. By the definition of Hausdorff distance, if
dh(K, K̂) → 0, then for any p = [p1 , p2 , p3 ]T in set K, we
have minq∈K̂ ‖p − q‖ → 0. Let q = [q1 , q2 , q3 ]T be the ele-

ment in K̂ when the minimum is achieved, then (p1 − q1)2 +
(p2 − q2)2 + (p3 − q3)2 → 0. Because the first two coordinates
in p and q are the pixel indices, (p1 − q1)2 + (p2 − q2)2 cannot
approach zero if the indices are different. Therefore, p1 = q1
and p2 = q2 which means the order of p and q are the same
in K and K̂, respectively. Moreover, we have (p3 − q3)2 → 0.
Consequently, we have ‖xk − x̂k‖ → 0 since ‖xk − x̂k‖2 is the
sum of all the square of intensity differences for the same pixel
indices such as (p3 − q3)2 .

2) Second, let us show ‖xk − x̂k‖ → 0 ⇒ dh(K, K̂) → 0.
Let p = [p1 , p2 , p3 ]T in set K and q = [q1 , q2 , q3 ]T in set K̂ be
two arbitrarily elements with the same pixel indices, i.e., p1 = q1
and p2 = q2 . Since ‖xk − x̂k‖ → 0, we have (p3 − q3)2 → 0.
Then, for p ∈ K, we have minq ′∈K̂ ‖p − q′‖ ≤ ‖p − q‖ → 0.
For any other elements in K, we also have similar arguments.
Therefore, maxp ′∈K minq ′∈K̂ ‖p′ − q′‖ → 0. Similarly, we have

maxq ′∈K̂ minp ′∈K ‖q′ − p′‖ → 0. Therefore, dh(K, K̂) → 0. �
Besides the lemma, another equation, RIP condition (15) from

the compressive sensing literature is used to establish the result.
In fact, we have the following lemma:

Lemma 2 [27]: Let Φ ∈ Rn×n be the standard basis and Ψ ∈
Rn×n be the Fourier basis. Then, the matrix A = RΦΨ−1 where
R ∈ Rm×n extracts m rows in ΦΨ−1 uniformly in random.
Then, A satisfies the RIP condition of order S with very high
probability if m ≥ C · S · log4 n, where C is a constant.

In order to verify the correctness of using compressive feed-
back, based on the above two lemmas, the following proposition
is obtained.

Propsition 1: Assume xk ∈ Rn and x̂k ∈ Rn are S sparse
in the frequency domain, xkc

∈ Rm and x̂kc
∈ Rm are ob-

tained randomly from the image set K and K̂. If m ≥ 2 · C · S ·
log4 n, where C is a constant. With high probability, we have
dh(K, K̂) → 0 if dh(Kc, K̂c) → 0.

Proof: From the random sampling, we have xkc
= Axk and

x̂kc
= Ax̂k . It is noted that based on the assumption, the ran-

dom sampling matrix is the same as Lemma 2. Therefore, from
Lemma 2, A ∈ Rm×n satisfies the RIP condition with order 2S.
Let the RIP constant be δ2S .

Using Lemma 1, we have ‖xkc
− x̂kc

‖ → 0 from dh(Kc,

K̂c) → 0. From the RIP condition, we have ‖xkc
− x̂kc

‖2
2 =

‖Axk − Ax̂k‖2
2 ≥ (1 − δ2S )‖xk − x̂k‖2

2 . Since 1 − δ2S > 0,
we have ‖xk − x̂k‖ → 0. Based on Lemma 1 again, we have
dh(K, K̂) → 0. �

The proposition shows that if certain conditions are satisfied,
the same controller in (16) can be used under the compressive
feedback.

Fig. 4. Hardware architecture of the nanomanipulation system.

V. EXPERIMENTAL IMPLEMENTATION AND RESULTS

A. Experimental Implementation

In order to validate the non-vector space controller design
and test the performance of this control system, it has been
implemented into the AFM-based nanomanipulation system (as
shown in Fig. 4). An AFM (Multimode, Bruker-nano, CA, USA)
is used in this experiment. A computer with a haptic device, a
real-time Linux system, and DAQ cards are used in this nanoma-
nipulation system. In addition, a signal access and control box is
developed to acquire the signal of topography information and
input the control signal into the AFM controller.

B. Experimental Results of the Non-Vector Space
Control With a Complete Image as Feedback

In this experiment, a conventional AFM was used to obtain an
image of 1024×1024 pixels on a single-wall carbon nanotube
(SWCNT) sample (scan size is 1.6 μm× 1.6 μm). This is the
working area of the non-vector space controller. We named this
AFM image “original image.” Then, AFM scanned locally to
get a small pitch image of current position. After that, a position
close to the current position (approximately 56 nm away) was
chosen as the desired position. The desired image can be easily
selected in the original image. After calculations, the non-vector
space controller provided the translational velocity ux and uy .
The current and desired images, with a size of 30×30 pixels,
are labeled in an original image in Fig. 5(a).

Results are shown in Fig. 5(b), where the iteration means the
steps that AFM tip travels to the destination. At approximate 50
steps the AFM tip eventually reached the desired position when
the distance approached zero. An additional note here is the error
in a steady state. Theoretically, the error should converge to zero,
as time goes to infinity; however, in AFM application, because
of the thermal drift and noise, the non-vector space control has
to continually minimize the error caused by the thermal drift
and noise. This is the cause of the steady state error which is not
zero in both the x and y directions.
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Fig. 5. Experimental setup and the results of a non-vector space control based
on complete local images. (a) Experimental setup for the non-vector space
control. (b) Experimental results of a non-vector space control with image as
feedback: Error in the x and y directions.

Fig. 6. Experimental results of compressive sensing with random sampling.
(a) Original AFM image on SWNT sample with 50×50 pixels. (b) Reconstructed
image obtained by randomly compressive scanning on the same area.

C. Experimental Results of Compressive Sensing
With Random Sampling

In the previous experiment, a non-vector space control system
obtained the image feedback by scanning the entire local area
which required extra time. In order to reach a higher sampling
rate, imaging speed must be increased. Compressive sensing
was utilized to solve this dilemma. The experimental results of
compressive scanning and image reconstruction are shown in
Fig. 6

These two images in Fig. 6 are 50×50 pixels and the scan
size in each image is 1 μm× 1 μm of the SWCNT sample.
After compressive sensing was applied, the scanning time de-
creased to 1.25 s (compared with 6.98 s in conventional raster
scan). Compressive sensing can largely reduce the time spent
scanning. However, for compressive sensing, it still requires
time (approximately 1 s according to the TV-norm reconstruc-
tion method) to reconstruct the original image. In order to solve
this new issue, the compressive sampling data are used as the
feedback to the non-vector space controller directly without a
reconstruction process.

D. Experimental Results of Compressive Feedback
Non-Vector Space Controller

From the previous experiment, it is shown that compressive
sensing could increase the sampling rate without losing impor-
tant data information. However, its disadvantage is also obvious:
Compressive sensing has to reconstruct the original image. The
question is whether we can directly use the compressive data
which is not an image but a set of random chosen data (com-
pressive data) to serve as the feedback. In Section IV, the the-
oretical proof of this application was shown. In this section, an
experiment was setup to test the performance of this control sys-
tem. The experimental procedure is similar to the experiment in
Section V-A. The only difference between these two experi-
ments is that in this experiment the compressive data obtained
by compressive scanning was used to replace the complete local
image as the feedback. The same initial and desired locations
as in the first experiment were used. The distance between the
current position and desired position is 40 nm in the vertical
direction and −41 nm in the horizontal direction. The feedback
used in this experiment is a set of 350 elements [the ones inside
30×30 pixels as shown in Fig. 5(a)]. The experimental result is
shown in Fig. 7(b). In this experiment, initial and desired posi-
tions are the same as the first experiment, but the calculation time
spent on the compressive feedback controller (0.152 s) is much
less than using the complete image as the feedback (0.322 s)
in each step. That means the non-vector space controller based
on the compressive feedback can reduce the time spent on both
scanning and calculating.

E. Experiment on Tracking SWCNT-Based on the
Compressive Feedback Non-Vector Space Controller

The goal of this example is using AFM tip to track along
SWCNT. Before the start of the AFM tip motion control, first a
high-resolution AFM image in the area of interest had been
scanned as the original image [as shown in Fig. 8(a)]. The
scan size of image is 1.25 μm × 1.25 μm, and the resolu-
tion is 1024×1024 pixels. Once the high-resolution image was
obtained, the path-planner modules started working. The oper-
ator can select between two options: Automatically identify the
SWCNT, and generate the tip path or manually design the arbi-
trary path. In this example, the path was selected manually by
using the haptic device; the tracking path is shown in Fig. 8(b).
Once the path was selected, the system automatically generated
a sequence of images of the interim steps between start and end
points [shown in Fig. 8(c)]. With the guidance of a non-vector
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(a)

(b)

Fig. 7. Experiment setup and the results of a non-vector space control based
on the compressive feedback. (a) Experimental setup for the non-vector space
control based on the compressive feedback. (b) Experimental results of a non-
vector space control with compressive feedback: error in x and y directions.

space controller, the AFM tip tracks the SWCNT and eventu-
ally reaches the goal position. In addition, the position error is
shown in Fig. 8(d). The error is highly related to the image scan
size and resolution. Generally, a smaller scan size with higher
resolution will result in less position error. In order to achieve
ultrahigh accuracy position and motion control, the scan size
should be as small as possible. However, maintaining the proper
image quality is a challenge when the scan size decreases into
hundreds of nanometers, especially for the local image or com-
pressed data used for the feedback. In this case, the noise in
the image might influence the performance of the controller.
The typical Hausdorff distance is very sensitive to the noise;
therefore, in this application, the modified Hausdorff distance is
used instead of a conventional Hausdorff distance. The modified
Hausdorff distance is defined as follows.

Assuming a finite set of points P ⊂ Rn , the distance between
a point x ∈ Rn and the set is dP (x) = miny∈P ‖y − x‖. The
modified Hausdorff distance (MHD) between two set P and Q
is defined as [28]

dh(P,Q) = max

{
1
n

∑
p∈P

min
q∈Q

‖p − q‖, 1
n

∑
q∈Q

min
p∈P

‖q − p‖
}

.

(17)

Fig. 8. Experimental results of tracking SWCNT using a non-vector space
controller. (a) Original AFM image of 1024×1024 pixels. (b) Tracking path.
(c) Sequence of images of the interim steps. (d) Position error during tracking.

The MHD is robust to the noise, which is suitable in this ex-
ample. After MHD was applied into the non-vector space con-
troller, the error range was controlled within 4 nm. The method
to verify the position error in all experiments is the offline tem-
plate matching. Because there is no position or displacement
sensor in this open-loop AFM scanner, the way to calculate the
absolute error is using each current local image as a template
to match with an accurate position in the original image. This
is the method to verify the error but not the one used in the
non-vector space control strategy which used MHD to define
the error between current and desired images.

F. Performance Analysis of Non-Vector Space Controllers

Currently, there are two different types of non-vector space
controller—image feedback and compressive feedback. From
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the experimental result, the steady-state error of the complete
image feedback controller approaches zero (error is approxi-
mate ±1 nm) in both the x and y directions, which proves that
dh(K(t), K̂) → 0 as t → ∞. However, in the case of com-
pressive feedback, the error does not always converge to zero.
This is because of the following proposition for the compressive
feedback controller.

Proposition 1: Suppose both x and x̂ obey the power law
decay. Without loss of generality, assume that the largest S =
�n/2� elements are used to approximate the original signals,
where �·� is the ceil operator. If matrix A satisfies the RIP
condition with order 2S and constant σ2S , then dh(K, K̂) ≤
2R(

√
1 + σ2S +

√
1 − σ2S )/

√
S(1 − σ2S ) if dh(Kc, K̂c) →

0.
This proposition indicates that if dh(Kc, K̂c) → 0, the set

distance between the two compressive sets can be bounded.
Therefore, instead of asymptotical stability, only the stability
can be guaranteed (the detailed proof can be found in [29]). In
other words, there exists a steady state error in the compressive
feedback controller. As shown in Fig. 7(b), the steady-state error
is approximately ±2nm. Although the steady-state error exists
in a compressive feedback controller, its reduced calculation
time and high feedback rate are useful advantages for realtime
control. It is noted that the accuracy of this non-vector space
controller depends on the original image resolution and scan
size which is used for visual servoing. If a 1024×1024 pixels
AFM image with the scan size of 600 nm is used, the accuracy
of this non-vector space control system will reach as high as
1 nm according to the experimental results.

In addition, theoretically, the initial image and goal image
should be sufficiently close to each other (with some overlap).
The “sufficiently close” comes from the local stability of the
controller, which means the goal image should be in the vicin-
ity of the initial image. The closeness can be described by the
Hausdorff distance. The bound of the Hausdorff distance be-
tween the initial and goal image for successful control depends
on the region of attraction of the controller. If the difference is
too big for the controller to handle, a proper motion planner will
be needed. In other words, instead of reaching the goal in one
step, a trajectory will be planned to lead to the goal. Moreover,
it might be possible that in certain areas, the controller may
generate the same compressive feedback, and the output of the
controller is the same. However, the next compressive feedback
is unlikely to be identical to the previous compressive feedback
(because of the random sampling and the fact that the surface is
not perfectly periodic) and at that time, the controller can drive
the tip toward the desired position.

VI. NON-VECTOR SPACE CONTROL SYSTEM APPLICATION:
CARBON NANOTUBE LOCAL ELECTRICAL

PROPERTY CHARACTERIZATION

With the development of synthesis techniques of nanomate-
rials, including nanotubs, nanowires [30], nanopolymers [31],
quantum wells and quantum dots [32], the electrical charac-
terization of these materials, albeit more challenging, attracted
strong attention. Nanomaterials have unique electrical proper-

ties due to quantum confinement. Not only do the electrical
characterizations reveal the underlying physical, mechanical,
and electrical properties of the nanomaterials, but they can also
be utilized to fabricate high-performance sensors and devices,
such as field-effect transistors (FETs) [33], [34], infrared sen-
sors [35], gas sensors [36], and solar cells [37].

The conventional electrical characterization setup for nan-
otubes was measuring a global resistance by connecting a nan-
otube to two metals [38]. However, such a setup is only ca-
pable to measure the overall resistance of the devices, which
cannot distinguish the conductance of contacts and nanomate-
rials. What is more, it lacks the capability to investigate the
local conductance, which reflects underlying properties of the
nanomaterials.

SPMs, which are conventional imaging tools with nanometer-
resolution, have been proposed to study the local conductance of
nanomaterials. They employed the conductive SPM probe as a
movable electrode to conduct local conductance measurements
[30], [39]–[41]. Despite the feasibility of this measurement tech-
nique, only a few attempts have been implemented, let alone
the low reliability and resolution, because of the difficulties in
accurate SPM tip motion and force control during the mea-
surement. The experimental results of local conductance mea-
surement from previous studies showed a large measurement
variance [30], [41], and this was possibly due to inaccurate tip
position control, which means that during the measurement,
the conductive probe may not reach the desired measurement
points. Next, the spatial resolution of measurement (typical
100 nm in traditional measurement methods) is not fine enough
to investigate local electric properties at a nanoscale [40]. Ad-
ditionally, contact resistance between conductive probe and
nanowires is load-dependent [39]. In other words, in order to
characterize the local conductance uniformly at each location,
constant contact force should be maintained which is another
difficulty in practice. The non-vector space control strategy
has the potential to overcome these difficulties by improving
the spatial resolution of probe motion control through which
the position error can be controlled within several nanome-
ters. In addition, the contact force between conductive probe
and sample surface can be controlled by the force feedback
system [42] and that ensures the constant contact resistance be-
tween the probe and sample. Therefore, the non-vector space
control system has the potential to conduct delicate and com-
plicated manipulation and measurement. In this section, we
illustrate the efficiency of the non-vector control strategy by
integrating the nanomanipulation with electrical characteri-
zation system to study local electrical property of a carbon
nanotube.

A. Multiwall Carbon Nanotube (MWNT)
Local Conductance Measurement

The carbon nanotube, which is a quasi-1-D material, has been
used as a building block for a number of nanodevices. However,
the electrical properties of the carbon nanotube are not fully un-
derstood. In particular, there are consistent controversies about
the electron transport of a multiwall carbon nanotube (MWNT)
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Fig. 9. Schematic diagram of experimental setup for characterizing local conductivity. (a) Experimental setup. (b) Using conductive tip to probe local conductance.
(c) AFM image of testing sample: MWNT on Au-electrodes.

due to the complexity of inter- and intra-conductance. It is es-
sential to understand the electronic properties of the material
prior to designing a high-performance nanodevice. In this sec-
tion, we use an AFM to investigate the local conductance of
an MWNT as an example to illustrate the application of the
non-vector space control mechanism.

The MWNT-based device is shown in Fig. 9(a) and (c). An
MWNT bridges two metal electrodes on top of a Si/SiO2 sub-
strate. The contacts between the MWNT and the metals were
coated with two PMMA strips to clamp the MWNT on the sub-
strate. One of the electrodes was connected to the ground as a
source terminal; the conductive AFM tip acts as a drain electrode
by physically contacting the MWNT during the measurement.

The fabrication process of the device started from fabricat-
ing two Au electrodes with a gap of 1 μm on the substrate
through photolithography, thermal evaporation, and lift-off. It
was followed by depositing an individual MWNT connecting
two electrodes using dielectrophoresis (DEP) deposition sys-
tem: MWNT powder, purchased from Bucky USA, was im-
mersed into ethanol and ultrasonicated 10-20 minutes to form
MWNT suspension; a droplet of the suspension was dispersed
between the electrodes, and an AC voltage of 1 Vpp and 10 kHz
frequency was applied to attract a MWNT to bridge the elec-
trodes. A uniform PMMA layer was spin-coated on top of the
device. The PMMA between two electrodes was removed after
electron beam exposure and photoresist development, and two
strips of the PMMA at the contacts were left to pin a MWNT
on the substrate.

Before conducting local conductance measurement, the
global I-V characteristics of the devices were measured by ap-
plying biases between the electrodes and recorded the current
using a semiconductor analyzer. A metallic I-V characteristic
was observed [as shown in Fig. 10(a)]. The total resistance of
this MWNT is 11.0 kΩ. The samples were placed in an AFM
(Dimension 3100, Bruker nano, CA) based compressive feed-
back based non-vector space nanomanipulation system integrat-
ing with an electrical measurement system. A diamond-coated
conductive probe (DDESP-FM-10, Bruker nano, CA) was used
as a movable drain electrode [as shown in Fig. 9(a) and (b)].

The channel length L is the distance from the conductive tip to
the source electrode.

B. Measurement Results and Analysis

In this experiment setup, the length (L) dependent current
(conductance) of the MWNT is measured with a length incre-
ment of 20 nm. The tip was first positioned above the MWNT at a
specific location through a non-vector space controller, followed
by lowering the tip until physically contact to the MWNT. The
current flows between the conductive tip to the source electrode
were recorded by a semiconductor analyzer. The resistance was
plotted as a function of the channel length [as shown schemati-
cally in Fig. 10(b)]. The results show that the conductance of the
MWNT was linearly dependent on the length, which reveal that
1) the contacts between MWNT and metal/tip are ohmic contacts
instead of Schottky contacts and that 2) the electron transport is
diffusive instead of ballistic in this sample. The results indicate
that other local physical properties of the nanomaterials can also
be investigated by changing the experimental conditions, for in-
stance change the contact conditions, functionalize the MWNT
using chemicals, etc.

Compared with the similar results from other researchers,
our measurement method and result are more accurate and re-
liable. Additionally, it reveals more detailed information which
is very essential for studying the local electrical properties. For
example, the density distribution of measurement points is fairly
high (20 nm interval between two measurement points) com-
pared with hundreds nanometers interval in previous studies in
this area. The most important, above all, is that the non-vector
space controller can drive the conductive tip to precisely probe
and measure every desired measurement point. That is impossi-
ble for convectional SPM manipulation, which is why the total
resistance curve [see Fig. 10(b)] is linear with low variance that
has never appeared in similar local conductivity research.

It should be noted that MWNT is just a single example. The
AFM, integrating with the non-vector space control, may be-
come a significant tool for the electrical characterization of all
types of nanomaterial.
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(a)

(b)

Fig. 10. MWNT electric property characteristics (a) I–V characteristics from
source to drain electrodes. (b) Total resistance as a function of channel length.

VII. CONCLUSION

From a fundamental perspective, the non-vector space con-
trol method has the ability to make highly accurate SPM-based
nanomanipulations easier. Besides, the compressive feedback
can make a real-time nanomanipulation possible. The inte-
gration of these two approaches can achieve a high accuracy
and high speed motion control for SPM-based nanomanipu-
lation. Compared with the conventional vector space control
method, the non-vector space control method gives a better
performance (accuracy) in motion control that enables SPM to
conduct more complicate and delicate nanomanipulations. This
technique leads a new revolution to SPM-based nanomanipu-
lation toward smaller, more accurate, and more reliable level.
Moreover, this non-vector space control method is easy to im-
plement into any kind of SPMs to realize a real-time control for
nanomanipulation such as nanofabrication and nanoassembly.
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