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Non-Gaussian Target Detection in Sonar Imagery
Using the Multivariate Laplace Distribution
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Abstract—This paper introduces a new non-Gaussian detection
method for complex-valued synthetic aperture sonar (SAS) im-
agery. The detectionmethod is based on amultivariate extension of
the Laplace distribution derived using a scale mixture of Gaussian
distributions. A goodness-of-fit test in the form of a likelihood ratio
is then conducted on a sonar imagery data set consisting of high-
frequency (HF) and broadband (BB) images coregistered over the
same region on the seafloor showing the proposed model's applica-
bility in sonar imagery. Detection based on testing the equality of
parameters from two populations is then implemented on a data-
base containing actual SAS images of the seafloor with syntheti-
cally generated targets inserted into the images and compared to
a similar non-Gaussian technique. Detection performance in this
paper is given in terms of receiver-operator characteristic (ROC)
curve attributes, probability of detection, and average false alarm
rate.
Index Terms—Binary hypothesis testing, multivariate Laplace,

non-Gaussian detection, synthetic aperture sonar (SAS), under-
water target detection.

I. INTRODUCTION

T HE studies on bottom return statistics reveal [1]–[3] that
the distribution of the envelope of the matched filtered

output is dependent on the frequency, grazing angle, range, and
roughness properties of the bottom. Rough surface measure-
ments made using high-resolution sonar have indicated [2] that
the envelope amplitude distributions can often deviate from a
Rayleigh distribution and be better modeled using log-normal,
Weibull, or other more complex distributions. This suggests that
the underlying complex data are not Gaussian and that the first-
and second-order moments will not be sufficient for detection
and classification purposes. Thus, the standard tests that rely on
assumptions of normality can fail to capture the true properties
of the background clutter, hence increasing the incident of false
alarms per image.
Statistically based detection techniques rely on the evaluation

of likelihood ratios which are dependent on the validity of the
model one assumes for the family of distributions used to char-
acterize the observations as well as the parameters used to de-
scribe those distributions. For many binary hypothesis tests, es-
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pecially those that rely on multivariate observations, the family
of distributions is taken to beGaussian because of its practicality
and ability to model a wide range of problems. In this paper, we
will consider an alternative multivariate distribution based on
the Laplace distribution and investigate its practicality in syn-
thetic aperture sonar (SAS) imagery.
Current research into non-Gaussian detection techniques typ-

ically look to accurately model the envelope or magnitude of
the matched filtered output in sonar. In [4], Abraham discusses
extensions to the detection threshold (DT) for the envelope of
the output from a matched filter when the statistical distribu-
tion of the noise deviates from the Gaussian distribution. Here,
the DT describes the signal-to-noise ratio needed to achieve a
specific detection probability for a given probability of false
alarm. When the noise or reverberation can be modeled using
a Gaussian distribution, there exist easily evaluated approxi-
mations for determining the DT but these approximations be-
come inaccurate when the background has a heavy-tailed proba-
bility density function (pdf). In this reference, the author shows
that one can achieve very low approximation error in the DT
when the envelope of the noise is modeled with a Weibull or
-distribution [3]. In [5], a detection method for sonar imagery

was developed assuming -distributed background clutter. The
method uses a finite mixture model of -distributions (FMMK)
to represent the data under the hypothesis. An optimum
method for estimating the parameters of the FMMK and a gen-
eralized likelihood ratio test (GLRT) was also proposed. The
detector was compared to the corresponding counterparts de-
rived for Gaussian and Rayleigh distributions [6]. Test results
of the proposed method on a data set of SAS images were also
presented which illustrated the effectiveness of the FMMK-dis-
tributed detector.
The main issue with the aforementioned methods is that they

model only the magnitude of the individual pixels in the image
and hence they ignore the phase information of the data and
also lack the ability to model spatial relationships among the
pixels in higher dimensions as well as interchannel relation-
ships in multichannel problems. Previously in [7], we devel-
oped a complex-valued multivariate statistical model based on
the Laplace distribution which is derived using a scale mixture
of Gaussian distributions. In this paper, we extend the theoret-
ical foundations of this probabilistic model and apply it to the
problem of underwater target detection in sonar imagery. Using
derived expressions for the pdf of this statistical model, max-
imum likelihood estimates are found recursively using the ex-
pectation–maximization (EM) algorithm [8]. To compare the
modeling capabilities of the Laplace distribution with that of
the complex Gaussian distribution, a goodness-of-fit test in the
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form of a likelihood ratio is conducted on a data set consisting
of high-frequency (HF) and broadband (BB) sonar images of
real targets. Using the parameters estimated from the EM algo-
rithm, a detector that tests for equality in mean and covariance
from two multivariate populations is then extended and tested
on a data set consisting of HF and broadband BB SAS images
of real background along with simulated targets of various geo-
metrical shapes inserted into the image. Results show that, at
an equal false alarm rate, the detection method based on the
Laplace distribution outperforms its classical counterpart which
relies on assumptions of normality.
This paper is organized as follows. Section II derives the

complex-valued Laplace distribution and discusses how to es-
timate the parameters that describe this distribution using the
EM algorithm. Section III then investigates the Laplace distribu-
tion's ability to model data of varying clutter difficulty through
likelihood ratio measurements. Section IV reviews the hypoth-
esis test used to discriminate target from background and pro-
vides results for both the Gaussian and Laplacian methods as
well as a similar technique based on the -distribution. Finally,
Section V makes concluding remarks and discusses future lines
of research.

II. THE COMPLEX-VALUED MULTIVARIATE LAPLACE
DISTRIBUTION

A. Review and Density Characterization

In this section, we give a review of the multivariate Laplace
distribution and derive its extension to complex-valued obser-
vations. For a detailed review of the methods discussed in this
section, the reader is referred to [9]–[12]. In many practical sta-
tistical applications, e.g., sampling from particular distributions
in Monte Carlo trials, it can be useful to generate realizations of
random variables of the form where is a random
variable with arbitrary distribution on the interval and
is distributed according to a standard Gaussian distribution, i.e.,

, and drawn independently of . Such a model is
typically referred to as a scale mixture of Gaussian distributions.
In [10], it was shown that, for such a representation to exist, it is
both necessary and sufficient that the pdf of , , be sym-
metric about the origin and have derivatives satisfying

(1)

Moreover, it was shown [10] that the distribution function of the
random variable is very closely related to, and can be deter-
mined from, the Laplace transform of . One distribution
that satisfies the requirement given in (1) is the Laplace distri-
bution with pdf

(2)

Through the use of the Laplace transform of , one finds
that is exponentially distributed with unity rate param-
eter [10]. In fact, if we consider the random variable

where is again standard Gaussian and is ex-
ponentially distributed with arbitrary rate parameter , denoted

, then the same procedure can be used to show that
the pdf of is given to be [9]

(3)

i.e., a Laplace distribution centered at with scaling parameter
.

When extending the Laplace distribution to multiple dimen-
sions (see, for instance, [9] and [11]), we can simply replace the
scalar random variable with the random vector
where denotes a -dimensional multivariate Gaussian
distribution with mean vector and covariance matrix . In
this case, we now generate multivariate realizations according
to the model where ,

, and is any symmetric, positive–definite (PD) matrix with
. Again, random variable is assumed to be in-

dependent of . As shown in [9], the multivariate Laplace pdf
of , assuming that (this will be discussed at the
end of Section II-A), can be written

(4)

where is the quadratic form

(5)

and denotes a modified Bessel function of the second
kind [13]

(6)

Fig. 1(a) displays the contour levels of a bivariate
Gaussian pdf with zero mean and arbitrary covariance matrix.
Likewise, Fig. 1(b) shows the same contour levels for the bi-
variate Laplace pdf given in (4) using the same mean and co-
variance matrix and with . From these figures, one can
see that both densities exhibit the same elliptical symmetry due
to the functional dependence on the quadratic . However,
one can also see that the density in (4) exhibits a more expo-
nential decay from the mean and heavier tails, characteristics
consistent with its univariate counterpart.
To extend this result to complex-valued data, wewill consider

the same generative model as before but simply replace the mul-
tivariate Gaussian random vector with the one which is now
distributed according to a circular symmetric complex Gaussian
distribution [14] with mean and covariance matrix , denoted

. That is, we now assume that realizations of our
observation arise from the model where

is again exponentially distributed with parameter and in-
dependent of , ; is any Hermitian, PD matrix with

; and is distributed according to the pdf

(7)

Using the integral representation of the Bessel function given in
(6) and taking advantage of the fact that ,
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Fig. 1. Comparison of the pdf contours for a bivariate Gaussian
and Laplacian distributions. Both distributions exhibit elliptical symmetry but
the Laplace distribution is heavier tailed. (a) Bivariate Gaussian. (b) Bivariate
Laplace.

the multivariate density of our observation can be derived by
averaging the conditional density of over

(8)

(9)

(10)

where is again the quadratic form

(11)

An interesting property of the random vector is that its prob-
ability law remains invariant to positive, real-valued scaling in

the parameters and . That is, if we let de-
note the pdf of parametrized by , , and , then for any

, we have . This is
easily confirmed by substituting and for and , respec-
tively, into the expression given in (10). Thus, there is no loss in
generality to assume that because, if it were not the
case, we could always choose to make it so.
Note that this is by no means the only restriction we could make
on these parameters. For example, we could choose to be equal
to 1. However, in this paper, we will assume that in
which case the pdf of our observation becomes

(12)

B. Parameter Estimation

In this section, we discuss the parameter estimation method
developed in [9] and its application to the complex-valued mul-
tivariate Laplace distribution given in (12). Given the generative
model of our observation and the independence assumptions in
the variables and , it is simple to see that the observation
has first- and second-order moments

(13)
(14)

(15)

Therefore, given independent realizations of the random
vector , , and the following sample estimates of these
moments

(16)

(17)

simple method-of-moment-type estimators of the parameters
would be the following:

(18)
(19)
(20)

Note that the estimates given above enforce the constraint that
.

Extracting maximum likelihood estimates of the parameters
in closed-form would no doubt be a challenge in this case due to
the pdf's functional dependence on a modified Bessel function.
Fortunately, an alternative for achieving this when our observa-
tion depends on one or more latent random variables is the EM
algorithm [8], [9]. Here, the idea is to find the parameters which
maximize the joint likelihood function for the random vector

and random variable , assuming that the latent random
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variable is known, and subsequently replace it with its least
squares estimate.
Using Baye's rule, the conditional distribution of be-

comes

(21)

(22)

from which we find the following least squares estimate of the
random variable given the multivariate observation

(23)

Assuming that we were given independent realizations of the
latent random variable , , the joint pdf of the observa-
tions and these latent random variables becomes

(24)

(25)

Disregarding terms that are parameter independent, we find the
following log-likelihood function:

(26)

(27)

Maximizing this expression with respect to results in the es-
timate

(28)

i.e., the maximum likelihood estimate of the rate parameter for
an exponentially distributed random variable. Likewise, maxi-
mizing the log-likelihood function with respect to yields

(29)

which is simply a weighted sample mean.
Derivation of the estimate of is a little more involved as

we have to maximize likelihood over a matrix-valued parameter
under the restriction that its determinant is unity. For this, we
consider a similar technique developed in [9] where we note

that since is PD there exists an upper triangular matrix of
the form

...
...

...
. . .

...
(30)

along with a PD diagonal matrix such
that . One will note that these two matrices simply
correspond to a Cholesky decomposition [15] of matrix and,
from this decomposition, one can see that enforcing the con-
straint that is equivalent to enforcing the constraint

.
Let denote the unknown

values in the th column of matrix . Defining and

(31)

(32)

where and denote the th element of vectors and ,
respectively, then the likelihood function given in (27) can be
written

(33)

(34)

From this expression it is clear that maximizing likelihood
with respect to and corresponds to a linear least squares
problem. To be specific, we have the following maximum like-
lihood estimate of vector :

(35)

Likewise, finding the maximum likelihood estimate of then
involves computing the quadratic

(36)

and normalizing to enforce the unit determinant constraint

(37)

Here, the matrix denotes the orthog-
onal projection onto the linear subspace and denotes
its orthogonal complement.
In conclusion, the EM-based estimation technique works as

follows. We begin by choosing suitable initial conditions ,
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Fig. 2. Mean-squared error in parameter estimates versus iteration in the EM algorithm. Estimates for this example converge in good agreement with their true
value within ten iterations. (a) Parameter estimate . (b) Parameter estimate . (c) parameter estimate .

, and . Here, we suggest starting with the method-of-
moment estimators given in (18)–(20). Given these initial pa-
rameter estimates, we then compute the least squares estimate

using the expression given in (23) and estimate the new
parameters and using (28) and (29), respectively, re-
placing with . The columns of and diagonal elements of
are then computed using (35) and (37), respectively, replacing
with and with . These matrices are then used to

construct the covariance estimate . These
updated parameters are then used to find the new least squares
estimate , and the process is repeated until the change in the
parameter estimates is sufficiently small. Note that the super-
script notation used for the variables above denotes the values
of those variables at a particular iteration in the algorithm.

C. Parameter Estimation Simulation

We conclude this section by considering a simple example
to demonstrate the performance of the EM-based estima-
tion technique through simulation. In this experiment, 500
samples of a 3-D observation are generated according to the
model where
and . Here, we choose the rate parameter

, the mean vector , and the following
covariance matrix:

(38)
Confirmation of the fact that is left to the reader.
Estimates of these parameters are then computed using 12 iter-
ations of the technique explained in Section II-B with the ini-
tial conditions , (a 3-D all-one vector),
and . Note that these initial parameter estimates were
chosen far from their true values solely for the purposes of
showing convergence. However, as explained earlier, we sug-
gest using the method-of-moment estimators given in (18)–(20)
as initial conditions.
Repeating this experiment 500 times, Fig. 2(a)–(c) displays

the mean-squared error for the estimates of , , and , respec-
tively, as a function of the iteration for the EM algorithm. Note
that the mean-squared error for matrix is measured using the
Frobenius norm, i.e., . The dashed lines in each
of these figures show one standard deviation above and below
the mean-squared error. From the figure, we can observe that all
parameters tend to converge in good agreement after only about
five to ten iterations even with ill-chosen initial conditions.
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III. VALIDATING THE MULTIVARIATE LAPLACE DISTRIBUTION
IN SAS IMAGERY

As far as sonar data are concerned, the first and most ob-
vious question is whether the multivariate Laplace distribution
provides substantial improvement in modeling accuracy when
compared to the Gaussian distribution. To try and answer this
question, a test was applied to a multisonar data set collected
using the small synthetic aperture minehunter (SSAM) [16].
SSAM is a dual-frequency band SAS system capable of pro-
ducing high-resolution images of the seafloor. With its use of
dual-frequency bands, SSAM provides detection and classifi-
cation capabilities against both proud and shallow buried ob-
jects. These two frequency bands are both used to construct one
HF high-resolution sonar image as well as one BB sonar image
coregistered over the same region on the seafloor. Coregistra-
tion in these images is achieved as the two sonar systems are
mounted on the same autonomous underwater vehicle (AUV)
and use the same receive hydrophone array. The pinging for
both HF and BB systems is done simultaneously as they are
sufficiently far apart in frequency such that their returns are
easily separable. Both HF and BB sonar images in this data set
are complex valued and generated using the -space or wave
number beamformer [17].
The image database used in this study contains 61 pairs of

HF and BB sonar images (both port and starboard-side images)
containing 77 targets with some images containing none, one, or
multiple targets. When processing the images, each pair is par-
titioned, with 50% overlap in both along-track and range, into
regions of interest (ROIs) of size 84 144 and 28 288 for
the HF and BB sonar images, respectively. The ROI size was
chosen based on the average size of a target and the discrep-
ancy among the two is due to differences in spatial resolution
among HF and BB sonar. Each ROI is then partitioned with a
rectangular blocking scheme with no overlap using block sizes
of 6 6 and 2 12 for the HF and BB ROIs, respectively. Each
pair of blocks is then vectorized and concatenated to form 336
realizations of a 60-dimensional com-
plex-valued random vector .
In sonar imagery, one can often categorize realizations of

background into three types: smooth, rippled, and difficult. Of
course, there will always exist exceptions to this taxonomy but
here we will only consider these three. Fig. 3(a)–(c) shows ex-
amples of HFROIs corresponding to all three background types.
For the test, approximately 1000 ROIs from each background
type were extracted as well as all 77 ROIs containing a target.
Using all 336 realizations from each ROI, the maximum like-

lihood estimates , , and were extracted according to the
technique explained in Section II-B and used to evaluate the
following log-likelihood function associated with the Laplace
distribution:

(39)

where denotes the multivariate Laplace pdf given
in (12) and denotes the th pair of concatenated blocks ex-
tracted from each pair of ROIs. Likewise, the sample estimates

Fig. 3. Many different background textures can be encountered in sonar im-
agery. Several examples include smooth, rippled, and difficult clutter types. (a)
Smooth texture. (b) Rippled texture. (c) Difficult texture.

and given in (16) and (17), respectively, were also ex-
tracted and used to evaluate the following log-likelihood func-
tion associated with the Gaussian distribution:

(40)

Here, denotes the following multivariate com-
plex Gaussian pdf:

(41)

These values represent how well each respective model fits the
data within that ROI and the two are subtracted to yield the
log-likelihood ratio

(42)

Note that the objective here is not to discriminate between target
and background but rather to decide which model has most
likely generated the data we have observed. The larger the value
of , the more evidence exists in support of the conclusion that
the multivariate Laplace more accurately describes the data.
Fig. 4 displays histograms of for all three background types.

From the figure, we can see that there is little, if any, advantage
over Gaussian when modeling smooth background types with
the Laplace distribution as the likelihood ratio tends to be small
and even in some cases negative. However, as we move to more
complicated background textures such as rippled and difficult,
the Laplace distribution tends to model the data with higher ac-
curacy as evidenced by the fact that the likelihood ratio tends to
be larger.
Using the same background realizations, Fig. 5 displays the

average value of as a function of range for these three back-
ground textures. Results of this study seem to suggest that the
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Fig. 4. Comparison of histograms of the improvement in likelihood versus
background texture. The largest improvement tends to occur in rippled and dif-
ficult clutter environments.

Fig. 5. Average improvement in likelihood versus range from sonar platform
for all three background textures. Improvement for smooth and rippled back-
ground is fairly independent of range. However, one can see that the improve-
ment in likelihood is directly proportional to range.

Laplace distribution is best at modeling smooth background at
medium ranges and that the improvement in likelihood for rip-
pled background is fairly independent of range. For difficult
background, however, one sees a large increase in the average
value of with increasing range, which may be due to the shal-
lower grazing angles observed at high range.
Fig. 6 displays the log-likelihood ratio given in (42) for all

77 targets as well as the average likelihood ratio for each back-
ground type which is shown with dotted lines for comparison.
From this figure, we can see that the likelihood ratio for targets
tends to be even larger than the average background likelihood
ratio, leading us to conclude that, under most circumstances, the
Laplace distribution provides a more accurate model for ROIs
that contain targets as well. Note that targets like #50, #60, and
#61 faintly show up in the images and thus serve as poor exam-
ples of target realizations.
Typically, when observing an ROI that contains an object of

interest lying on the seafloor, one notices two defining features:
a highlight region corresponding to strong sonar return from the
object itself followed by a shadow region as the object blocks

Fig. 6. Improvement in likelihood for all targets in the sonar imagery data set.
Compared to the average improvement observed in background, one can see that
the Laplace distribution tends to bring even larger improvements for targets.

Fig. 7. Scatter plot of the highlight, shadow, and background pixels in one HF
ROI containing a target. Distribution exhibits a large peak at the origin due to
shadow and heavy tails due to highlight, two attributes better modeled using the
Laplace distribution.

the sonar return immediately behind it. To investigate this phe-
nomenon's effect on the distribution of the data and try and an-
swer why a Laplace distribution would model target ROIs better
than Gaussian, the pixels of the HF ROI corresponding to the
target with the highest likelihood in Fig. 6 (target #3) were par-
titioned into those pixels corresponding to highlight, shadow,
and background. Fig. 7 displays a scatter plot of the real and
imaginary parts of the pixel values for this ROI. From here, it is
clear that the distribution exhibits a significant peak at the origin
due in large part to the shadow but at the same time exhibits
heavy tails due solely to the highlight, which are two character-
istics that are better modeled using a Laplace distribution. Much
of the same argument could probably be made for complicated
background textures like difficult and possibly even rippled.

IV. DETECTION IN SONAR IMAGERY

In this section, we review the hypothesis test used to discrim-
inate target from background and discuss its extension to the
multivariate Laplace distribution. A simulation study is subse-
quently conducted to observe if and what improvement this de-
tection strategy can bring over the classical test based on the
Gaussian distribution. Finally, the performance of the detector
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is evaluated on an SSAM I data set, different from that used in
Section III, and compared to a similar detection technique based
on the -distribution.

A. Testing the Equality of Two Gaussian Populations and
Extension to the Laplace Distribution

Consider a pooled data set of sample support ,
, that can be partitioned into two subsets, one of

size and the other of size . Here, it is assumed that
for and

(43)
(44)

Implementing the generalized likelihood ratio test (GLRT) [18]
involves forming sample estimates of the covariance matrices
over both subsets as well as the pooled data set

(45)

(46)

(47)

and computing the following likelihood ratio [19] (with larger
values bringing more evidence in support of )

(48)

where is the proportion of the samples
in the pooled data set associated with the first subset. However,
performing a minor amount of algebra, it is relatively simple to
show that the covariance estimate for the pooled data set can
actually be written as a convex combination of the covariance
estimates from each individual subset plus a rank-one correction

(49)

where . Substituting this into (48) gives us
the following likelihood ratio representing a simple test for the
equality in both mean and covariance of two Gaussian popula-
tions

(50)

Looking closely at this likelihood ratio, we can see that under
the hypothesis (i.e., background only) we are maximizing
likelihood under the restriction that and
while under the hypothesis (i.e., target plus background) no
restrictions are made on these parameters.
When trying to extend the same test to the Laplace distri-

bution, one could undoubtedly start from scratch, make the
same assumptions, and simply replace the Gaussian pdf with

the Laplace pdf given in (12). However, doing so would clearly
lead to unappealing likelihood forms which would be difficult
to compute. Additionally, it would also require extracting max-
imum likelihood estimates of the parameters over all
samples as it is doubtful that one can decompose the pooled
estimates in terms of the individual ones, as seen earlier for the
Gaussian distribution. That being said, one alternative would
simply be to stick with the same likelihood function given
in (50) but instead extract first- and second-order moments
using the EM-based method discussed in Section II-B. More
specifically, having estimated the parameters , , and for

, using the EM method and recalling the fact that our
observation has covariance matrix with , we
consider the following likelihood ratio as an alternative:

(51)

Note that it is important that we scale the matrix by as
doing so leaves the second-order moment invariant to positive,
real-valued scaling in the parameters and . Again, this is ex-
actly the same likelihood form derived from a Gaussian distri-
bution with the only thing different being the method we use to
extract estimates of the parameters. This may be unnerving as it
is not in keeping with the standard theory on the optimality of
likelihood ratios. However, as we will show in Section IV-B, if
the data are well modeled with a Laplace distribution, we can
still expect to see moderate increases in detection performance
when using (51) as opposed to (50).

B. Detection Simulation

In this simulation, we study the improvement in detection per-
formance that (51) can bring over (50) when the data are truly
Laplace distributed as well as what is lost by not using the cor-
rect distribution in the construction of the likelihood ratio. For
this experiment, 100 samples of a 3-D observation are generated
according to the model with
and . Under , all 100 samples are identically
distributed with the rate parameter , the mean vector

, and the same used in the previous simulation experi-
ments given in (38). However, under the alternative hypothesis,
only the first 75 samples are generated using these
parameters with the last 25 samples generated using the same
rate parameter of and the same mean vector but
with a perturbed covariance matrix

(52)

The test described in Section IV-A is then used to decide
whether the parameters of the first 75 samples match those of
the last 25 samples.
With a value of , Fig. 8 displays the receiver-oper-

ator characteristic (ROC) curves for the likelihood ratio given
in (50) (denoted “Gaussian”), the likelihood ratio given in
(51) (denoted “quasi-Laplacian”), as well as the true GLRT
for the Laplace distribution which uses the density given in
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Fig. 8. Simulated ROC curves demonstrating the improvement that (51) brings
over (50) when the data are truly Laplace distributed. Although there is improve-
ment when using (51), one can see that there is a slight sacrifice in performance
by not using Laplacian density function when constructing the likelihood ratio.

(12) to construct the likelihood ratio (denoted “actual Lapla-
cian”). The knee point of each ROC curve, i.e., where

, is also shown with circles in this figure. As can
be seen, extracting parameters using the EM algorithm and
considering the test statistic given in (51) provides substan-
tial improvement over the Gaussian case with an increase in
knee point of 6%. However, comparing (51) to the actual
Laplacian GLRT, results show that one does indeed sacrifice
some performance by not building the likelihood ratio using
the density given in (12).

C. Detection Results on Dual-Channel SAS Imagery

When detecting proud objects in sonar imagery, they will
often exhibit sonar returns that significantly differ from their im-
mediate surroundings in a statistical sense. On the other hand,
realizations of ROIs that solely contain background will often
exhibit statistical behavior that more closely mimics that of the
background that immediately surrounds it. As a consequence of
these observations, our detection hypothesis for this problem is
that the presence of a target in any particular ROI creates large
discrepancies among the parameters that describe the data in
the ROI and those that describe the data outside the ROI. How-
ever, when that same ROI only contains background we expect
to observe parameters that are more closely matched with those
of the surrounding data. Thus, the choice of likelihood ratio in
Section IV-A is now clear as we wish to determine when the
statistical characterization of a particular ROI significantly de-
viates from its surroundings. In doing so, the detector simply
becomes one that searches for local statistical anomalies in the
sonar image.
To test and compare the detection methods described in

Section IV-A, the detection strategy was applied to an SSAM
I image database different from that used in Section III. The
image database considered here contains actual SAS images
of the seafloor with synthetically generated targets inserted
into the images [20]. The images are generated by inserting
the simulated sonar returns from the target into actual returns
from the seafloor before the beamforming process. The data set

Fig. 9. Formation of the pooled data sets used for target detection. Data set 1
is formed using the data within the ROI while the second is formed using the
data immediately outside that ROI.

consists of a high-resolution HF sonar image as well as one BB
sonar image coregistered over the same region of the seafloor.
The processing of the images to prepare them for detection is
the same as that explained in the beginning of Section III, i.e.,
both the HF and BB images are partitioned into ROIs, each
pair of ROIs is partitioned into blocks with no overlap, and
the blocks are vectorized and concatenated to form multiple
realizations of a complex-valued multivariate observation.
For this data set, the HF and BB images were of the same
resolution with both using ROI sizes of 90 144 with 6 6
block sizes resulting in 360 realizations of a 72-dimensional
complex-valued observation per ROI. However, for every
particular ROI, additional samples (blocks) are extracted in
both the along-track and cross-track dimensions. Fig. 9 displays
this process with the realizations from the ROI itself forming
the first data set and the realizations surrounding
the ROI forming the second data set. Here we choose in
which case we extract 376 samples resulting in

.
The image database used for this test consists of 145 pairs

of HF and BB sonar images with each pair corresponding to
a particular data collection scenario characterized by its back-
ground and object configuration. Each image pair uses one of
29 different backgrounds that are real images of the seafloor and
contains the synthetically generated signatures of four different
geometrical shapes that are inserted into the image according to
one of five different configurations that define the orientations
and relative positions of the objects with respect to the sonar.
Each pair of HF and BB images contains one of each of the fol-
lowing four target types: block, cone, sphere, and cylinder. The
objects in these images are placed at ranges or cross-track loca-
tions varying from 12 to 40 m and at aspect angles varying from
25 to 75 . Fig. 10(a) and (b) shows examples of the HF and BB
images, respectively, for one background and object configura-
tion. All of the four objects in this image are outlined with a
white box. Fig. 11 displays , i.e., the improvement in likeli-
hood given in (42), for every pair of ROIs within these images.
Recalling the discussion in Section III, we can again see that the
Laplace distribution tends to bring larger improvement for tar-
gets and more complicated clutter.
As the methods in this paper revolve around the use of com-

plex-valued data, one important question is if there exists any
useful information in the phase of the images and whether it
is important for detection. To try and answer this question, a
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Fig. 10. Examples of a corresponding pair of HF and BB sonar images used for the detection studies conducted here. In these images, targets are outlined with a
white box. (a) HF image. (b) BB image.

Fig. 11. Improvement in likelihood for the images shown in Fig. 10. Similar
to the conclusions made in Section III, the greatest improvement in likelihood
comes from targets and regions with more complicated clutter.

Fig. 12. ROC curves comparing the Laplacian detector using both actual and
simulated phases. The results of this study suggest that the information con-
tained in the phase of the images is useful for detection.

study was conducted by extracting all ROIs containing a target
as well as a set of randomly extracted ROIs containing only
background. Each of these ROIs is guaranteed to be distinct

by ensuring that there is at least a 4-m separation among them.
The detector given in (51) was then applied to this set of target
and background realizations and compared to a situation where
the magnitude of both HF and BB images is retained but the
phase of each image is replaced with realizations of a random
variable uniformly distributed over the interval . The
purpose of this study is to see if there is any loss in perfor-
mance when replacing the phase with unstructured randomness.
Fig. 12 displays the ROC curves for both situations as well as
a 95% confidence interval [21] around each curve. From this
figure, it is clear that replacing the phase of the image with
random values does have a negative impact on the detector. This
suggests that, for this particular detector at least, there is indeed
information in the phase which is useful for detection.
Both the Gaussian and Laplacian detectors given in (50) and

(51), respectively, were then applied to the same target and back-
ground realizations used to generate Fig. 12. Note that the actual
phase of the images is used throughout the rest of the paper.
Fig. 13(a) and (b) displays right tail probabilities ,
as a function of the threshold for the Gaussian and Lapla-
cian detectors, respectively, and for all four object types along
with background. In other words, for a given value of along
the -axis of these plots, each curve gives the percentage of
ROIs containing either background or one of the four object
types that fall above that threshold. Table I lists the average
signal-to-clutter ratio (SCR) for each object type found by com-
puting the variance of the pixels within each target ROI over
the variance of the pixels surrounding that ROI. As the SCR
can vary depending on the clutter within the image and where
the target is inserted into the image, the values for SCR listed in
this table represent the average over all 29 backgrounds and five
configurations of the data set. From these figures and the SCR
given in this table, it is clear that a cone is the easiest object type
to detect in this data set with a block and a sphere coming next
and more difficulty in detecting a cylinder.
Fig. 14 likewise displays ROC curves for both of these

detection techniques [denoted “Gaussian” and “Laplacian (HF
& BB)”] along with a 95% confidence interval. Note that these
curves give a combined probability of detection over all four
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Fig. 13. Detection rates for all four object types and background in the data
set. These results show that it is easy to discriminate the cone object type from
background with increasing difficulty in the sphere, block, and cylinder object
types, respectively. (a) Gaussian. (b) Laplacian.

TABLE I
AVERAGE SCR VERSUS OBJECT TYPE

object types. As discussed in Section I, many non-Gaussian
models have been considered and shown to be adequate in
modeling amplitude sonar data. One model in particular, which
has shown great promise for high-resolution SAS systems, is
the -distribution [3], [5]. For this reason, these two methods
were also compared to the likelihood ratio given in (60) of the
Appendix (denoted “ -distribution” in Fig. 14) which relies
on the same detection principle described in Section IV-A but
fits a -distribution to the magnitude of the pixels in the HF
image only. Another theme in this paper is the use of both HF
and BB images for target detection. To see if and what im-
provement the inclusion of the BB image brings to the detector,
Fig. 14 also shows the results of using (51) with the HF image
alone [denoted “Laplacian (HF only)”]. The general overview
of the characteristics of these four detectors in terms of which

Fig. 14. Comparison of the ROC curves for each detection method with their
associated confidence intervals. For this study, the methods employing dual-
sonar, multivariate observations clearly outperform their alternatives.

TABLE II
CHARACTERISTICS OF EACH DETECTION METHOD

images they use and whether they employ complex-valued
data and multivariate observations is given in Table II. From
the results of this figure, we can see that the likelihood ratio
given in (51) for the Laplacian detector, and more importantly
the estimation procedure that goes into the construction of this
likelihood ratio, provides a significant improvement over the
performance of the likelihood ratio given in (50). One can also
see that these two detectors bring significant improvement over
both the Laplacian detector employing the HF image only and
the detector based on the -distribution.
As a final evaluation of the detection methods considered

here, a threshold was selected for all four detection methods
such that each achieves an average of one false alarm per image.
Each pair of HF and BB images is then partitioned into ROIs
with 50% overlap and the likelihood ratio from each method is
compared to its corresponding threshold. All overlapping ROIs
that pass the test are accumulated into one detection or contact.
If the location of a contact is within 2.5 m of the known location
of a target, the contact is labeled a correct detection. Otherwise,
the contact is labeled as a false alarm. With this strategy and the
chosen thresholds, Table III gives the number of detected tar-
gets for each object type, the overall number of detected targets
for each detection method, and the average SCR for each ob-
ject type. Note that the numbers in parentheses at the top of this
table show the total number of each object type as well as the
total number of targets in the data set. From this table, we can
again see that the Laplacian and Gaussian detectors employing
both images outperform the other two detection methods con-
sidered here. For both Laplacian and Gaussian detectors, one
can also see that all three methods tend to perform relatively
well for block, cone, and sphere target types. The performance
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TABLE III
OBJECT SPECIFIC AND OVERALL DETECTION RESULTS

for cylinder, which exhibits a relatively low SCR in Table I, is
worse for these three methods. For the -distribution, however,
the detector performs roughly the same for block, cone, and
cylinder types, but struggles with the sphere type. Looking at the
images shown in Fig. 10, this may be because the sphere target
has a relatively small highlight signature and narrow shadow
which may present a greater difficulty for pixel-based methods.
Overall, we can see that the detector based on the Laplace dis-
tribution performs extremely well on this data set in compar-
ison to the classical test based on assumptions of normality as
the Laplacian detector achieves 98% while the Gaussian
detector only achieves 92% when comparing these two
methods at a comparable false alarm rate.

V. CONCLUSION AND FUTURE WORK

In this paper, we have developed a complex-valued multi-
variate Laplace distribution for the purposes of more accurately
modeling the complex-valued multivariate data in HF and
BB sonar imagery and thus building detectors that are able
to more accurately resolve two competing hypotheses. The
detection method is based on a multivariate extension of the
Laplace distribution derived using a scale mixture of Gaussian
distributions. Deriving expressions for the pdf of this statistical
model, maximum likelihood estimates are found recursively
using the EM algorithm. A goodness-of-fit test in the form
of a likelihood ratio is then conducted on a sonar imagery
data set consisting of HF and BB images coregistered over
the same region on the seafloor showing the proposed model's
applicability in sonar imagery. The results from this test show
that the Laplace distribution provides the greatest improvement
in modeling accuracy for targets and more complicated clutter
density. This is most likely due to highlight and shadow charac-
teristics typically observed in sidescan sonar. Detection based
on testing the equality of parameters from two populations is
then extended to the Laplace distribution. A comparison study
involving several different detection paradigms, including one
that fits a -distribution to the magnitude of the image, was
implemented on a sonar imagery data set containing actual
SAS images of the seafloor with synthetically generated targets
inserted into the images. Setting thresholds such that each
method achieves an average of one false alarm per image, the
detection method based on the Laplace distribution was shown
to improve the detection probability by approximately 6%
compared to the Gaussian counterpart.
The detection methods considered in this paper revolved

around the idea of using the same likelihood ratio function
derived from assumptions of normality and simply considering

alternative methods of estimating the first- and second-order
moments of the observation. Although we have shown that
this idea will produce detection methods that generally outper-
form the Gaussian detector when the data are well modeled
with a Laplace distribution, future work should consider the
development of efficient likelihood forms explicitly derived
for the multivariate Laplace distribution. Another line of future
research might also be the development of environmentally
adaptive detection systems that are capable of deciding in
situ which statistical model is more appropriate based on the
background characteristics in the sonar image. One of the
disadvantages of the Laplace distribution is the increase in
computational burden as one must resort to iterative methods
when extracting maximum likelihood estimates of the param-
eters. However, if environmental context is available, one can
use the Laplacian-based detector in this paper only when it is
needed.

APPENDIX

In this Appendix, we discuss a detection strategy similar
to that presented in Section IV-A but for the -distribution.
Again, we assume that there exists a real-valued, scalar data
set that can be partitioned into two subsets, each
of size and . Similar to the discussion given at the
beginning of Section IV-C, the first subset represents the
magnitude of the pixels within an ROI of the image while the
second represents the magnitude of the pixels immediately sur-
rounding that ROI, as shown in Fig. 9. Here, it is assumed that

for and
for , where denotes the
pdf of a -distribution [3], [5] with shape and scale parameters
and

(53)

and is the modified Bessel function given in (6). In
keeping with the detection principle discussed in Section IV-C,
our detection hypothesis is that the presence of a target in any
particular ROI creates large discrepancies among the param-
eters that describe the data in the ROI and those that describe
the data outside the ROI. However, when that same ROI only
contains background, we expect to observe parameters that are
more closely matched with those of the surrounding data. Thus,
our objective is to determine whether the distribution of the
data within the ROI deviates from the distribution describing
the data outside the ROI by considering the hypothesis test

(54)
(55)

The th subset for has the likelihood function

(56)

(57)
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where and .
Likewise, under the constraint that and
, the entire data set has the combined likelihood function

(58)

Implementing the GLRT in this case involves evaluating (57)
and (58) using ML estimates of the parameters and and
computing the likelihood ratio

(59)

Unfortunately, finding ML estimates of the parameters for the
-distribution is an intractable problem with no closed-form

solution. As an alternative, the estimates and are found using
the Bayesian method-of-moments technique developed in [22]
and used to compute the likelihood ratio

(60)
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