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Abstract—This paper introduces two methods that use a co-
herence analysis framework to generate synthetic aperture sonar
(SAS)-like images that display acoustic color (AC) information
useful for the classification of buried and/or proud underwater
objects. The first method is applicable to sonar backscatter
collected with multiple hydrophones and involves forming two
channels using the data of two hydrophone subarrays at each
frequency and over several pings. The second method is intended
for applications where sonar backscatter is collected using a single
hydrophone and involves forming two channels using the data
of two synthetic subarrays at each frequency. In both cases, the
resulting SAS-like AC images display information in a ping-fre-
quency plane, and hence convey information that is useful for the
detection, localization, and classification of underwater objects
based on properties that are typically not conveyed by conven-
tional SAS images. The single-hydrophone version of SAS-like
AC processing has the added benefit of generating 3-D images
that also display range information for enhanced localization
capabilities. Furthermore, this coherence-based SAS-like method
does not require the elaborate platform motion estimation and
compensation used in conventional SAS. The effectiveness of these
methods is demonstrated on two real sonar databases both by
comparing generated SAS-like AC images to those generated
using conventional methods and by applying a simple but effec-
tive classification framework directly to the AC features in the
SAS-like images.

Index Terms—Buried object scanning sonar system, canonical
correlations, synthetic aperture sonar (SAS), underwater target
classification.

I. INTRODUCTION

S YNTHETIC APERTURE SONAR (SAS) processing [1],
[2] is a popular method used to produce high-resolution

images of the seafloor from which targets can be detected, lo-
calized, and possibly classified. SAS processing offers high az-
imuth resolution by coherently combining broadband sonar data
from successive pings, thus making it an attractive system for
underwater target detection and classification. In [3] and [4],
SAS images are generated by coherently integrating the data
from all the hydrophone elements on a linear array over a given
number of pings to generate pixels that correspond to specific
focal points on the seafloor. To account for near-field effects,
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platform motion, and other sources of error, the samples from
the different time series (recorded by each hydrophone element)
that correspond to the same spatial location on the seafloor are
found by calculating the differences in propagation time for each
sensor element. Using a weighted sum of these samples, a 3-D
matrix of pixels in the across-track, along-track, and depth di-
mensions is formed and projected onto a 2-D plane to generate a
viewable 2-D image that represents the seafloor as viewed from
one of three perspectives.

Many other ways of performing SAS processing besides the
conventional delay-and-sum method have also been explored
including those introduced in [5] and [6]. In [5], spatial resam-
pling was employed so that narrowband adaptive beamforming
algorithms could be applied to wideband active sonar returns
collected with a small aperture uniform linear hydrophone
array. Several narrowband adaptive beamforming algorithms,
namely minimum variance distortionless response (MVDR),
multiple signal classification (MUSIC), and spatial processing:
optimized and constrained (SPOC) were then applied to real
sonar data to generate images of the seafloor. Comparing the
three adaptive beamformers, the SPOC algorithm provided the
highest angular resolution, followed by the MUSIC algorithm,
and finally the MVDR algorithm. Another study [6] modified
several beamforming algorithms, namely the conventional
delay-and-sum beamformer, the MVDR, the Fourier integral
method (FIM), and the weighted FIM (WFIM), to make them
suitable for processing data collected by a sparse platform
mounted sonar. The results of applying each of these methods
to real sonar data indicated the ability of the WFIM method to
produce images with the highest SNR.

One common disadvantage of all the mentioned SAS pro-
cessing methods is that there is often a large amount of ambi-
guity about the composition of the acoustical contacts depicted
in the images they produce. In other words, an object, which
may be defined as something insonified by the sonar that an
operator is interested in characterizing, may appear similar to
clutter, which the operator is generally not interested in, hence
inhibiting the detection of the object. Traditional SAS images
may be useful for localization and detection of underwater ob-
jects, and possibly classification based on an object’s shape, but
are typically not effective for classification based on other char-
acteristics of an object, such as its composition. Thus, a con-
ventional SAS image generated for an area of the seafloor that
contains significant background clutter may have limited use for
target classification, since objects in different classes often ap-
pear to be similar in the image. Moreover, many SAS processing
methods require elaborate platform motion estimation and com-
pensation techniques to account for the various sources of phase
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errors. This requires employing rather expensive but accurate in-
ertial navigation systems on the vehicle to monitor the platform
path.

One approach for reducing composition ambiguity of the con-
tacts captured by broadband sonar is to exploit the acoustical
return off an object for a single sonar ping and investigate its
temporal and spectral features. Acoustic color (AC) [7], [8] is a
simple spectral-based feature extraction method that can capture
additional information about the nature of acoustical contacts
that is typically lost in SAS images. The method in [7] analyzes
the difference between the spectral content in the transmit signal
and relative absorption of each frequency in a return signal, i.e.,
the average absorption in each sonar return is removed. Using
a collection of objects from different classes, the discriminating
power of each frequency in these spectral density differences is
then analyzed using the Fisher discriminant function [9]. Inten-
sity levels for the red, green, and blue (RGB) channels in the
color display are determined by integrating the energy in three
corresponding frequency bands that are determined to be useful
for object discrimination. In another study [8], a broadband AC
display is generated from four images that represent the same
area of the seafloor. One image is generated from the broad-
band data in a way that optimizes the detection of objects. The
other three images are generated using low-frequency, midfre-
quency, and high-frequency subbands of the broadband sonar
data, that represent RGB component images, respectively. The
image generated from broadband data is then used to deter-
mine the intensity of each pixel, while the three subband im-
ages are used to determine their hue and saturation values (con-
verted from RGB components). The main problem with many
existing AC processing methods is that they only use a single
sonar ping (or beam) to extract the features, hence ignoring the
ping-to-ping coherence information in generating the AC map.

To alleviate many of the shortcomings of conventional SAS
and AC processing methods, this paper introduces a class of
SAS-like AC processing methods. These methods do not re-
quire platform motion estimation and compensation, while at
the same time generate images that convey information that is
useful not only for underwater object detection and localiza-
tion, but also for object classification. That is, SAS-like AC
processing methods generate images that simultaneously have
the properties of an AC image and a SAS image. This is ac-
complished by applying a coherence analysis framework [10],
[11] to data channels that represent sonar data captured either by
two different hydrophone subarrays in the case of multiple-hy-
drophone data, or two synthetic subarrays in the case of single-
hydrophone data. The utility of these methods lies in the fact that
the properties of different sources can be analyzed using canon-
ical correlations [12] extracted from appropriately formed data
channels [10], [11], and these correlation properties are often
different in the presence of an object when compared with back-
ground clutter.

This paper is organized as follows. Section II introduces the
SAS-like AC processing methods for multiple- and single-hy-
drophone data by outlining the data channeling process in each
case followed by the image generation procedure. Section III
describes the sonar data sets used to evaluate the proposed
methods. Section IV presents the results of applying both

methods of SAS-like AC processing to the appropriate mul-
tiple-hydrophone and single-hydrophone data sets. Specifically,
the visual properties of images generated using the pro-
posed methods are first compared with those of conventional
delay-and-sum and omega- [13], [14] SAS images. This
section also introduces and demonstrates a simple but effective
method for detecting and classifying objects from SAS-like AC
images generated from entire runs of the multiple-hydrophone
sonar data. Finally, Section V concludes the studies carried out
in this paper.

II. SAS-LIKE AC PROCESSING

SAS processing can be used to generate images of the seafloor
that are typically useful for object detection and localization.
Using a synthetic aperture improves the along-track resolution
of target imagery with distance traveled and also allows the
along-track length of the sonar hydrophone array to be signifi-
cantly reduced, thereby reducing the hydrophone array drag and
surface area and increasing the ease in which it can be deployed
on unmanned underwater vehicles (UUVs). SAS processing is
typically implemented by coherently integrating the data col-
lected by one or more hydrophone elements on an array over a
given number of pings to generate the pixels in an image. Co-
herent integration typically requires a preprocessing stage in-
volving vehicle motion estimation and subsequent compensa-
tion achieved by employing inertial navigation systems on the
vehicle to monitor the platform path. In contrast to conventional
SAS processing, where coherency is achieved by estimating
and accounting for the propagation time differences between
the time series captured by each hydrophone element and ping
[4] (or phase in the frequency domain), using canonical corre-
lation analysis (CCA) [12] (see the Appendix) this coherency is
achieved by linear transformation of the hydrophone data chan-
nels in the frequency domain. More specifically, the dominant
canonical correlations of the mapped sonar data capture this co-
herency by correcting for all the propagation phases (delays) via
the canonical coordinate mappings. Furthermore, since CCA is
performed separately on different frequency bins of the sonar
returns, as opposed to the entire time series, this SAS-like AC
processing will produce images that reveal the spectral content
at each ping, and hence, provide information useful for clas-
sifying objects that are proud, partially buried, or fully buried
beneath the seafloor.

This section first discusses the channeling, vectoring, and av-
eraging processes needed for subsequent two-channel CCA for
multiple-hydrophone sonar data. The adaptation and modifica-
tion of these processes to the case of single-hydrophone data
is then outlined. In either case, the two-channel CCA is then
applied and the resulting canonical correlations can be used to
generate pixels for a SAS-like AC image. Note that both of
these methods require that the impulse response of the object
captured at each ping be computed for each hydrophone on the
array. Extracting this impulse response can be accomplished by
using the preprocessing method outlined in [11], which mainly
consists of matched filtering each sonar return, eliminating the
strong bottom return, windowing, transformation into the fre-
quency domain, and removing the effects of the transmit signal
via a pseudoinverse filter. Throughout this section, variables are
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Fig. 1. Formation of CCA input channels for a single frequency � , when using
multiple-hydrophone SAS-like AC processing.

marked with a when they are associated with the single-hy-
drophone SAS-like AC processing.

A. Multiple-Hydrophone Data Channel Formation

In the multiple-hydrophone case, SAS-like AC processing is
implemented by applying two-channel CCA to the data col-
lected by two hydrophone subarrays observing the same area of
the seafloor at a single frequency over a given number of pings.
If the sonar that collected data consists of a single array of
hydrophones it can simply be manually divided into two subar-
rays, each containing hydrophone elements. The formation
of the two input data channels for CCA is shown in Fig. 1. Each
channel represents a separate hydrophone subarray and the el-
ements of the vectors representing the channels are samples at
the same frequency from the object’s frequency response col-
lected by the different hydrophones in the corresponding sub-
array. To compute the sample covariance matrices in the CCA
(see the Appendix), averaging is done over a window of pings
at the same frequency.

More explicitly, let us denote and
as the complex vectors containing the zero-mean frequency re-
sponse samples (all at the same frequency) obtained from the
hydrophones on the first and second subarrays, respectively, at
frequency bin and ping . To form the input channels for
the two-channel CCA process realizations of each subarray
vector and are used, where each realization is formed
using the data at a different ping in an odd-length window cen-
tered at ping . Since a pixel will be produced representing ping

at frequency (see Section II-C), the window of pings covers
the range of . This forms the
input data matrices

(1)

(2)

for subarrays 1 and 2, respectively. Note that here it is as-
sumed that the frequency samples and , ,

, obtained by the hydrophone

elements for each of the pings, form independent realiza-
tions of the same random vectors. This also requires that the
distance of each hydrophone to the seafloor does not change
significantly from ping to ping, since this would cause large
variations in the phase of the samples that averaging is per-
formed over. Also note that the number of pings used for
averaging must be large enough relative to the subarray size

to avoid generating sample-poor covariance matrices that
may be deficient in capturing the canonical correlations and
coordinates, i.e., we must ensure . This must be
balanced with the fact that using too large of a value for
forms canonical coordinate mapping matrices that incorporate
information from too large of an area of the seafloor, and hence,
produces dominant canonical correlations that incorporate
statistics of the data outside a localized area.

B. Single-Hydrophone Data Channel Formation

When data from only one hydrophone are available the CCA
data channels cannot be formed using the above-mentioned ap-
proach. Therefore, in this case, a synthetic aperture is formed
over the data from several pings, as it is commonly done in SAS
processing [4]. However, this implies that averaging over ping
data to form the necessary covariance matrices is no longer an
option, and hence, we must find a new way to obtain different
realizations of the same frequency to average over. This is done
by segmenting the impulse response of the object (and bottom
if they are overlapping) returns into separate time segments
(see Fig. 2), zero-padding each segment to the length of the orig-
inal time series, and transforming each zero-padded segment
into the frequency domain. The samples corresponding to the
same frequency from these segments are then used for av-
eraging to compute sample covariance matrices needed in the
CCA and to generate the canonical coordinate mapping ma-
trices and [see (23) in the Appendix]. Each segment is
then separately mapped using these canonical coordinate map-
ping matrices, hence preserving the correspondence between the
samples and the range cells they represent. As will be shown
later, the benefit of this mapping method is that the contribu-
tion of each range segment to the overall coherence of the data
from the synthetic channels can be identified. This allows gen-
eration of SAS-like AC images that also provide localization
information in the direction that the sonar was pointed; e.g.,
for side-looking sonar, across-track localization information can
also be displayed.

As shown in Fig. 2, a single realization of the first data
channel , where is the number of pings used
to form one synthetic subarray, contains the frequency sam-
ples obtained from the th segment of the impulse response
captured by the lone hydrophone at frequency bin and pings

. Similarly, contains the frequency
samples obtained from the th segment of the impulse response
captured by the same hydrophone at frequency bin and pings

, where is the ping separation used
as the displacement between the two synthetic subarrays. The
input data matrices and for the
single-hydrophone SAS-like AC processing can then be formed
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Fig. 2. Formation of CCA input channels for a single frequency � , when using
single-hydrophone SAS-like AC processing.

using all of the independent realizations of and
obtained from all the segments of the impulse response, i.e.,

(3)

(4)

C. Generating a SAS-Like AC Image

Once the data channels have been formed in either the mul-
tiple-hydrophone or single-hydrophone case, two-channel CCA
is used to compute the canonical coordinates and correlations
of the frequency response at ping and frequency . This re-
quires computing the sample autocovariance and cross-covari-
ance matrices of the input data channels (shown below for the
multiple-hydrophone case)

(5)

(6)

(7)

where is the Hermitian operator. The sample coherence ma-
trix is then computed using (23) in the Appendix as

(8)

where the term on the right-hand side is its sin-
gular value decomposition (SVD) and

is the canonical corre-
lation matrix. The orthogonal canonical coordinate mapping
matrices and are used to map the input data channels

and to their respective canonical coordinates and
, i.e.,

(9)

(10)

Let us denote and as the th row of the canon-

ical coordinate matrices and , respectively. Then,

and contain samples of the th canonical coordinates of
the input channels and , respectively. The first pair of
canonical coordinates and has the highest correlation
(or coherence) possible between the two sets of coordinates
and . In the case of multiple-hydrophone data, this principal
correlation can be estimated using

(11)

where

(12)

(13)

and and are the first column of and , respec-
tively. To generate a pixel that represents ping , only the contri-
bution of coherence associated with a small, odd-length window
of pings that are local to ping will be used.
Specifically, the pixel intensity for frequency and ping in
the multiple-hydrophone SAS-like AC image is found
using

(14)

An image is formed by generating pixel intensities using
different samples of the frequency response, shifting the ping
window, and repeating this process for all frequencies and
pings. The window size should be small enough so that the
coordinate samples used correspond to pings that are in close
proximity to ping , otherwise a blurred image may result due
to incorporating pings that do not capture the same area of the
seafloor.

In the case of single-hydrophone data, this principal correla-
tion is estimated using

(15)

where

(16)

(17)

with all variables being defined similarly to their multiple-hy-
drophone counterparts. Since represents the con-
tribution of coherence associated with the th range cell segment
to , it is used as the voxel intensity for frequency , ping ,
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and range segment in the 3-D SAS-like AC image ,
i.e.,

(18)

An image is formed by generating pixel intensities using dif-
ferent samples of the frequency response from each range seg-
ment, shifting the ping window that forms the synthetic aperture,
and repeating this process for all frequencies and pings. This
SAS-like AC image offers classification information ( -plane)
along with localization in two dimensions ( -plane and -plane).

III. DATA DESCRIPTION

This section describes two data sets that are used to perform
the experiments in this study. The buried object scanning sonar
(BOSS) system and its associated data set are covered first. This
data set is used for evaluating the performance of the multiple-
hydrophone SAS-like AC processing including visual proper-
ties of the images it produces, localization capabilities, and ex-
plicit classification performance. The Ex10 pond system and its
associated data set are then introduced. This particular data set is
used for evaluating single-hydrophone SAS-like AC processing
in the same manner as the multiple-hydrophone method evalu-
ation, with the exception that explicit classification results are
not generated for this method because the classifier is only ap-
plicable to 2-D images.

A. BOSS System and Collected Data Set

The wing BOSS was designed [4] to scan for buried under-
water objects using two 1-m hydrophone arrays mounted on the
wings of the Bluefin 12 UUV [15]. Each wing contains 20 hy-
drophones arranged in a uniform linear array, yielding a 40-hy-
drophone array used to collect the sonar returns. This system
uses an omnidirectional projector that transmits a linear-fre-
quency-modulated (LFM) signal over 3–19 kHz. The data set
used in this study was collected off the coast of Panama City,
FL in March 2007 using the wing BOSS system, and contains
a mixture of target and nontarget objects. Fig. 3 shows the rel-
ative position of each object in the target field, while Table I
gives the list of the objects, their properties, and burial con-
ditions whether proud or buried. Note that, although there are
objects with varying dimensions and compositions within the
same class as well as objects in different classes with similar
dimensions and compositions, there are often subsets of AC
features (pixels) that are similar for objects in the same class,
thus allowing for discrimination between objects in the target
and nontarget classes. This property is exploited in the classifi-
cation framework introduced in Section IV-B. During the data
collection phase the Bluefin 12 UUV operated at a speed of 1.5
m/s and used a ping rate of 25 pings/s. The vehicle altitude was
generally between 2.25 and 3.00 m, and the target field bottom
was smooth and sandy. The collected sonar data were sampled
at 40 043 Hz. For more information on the BOSS data set, see
[11].

Sonar returns off objects in the data set were collected over a
variety of runs through the target field. In particular, the Bluefin
12 UUV made five groups of runs that centered around objects
T1, T3, T4, T5, or T10. These objects were chosen as the cen-
ters of groups mostly because their locations in the target field

Fig. 3. BOSS target field layout.

TABLE I
DESCRIPTION FOR EACH OBJECT IN THE BOSS DATA SET.

OD � OUTSIDE DIAMETER

allow a single run over them to capture sonar returns from a
large number of other surrounding objects. These groups con-
sist of runs that were made in north–south, east–west, and north-
west–southeast trajectories at varying distances from the center
object. This method of data collection allowed pings from dif-
ferent runs to capture signatures from different aspects of each
object. In addition, the Bluefin 12 UUV made diagonal runs
in a northeast–southwest trajectory over the entire target field,
capturing one to four objects per run. These diagonal runs not
only obtained more data on all the objects covered by the other
five groups, except T12 and T13, but were also able to capture
sonar returns from objects not covered by the other five groups,
namely those of T11, T14, T7, and T8. A run typically cap-
tures a large number of sonar pings that are not off an object.
For instance, out of typically 500–1400 pings for a run, only
8–30 pings on average cover an object of interest, depending
on the orientation of the object relative to the sonar platform.
Each sonar ping was preprocessed using the procedure in [11]
before the application of the SAS-like AC processing. As in-
dicated before, this preprocessing entails ideally removing por-
tions of each sonar return that do not represent insonified ob-
jects. Specifically, this involves applying a matched filter to each
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Fig. 4. Ex10 pond target field layout.

sonar return, weighting the result using a reference signal to
attenuate the strong bottom return, windowing to remove sec-
ondary reflections and other uncorrelated interference, transfor-
mation into the frequency domain, and removing the effects of
the transmit signal via a pseudoinverse filter.

B. Pond Facility and Collected Data Set

The Naval Surface Warfare Center (NSWC) Ex10 pond fa-
cility was designed to collect acoustical sonar data from under-
water objects in a relatively controlled and clutter-free environ-
ment. Fig. 4 shows the layout of the pond including the relative
locations of the rail-mounted sonar system and the objects in
the target field. The 20-m rail the sonar system is mounted on is
fixed to eliminate platform motion as the sonar moves along its
track, thereby increasing coherence between successive pings.
The sonar transmit signal is a 6-ms LFM pulse over 0.5–30 kHz
with a 10% taper between the leading and trailing edges to min-
imize ringing in the transmitted signals. Sonar backscatter is
received with six hydrophone elements that are arranged in a
linear array that is normal to the seafloor, though only data col-
lected by the hydrophone closest to the seafloor are used in this
study to generate single-hydrophone SAS-like AC images.

Table II contains descriptions for all the objects in the Ex10
target field, though they were not assigned class labels, while
Fig. 4 shows the Ex10 target field layout. As can be seen, the
target field contains five objects with varying shapes, sizes, and
compositions, all of which are located approximately 10 m hori-
zontally from the rail system and are proud on the sandy bottom.
The sonar data set used in this study was collected during ten
runs through the target field that differed in the orientation of
all the objects, with each object having the same orientation for
a given run. Nine total object orientations were used, ranging
from 80 to 80 in 20 increments, where two runs used a
0 object orientation, which designates a configuration where
the objects’ major axes are parallel to the rail system. To collect
a single run of data, consisting of 769 pings, the sonar platform
moved along the fixed rail in increments of 0.025 m, transmit-
ting and receiving once for each fixed position. The acoustical
data were sampled at 1 MHz and the sonar platform was tilted
at a fixed 20 grazing angle for all runs (angle of the sonar main
response axis with respect to the horizontal plane).

IV. RESULTS

This section presents the results of applying SAS-like AC
processing methods to the data sets described in the previous
section. First, visual comparisons are made between the images
generated by the proposed methods and equivalent conventional

TABLE II
DESCRIPTION FOR EACH OBJECT IN THE EX10 POND DATA SET

SAS processing methods. In particular, the along-track localiza-
tion capability of SAS-like processing is demonstrated as well
as its ability to generate AC patterns that differ between ob-
ject types. It is also shown that single-hydrophone SAS-like AC
images can be used for localizing objects in two dimensions.
Next, a simple classifier is introduced that can be applied to
SAS-like AC images (multiple-hydrophone case only) repre-
senting entire runs of sonar data, effectively performing simul-
taneous target detection and classification. Finally, the perfor-
mance of this classifier, and hence, the utility of the AC infor-
mation provided by the SAS-like images, is demonstrated.

A. Image Comparison

1) Multiple-Hydrophone Data: The conventional
delay-and-sum SAS processing method in [3] will be used
as a reference for evaluating the characteristics of images pro-
duced using the multiple-hydrophone SAS-like AC processing
in Section II-A. These methods add value to different aspects of
the problem of characterizing underwater objects, and hence,
their comparison not only verifies that the proposed SAS-like
AC method supplies accurate along-track localization capabil-
ities as indicated by a proven original SAS method, but also
highlights the advantages and disadvantages of each method
for different applications. For conventional delay-and-sum
SAS processing in the time domain [3], coherently integrating
data from multiple hydrophone elements and pings involves
referencing samples from the different time series that cor-
respond to the same focal point or spatial location on the
seafloor. A weighted sum of these samples is then calculated
to assign an intensity value to the pixel corresponding to the
focal point that the referenced samples capture. Although using
data from multiple pings and hydrophones to generate each
pixel produces a high-resolution image, it carries the burden
of high computational complexity owing to the necessity of
considering multiple sources of platform motion and near-field
propagation to reference the correct samples. This information
is often obtained by using an inertial navigation system on a
vehicle that records information about its exact position and
orientation at each ping.

To compare SAS-like AC processing with conventional
delay-and-sum SAS processing, images corresponding to
identical areas of the seafloor were generated using each
method. Entire runs made by the wing BOSS over the target
field described in Section III-A provided the data used for
this comparison. These runs contain a variety of target and
nontarget objects to obtain an indication of how each algorithm
renders different object types, and to demonstrate the utility of
the AC information provided by the SAS-like AC images. To
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Fig. 5. Comparison of delay-and-sum SAS and SAS-like AC images for different runs through the target field. (a) Run 1c. (b) Run 2d. (c) Run 2i. (d) Run T4e.

ensure a fair comparison, a 71-ping window is used to generate
images using both methods. The two input channels of the CCA
process are formed using data from two linear subarrays (each
with 20 hydrophones) on the wing BOSS sonar platform, with
one subarray for each wing of the BOSS. The spacing between
the two subarrays is approximately 47 cm as measured by the
distance between the hydrophones on the inside of each wing,
and the interelement spacing on each subarray is approximately
5.1 cm. A SAS-like AC image is formed by averaging over

pings to yield the first canonical correlation estimate
(see Section II-C) corresponding to the center of the 71-ping
window for every frequency sample and ping. Pixels are gener-
ated for each frequency sample in the range of 3–19 kHz, with
a resolution of 10.5 Hz.

Fig. 5(a)–(d) shows images generated using conventional
delay-and-sum SAS processing and SAS-like AC processing
for multiple runs through the target field. The top image in
each of these figures shows the results of applying SAS-like
AC processing to the entire run of data. The colorbar above
each SAS-like AC image indicates the mapping between the
color of a pixel displayed in the image and the value calculated
for , which is the magnitude of the estimated dominant
canonical correlation for frequency and ping [see (14)].
The bottom image in these figures gives the results of applying
conventional delay-and-sum SAS processing to the entire run
of data. Each pixel in the across-track and along-track plane of
this image represents the maximum received signal strength at
the corresponding focal point, with lighter pixels representing
a weaker response, and darker pixels representing a stronger

response. Each object is outlined with a square in the conven-
tional SAS images to show their locations.

Comparing both images in each of the Fig. 5(a)–(d) demon-
strates that a strong response in the conventional SAS image
is often paired with a larger coherence value in the same
along-track location (ping) in some portion of the spectrum of
the SAS-like AC image. Thus, the along-track location of the
detected objects can be determined using either image in most
cases. Clutter that has unknown characteristics can still be seen
in both images, though it appears more clearly in the conven-
tional SAS image since its across-track location and dimensions
are revealed. Inspection of the SAS-like AC images shows that,
for pings off marked objects, the frequency bands that have
prominent coherence traces can reveal useful information about
the object’s characteristics. Generally, bomb—shaped markers
have strong coherence in the mid-to-high frequency ranges.
However, the complete behavior of these AC patterns cannot
be characterized just by these few images, as they are highly
dependent on the range and grazing angle and at which the
object was observed, in addition to the object’s shape and com-
position. Additionally, as indicated by other object types that
produce strong AC traces in the high-frequency regions, such as
T8 in Fig. 5(a) and T11 in Fig. 5(b), classifying an object is not
as straightforward as analyzing the strength of the AC traces
in isolated bands, but rather, such analysis should incorporate
the overall coherence patterns present in all frequency bands.
The classification framework introduced in Section IV-B is
based on utilizing all available AC information for target versus
nontarget discrimination.
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Fig. 6. SAS images for run 185. Major axes of objects are parallel to the rail with their noses pointed towards the sonar starting position (designated 0 ). (a)
SAS-like AC 3-D solid representation. (b) SAS-like AC range bin slices 53, 54, and 56. (c) Omega-� SAS.

In contrast to SAS-like AC images, conventional SAS images
are more suited to characterizing an object based upon shape
rather than other characteristics. Indeed, the shapes of the ob-
jects are depicted relatively clearly in conventional SAS im-
ages, as indicated primarily by the cylindrical appearances of
most objects that have this shape. Unfortunately, for this data
set, some target objects have the same dimensions as nontarget
objects, and hence, the conventional SAS images do not pro-
vide enough information for object classification in this case. As
mentioned, while the classification ability of the SAS-like AC
images may be difficult to achieve visually from these four im-
ages alone, their entire AC information does indeed prove to be
adequate for this task, as indicated by the results in Section IV-C.
Also note that the AC information provided by SAS-like AC im-
ages generated using the proposed method may also implicitly
provide shape-dependent information, since the shape of an ob-
ject undoubtedly affects its coherence properties.

2) Single-Hydrophone Data: This section presents the
results of applying the single-hydrophone SAS-like AC
processing method to the Ex10 pond data described in
Section III-B. An omega- beamformer is used to gen-
erate SAS images that will be compared with those produced
using SAS-like AC processing. The omega- SAS processing
method used here is an adaptation of the omega- method of
synthetic aperture radar (SAR) processing found in [13], which
is described in [14], and has been modified by the NSWC. This
method involves deconvolving the aperture amplitude effect
in the frequency domain, performing phase multiplication,
applying an inverse Stolt mapping, and windowing the result.
Using this method, each pixel in a SAS image is generated
using all the available ping data in a run collected by a single
hydrophone, which produces a high-resolution 2-D image
from which objects can be localized in the across-track and
along-track dimensions.

To compare SAS-like AC processing with omega- SAS
processing, images corresponding to identical areas of the
seafloor were generated using each method. Entire runs over
the Ex10 pond target field provided the data used for this com-

parison. Note that, since the images produced by the omega-
and single-hydrophone SAS-like AC methods are drastically
different, their comparison is aimed at showing the localization
capabilities of the latter as indicated by a proven SAS method.
The SAS-like AC images were generated using a synthetic
aperture consisting of hydrophones (data from three
different pings) per subarray with a spacing of pings
between the two subarrays. The synthetic subarray size was
chosen to be small enough to avoid data poverty that can be
introduced by using large dimensional channels for CCA [10].
The subarray separation was chosen to be large enough to
ensure low coherence between seafloor clutter captured by each
subarray. To provide the necessary realizations of each channel
for forming the covariance matrices used in the CCA process
the impulse response of the object and bottom at each ping was
divided into different segments, which also allowed
the generated 3-D images to contain 128 different range bins
for displaying across-track localization information (since the
sonar was side-looking). As described in Section II-C, for a
single-hydrophone SAS-like AC image, the pixel intensity at
each point in a single slice (range bin) of the frequency-ping
(i.e., versus ) plane is the contribution of coherence as-
sociated with that range cell segment to the estimate of the
dominant canonical correlation. Pixels are generated using (18)
for each frequency (within the 29.5-kHz bandwidth), ping ,
and range cell segment .

Figs. 6–8 show images generated using SAS-like AC pro-
cessing [images (a) and (b) in each figure] and omega- SAS
processing [image (c) in each figure] for several different runs
through the target field. Image (a) in each figure shows a repre-
sentation of the SAS-like AC volumetric data , where
all voxels satisfying are displayed with a cer-
tain transparency. Voxels with an intensity smaller than 0.1 are
not displayed in these images so that areas with high levels of
coherence, which often represent objects, are displayed more
prominently than areas of low coherence, which often represent
empty bottom. Image (b) in each figure displays range bin slices
of the 3-D SAS-like AC image that contain the largest AC traces
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Fig. 7. SAS images for run 191. Major axes of all objects are 40 off parallel with their noses pointed towards the rail (designated �40 ). (a) SAS-like AC 3-D
solid representation. (b) SAS-like AC range bin slices 52, 63, and 69. (c) Omega-� SAS.

Fig. 8. SAS images for run 203. Major axes of all objects are 80 off parallel with their blunt ends pointed towards the rail (designated �80 ). (a) SAS-like AC
3-D solid representation. (b) SAS-like AC range bin slices 50, 51, and 53. (c) Omega-� SAS.

(i.e., all pings at a given range are shown for each slice), and are
intended to show the detailed AC patterns of labeled objects.
Generating ping slice images that show coherence values for all
range bins at a given ping is also possible, but not done here. It
is important to note that neither the slice images nor the solid
image in each case can provide a fully adequate representation
of the volumetric data owing to the inherent restrictions of dis-
playing the data on a 2-D plane. In the case of the slice images,
only three are shown for each run, and thus, some important AC
information present in other slices is sometimes not shown. In
the case of the solid images, a single view often cannot accu-
rately portray the location of the stronger AC traces.

Focusing first on Fig. 6, which shows SAS images for a run
where all object have their major axes parallel to the rail, it can
be seen that a strong response in the omega- SAS image is
often paired with a larger coherence contribution in the same
location in some portion of the spectrum of the SAS-like AC
image. The accuracy of the along-track localization information
offered by the SAS-like AC images can be verified by noting
the five distinct areas of strong AC traces found in equispaced
intervals in the along-track direction, which should be the case

as indicated by the target field layout in Fig. 4 and omega-
image in Fig. 6(c). The across-track location of the objects also
appears to be consistent between the SAS-like AC image and
omega- image for run 185, since all objects appear in nearly
the same across-track position, which is in the center of both
images. Fig. 6(b) indicates a slight variation in the range bins
where the strongest AC traces occur for the different objects,
but nonetheless, these range bins are at least adjacent to each
other.

The frequency distribution information for each object in run
185, shown in Fig. 6(a) and (b), again demonstrates the ability
of the SAS-like AC method to produce AC patterns that vary de-
pending on the type of object captured. Comparing these SAS-
like AC images to the target field layout in Fig. 4 it can be
seen that object 2 (152-mm TP-T round), object 3 (100-mm SS
rocket round), and object 5 (100-mm Al Rocket Round) have
similar AC distributions that extend from the low-to-mid fre-
quency range to the high-frequency range, which makes sense
since these objects have similar shapes. On the other hand, ob-
ject 1 (small cylinder) has stronger AC traces mostly in the
high-frequency range, and object 4 (mortar) has stronger traces
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Fig. 9. Example of the detection process using a SAS-like AC image. (a) Orig-
inal SAS-like image. (b) Projected SAS-like image. (c) Detection measure.

in the midfrequency range and very strong traces in the high-fre-
quency range. As in the multiple-hydrophone case, the omega-
SAS image in Fig. 6(c) appears to lack the ability to convey
an adequate amount of information for determining an object’s
identity since all objects essentially appear as small, high-inten-
sity pixel clusters. However, compared with the SAS-like AC
image, the omega- image seems to provide more refined lo-
calization in both dimensions. This is due to the precise motion
compensation employed by this method.

The SAS-like AC images for runs 191 and 203, shown in
Figs. 7 and 8, respectively, can be used to see how object orien-
tation affects the AC patterns. Note that, for runs 191 and 203,
all objects were oriented 40 and 80 , respectively, relative
to the parallel orientation employed in run 185. The effects of
these reorientations are dramatic, though objects can still be lo-
calized for the most part. Specifically, looking at the SAS-like
AC images for run 191 in Fig. 7, all objects except object 4 can
be seen prominently at some range bin in the proper along-track
location, but the representative AC traces appear weaker than
those in run 185. Very weak AC traces can be seen for ob-
ject 4, which matches the weak signatures of this object for the
omega- image in Fig. 7(c). The cause of these weaker signa-
tures is likely the small diameter of this object relative to the
others, which makes it difficult for the sonar system to capture
it considering the orientation used for run 191. Though it may be

difficult to discern when restricted to a single volumetric view of
the 3-D SAS image, the AC distributions for each object in run
191 are largely the same as those witnessed for objects in run
185. Different alterations of the AC patterns can be seen for run
203 in Fig. 8(a) and (b), though the AC traces appear to be more
prominent than those for run 191. For this run, the AC traces of
object 4 are missing completely, though this object can barely
be seen in the omega- image for this run as well [see Fig. 8(c)].

Based on the above results, it is clear that both conventional
SAS processing and SAS-like AC processing methods generate
images that offer valuable information about objects that are
buried beneath the seafloor or proud on the bottom. Applica-
tions requiring more accurate across-track localization, determi-
nation of an object’s dimensions, or high-resolution depictions
of subtle contents of the seafloor would benefit from using SAS
images generated using conventional methods (delay-and-sum
or omega- ). Though the classification utility of the AC infor-
mation provided by SAS-like processing will be demonstrated
in Section IV-C, for now the ability of this method to generate
images offering fine along-track and coarse across-track local-
ization has been demonstrated. As anticipated, changing the ori-
entation of an object relative to the sonar affects the prominence
as well as distribution of the generated AC patterns.

B. Subspace Projection for Object Classification

This section describes a simple but effective method for clas-
sifying pings in a 2-D SAS-like AC image as either target or
nontarget, taking advantage of the AC patterns typically ob-
served for pings that capture target objects. This method is ap-
plicable to either a SAS-like AC image generated using the mul-
tiple-hydrophone method, or a single slice of the image gener-
ated using the single-hydrophone method. This framework indi-
vidually classifies SAS-like AC feature vectors, each of which
is a column vector of pixels in a SAS-like AC image at dif-
ferent frequencies and at a specific ping, i.e., a single column
of in (14) at a given ping , or a specific cross section
of two planes for a fixed ping and fixed range of the volu-
metric image in (18). Classification of a single ping
is simply performed by finding the magnitude of the portion of
its associated AC feature vector that lies within a “target sub-
space.” In essence, such a measure is able to quickly determine
how similar a new testing AC feature vector is to training AC
feature vectors that are known to represent pings off target ob-
jects. This is because such training AC feature vectors are used
to form this target subspace as outlined below.

Let us define as a training data matrix
containing different SAS-like AC training feature vectors (or
patterns) ’s, representing what are known to be pings off a
variety of target objects at different orientations, elevations, and
grazing angles. The training features ’s should ideally come
from many different runs made by a UUV and be representative
of objects with different shapes, compositions, and burial con-
ditions. Application of SVD to data matrix yields

(19)

where and contain left and
right singular vectors (as columns), respectively, and is a diag-
onal matrix of singular values. The well-known Eckart–Young
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theorem [16] states that the dominant left singular vectors in
can be used to construct an optimal low-rank approxima-

tion of (minimum Frobenius norm compared with other ap-
proximations of the same rank). Therefore, assuming the sin-
gular values that are the diagonal elements of appear in de-
scending order of magnitude, the first columns of , corre-
sponding to dominant singular values, that comprise the ma-
trix , are used as basis vectors to span the
target subspace. If was formed using appropriately diverse
target sample AC feature vectors, and is chosen to be ade-
quately large, then we can expect that AC feature vectors rep-
resenting target objects lie mostly within this target subspace.
For the classifier described below, this target subspace, which is
spanned by the columns of , is characterized by its orthog-
onal projection matrix .

Using the projection matrix, the classifier used in this study
evaluates the unknown AC pattern for each ping of interest by
projecting it onto the target subspace using

Label target

Label nontarget

(20)

where is the projected AC feature vector, is the mea-
sure (magnitude of the projected AC pattern) used to determine
the class label for ping , and is a threshold whose value can
be determined by the examining the values of calculated for
training AC feature vectors representing various target and non-
target objects. Essentially, (20) implements a matched subspace
detector/classifier [17] at each ping of interest, and states that
ping should be labeled as target when its corresponding AC
pattern is very similar to the training target feature vectors

’s that are the columns of . This a consequence of the fact
that

(21)

where means Frobenius norm. Apart from its simplicity,
one of the main benefits of this classification method is the
fact that it can effectively deal with the large dimensionality of
AC patterns; e.g., for the BOSS data set each has 1639 ele-
ments. In such conditions, many conventional classifiers, such
as a neural network that is based on learning the distribution of
the input pattern, would be impractical or extremely difficult to
use.

Fig. 9 demonstrates the idea behind the proposed classifica-
tion method, where Fig. 9(a) shows the original SAS-like AC
image for a single run of data, Fig. 9(b) shows the SAS-like
patterns for this run after projection onto the target subspace,
and Fig. 9(c) shows the measure for each ping in the run.
As can be seen, when an AC pattern represents a ping off
a nontarget object, the operation attenuates AC informa-
tion that is dissimilar to target objects (not frequently seen in the
columns of ) and overall decreases its magnitude more signifi-
cantly than the target pings. Additionally, since pings off empty
bottom produce weak coherence patterns, an AC feature vector

representing empty bottom leads to a small for such a ping.

Fig. 10. ROC curve for the testing set.

Fig. 11. Distribution of � for target and nontarget pings.

This implies that this method can be used both as a detector (ob-
ject versus background) and a classifier (target versus nontarget)
at the same time.

The flexibility of this classification method lies in the fact that
it does not require objects in specific classes to have certain pre-
defined characteristics, such as restrictions on their shapes or
sizes. As mentioned, to achieve adequate classification perfor-
mance, it is only necessary to form a target subspace (charac-
terized by ) using a data matrix containing samples that
are representative of the various AC patterns typically seen for
target objects. Therefore, even if objects in different classes have
some similarities, adequate classification results can still be ob-
tained as long as there are AC features that the target group of
objects has in common. This is especially important for clas-
sification of objects in the data set described in Section III-A,
as many objects with opposite class labels have similar sizes
with different compositions or, more rarely, similar composi-
tions with different dimensions. Because of these characteris-
tics, in Section IV-C, we test the effectiveness of the proposed
SAS-like AC processing and the simple classification method in
this section on the multiple-hydrophone data set.

C. Classification Results

This section presents the results of applying the subspace
projection classifier described in Section IV-B to pings in the
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Fig. 12. Examples of classifying entire runs of sonar data using SAS-like AC images. (a) Testing run 2b. (b) Testing run 2h. (c) Training run T4c. (d) Training
run T10i.

BOSS data set. First, the SAS-like AC patterns associated with
pings off objects will be evaluated to test the proposed method’s
ability to generate patterns that can be used to distinguish be-
tween target and nontarget objects. The results of applying the
subspace projection detector/classifier to entire runs of data
(all pings in a run) will then be presented to demonstrate this
method’s ability to highlight pings where target objects are
present in the absence of any prior knowledge concerning their
locations.

To form the target subspace, basis vectors were ex-
tracted from a data matrix , consisting of SAS-like AC fea-
ture vectors representing pings off target objects captured during
seven different runs from the groups of runs made by the UUV
that were centered over specific objects. More specifically, these
training AC feature vectors represent 68 pings off various target
objects in nine different runs. The resulting target basis vectors
completely characterize the proposed classifier by forming the
matrix usedin(20).Thethreshold isselectedbasedonacom-
parison of the distributions of for target and nontarget pings
in the training runs. The testing set, used to evaluate the ability of
the classifier using SAS-like AC patterns to discriminate between
different object types, contains pings off target objects captured
during 12 northeast–southwest runs where the UUV traversed the
entire target field. The target pings in the testing set offer a unique
perspective of these objects since different grazing angles and ve-
hicle trajectories were used to collect these pings. This testing set
also contains pings from all nontarget objects captured during all
19 of the aforementioned runs.

Fig. 10 shows the receiver operating characteristic (ROC)
curve generated by applying the proposed classifier to all SAS-

like AC feature vectors in the testing set. Note that to generate
this ROC curve an equal number of AC patterns from each class
is used (to avoid bias); a condition that was met by discarding a
random selection of the relatively more plentiful nontarget AC
patterns. As can be seen from Fig. 10, we have 90.9%
and 9.1% at the knee point (where ) of
the ROC curve. The area under the ROC curve is 0.925, which
corresponds to the probability that the classifier will rank a ran-
domly chosen positive instance higher than a randomly chosen
negative one. The shape of the ROC curve demonstrates the fact
that, once a certain threshold is reached, 100% can be
achieved with only a 10.8% false alarm rate. This is because the
proposed classification measure in (20) was larger for the ma-
jority of pings off target objects when compared with pings off
nontarget objects, and hence, it provided excellent class sepa-
rability. Fig. 11 further demonstrates the class separability of-
fered by the use of , as it shows the distributions of for all
target and nontarget pings in the BOSS data set. As can be seen
from this figure, the majority of nontarget pings have a much
smaller associated value when compared with those of target
pings. The sporadic instances of overlap of these distributions
that cause a slight decrease in classification performance are dis-
cussed at the end of this section.

Applying the proposed classification framework to entire runs
of data involves projecting the SAS-like AC feature vector rep-
resenting each ping in the run onto the target subspace and cal-
culating , in the run. The values of that exceed the
fixed threshold of are considered target but are other-
wise considered to be nontarget. Fig. 12(a)–(d) shows the clas-
sification results obtained by applying the proposed classifica-
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tion framework to all the corresponding extracted SAS-like AC
feature vectors from four separate runs through the target field
introduced in Section III-A. Shown at the top of these figures
are detection/classification strips that illustrate at which sonar
pings AC patterns were declared as target (detected and clas-
sified). In these strips, the black-colored portions represent the
pings at which the system has declared a target object. To in-
dicate locations where the detection/classification strips would
ideally declare the presence of a target object, all object loca-
tions are labeled above the strips for reference.

Fig. 12(a)–(d) demonstrates the ability of the SAS-like AC
method to produce features that can be used to discriminate be-
tween sonar returns off target objects from those off nontarget
objects and empty bottom, as the detection/classification strips
indicate the presence of target objects only where they are in-
deed present. When the simple subspace projection-based clas-
sification system in Section IV-B was applied to all pings from
every run used in this study it was found that, at a correct classi-
fication rate of 96.6% on target objects, where only some of the
pings off one target object in a single run were incorrectly as-
signed the nontarget class label, a false alarm rate of only 1.29%
was achieved. Out of this low false alarm rate only 11.7% were
attributed to nontarget object pings while 88.3% of them were
attributed to the relatively more plentiful empty bottom returns
[none occurred for the runs displayed in Fig. 12(a)–(d)].

At the chosen threshold of the main causes of mis-
classification were one collection of pings off one target object
having low , as well as some pings off two nontarget objects
having relatively high . In the former case, the SAS-like AC
features extracted from the target pings did contain high levels
of coherence in a frequency band that is typical for target pings,
but this coherence was isolated to a very small frequency band,
leading to an overall lower value of for these pings. The
misclassified target object does not appear very prominently in
the conventional SAS image generated for this run either (not
shown), thus it is likely that the signatures of this object were not
adequately captured by the sonar for this particular run. The mis-
classified pings off nontarget objects were because these pings
exhibited high levels of coherence in frequency bands that were
typical for target pings. This display of target-like behavior may
be attributed to the fact that the misclassified nontarget objects
have the same dimensions as some target objects, despite having
different compositions. Since the shape of an object is one of the
factors that undoubtedly affects its SAS-like AC patterns, mis-
classification in this case was understandable. It may be possible
to avoid such errors by using a larger number of training features
to form the target subspace, thus more accurately characterizing
the relevant target AC features.

Based on the above results, it is clear that the proposed SAS-
like AC processing is capable of generating images that offer
valuable information about objects that are buried beneath the
seafloor or proud on the bottom. In particular, the proposed
method has shown its promise in generating images that convey
useful information about an object’s type, in addition to its lo-
cation. Furthermore, creating SAS-like AC images does not re-
quire direct motion compensation, and consequently does not
need to use information from the inertial navigation systems on
the vehicle. This reduces the overall cost of the SAS system on

UUVs, which could be an important factor if smaller size and
lower cost UUVs are to be deployed in large numbers.

V. CONCLUSION

This study developed two different methods of applying a
coherence analysis framework to broadband sonar data to gen-
erate SAS-like AC images that can be used for underwater ob-
ject detection, localization, and classification without the use
of elaborate platform motion estimation and compensation pro-
cesses. These two methods are applicable to data collected with
either multiple hydrophones, or single-hydrophone sonar. Both
methods generate an image by forming two data channels, rep-
resenting different real or synthetic hydrophone subarrays, and
extracting the canonical correlations between these channels.
Estimates of the dominant canonical correlation are then used to
calculate the intensity of a pixel in the ping-frequency plane. It
was also shown that, by averaging over frequency samples from
different range cell segments to form the necessary covariance
matrices, the resulting SAS-like AC images can be used to lo-
calize objects in two dimensions.

Comparing the SAS images generated using conventional
methods and SAS-like AC methods, it was observed that they
both offer valuable information about objects that are buried
beneath the seafloor or proud on the bottom. Specifically,
conventional (delay-and-sum or omega- ) SAS processing has
reaffirmed its effectiveness in generating images for object
detection and accurate localization, whereas the proposed
SAS-like AC processing has shown its promise in generating
images that can be used for composition-based object classifica-
tion as well as accurate along-track localization and, in the case
of the single-hydrophone method, possible coarse across-track
localization. A method for classifying pings based on projecting
the SAS-like AC feature vectors onto a target subspace was
also introduced. Classification results demonstrated that the AC
information produced by the proposed method is indeed useful
for object class discrimination.

APPENDIX

This Appendix reviews CCA, which is a method used for an-
alyzing the linear dependence (or coherence) between two data
channels. CCA decomposes the linear dependence between the
original channels into the linear dependence between the canon-
ical coordinates of the channels where this linear dependence is
easily determined by the corresponding canonical correlations.
The material presented here and much of the language and ter-
minology are drawn from [12].

Consider two zero mean random vectors and
where it is assumed that . The composite data vector

has a covariance matrix

(22)

where is the Hermitian operator, and are the covari-
ance matrices of and , respectively, and is the cross-
covariance matrix between and . The coherence matrix is
then formed using , where we have
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, and . The SVD of
the coherence matrix yields

and (23)

where and are orthogonal matrices and
is a singular value matrix, with

and
.

Using the orthogonal matrices and , the canonical co-
ordinates of and , denoted by and

, respectively, are then defined as

(24)

The vectors and share the cross-correlation matrix
while and
. The cross-correlation matrix is called the

canonical correlation matrix of canonical correlations
. Thus, the canonical correlations measure the corre-

lations between pairs of corresponding canonical coordinates.
That is, ; , , with being
the Kronecker delta. The canonical correlations are also the
singular values of the coherence matrix , and hence can be
used as a measure of coherence between the data channels
and .

It has been shown [12] that the linear dependence between
the two data channels and can be measured by

(25)

The measure takes the value 0 if there is perfect linear depen-
dence between the two channels and , and it takes the value 1
if and are linearly independent. The th term of the product
on the right-hand side of (25), i.e., , measures the linear
dependence between the th canonical coordinate of and .
This implies that the linear dependence between and is de-
composed into the linear dependence between their canonical
coordinates, which is easily measured by their canonical corre-
lations ’s. Correspondingly, the coherence measure between
the elements of and is defined as .
Now, if and are perfectly coherent, , while for the
noncoherent case, .
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