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Acoustic travel-time tomography of the atmosphere is a nonlinear inverse problem which attempts

to reconstruct temperature and wind velocity fields in the atmospheric surface layer using the

dependence of sound speed on temperature and wind velocity fields along the propagation path.

This paper presents a statistical-based acoustic travel-time tomography algorithm based on dual

state-parameter unscented Kalman filter (UKF) which is capable of reconstructing and tracking, in

time, temperature, and wind velocity fields (state variables) as well as the dynamic model

parameters within a specified investigation area. An adaptive 3-D spatial-temporal autoregressive

model is used to capture the state evolution in the UKF. The observations used in the dual

state-parameter UKF process consist of the acoustic time of arrivals measured for every pair of

transmitter/receiver nodes deployed in the investigation area. The proposed method is then applied

to the data set collected at the Meteorological Observatory Lindenberg, Germany, as part of the

STINHO experiment, and the reconstruction results are presented.
VC 2014 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4835875]
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I. INTRODUCTION

Acoustic tomography is a method of remotely recon-

structing the internal structure of an object by radiating

acoustic signals through the object and studying its interac-

tions with the signals. Owing to their non-intrusive nature,

acoustic tomography methods have been used excessively in

medical, non-destructive testing and measurement, oceano-

graphic, and atmospheric arenas.

Knowledge about temperature and wind velocity fields

is of great importance in atmospheric surface layer studies.

Acoustic tomography of the atmosphere allows one to recon-

struct temperature and wind velocity fields in the atmos-

pheric surface layer using the dependence of sound speed on

temperature and wind velocity fields along the propagation

path. Atmospheric acoustic tomography methods1–8 are very

useful due to their ability to provide spatially and temporally

resolved fields for model evaluation and their scalability

property. Moreover, using acoustic tomography is highly

beneficial, as it uses a small number of acoustic sensors to

reconstruct the temperature and wind velocity fields with

high spatial resolution. Algorithms dealing with acoustic to-

mography of the atmosphere, use the acoustic travel time

measurements collected from several acoustic sensors (trans-

mitters and receivers) mostly located on the boundary layer

of the investigation field. The travel time for each propaga-

tion path corresponds with the line integral of a nonlinear

function of temperature and wind velocity fields over the

propagation path.

An inverse acoustic travel-time tomography problem is

inherently an under-determined and ill-posed problem due to

the fact that it attempts to reconstruct the continuous temper-

ature and wind velocity fields from finite travel time meas-

urements. Solving such problem is in general difficult,

owing to its ill-posed and highly nonlinear nature. However,

several tomographic algorithms have been introduced1–6,8 in

different disciplines to solve the acoustic tomography prob-

lem. These tomographic algorithms are categorized into

three main branches as statistical-based algorithms,1,5,6,8

algebraic-based algorithms,3,4,9–11 and those which use

sparse reconstruction framework.10

Wilson and Thomson1 applied a statistical-based acous-

tic tomography algorithm referred to as stochastic inversion

(SI), to reconstruct the temperature and wind velocity fields.

Later, Vecherin and co-workers5,6 extended this algorithm

by developing the time-dependent stochastic inversion

(TDSI), which uses several travel time observations to gen-

erate the estimates of the fields. These methods use a first-

order linear approximation of the group velocity of the sound

wave along the propagation path and solve the linearized

problem using a discrete, noncausal Wiener filter.12 The SI

assumes that turbulence is statistically homogeneous in

space, while TDSI assumes that fluctuations are homogene-

ous in space and also stationary in time. However, extreme

temporal change of atmospheric patterns may render a non-

adaptive filter such as Wiener filter inefficient. More

recently, a statistical-based method8 was introduced which

casts this acoustic tomography problem as a state estimation

and hence employs unscented Kalman filter (UKF) to recon-

struct the temperature and wind velocity fields. This method

can provide: (a) nonlinear acoustic travel time tomography
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under certain measurement conditions, (b) reconstruction

without the need for reciprocal measurements as in Refs. 3,

4, and 13, (c) adaptive behavior for tracking the fields in

time, and (d) computational efficiency for possible on-line

implementation. We acknowledge that the relative errors of

linearization in case of low wind conditions is negligible and

using UKF would be exorbitant. However, the proposed

approach provides a general framework which works under

both strong and weak wind conditions.8

Algebraic-based acoustic tomography algorithms, such

as multiplicative algebraic reconstruction technique14 and

simultaneously iterative reconstruction technique,3,13

employ reciprocal sensors and reformulate the nonlinear

problem into two linear problems using the reciprocal meas-

urements. Then, they reconstruct temperature and wind ve-

locity fields separately using a gradient-based iterative ‘2

minimization algorithm. Generally speaking, the algebraic-

based methods3,13,14 are conceptually simpler than the

statistical-based tomography algorithms. However, compar-

ing to the statistical-based methods, algebraic-based methods

are shown to lack accuracy for undetermined problems.6

Algorithms using sparse reconstruction framework

assume that the temperature and wind velocity fields can be

represented as a linear combination of some kernel functions

(e.g., set of different bases) where most of the coefficients

are zero. In other words, they assume that the fields have

sparse representation with respect to some known bases in

space or frequency domains. An acoustic tomography algo-

rithm is developed in Ref. 10, based on sparse reconstruction

framework. The algorithm in Ref. 10 is developed for a nu-

merical experiment in which the wind velocity is set to zero,

meaning that it is assumed that the travel time measurements

are only dependent on the temperature field.

The focus of this paper is on improving the acoustic to-

mography method introduced in Ref. 8. The investigation area

is discretized into several grids in which the temperature and

wind velocity fields are assumed to be constant. The problem

is then represented as an adaptive dual state-parameter estima-

tion framework. Using this adaptive dual state-parameter esti-

mation process one is able to account for the temporal changes

(short-term or longterm) inherent in the temperature and wind

velocity fields. The state and model parameter vectors are

formed of the temperature and wind velocity fields in all grids

and the unknown parameters of a 3-D spatial-temporal autore-

gressive (AR) model used to capture the state evolution

dynamics, respectively. The observation vector consists of the

noisy acoustic travel time measurements for every pair of

transmitter/receivers nodes. Dual UKF is then used to estimate

the state and model parameters simultaneously at every

snapshot.15–17 The initial states are chosen to be the tempera-

ture and wind velocity spatial mean fields calculated from the

noisy travel time measurements and the initial model parame-

ters are chosen so that the initial state evolution model is a ran-

dom walk. The proposed method is then applied to the travel

time data set acquired as part of the STINHO experiment18 to

reconstruct temperature and wind velocity fields and it is

shown that the reconstruction results are indeed promising.

This paper is organized as follows. Section II reviews

the acoustic tomography inverse problem formulation. The

proposed inverse acoustic tomography method is described

in detail in Sec. III. The proposed method is applied to the

STINHO data set and the reconstruction results are provided

and discussed in Sec. IV. Finally, the conclusions are pre-

sented in Sec. V.

II. PROBLEM FORMULATION

A. Review of acoustic propagation formulation

Taking into account the effect of wind velocity, the

magnitude of group velocity of a sound wave propagating

along a specific path is given by

crayðr; tÞ ¼ s � ðcðr; tÞnþ vðr; tÞÞ; (1)

where r¼ xexþ yey is the position vector of a point in the

investigation area with ex and ey being the unit vectors of a

2D-Cartesian coordinate system, t represents time, s and n

are, respectively, unit vectors along the propagation path and

normal to wavefront, v(r, t) is the wind velocity vector, and

c is the temperature-dependent adiabatic sound speed.1,5,6

For a setup in which the maximum length of the path

between the acoustic transmitters and receivers are a few hun-

dreds of meters and assuming that the vertical temperature

gradient in the atmospheric surface layer is not large, one can

use the straight-ray model for acoustic propagation.1 Straight-

ray model is commonly used throughout the literature and

states that s and n are in the same direction and hence

s � n � 1. However, in presence of (a) large temperature or

wind velocity gradients or (b) high wind speed, using the

straight-ray model leads to non-unique solutions of the wind

velocity field. Jovanovic19 suggested using time-difference of

arrivals among tripoles of transmitters and receivers to esti-

mate the angles of departure/arrival, namely, nT and nR of the

sound wave. A linear fit can then be employed to produce the

estimate of n(r, t) between these points given the path.

Ray-tracing can be employed [refer to Eq. (3.33) in Ref. 20]

in this bent-ray model to estimate s(r, t) along the path based

upon prior estimates of the temperature and wind fields, i.e.,

sðr; tÞ ¼ ncðr; t� 1Þ þ vðr; t� 1Þ
kncðr; t� 1Þ þ vðr; t� 1Þk ; (2)

where one can initially start with straight rays as the first

approximations. As new wind and temperature field recon-

structions become available the accuracy of ray-tracing

improves. In Sec. III, we shall see how this bent-ray model

can be incorporated into the proposed UKF-based recon-

struction method. It must be noted that in Sec. IV due to low

wind conditions during the data collection process and lack

of angle of arrival measurements we assumed s � n ¼ 1.

We acknowledge that this assumption (s � n ¼ 1) enables a

linear representation of the process. However, our goal here

is to illustrate how one would use the proposed approach for

a general nonlinear problem.

Once s(r, t) and n(r, t) are estimated along each path,

Eq. (1) can be rewritten as

crayðr; tÞ ¼ nðr; tÞcðr; tÞ þ sðr; tÞ � vðr; tÞ; (3)
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where n r; tð Þ ¼ s r; tð Þ � n r; tð Þ. Given the group velocity of

the sound wave propagating along the nth path, the acoustic

travel time for this path is given by

snðtÞ ¼
ð

Ln

dln

crayðr; tÞ ¼
ð

Ln

dln
nnðr; tÞcðr; tÞþ snðr; tÞ � vðr; tÞ ;

(4)

where the integration is along the nth propagation path with

length Ln and sn(r, t) is the unit vector in the direction of the

wave propagation at location r and time snapshot t.
Discretizing the investigation area into I� J grids and

assuming that the temperature and wind velocity are constant

in each grid, Eq. (4) can be discretized as

snðtÞ ¼
XI

i¼1

XJ

j¼1

dnði; jÞ
nnð½i; j�; tÞcð½i; j�; tÞ þ snð½i; j�; tÞ � vð½i; j�; tÞ ;

(5)

where dn(i, j) is the distance nth propagation path travels in

the (i, j)th cell, c([i, j], t) and v([i, j], t) are the adiabatic

sound speed and the wind velocity vector in the (i, j)th grid

at time t, respectively. Here we represent the wind velocity

vector in terms of two decoupled variables, namely, the mag-

nitude and angle (instead of coupled vertical and horizontal

wind velocity components), i.e.,

vð½i; j�; tÞ ¼ að½i; j�; tÞcosðh½i; j�; tÞÞex

þ að½i; j�; tÞsinðh½i; j�; tÞÞey; (6)

where a(r, t) and h(r, t) are magnitude and direction of the

wind velocity in the (i, j)th grid and at time t, respectively.

Note that polar coordinates are used for the wind velocity due

to the need for decoupled state variables in the UKF.

Additionally, using this type of state definition provides useful

insight about the spatio-temporal properties of each compo-

nent individually. Using Eq. (6), the term sn r; tð Þ � v i; j½ �; tð Þ in

Eq. (5) can be written as

sn � vð½i; j�; tÞ ¼ að½i; j�; tÞcosðh½i; j�; tÞÞcosð/n½i; j�; tÞÞ
það½i; j�; tÞsinðh½i; j�; tÞÞsinð/n½i; j�; tÞÞ;

(7)

where /n([i, j], t) is the angle of the nth propagation path

with ex in the [i, j]th grid.

B. State-space model

As pointed out before, in order to discretize the problem,

the deployment field is divided into non-overlapping I� J
grids as shown in Fig. 1. The fields are assumed to be con-

stant in each grid cell. The sound speed, wind velocity am-

plitude and wind velocity angle at all grid cells are then

arranged to form the L¼ 3IJ-dimensional state vector as

xt ¼ ½cTðtÞ; aTðtÞ; hTðtÞ�T ; (8)

where c(t)¼ [c([1,1] t), c([1,2] t),…, c([I, J], t)]T is the col-

umn vector of the sound speed at every grid, and similarly

for a(t) and h(t). The observation vector, yt, on the other

hand, consists of all travel time measurements for all acous-

tic propagation paths. That is,

yt ¼ ½s1ðtÞ;…; sNðtÞ�T ; (9)

where siðtÞ is the travel time for the ith path at snapshot t.
A 3-D spatial-temporal AR model is used to capture the

state evolution in two consecutive snapshots. The support

region of this 3-D AR model is illustrated in Fig. 2 for the

sound speed field at time t. This 3-D AR model for modeling

the dynamics of the sound speed field is given by

cð½i; j�; tÞ ¼ qc
0cð½i; j�; t� 1Þ þ qc

1ðcð½iþ 1; j�; t� 1Þ
þ cð½i� 1; j�; t� 1Þ
þ cð½i; jþ 1�; t� 1Þ þ cð½i; j� 1�; t� 1ÞÞ
þ qc

2ðcð½iþ 1; jþ 1�; t� 1Þ
þcð½iþ 1; j� 1�; t� 1Þ
þ cð½i� 1; jþ 1�; t� 1Þ
þ cð½i� 1; j� 1�; t� 1ÞÞ þ ucð½i; j�; tÞ; (10)

where qc
0, qc

1, and qc
2 are the AR model coefficients of the

sound speed field, and uc([i, j],t) is the driving process for this

FIG. 1. (Color online) Discretization process of the investigation area into

several grids and the parameters used in each grid to represent the acoustic

travel time for every propagation path.

FIG. 2. (Color online) Support region of a first order spatial-temporal 3-D

AR model shows how each state at grid (i, j) and time t is related to the asso-

ciated states in the region of support at time (t� 1).
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model. For each field the adjacent neighbors at time t� 1

are used as the support region for each grid at time t. Note

that around the boundaries the support region of a cell is

reduced to its neighbors in the investigation area. For the

cells around the boundaries, the neighbors that are outside

the investigation area are set to zero. Similar 3-D AR mod-

els are used for the wind velocity amplitude and angle

fields.

The AR model for the sound speed can be rewritten in

state equation vector form as

cðtÞ ¼ AðcÞðqc
t Þcðt� 1Þ þ ucðtÞ; (11)

where ucðtÞ ¼ ½uc ½1; 1�; tð Þ;…; uc I; J½ �; tð Þ�T is the column

vector of the sound speed driving process, and qc
t

¼ ½qc
0ðtÞ; qc

1ðtÞ; qc
2ðtÞ�

T
is the associated model parameter

vector. Matrix AðcÞðqc
t Þ is a block Toeplitz matrix with

Toeplitz blocks, and is defined as the right-stochastic (each

row is normalized by the sum of the elements to account for

the cells around the boundaries that do not have full support)

of the matrix A0
ðcÞ ðqc

t Þ which for a 4� 8 grid is defined as

A0
ðcÞðqc

t Þ¢

Bðqc
t Þ Cðqc

t Þ 0 0 0 0 0 0

Cðqc
t Þ Bðqc

t Þ Cðqc
t Þ 0 0 0 0 0

0 Cðqc
t Þ Bðqc

t Þ Cðqc
t Þ 0 0 0 0

0 0 Cðqc
t Þ Bðqc

t Þ Cðqc
t Þ 0 0 0

0 0 0 Cðqc
t Þ Bðqc

t Þ Cðqc
t Þ 0 0

0 0 0 0 Cðqc
t Þ Bðqc

t Þ Cðqc
t Þ 0

0 0 0 0 0 Cðqc
t Þ Bðqc

t Þ Cðqc
t Þ

0 0 0 0 0 0 Cðqc
t Þ Bðqc

t Þ

2
666666666666664

3
777777777777775

; (12)

with Bðqc
t Þ and Cðqc

t Þ being block matrices defined as

Bðqc
t Þ ¼

qc
0ðtÞ qc

1ðtÞ 0 0

qc
1ðtÞ qc

0ðtÞ qc
1ðtÞ 0

0 qc
1ðtÞ qc

0ðtÞ qc
1ðtÞ

0 0 qc
1ðtÞ qc

0ðtÞ

2
66664

3
77775 ; (13)

Cðqc
t Þ ¼

qc
1ðtÞ qc

2ðtÞ 0 0

qc
2ðtÞ qc

1ðtÞ qc
2ðtÞ 0

0 qc
2ðtÞ qc

1ðtÞ qc
2ðtÞ

0 0 qc
2ðtÞ qc

1ðtÞ

2
666664

3
777775 : (14)

A similar relationship as Eq. (11) holds for the wind ve-

locity amplitude, a(t), and wind velocity angle, h(t). Thus,

we have

aðtÞ ¼ AðaÞðqa
t Þaðt� 1Þ þ uaðtÞ; (15)

hðtÞ ¼ AðhÞðqh
t Þhðt� 1Þ þ uhðtÞ: (16)

Here ua(t) and uh(t) are, respectively the driving proc-

esses for amplitude and the angle of wind velocity and ma-

trix AðaÞðqa
t Þ and AðhÞðqh

t Þ with qa
t ¼ qa

0ðtÞ; qa
1ðtÞ; qa

2ðtÞ
� �T

and qh
t ¼ qh

0ðtÞ; qh
1ðtÞ; qh

2ðtÞ
� �T

, defined in a similar manner

as AðcÞ qc
tð Þ. The sources which generate these fields are

assumed to be independent and therefore these models are

decoupled.

Combining these decoupled equations yields the follow-

ing linear state equation:

xt ¼ AðqtÞxt�1 þ ut; (17)

where ut¼ [uc(t)
T, ua(t)

T, uh(t)
T]T is the augmented driving

noise vector which is assumed to be Gaussian with zero

mean and known covariance matrix, Ru; qt

¼ ½ðqc
t Þ

T ; ðqa
t Þ

T ; ðqh
t Þ

T �T and matrix AðqtÞ is

AðqtÞ ¼
AðcÞðqc

t Þ 0IJ�IJ 0IJ�IJ

0IJ�IJ AðaÞðqa
t Þ 0IJ�IJ

0IJ�IJ 0IJ�IJ AðhÞðqh
t Þ

2
6664

3
7775 ; (18)

where 0IJ� IJ is the zero matrix of size IJ� IJ. Note that

the model parameter vector qt is unknown and is to be esti-

mated by the dual UKF algorithm described in the next

section.

The relationship between state xt and observation vector

yt at time t is given by Eq. (5) and can be expressed as a non-

linear function of the state variables, i.e.,

yt ¼ hðxtÞ þ vt; (19)

where vt stands for measurement noise caused by factors

such as (i) errors inherent in the gridding process, (ii) error

in measuring the travel times, (iii) sensor location error, and

(iv) imperfect synchronization across all nodes. This noise is

assumed to be a Gaussian random vector with zero mean and

known covariance matrix, Rv. The most dominant source for

this error is (i). The nonlinear function h(xt) is explicitly

defined as
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hðxtÞ ¼

XI

i¼1

XJ

j¼1

d1ði; jÞ
n1ð½i; j�; tÞcð½i; j�; tÞ þ s1ð½i; j�; tÞ � vð½i; j�; tÞ

�

XI

i¼1

XJ

j¼1

dNði; jÞ
nNð½i; j�; tÞcð½i; j�; tÞ þ sNð½i; j�; tÞ � vð½i; j�; tÞ

2
666666664

3
777777775
: (20)

III. DUAL STATE-PARAMETER ESTIMATION USING
UNSCENTED KALMAN FILTER

In a state-space problem, if the state and the model pa-

rameters are both unknown, then the problem of estimating

state and model parameters from the observation is known as

a dual estimation problem. There are in general two different

approaches toward solving a nonlinear dual sate-parameter

estimation problem using UKF, namely, joint UKF (Refs. 21

and 22) and dual UKF.15,16,21 A comparative study of the joint

and dual UKFs can be found in Refs. 21 and 22 in which it is

shown that these filters perform very closely in reconstruction

accuracy. In this paper the dual UKF is chosen over the joint

UKF due to its perspicuous formulation.

In the dual UKF,16 two decoupled UKFs run simultane-

ously, one for state estimation and the other for the parameter

estimation. At every time snapshot, the current estimate of the

model parameter vector is used in the state estimation whereas

the current estimate of the state vector is used in the parameter

estimation. Therefore, the acoustic tomography of the atmos-

phere using dual UKF can be formulated as follows:

dual UKF :

state UKF :
xt ¼ Aðq̂t�1jt�1Þxt�1 þ ut;

yt ¼ hðxtÞ þ vt;

(

parameter UKF :
qt ¼ qt�1 þ nt;

yt ¼ hðAðqtÞx̂t�1jt�1Þ þ vt;

(
8>>>>><
>>>>>:

(21)

where q̂t�1jt�1 and x̂t�1jt�1 are the model parameter vec-

tor and the state vector estimates at time t� 1, respec-

tively, and nt is the model parameter driving noise

process which is assumed to be Gaussian and independ-

ent of both vt and ut. Note that we start from the straight

ray model and update nn([�,�], tþ 1) for all n based on

the reconstructed temperature and wind velocity at

time t. The schematic diagram of the dual UKF is illus-

trated in Fig. 3.

Assuming that the covariance matrices of the state evo-

lution driving noise, Ru, model parameter driving noise, Rn,

and the observation noise Rv are known (or can be esti-

mated), the dual UKF steps to estimate the state and model

parameters are as follows.

(1) Initialization: The dual UKF starts by initializing the

state and model parameter vectors estimates x̂0j0 and

q̂0j0, respectively. Here, x̂0j0 is initialized to the mean

fields estimated from travel times using the method

explained in Ref. 8 and the model parameter vector is

initialized to q̂0j0 ¼ 1; 0; 0; 1; 0; 0; 1; 0; 0½ �T which corre-

sponds to a random walk model. In addition, the corre-

sponding state error covariance matrices Px
0j0 and P

q
0j0 are

initialized with identity matrices.

(2) A priori state and parameter estimation: Since the state

and model parameter evolution models are linear, the a
priori state, x̂tjt�1, model parameter, q̂tjt�1, and the corre-

sponding a priori error covariance matrices Px
tjt�1 and

P
q
tjt�1

are calculated as

a priori state estimation :
x̂tjt�1 ¼ Aðq̂t�1jt�1Þx̂t�1jt�1;

Px
tjt�1 ¼ Aðq̂t�1jt�1ÞPx

t�1jt�1ATðq̂t�1jt�1Þ þ Ru;

(
(22)

a priori parameter estimation :
q̂tjt�1j ¼ q̂t�1jt�1;

P
q
tjt�1
¼ P

q
t�1jt�1

þ Rn:

(
(23)

(3) Sigma point generation: Due to the nonlinearity of the observation process, unscented transform is used to estimate the distribu-

tion of the observation vector. State and model parameter sigma points are calculated based on x̂tjt�1, q̂tjt�1, Px
tjt�1, and P

q
tjt�1

and subsequently fed into the nonlinear function h(:) in order to derive the estimate of the measurement vector, ŷkjk�1ðtÞ,
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state sigma points :

vx
0ðtÞ ¼ x̂tjt�1;

vx
i ðtÞ ¼ x̂tjt�1 þ c

ffiffiffiffiffiffiffiffiffiffi
Px

tjt�1

q
½i�
;

vx
LþiðtÞ ¼ x̂tjt�1 � c

ffiffiffiffiffiffiffiffiffiffi
Px

tjt�1

q
½i�
;

8>>>>>><
>>>>>>:

(24)

parameter sigma points :

v
q
0ðtÞ ¼ q̂tjt�1;

v
q
i ðtÞ ¼ q̂tjt�1þ c

ffiffiffiffiffiffiffiffiffiffi
P

q
tjt�1

q
½i�
;

v
q
LþiðtÞ ¼ q̂tjt�1� c

ffiffiffiffiffiffiffiffiffiffi
P

q
tjt�1

q
½i�

8>>>>><
>>>>>:

(25)

for i ¼ 1;…; L, where c � .
ffiffiffi
L
p

is a scaling parameter

and . determines the spread of sigma points, and
ffiffiffiffiffiffiffiffiffiffi
Px

tjt�1

q
½i�

and
ffiffiffiffiffiffiffiffiffiffi
P

q
tjt�1

q
½i�

are the ith columns of the Cholesky factors

of covariance matrices Px
tjt�1 and P

q
tjt�1

, respectively.

The new sigma points are transformed through the non-

linear observation process Eq. (19), to yield

!x
i ðtÞ ¼ hðvx

i ðtÞÞ; i ¼ 0;…; 2L; (26)

!q
i ðtÞ ¼ hðAðvq

i ðtÞÞ x̂t�1jt�1Þ; i ¼ 0;…; 2L: (27)

(4) Covariance matrices computation: The transformed sigma

points !x
i ðtÞ and !q

i ðtÞ are then used to find observation

vector estimates for state and parameter filters ŷ
x
tjt�1 and

ŷ
q
tjt�1

and the corresponding covariance and cross-

covariance matrices Px
yy tð Þ, Px

xy tð Þ, Pq
yy tð Þ, and Pq

xy tð Þ using

for state filter :

ŷx
tjt�1 ¼

X2L

i¼0

W
ðmÞ
i !x

i ðtÞ;

Px
yyðtÞ ¼

X2L

i¼0

W
ðcÞ
i ½!x

i ðtÞ � ŷx
tjt�1�½!x

i ðtÞ � ŷx
tjt�1�

T þ Rv;

PxyðtÞ ¼
X2L

i¼0

W
ðcÞ
i ½vx

i ðtÞ � x̂tjt�1�½!x
i ðtÞ � ŷx

tjt�1�
T ;

8>>>>>>>>>>><
>>>>>>>>>>>:

(28)

for parameter filter :

ŷ
q
tjt�1
¼
X2L

i¼0

W
ðmÞ
i !q

i ðtÞ;

Pq
yyðtÞ ¼

X2L

i¼0

W
ðcÞ
i ½!

q
i ðtÞ � ŷ

q
tjt�1
�½!q

i ðtÞ � ŷ
q
tjt�1
�T þ Rv;

PqyðtÞ ¼
X2L

i¼0

W
ðcÞ
i ½v

q
i ðtÞ � q̂tjt�1�½!q

i ðtÞ � ŷ
q
tjt�1
�T ;

8>>>>>>>>>>><
>>>>>>>>>>>:

(29)

where the weights W
ðmÞ
i s and W

ðcÞ
i s are23 W

ðmÞ
0 ¼k=kþ L,

W
ðcÞ
0 ¼k= kþ Lð Þ þ ð1� .2 þ bÞ, and W

ðmÞ
i ¼ W

ðcÞ
i

¼ 1=2ðK þ kÞ for i ¼ 1;…; 2L with b being a constant

used to incorporate prior knowledge of the distribution

of the state vector and is set to b¼ 2 for Gaussian distri-

butions, and k ¼ L .2 � 1
� �

is a scaling parameter.

(5) A posteriori state/parameter estimation: These are

used to generate the Kalman gain matrices for the

state and parameter filters, Kx
t and K

q
t , the a posteri-

ori state and parameter vectors, x̂tjt and q̂tjt, and the

a posteriori error covariance matrices, Px
tjt and P

q
tjt,

using

a posteriori state estimation :

Kx
t ¼ PxyðtÞðPx

yyðtÞÞ
�1;

x̂tjt ¼ x̂tjt�1 þ Kx
t ½yt � ŷx

tjt�1�;
Px

tjt ¼ Px
tjt�1 � Kx

t Px
yyðtÞKx

t
T ;

8>><
>>: (30)

FIG. 3. (Color online) Schematic diagram of the dual UKF method used for

simultaneous state and parameter estimation to account for time-varying na-

ture of the model.
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a posteriori parameter estimation :

K
q
t ¼ PqyðtÞðPq

yyðtÞÞ
�1;

q̂tjt ¼ q̂tjt�1 þ K
q
t ½yt � ŷ

q
tjt�1
�;

P
q
tjt ¼ P

q
tjt�1
� K

q
t Pq

yyðtÞK
q
t

T :

8>><
>>: (31)

Note that x̂tjt, q̂tjt, Px
tjt, and P

q
tjt are used as the prior estimates

at time tþ 1. Finally, assuming nn([i,j],t) can be measured,

the path of the acoustic wave is updated as follows:

snð½i; j�; tþ 1Þ ¼ nnð½i; j�; tÞĉð½i; j�; tjtÞ þ v̂ð½i; j�; tjtÞ
knnð½i; j�; tÞĉð½i; j�; tjtÞ þ v̂ð½i; j�; tjtÞk :

(32)

IV. EXPERIMENTAL RESULTS

In order to test our proposed UKF-based dual state-

parameter estimation algorithm a data set was acquired from

the University of Leipzig. This data set was collected at the

Meteorological Observatory, Lindenberg, Germany, as part of

the STINHO project.18 The experiment was part of a larger

meteorological experiment to study turbulence, turbulent

fluxes, and other meteorological parameters. In this experi-

ment, the investigation area was of the size 300 m� 440 m

and the tomography array consisted of eight acoustic transmit-

ters, S1,…, S8, and twelve receivers, R1,…, R12. Most of the

ground within the tomography array was covered with grass

except for a spot of plowed land which was in the lower left

corner of the field and of size 90 m� 300 m. Figure 4 shows

the investigation field, the grass covered and plowed land

areas, and the locations of the transmitters and receivers.

In this experiment the underlying topography of the field

was not homogenous, i.e., there were relatively large fluctua-

tions in the elevations (0� h� 6.6 m). Therefore, the sensors

had to be elevated at different heights in order to assure that

they are approximately on the same horizontal plane about 2 m

above the ground. The acoustic travel times for all paths were

then measured on July 6th, 2002 for 1038 snapshots at one mi-

nute intervals on 000-1717 UTC. The data set has considerable

missing/bad measurements. The travel time measurements for

17 out of 96 transmitter-receiver paths were excluded at all

snapshots. These corresponded to long paths that violated

straight-ray assumption. Additionally, at certain snapshots the

sensors exhibit missing data intermittently, which could be due

to equipment malfunction, missed detections, or very low sig-

nal-to-noise ratio (SNR). Figure 5 illustrates the matrix of

travel time measurements over all snapshots as a binary matrix

in which “1” represents missing data (white) while “0” denotes

no missing data (black). A more detailed explanation of this

experiment can be found in Ref. 18.

The intermittent missing data imply that the dimension

of the observation vector in Eq. (9) changes at different

times. In order to deal with such inconsistency in the number

of measurements, the observation function in Eq. (19) and

the measurement noise vt are adjusted at every snapshot to

fit the measured data. This is accomplished by labeling the

missing path at each snapshot and removing them from Eq.

(20), as well as changing the size of the measurement noise

to the number of observed data, Nm.

The first 300 snapshots (5 h) of the data are missing rela-

tively lesser number of measurements. Thus, this portion of

the data was used to evaluate the performance of the pro-

posed method. A 4� 8 grid is overlaid on the investigation

area to partition the field into 32 grids of dimensions

75 m� 55 m each. There were two in situ measurements for

temperature and one for wind velocity using a sonic ane-

mometer18,24 located at 2 m height on a 10 m mast. The loca-

tions of the two temperature sensors correspond to grids

[i¼ 1, j¼ 4], [i¼ 3, j¼ 5] while the anemometer is located

FIG. 4. (Color online) STINHO experimental setup shows the size of the

field, grass and plowed land areas, and the distribution pattern of the acous-

tic sensor nodes (transmitters and receivers).

FIG. 5. Missing travel time measurements (indicated in white) in STINHO

data for each path as a function of time (snapshot).
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at grid [i¼ 2, j¼ 8]. The mean of the measured temperature

values as well as the correlation coefficient between the two

measured temperature values at grids [i¼ 1, j¼ 4], [i¼ 3,

j¼ 5] are calculated over moving windows of size 20.

Figures 6(a) and 6(b) show the difference between the calcu-

lated mean temperature values and the correlation coeffi-

cient, respectively. The correlation coefficient plot indicates

the fact that for the choice of spatial grid resolution, the sen-

sors are not highly correlated temporally and hence, the size

of the grid is indeed not coarse.

For the first snapshot mean temperature and wind veloc-

ity fields are calculated from the measured travel times using

the method explained in Ref. 8. As mentioned before, owing

to low wind conditions during the data collection process it

is assumed that s � n ¼ 1. The estimated mean fields are

used as initial state vector, x̂0j0. The initial model parameter

vector is set to q̂0j0 ¼ 1; 0; 0; 1; 0; 0; 1; 0; 0½ �T , which corre-

sponds to starting from a random walk model for all fields.

Furthermore, the state and parameter error covariance matri-

ces are taken to be Px
0j0 ¼ I96�96 and P

q
0j0 ¼ I9�9, respec-

tively. It is assumed that vt, ut, and nt are mutually

uncorrelated, zero mean Gaussian processes with covariance

matrices Rv ¼ r2
vI, Ru, and Rn, respectively, where r2

v
¼ 0:01 is chosen based upon the uncertainty measurement

reported in Ref. 18 which is 0.3 ms for each measurement.

Covariance matrix Rn is assumed to be diagonal of the form

Rn ¼ diag r2
0; r

2
1; r

2
2; r

2
0; r

2
1; r

2
2; r

2
0; r

2
1; r

2
2

� �
; where based on

our experiments with the synthetic data set generated in

Ref. 8, the diagonal values are chosen to be r2
0 ¼ 0:0025,

r2
1 ¼ 0:0005, and r2

2 ¼ 0:0001. The driving noise is

assumed to be a zero mean white Gaussian process with co-

variance matrix, Ru ¼ r2
uI where r2

u ¼ 0:0025 is also cho-

sen based on the experiment on the synthetic data.

Having the covariance matrices Rv, Ru, and Rn, and the

initial values x̂0j0, q̂0j0, Px
0j0, and Px

0j0 the states (fields) and

model parameters are simultaneously estimated at every

snapshot, t, using the dual UKF method in the previous sec-

tion. Figures 7(a)–7(c) show the estimated model parameters

q̂tjt ¼ ½q̂c
0ðtÞ; q̂c

1ðtÞ; q̂c
2ðtÞ; q̂a

0ðtÞ; q̂a
1ðtÞ; q̂a

2ðtÞ; q̂h
0ðtÞ; q̂h

1ðtÞ;
q̂h

2ðtÞ� calculated using Eq. (31) for temperature, wind

FIG. 6. (Color online) (a) The difference of mean temperature values at the two in situ sensors and (b) correlation coefficient of the two in situ measurements.

The dotted lines show the averaged values over all snapshots.

FIG. 7. (Color online) The estimated parameters for (a) temperature, (b)

wind velocity, and (c) wind angle.
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FIG. 8. Reconstructed temperature and

wind velocity fields using the proposed

dual UKF method at each grid for

snapshots t¼ {62, 66, 70}.

FIG. 10. (Color online) (a) Actual measured and reconstructed temperature at the grid [i¼ 3, j¼ 5] (b) Reconstruction error histogram shows mean error of

approximately �0.02 and standard deviation of 0.09 �C.

FIG. 9. (Color online) (a) Actual measured and reconstructed temperature at the grid [i¼ 1, j¼ 4] (b) Reconstruction error histogram shows mean error of

approximately �0.02 and standard deviation of 0.09 �C.
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velocity amplitude, and wind velocity angle, respectively.

As can be seen that these parameters initially start from ran-

dom walk and are continuously tracked in time for the first

300 snapshots of the data. Moreover, our observations from

Fig. 7(c) suggest that the wind velocity angle parameters, in

this experiment, follow closely a random walk behavior. We

believe this phenomenon is due to the fact that the temporal

snapshots are coarse in time.

Figure 8 shows the reconstructed temperature and wind

velocity fields at snapshots 62, 66, and 70, respectively. As

can be seen from these results, the reconstructed fields over

this time period are consistent and changing gradually, as

expected. In addition, it can be seen that the proposed

method has captured the temperature difference between the

grassland and plowed land portions. Note that the recon-

structed temperature fields at the snapshots in Fig. 8 indicate

variation of about 0.4 �C, which is in agreement with the

results provided in Fig. 6.

In order to evaluate the reconstruction accuracy of the

proposed method, the reconstructed temperature at grids

[i¼ 1, j¼ 4] and [i¼ 3, j¼ 5], and the reconstructed wind

velocity amplitude and angle at grid [i¼ 2, j¼ 8] are com-

pared to those reported from in situ measurements. Figures 9

and 10 show the reported and reconstructed temperature

based on temperature in situ measurements, and Figs. 11 and

12 show the reported and reconstructed wind velocity ampli-

tude and angle for the first 300 snapshots together with the

histogram of the reconstruction errors for these snapshots.

As can be seen from these figures, the reconstructed fields

generated using the UKF-based dual state-parameter estima-

tion approach are in good agreements with the in situ meas-

urements. Note that in Fig. 12, the jump at snapshot 81 is

due to the fact that the angle becomes negative and is folded

over by 360þ h. The average temperature reconstruction

errors at grids [i¼ 3, j¼ 5] and [i¼ 1, j¼ 4] using our pro-

posed method are calculated to be around l¼�0.02 �C with

the standard deviation of r¼ 0.09 �C and l¼�0.01 �C with

the standard deviation of r¼ 0.08 �C, respectively.

Moreover, the average wind velocity amplitude and angle

reconstruction errors (at grid i ¼ 2; j ¼ 8½ �) are calculated to

be l ¼ �0:01 m=s with standard deviation of r ¼ 0:06 m=s

and l¼ 0.38� with standard deviation of r¼ 2.6�,
respectively.

Comparing the reconstructed fields with the in situ
measurements, it can readily be seen that the proposed dual

state-parameter estimation method provides accurate tempera-

ture and wind velocity reconstructions. The computationally

efficiency of the UKF-based method,8 its adaptive nature, and

FIG. 11. (Color online) Actual measured and reconstructed wind velocity amplitude at the grid [i¼ 2, j¼ 8] (b) Reconstruction error histogram shows mean

error of approximately �0.01 and standard deviation of 0.06 m/s.

FIG. 12. (Color online) Actual measured and reconstructed wind velocity angle at the grid [i¼ 2, j¼ 8]. (b) Reconstruction error histogram shows mean error

of approximately 0.4� and standard deviation of approximately 2.6�.
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its reconstruction accuracy make this method a very good can-

didate for solving acoustic tomography problems.

V. CONCLUSION

In this paper a new statistical-based approach for acous-

tic tomography of the atmosphere was proposed in which the

problem was formulated as a dual state-parameter estima-

tion. In this approach, the state vectors were formed from the

temperature and wind velocity fields in all grids. The param-

eters of spatial-temporal 3-D AR models used to capture the

state evolutions were also assumed to be unknown and time-

varying. An iterative ray-tracing algorithm was given to han-

dle situations when the straight-ray assumption can no lon-

ger hold. A dual UKF-based method was then employed for

this nonlinear state-parameter estimation problem.

The proposed method was applied to the data set col-

lected in the STINHO experiment18 in order to reconstruct the

temperature and wind velocity fields. Owing to low wind con-

ditions in this data set and lack of angle of arrival measure-

ments straight-ray model was assumed hence leading to a

linearized observation model with negligible approximation

errors. Nevertheless, the proposed dual UKF was employed in

order to illustrate how the general problem (bent-ray model)

can be solved when the observation equation is nonlinear.

The reconstructed fields were computed and compared

with the in situ temperature and wind velocity measurements

reported in the data set. It was shown that the proposed

method is capable of reconstructing the temperature and

wind velocity fields with high accuracy and speed.

Moreover, due to adaptive nature of this method it can cap-

ture the non-stationarity behavior of the temperature and

wind velocity fields. More research will be needed to verify

the real applicability of the proposed methods in presence of

large temperature or wind velocity gradients.
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