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This paper considers the problem of locating ground vehicles using their acoustic signatures recorded

by unattended passive acoustic sensors. Acoustic signatures of the ground sources captured by differ-

ent sensors within a cluster are used to generate direction of arrival (DoA) of the propagating wave-

fronts. Using the estimated DoAs of disparate distributed sensor node clusters, this paper

introduced and compared several different existing target localization methods that provide the

location and velocity estimates of a moving source. A robust source localization method is then

proposed to account for large DoA errors and outliers which often occur in realistic settings. This

method does not use any prior knowledge of the dynamical model of the moving source. The

effectiveness and complexity of these methods are compared using synthesized and real acoustic

signature data sets. VC 2019 Acoustical Society of America. https://doi.org/10.1121/1.5138934

[ZHM] Pages: 4913–4925

I. INTRODUCTION

Unattended passive acoustic sensors are among the widely

used sensors for remote surveillance, situation awareness, and

monitoring applications.1–3 They can be used to capture acous-

tic signatures of a wide variety of sources including ground and

airborne vehicles, as well as transient events such as gunshots.

Among their benefits are simplicity and ease in deployment,

large coverage area, good spatial resolution for separating

multiple closely spaced sources, less hardware complexity and

hence significantly lower costs, and more flexibility in config-

uring different dynamic sensor array configurations.

Acoustic source localization and tracking using distrib-

uted sensors have attracted considerable attention in recent

years. In Ref. 4, a fast wideband algorithm for finding the

bearing angle of an airborne acoustic source was proposed

using a single acoustic vector sensor located on the ground.

The bearing estimates from several arbitrary locations were

then used in conjunction with the weighted least-squares

(WLS) algorithm to determine the three-dimensional (3D)

position of the source while it is in audible range of the sen-

sor. The work in Ref. 5 presented a performance analysis of

wideband source localization when bearing estimation was

carried out at individual arrays and time-delay estimation

was done between sensor elements on different arrays. They

assumed perfect spatial coherence of the wavefront over

each array and frequency-selective coherence between dif-

ferent arrays. Results were presented to show the accuracy

of the time-delay estimation process. Sheng et al.6 used an

acoustic attenuation model as a function of source range to

cast the source localization problem as a maximum likeli-

hood (ML) estimation. They proposed two methods to solve

this nonlinear optimization problem. The Cramer Rao Bound

(CRB) analysis of localization accuracy as a function of the

sensor deployment scheme was also performed. In Ref. 7,

the authors considered the problem of acoustic source locali-

zation using sparsely distributed sensor networks formed by

mobile wireless devices. They used time differences of

arrival (TDoA) estimates for the microphone pairs while a

ML estimator was used for source position estimation. The

effects of the aperture of the sparse array and sensor position

uncertainties on the performance of the source localization

algorithm were also studied. Reference 8 reviews several com-

mon approaches to source localization in wireless sensor net-

works that use either source energy, time of arrival (ToA),

TDoA, the direction of arrival (DoA), and/or the steered

response power resulting from combining multiple micro-

phone signals. They also discussed methods to locate the

sensor nodes in a mesh network. The authors in Ref. 9 used

joint measurements generated using three different methods,

namely, DoA, TDoA, and gain ratio of arrival (GRoA) to

quantify the performance gain compared to the existing

methods. They showed that the performance gain using the

combined measurements can indeed be substantial for

certain geometries especially in presence of coherence loss

across the arrays.

In this paper, we consider the problem of localizing mov-

ing vehicular sources using clusters of sparse randomly distrib-

uted sensors. A wideband geometrically averaged Capon

method10 is first applied to estimate DoA for each cluster of

nodes. These bearing estimates are then used in conjunction

with several different source localization methods that differ in

their a priori knowledge requirements as well as their com-

plexity. These methods use the existing least squares (LS),

ML, and Total LS-based methods11 to estimate the location of

the moving sources. Additionally, we investigated the use of

three different nonlinear state estimation methods, namely, the

extended Kalman filters (EKF), the unscented Kalman filteringa)Electronic mail: azimi@engr.colostate.edu
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(UKF), and the particle filtering (PF)12–15 that make use of the

target dynamical model for state estimation and prediction

(tracking) applications. A robust ML-based method was then

proposed that uses Cauchy distribution for the measurement

error distribution in order to account for the erroneous DoAs

and outliers which often occur in realistic conditions due to

such factors as mild to strong wind, competing background

interference, coherence loss, source obstruction, etc. A

consistency test was also suggested to identify and remove

inconsistent DoAs for more accurate estimation prior to final

localization. These methods are tested and compared on sev-

eral synthesized data sets to study their performance as a

function of the signal-to-noise ratio (SNR), cluster diversity,

and coherence loss. The robust ML-based method proposed

here is then applied to real acoustic data sets for two experi-

ments where a light truck was localized using three clusters

of randomly distributed acoustic sensor nodes.

II. SOURCE LOCALIZATION USING DISTRIBUTED
SPARSE CLUSTERS OF SENSORS

In this section, we address the problem of acoustic

source localization using DoAs generated from clusters of

sparse randomly distributed sensor nodes. Several key issues

must be pointed out.

(1) Since the estimated DoAs typically contain random mea-

surement error, simple triangulation methods can be ren-

dered ineffective and unreliable. Thus, statistical-based

methods that estimate target location from noisy DoA

measurements must be employed.

(2) The clusters must be adequately spaced to guarantee

DoA diversity for accurate source localization while

avoiding significant coherence loss.

(3) Since the acoustic signatures of vehicular sources (engine

and tire noise) exhibit a wide range of frequencies, wide-

band DoA estimation methods must be employed. Here,

we used the geometric averaged wideband Capon10 algo-

rithm mainly owing to its accuracy and reduced computa-

tional requirements. This method is briefly reviewed in

the next section.

(4) Finally, this paper only considers localization of single

sources in order to compare the pros and cons of all the

existing algorithms and provide a simple solution that

leads to accurate source localization for practical situa-

tions. Although the wideband Capon algorithms in Ref. 10

can be applied to multiple moving sources, the localization

problem when the sources are closely spaced requires

devising a multiple DoA association method, which is

beyond the scope of this paper.

A. Geometric wideband Capon method

This algorithm computes the DoA of the moving sources

using the recorded acoustic data from all the sensor nodes in a

cluster in every time snapshot. Each snapshot (e.g., one sec-

ond long) from the acoustic signature of the source is parti-

tioned into K non-overlapping blocks of length N samples and

a fast Fourier transform (FFT) is applied to each zero-padded

block. The transformed vector of dimension M, where M is

the number of sensors in a cluster, for the kth block at narrow-

band frequency component xj; j 2 ½1; J� is denoted by

zkðxjÞ; k ¼ 1; 2;…;K. These narrowband components are

used to compute the sample spatial covariance matrix

RzzðxjÞ ¼
1

K

XK

k¼1

zkðxjÞzH
k ðxjÞ: (1)

The spatial covariance matrices for all the frequency bins

xj; j 2 ½1; J� of the source are used to generate the

geometrically-averaged wideband Capon power spectrum10

QGðhÞ ¼
YJ

j¼1

1

vHðxj; hÞR�1
zz ðxjÞvðxj; hÞ

; (2)

where vðxj; hÞ is the array (cluster) steering vector and h is the

azimuth angle relative to the sensor node cluster. Note that it is

assumed that the source and sensors are located on the same

plane, i.e., same elevation. For an arbitrary geometry sparse

array with M sensors, the steering vector is vðxj; hÞ
¼ ½ej/1ðhÞ;…; ej/MðhÞ�T=

ffiffiffiffiffi
M
p

, where /iðhÞ ¼ �ð2p=kjÞ
ðxi sin hþ yi cos hÞ and (xi, yi) are the coordinates of the ith
sensor node and kj is the wavelength for jth frequency bin.

This aggregated power spectrum is then searched over

the azimuth angle h and the angles which maximize this

function are determined to be the DoA estimates of the

detected sources for that snapshot. This procedure is

repeated for every time snapshot, while the source is in the

audible range in order to produce successive DoA estimates

which can then be used to localize and track the source.

B. Bearing-only target location estimation

In this section, three different methods for source locali-

zation from multiple estimated DoAs are introduced that

differ in their prior knowledge requirements and complexity.

However, their common traits are that they ignore the dynam-

ical model of the moving source and the spatial-temporal

history of the data.

The approach in Ref. 11 considers the two-dimensional

(2D) target localization problem using L sensor clusters with

reference elements located at positions rl ¼ ½rx;l; ry;l�T ;
l ¼ 1;…; L. If the source is located at position p ¼ ½px; py�T ,

then the actual bearing angle of the lth cluster is given by

hlðpÞ ¼ tan�1 Dyl

Dxl
; l ¼ 1;…; L; (3)

where Dyl ¼ py � ry;l and Dxl ¼ px � rx;l. Note that the posi-

tion of the source is assumed to be fixed in one snapshot. The

bearing measurement (or estimated DoA) of the lth cluster is

denoted by ~hl ¼ hl þ gl; l ¼ 1;…; L where gl is the measure-

ment error, which is typically modeled as a white Gaussian

random variable (rv) with zero mean and variance r2
gl

.

1. Maximum likelihood and least squares methods

It is well-known that under the Gaussian assumption for

the measurement noise, gl, the ML estimate of the target

position p̂ML coincides with its LS estimate, i.e.,

4914 J. Acoust. Soc. Am. 146 (6), December 2019 Azimi-Sadjadi et al.



p̂ML ¼ p̂LS ¼ arg min
p

JMLðpÞ; (4)

where the cost function JMLðpÞ11 is

JMLðpÞ ¼
XL

l¼1

1

2r2
gl

ð~hl � hlðpÞÞ2: (5)

However, in this case, the cost function is nonlinear in p and

hence the problem must be solved iteratively by using the

gradient-descent method or other nonlinear solution finding

methods.17

Alternatively, this nonlinear problem can be trans-

formed into a linear one by assuming that the measurement

errors, ~hl � hl; 8l are very small, in which case we can

approximate them by ~hl � hl � sin ð~hl � hlÞ. Clearly, in sit-

uations where this assumption is not valid, this estimator

becomes unreliable. Substituting this approximation into Eq.

(5) gives the cost function11

JLSðpÞ ¼
XL

l¼1

1

2r2
nl

sin 2ð~hl � hlðpÞÞ

¼ 1

2
ðAp� bÞTW�1ðAp� bÞ; (6)

where A is the L� 2 matrix given by A ¼ ½a1; a2;…; aL�T ,

with al ¼ ½sin ~hl;�cos ~hl�T , b is the L� 1 vector

b ¼ ½aT
1 r1; a

T
2 r2;…; aT

LrL�T , and W is the L� L diagonal

weighting matrix, W ¼ diag½d2
1r

2
g1
; d2

2r
2
g2
;…; d2

Lr
2
gL
�, where

dl is the distance between the target position p and the refer-

ence node of lth cluster rl, i.e., dl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDxlÞ2 þ ðDylÞ2

q
.

Then, the solution to this problem becomes

p̂LS ¼ arg min
p

JLSðpÞ ¼ ðATW�1AÞ�1
ATW�1b: (7)

The weighting matrix W weights different measure-

ments depending on the distance of clusters from source and

noise variance. However, the target location p is unknown

and further r2
gi

’s may not be available either. Thus, W is sim-

ply replaced by an identity matrix leading to

p̂LS ¼ ðATAÞ�1
ATb; (8)

which is the standard LS solution assuming unknown but

deterministic measurement noise. Thus, unlike the ML-

based method it does not require the knowledge of variance

of measurement noise, r2
gl

’s.

As discussed in Ref. 11, the ML (or LS)-based methods

are biased estimators, and thus usually not useful for target

localization applications, especially when the variance of

bearing noise is large. Moreover, outliers and false DoAs can

have detrimental effects on the accuracy of the estimates.

Nonetheless, the LS-based solution could still be useful for

choosing the initial point for the numerical optimization algo-

rithm employed by other methods. Note that the LS-based

bearing-only target localization is the simplest method that

requires the least amount of prior information to estimate the

target location from the measured DoAs. In Sec. II C, we

introduce other estimators that can potentially offer better

localization accuracy but they require more prior knowledge

to build the estimators.

2. Total least squares method

The LS approach relies heavily on the accuracy of the

measurement model. In the absence of an accurate model,

the goodness of estimates is sacrificed. The use of total least

squares (TLS) method for bearing-only target localization

was proposed in Ref. 11, where it was shown that the TLS

method is robust to errors in both the measurements and

sensor locations. The TLS method is based on the singular

value decomposition (SVD) of the augmented L� 3 matrix

½A� b�, where A and b were defined before. Taking the

SVD of ½A� b� yields

A� b½ � ¼ URVH; (9)

where U ¼ ½u1u2u3� is a L� 3 unitary matrix, V ¼ ½v1v2v3�
is a 3� 3 unitary matrix, and R ¼ diagðr1; r2; r3Þ, i.e., a

3� 3 diagonal matrix of singular values ris of ½A� b�.
Using the rank-2 approximation of the perturbed augmented

matrix ½A� b� in Ref. 11, they showed that estimate of tar-

get location using the TLS leads to

p̂TLS ¼
1

v33

v13v23½ �T ; (10)

where v3 ¼ ½v13; v23; v33�T is the third column of unitary

matrix V.

C. Bearing-only target location and velocity estimation

The source localization algorithms discussed thus far

only use a single or a small set of observations to produce

the location estimates and hence ignore the temporal history

of the moving source. In contrast, the methods described in

this section not only make use of the prior observations but

also the dynamical model of the moving source to generate

estimates of its position and velocity at every time instance.

This could be a benefit in situations where the model and

observations are reliable and a major negative when they are

not. These issues will be illustrated in the simulation result

Sec. III A.

Here, owing to the nonlinear nature of the problem, we

employed three different nonlinear state estimation methods,

namely, the extended Kalman filter (EKF), the unscented

Kalman filter (UKF), and the particle filter (PF). These meth-

ods, which have successfully been applied13–15 to similar

problems before, are briefly reviewed next.

1. EKF

To apply the EKF to our application, we define the

bearing-only location and velocity estimation problem as

state estimation or prediction (for tracking) with state and

observation equations13,14

J. Acoust. Soc. Am. 146 (6), December 2019 Azimi-Sadjadi et al. 4915



xðk þ 1Þ ¼ FxðkÞ þGwðkÞ
yðkÞ ¼ hðxðkÞÞ þ nðkÞ:

(
(11)

Here, xðkÞ ¼ ½px;k; py;k; vx;k; vy;k�T represents the state vector

at time k (discrete-time) containing the position and velocity

components of the source, wðkÞ represents the driving pro-

cess, nðkÞ represents the additive measurement noise vector,

and yðkÞ ¼ ½~h1ðkÞ;…; ~hLðkÞ�T is the observation vector con-

taining the estimated DoAs of the L clusters at time k. The

driving process wðkÞ and the additive noise nðkÞ are assumed

to be zero mean with known covariance matrices Qw and

Qn, respectively.

Using T to denote the time difference between succes-

sive times when bearing measurements are received, matri-

ces F and G that capture the target dynamical model are

given by

F ¼

1 0 T 0

0 1 0 T

0 0 1 0

0 0 0 1

2
666664

3
777775 and G ¼

0:5T2 0

0 0:5T2

T 0

0 T

2
666664

3
777775:

While the state equation is linear, the observation yðkÞ is a

nonlinear function of the state vector xðkÞ. That is, the non-

linear function hðxðkÞÞ in Eq. (11) is the inverse tangent

function that maps the state vector to the DoA measurement

vector, i.e.,

~hlðkÞ ¼ tan�1 py;k þ Tvy;k � ry;l

px;k þ Tvx;k � rx;l

� �
þ nl kð Þ; l ¼ 1;…;L:

(12)

The EKF uses the Taylor series expansion, truncated at

the first order, to linearize the non-linear observation

equation in Eq. (11). Using x̂ðkjkÞ to denote the estimate

of the state vector at time k, given all the observations up

to and including yðkÞ and PðkjkÞ to represent the a posteri-
ori (after updating) error covariance matrix of x̂ðkjkÞ, the

EKF equations13,14 in order of implementation are given

below:

x̂ðkjk � 1Þ ¼ Fx̂ðk � 1jk � 1Þ
initial estimate predictionð Þ step; (13)

Pðkjk � 1Þ ¼ FPðk � 1jk � 1ÞFT þGQwGT

a priori error covariance matrix; (14)

KðkÞ ¼ Pðkjk� 1ÞMTðkÞMðkÞPðkjk� 1Þ½
�MTðkÞ þQn�

�1
Kalman Gain matrix; (15)

where MðkÞ ¼ rhðx̂ðkjk � 1ÞÞ is the L� 4 Jacobian matrix

of the tan�1 functions, evaluated at the initial state estimate

x̂ðkjk � 1Þ,

x̂ðkjkÞ ¼ x̂ðkjk � 1Þ þKðkÞ yðkÞ � ŷðkjk � 1Þ½ �
State update; (16)

where ŷðkjk � 1Þ ¼ hðx̂ðkjk � 1ÞÞ is the predicted observa-

tion vector,

PðkjkÞ ¼ I�KðkÞMðkÞ½ �Pðkjk � 1Þ
a posteriori error covariance matrix: (17)

As mentioned in Refs. 12–14, the EKF reaches within

the first-order approximation of the state vector since the

nonlinear function is approximated using only the Jacobian.

The inaccuracy problems in the EKF can be overcome by

using the UKF and PF reviewed next.

2. UKF

Unlike the EKF, which uses the Jacobian to approximate

the nonlinear observation function, the UKF attempts to cap-

ture the distribution of the state vector. This is done using a

set of deterministically chosen sigma points to capture the

mean and covariance of the distribution. The UKF algorithm

is based on the unscented transformation,12 which chooses

2 Nþ 1 points, using the N-dimensional state estimate vec-

tor, x̂ðk � 1jk � 1Þ, and its error covariance Pðk � 1jk � 1Þ.
The 2 Nþ 1 chosen initial sigma points viðk � 1jk � 1Þ and

their corresponding weights Wi are given by

v0ðk� 1jk� 1Þ ¼ x̂ðk� 1jk� 1Þ; W0 ¼
j

Nþj
;

viðk� 1jk� 1Þ ¼ x̂ðk� 1jk� 1Þþ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pðk� 1jk� 1Þ

ph i
i
;

Wi ¼
1

2ðNþjÞ ; for i¼ 1;…;N;

viðk� 1jk� 1Þ ¼ x̂ðk� 1jk� 1Þ� c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pðk� 1jk� 1Þ

ph i
i
;

Wi ¼
1

2ðNþjÞ ; for i¼Nþ 1;…;2N; (18)

where ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pðk � 1jk � 1Þ

p
�i is the ith column of the square

root matrix (e.g., Cholesky factor18) of Pðk � 1jk � 1Þ, and

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðN þ jÞ

p
with j (here j ¼ 1 is used) being a scaling

factor that determines the spread of sigma points around

x̂ðk � 1jk � 1Þ.
The initial sigma points are transformed through the

state equation to yield

v�i ðkjk � 1Þ ¼ Fviðk � 1jk � 1Þ; i ¼ 0;…; 2N: (19)

Weighted sums of these transformed sigma points are used

to generate the initial state vector estimate x̂ðkjk � 1Þ and

the a priori error covariance matrix Pðkjk � 1Þ

x̂ðkjk� 1Þ ¼
X2N

i¼0

Wiv
�
i ðkjk� 1Þ;

Pðkjk� 1Þ ¼
X2N

i¼0

Wi v�i ðkjk� 1Þ � x̂ðkjk� 1Þ
� �

� v�i ðkjk� 1Þ � x̂ðkjk� 1Þ
� �T þGQwGT :

(20)

New sigma points viðkjk � 1Þ are generated using x̂ðkjk � 1Þ
and Pðkjk � 1Þ as in Eq. (18). These new sigma points are
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then propagated through the nonlinear tan�1 function Eq.

(12) to obtain

Ziðkjk � 1Þ ¼ hðviðkjk � 1ÞÞ; i ¼ 0;…; 2N: (21)

The predicted measurement vector ŷðkjk � 1Þ is com-

puted using

ŷðkjk � 1Þ ¼
X2N

i¼0

WiZiðkjk � 1Þ: (22)

The Kalman gain is then computed using

KðkÞ ¼ PxzP
�1
zz ; (23)

where

Pxz ¼
X2N

i¼0

Wi viðkjk � 1Þ � x̂ðkjk � 1Þ½ �

� Ziðkjk � 1Þ � ŷðkjk � 1Þ½ �T ; (24)

Pzz ¼
X2N

i¼0

Wi Ziðkjk � 1Þ � ŷðkjk � 1Þ½ �

� Ziðkjk � 1Þ � ŷðkjk � 1Þ½ �T þQn: (25)

The update equations for the UKF are then

x̂ðkjkÞ ¼ x̂ðkjk � 1Þ þKðkÞ yðkÞ � ŷðkjk � 1Þ½ �; (26)

PðkjkÞ ¼ Pðkjk � 1Þ �KðkÞPzzK
TðkÞ: (27)

Both EKF and UKF start by initializing the state vector

estimate x̂ð0j0Þ as the mean vector of data and the correspond-

ing error covariance matrix Pð0j0Þ as an identity matrix.

3. PF

In may ways, PF is similar to the UKF and can be viewed

as a non-parametric Bayes filter.15,16 However, unlike UKF,

which uses sigma points, PF exploits the concept of sequential
important sampling of the unknown state to approximate pos-

terior probability densities. More specifically, PF approximates

the posterior distributions by using samples which are called

particles x1ðkÞ; x2ðkÞ;…; xMðkÞ, where M and k are the num-

ber of particles and time step, respectively. The goal of particle

filtering is to approximate the posterior distribution at time k,

i.e., the target distribution, from the posterior distribution at

time k – 1 through using the so-called proposal or importance
distribution. The proposal distribution is basically the distribu-

tion of particles fed into the state equation. PF implementation

includes the following four stages:

(1) Draw particles from the proposal distribution xmðkÞ
� pðxðkÞjx1:Mðk � 1ÞÞ represented by particles x1ðk
�1Þ; x2ðk � 1Þ;…; xMðk � 1Þ at time k – 1. The updated

particles are calculated by substituting the particles at

time k – 1 into the state Eq. (11),

xmðkjk � 1Þ ¼ Fxmðk�1Þ: (28)

The particles are drawn from the proposal distribution and

they just need to be weighed in order to approximate the

target distribution [see step (3)]. Note that particles at the

first time step are drawn from a uniform distribution around

the possible range of the state vector with equal weights.

(2) Predict the next measurement using the observation Eq.

(12) for each particle

ŷmðkjk � 1Þ ¼ hðxmðkjk � 1ÞÞ: (29)

(3) Compare the predicted measurement, ŷmðkjk � 1Þ, for

each particle to the actual measurement yðkÞ at time k to

weight the particles. The weight for each particle is equal

to the ratio of the target distribution to the proposal distri-

bution ratio. It can be shown that the weight update is16

wm
k ¼

Target Distribution

Proposal Distribution
¼ pðyðkÞjŷmðkjk�1ÞÞ:

(30)

The weights are normalized so that
PM

m¼1 wm
k ¼ 1. For

simplicity, the distribution pðyðkÞjŷmðkjk � 1ÞÞ is con-

sidered to be normal with the mean vector yðkÞ and iden-

tity covariance matrix. The updated state vector at time k
is then

x̂ðkjkÞ ¼
XM

m¼1

wm
k xmðkjk � 1Þ: (31)

(4) Resample the particles with respect to their weights to

approximate the target distribution. The particles with

higher weight are more frequently chosen and the par-

ticles with low weight are neglected,

x1:MðkÞ ¼ Resampling fðx1ðkjk � 1Þ;w1
kÞ;…;

ðxMðkjk � 1Þ;wM
k Þg: (32)

4. A robust ML-based method

In this section, we propose a new robust ML-based

source localization algorithm for scenarios where some of

the bearing measurements contain large errors, outliers, or

are simply unreliable. Such cases cannot successfully be

handled by other estimators. Also, our goal is to estimate the

target location p ¼ ½px; py�T and velocity v ¼ ½vx; vy�T at

every snapshot. This is done by using the bearing measure-

ments ~hl; l ¼ 1;…; L at the current time t as well as the pre-

vious times within an observation period.

The bearing angle at the lth sub-array for time instant t
is given by

hlðtÞ ¼ tan�1 py;0 þ tvy � ry;l

px;0 þ tvx � rx;l
; l ¼ 1;…;L; t ¼ 1;…;T;

(33)

where T is the total observations used to determine the cur-

rent location of the source and p0 ¼ ½px;0; py;0�T is the initial

location of the source at the time instant prior to the T sec-

onds. Note that in this formulation, the velocity v is assumed

to be constant over the entire T second time interval. Thus, if
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a source is accelerating or decelerating care must be taken in

choosing a time interval T that is small enough so that the

source velocity is nearly constant over that interval.

As in Sec. II B 1, the bearing measurement at the lth
sensor cluster at time t is denoted by ~hlðtÞ ¼ hlðtÞ þ glðtÞ;
l ¼ 1;…; L, where glðtÞ is the measurement error, which is

typically considered as independent Gaussian rv with zero

mean and variance r2
gl

. However, in practice, the distribution

of the measurement error may be different from Gaussian.

For example, it is typical in practical scenarios that some

sensors have quite accurate bearing estimates, while the

others yield erroneous or unreliable estimates due to the

environment in which they operate. In Eq. (5), even the fail-

ure of one sensor can lead to inaccurate estimates. That is,

the method is sensitive to the presence of large errors and

outliers which will have detrimental effects on the accuracy

of localization.

Thus, to make the location estimate robust against unreli-

able DoA estimates, we model the measurement errors gl as rv

with Cauchy distribution, f ðglÞ ¼ 1=pð1þ g2
l Þ. Figure 1(a)

shows a Gaussian distribution with mean zero and unity

variance together with a Cauchy distribution. As can be seen,

compared to the Gaussian, Cauchy distribution has much

heavier “tails.” This heavy tail allows for better ability to

account for the effects of erroneous measurements or outliers.

Based on the Cauchy distribution assumption for the

bearing estimation errors, we derive the ML estimator of the

source state q ¼ ½px;0; py;0; vx; vy�T ,

q̂ML ¼ arg max
q

YT

t¼1

YL

l¼1

f glðtÞð Þ: (34)

Alternatively, using the log operation, Eq. (34) can be sim-

plified to

q̂ML¼ argmin
q

XT

t¼1

XL

l¼1

1

2r2
nlðtÞ

log 1þð~hlðtÞ�hlðq; tÞÞ2
h i

:

(35)

It is evident that even if the lth cluster has an erroneous

DoA estimate [i.e., a very large glðtÞ], the detrimental influ-

ence is deemphasized by the function log ð1þ g2
l ðtÞÞ. Hence,

the overall cost function will not blow up. This is illustrated

in Fig. 1(b), which shows that the increase in log ð1þ g2
l ðtÞÞ

is much more mild than glðtÞ2 as glðtÞ increases. This clearly

explains why the proposed ML-based estimation based on

Cauchy distribution assumption is more robust against the

outliers. It is interesting to note that for very small glðtÞ,
the term log ð1þ g2

l ðtÞÞ � g2
l ðtÞ. That is, the cost function of

the robust source localization method reduces to that of the

standard ML using Gaussian distribution when all the DoA

estimates are reasonably good. As before, minimization of

Eq. (35) can be achieved using the gradient-descent proce-

dure or other nonlinear solvers.17

To further improve the accuracy of source localization

method in this section, a consistency test can be devised to

prevent any unreliable measurement to enter the estimation

process. The steps of the consistency test go like this.

Let S ¼ f~hlðtÞg be the set of DoA estimates over the

observation period t ¼ 1;…; T from clusters l ¼ 1;…; L.

(1) Apply the robust source localization algorithm using

Eq. (35) to the selected DoA estimates in set S to yield

the vector q̂ML.

(2) Based upon the estimated source position, recompute the

DoAs fĥlðtÞg as observed by the clusters using Eq. (33).

(3) Compute the consistency measure

Cðq̂ML; SÞ ¼
1

jSj countl;t jĥlðtÞ � ~hlðtÞj � d
� �

; (36)

where d is an upper bound on the DoA uncertainty and

jSj represents the cardinality of set S. This consistency

function computes the number of DoA measurements

that agree with the estimated source location with an

uncertainty d.

(4) If Cðq̂ML; SÞ ¼ 1, then all the DoA measurements agree

with the estimated location and hence q̂ML is taken as the

final estimate vector. If Cðq̂ML; SÞ 6¼ 1, then proceed to

the next step.

(5) Define the set Slt ¼ Sn~hlðtÞ; 8 l and t which is the subset

of DoA measurements with the measurement ~hlðtÞ being

removed.

(6) Re-estimate the source location using the DoA measure-

ments in the set Slt and compute the consistency function

Cðq̂ML; SltÞ.
(7) Find Cmax ¼ maxl;t Cðq̂ML; SltÞ and Sbest ¼ arg maxSlt

Cðq̂ML; SltÞ.

FIG. 1. (Color online) (a) The

Gaussian and Cauchy distributions. (b)

The DoA measurement errors glðtÞ2
and log ð1þ glðtÞ2Þ corresponding to

the Gaussian and Cauchy distributions.

As glðtÞ increases, the increase in

log ð1þ glðtÞ2Þ is much milder than

that of glðtÞ2.

4918 J. Acoust. Soc. Am. 146 (6), December 2019 Azimi-Sadjadi et al.



(8) If Cmax ¼ 1, then the estimated source location corre-

sponding to Sbest is taken as the final location estimate. If

Cmax 6¼ 1, then reset S ¼ Sbest and proceed to step (5).

III. SOURCE LOCALIZATION RESULTS

A. Simulation results and comparison of different
methods

In order to test the source localization algorithms intro-

duced in this paper, a simulated case of a moving ground

vehicle was generated for a scenario where there are three

(L¼ 3) sparse randomly distributed sensor clusters recording

the acoustic data. The reference nodes of the clusters are

located (in meters) at r1 ¼ ½0; 0�T ; r2 ¼ ½50;�50�T , and r3

¼ ½�100;�50�T . Each cluster contained eight acoustic sen-

sor nodes, randomly distributed in a 20� 20 m area around

the respective reference node. A single narrow-band acoustic

source with a frequency of 128 Hz was simulated. The

source starts at initial location pi ¼ ½�100; 200�T (in meters)

and moves at a constant velocity of v ¼ ½5;�5�T (m/s) over

a 100 s period. Figure 2 shows the positions of the nodes in

each cluster with respect to the path of the vehicle. To imple-

ment acoustic transmission loss (TL) which occurs in realis-

tic conditions, the method in Ref. 19 was used to simulate

TL for each sensor’s signal based on the distance of the

source to the sensor as well as several environmental param-

eters. It is also assumed that the location of each sensor node

is known only to within an accuracy circle with radius

0.33 m that is typical for inexpensive commercial GPS sys-

tems. These sources of error, together with additive noise

with varying SNR (due to acoustic TL), result in erroneous

and inconsistent DoA estimates.

The bearing measurements were generated at every one

second snapshot for each cluster by using the narrowband

Capon beamforming. The estimated DoAs are used in con-

junction with the methods covered in this paper to generate

source location estimates at every one second snapshot.

These location estimates are then used to plot the estimated

source range, i.e., d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

x þ p2
y

q
, during the entire observa-

tion period of 100 s for different SNR cases at the closet

point of approach (CPA).

To evaluate these localization algorithms more quantita-

tively, the root mean square error (RMSE) measure was also

computed over the observation period. Let p be the true

source position and p̂ be the estimated position. Now, defin-

ing the error bias as b ¼ E½e� ¼ E½p� p̂� and the error

covariance matrix C ¼ E½ðe� bÞðe� bÞT �, then the RMSE of

FIG. 2. (Color online) Layout of the sensor clusters and path of the moving

target.

FIG. 3. (Color online) Range estimation results of the different localization methods, SNR¼ 5 dB. (a) LS (RMSE¼ 49.7), (b) TLS (RMSE¼ 45.2), (c) ML

(RMSE¼ 37.3), (d) EKF (RMSE¼ 13.3), (e) UKF (RMSE¼ 12.1), and (f) PF (RMSE¼ 6.4).
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the source position is given by20 qRMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jjbjj2 þ trðCÞ

q
,

where trðCÞ is the trace of matrix C.

Figures 3(a)–3(f) display the plots of the true (solid blue)

and estimated (dotted red) source range together with the asso-

ciated RMSE for the six methods and for the case where

SNR¼ 5 dB at the CPA to the sensor nodes. Clearly, the SNR

is lower at locations farther from the source due to TL effects.

As can be seen from Figs. 3(a)–3(c), among the first three

methods, i.e., LS, TLS, and the robust ML algorithms, the latter

provided the best overall results. Additionally, at close ranges,

all methods appear to have similar performance, whereas at far

ranges (>200 m) when the propagation loss is more severe, the

EKF, UKF, and PF algorithms clearly outperformed the LS,

TLS, and ML-localization algorithms with PF providing the

lowest RMSE. This improvement can be attributed to the fact

that the last three methods rely on the knowledge of the source

dynamical model. Moreover, EKF, UKF, and PF methods uti-

lize all the current and previous observations as opposed to the

first three methods that only use one or a limited set of observa-

tions. Consequently, the former methods are able to down-

weight DoAs that are inconsistent with the trend. It must be

pointed out that in practical scenarios, the source model param-

eters are not known and hence have to be estimated every time

prior to state estimation. Otherwise, the uncertainties in the

model can substantially degrade the quality of source localiza-

tion for these methods. This will be shown later in this section.

FIG. 4. (Color online) Range estimation results of the different localization methods, SNR¼ 0 dB. (a) LS (RMSE¼ 197.6), (b) TLS (RMSE¼ 356.7), (c) ML

(RMSE¼ 102.1), (d) EKF (RMSE¼ 97.6), (e) UKF (RMSE¼ 93.3), and (f) PF (RMSE¼ 33.4).

FIG. 5. (Color online) RMSE of source localization versus SNR for each algorithm.
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Figures 4(a)–4(f) show plots of the range estimates of

the various localization algorithms and their associated

RMSE for the case where SNR¼ 0 dB at the CPA to the

sensor nodes. As can be noticed, lower SNR together with

uncertainties in the sensor location results in erroneous DoA

estimates, which in turn affect the accuracy of the range esti-

mates. The accuracy of the LS, TLS, and ML estimates start

deteriorating around 60 s and that of EKF, UKF, and PF

around 85 s. Again, the PF method provided the lowest over-

all RMSE and best results even at far ranges. This is due to

the fact that PF used M¼ 2500 particles, hence capable to

accurately represent the posterior distributions using the cor-

responding model data in both cases.

To further investigate the effect of SNR on the locali-

zation performance, the RMSE values of the location esti-

mates are plotted as a function of SNR for each algorithm.

Figure 5 shows the averaged, over 20 trials, RMSE for each

algorithm, where in each trial different random realizations

of sensor positions and additive noise were selected.

Several interesting observations can be made. First, as can

be seen, when SNR decreases beyond 6 dB, the rate of per-

formance degradation varies significantly for different algo-

rithms with the best one being the PF and the worst one

being the TLS. Second, for all the algorithms considered

here, increasing the SNR above 8 dB has very little impact

on improving the performance. This is due to the fact that

FIG. 6. (Color online) Plot of log of RMSE versus cluster diversity. (a) Area diameter between 5 and 275 m. (b) Area diameter between 300 and 725 m.
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for higher SNR, the sensor location errors have a more

dominating effect.

Another important factor that also plays an important

role in the source location estimation performance is the

arrangement of the clusters with respect to each other. This

would impact the ability to resolve DoAs or provide unique

DoA for each cluster, and hence the localization accuracy.

To investigate this effect, a simulation is done by changing

the size of the area in which the clusters are deployed. More

specifically, the clusters are located randomly in a circular

area with varying diameter and the RMSE is calculated and

averaged for 40 different random trials. Figure 6 shows the

plot of the log of averaged RMSE for diameters ranging

from 5 to 725 m. An exponential is fitted (green plot) to the

data for providing better intuition. Again, several intriguing

observations can be made here. Figure 6(a) illustrates that

for diameters less than 275 m, RMSE decreases as the

diameter (or equivalently cluster diversity) increases. That

is, the larger the cluster distances, the better the performance

of each estimator will be in the RMSE sense. On the other

hand, Fig. 6(b) shows that the RMSE increases with the

increase of the area diameter (roughly over 300 m). The deg-

radation in performance is mainly due to propagation or

coherence loss, particularly at far source ranges. However,

this degradation is less prominent for the PF method.

Next, all the algorithms were evaluated for a simulated

road case with bends and curves, which is a more realistic

scenario than the previous case where the vehicle path was

just along a straight line. Figure 7 shows the aerial map of

the road that was used to generate the simulated cases for

this experiment. The vehicle starts moving from the top-

right corner of Fig. 7 at [400 150]. Three randomly distrib-

uted acoustic clusters with reference nodes at positions

r1 ¼ ½0; 0�; r2 ¼ ½�50; 50�, and r3 ¼ ½�100; 50� meters were

used in this simulation. Acoustic TL was also taken into

effect and the SNR¼ 5 dB at the CPA of the source to each

sensor. All other conditions are identical to the previous

experiment.

Figures 8(a)–8(f) show the plots of the true (px, py) and

estimated ðp̂x; p̂yÞ positions of the moving vehicle generated

using all six methods. The bars show the error standard devi-

ations from the true source location for different estimators

computed for 15 trials, where in each trial, the position of

sensors within a cluster with fixed centroid were randomly

changed as in the previous experiments. It can be seen from

Figs. 8(d)–8(f) that the EKF, UKF, and PF methods exhibit

much higher error standard deviations whenever the vehicle

undergoes a change in direction and/or velocity. This is

mainly due to a mismatch between the true vehicle dynamics

and the assumed constant velocity motion model used in Eq.

(11). Since the LS, TLS, or ML-based estimation procedures

make no such assumption, their location estimates follow the

true location estimates more closely than those of the UKF,

FIG. 8. (Color online) Position estimates of different localization methods for the simulated road, SNR¼ 5 dB. (a) LS, (b) TLS, (c) ML, (d) EKF, (e) UKF,

and (f) PF.

FIG. 7. (Color online) Aerial map of the simulated road.
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EKF, and PF estimators. Figure 8 also gives the correspond-

ing average RMSE values of these source localization algo-

rithms. As can be seen, the RMSE values are much higher

for the EKF, UKF, and PF compared to those of the LS,

TLS, or ML-based algorithms with the latter robust method

providing the smallest RMSE value. These results are in con-

trast to those of the previous experiments for the fixed

dynamical model cases. This implies that the EKF, UKF,

and PF methods perform well when the vehicle dynamics

are known or can be estimated accurately every time prior to

localization. Overall, among these algorithms, the robust

ML-based method provided the best results for this simu-

lated data. Thus, this method is used in the next section to

test its usefulness on real acoustic signature data sets.

B. Results on real data sets

In this setup, 15 wireless sensor nodes were randomly

deployed in three clusters each of five nodes within an area

of size 100� 100 m. There were two adjacent roads, one to

the south and one to the west of the deployment area with

nominal traffic, which produced competing interference at

times during the data collection process. The cluster centers

are adequately spaced in order to guarantee DoA diversity

given the maximum distance of the vehicle from the clusters.

Figure 9 shows the deployment patterns of the sensor clus-

ters. The cluster centers are marked as “	.” The spatial

coordinates of the center nodes in the three clusters are [0 0],

[�74.92 �2.96], and [0.55 59.98] meters. During the data

collection, the wind was minimal and at times was 5–7 mph.

The vehicle used in this experiment was a light wheeled

truck. The synchronized acoustic signature (engine and tire

noise) data recorded and transmitted by the sensor nodes

were received by a laptop that was used as the base station.

A DoA is computed for every cluster at every one second

snapshot using the wideband geometric averaging Capon

algorithm in Sec. II A. The computed DoAs were then used

to estimate the truck’s 2 D location coordinates using the

robust ML-based target localization algorithm in Sec. II C 4.

The results for two runs with different moving paths are

presented here. Figures 10(a)–10(c) show the plots of the

DoAs generated for clusters 1, 2, and 3, respectively, for

Run 1. Continuous and smooth DoA estimates observed in

all three clusters indicate that the sparsely distributed nodes

are able to closely track the truck. Figure 11 shows the plot

of the estimated truck location and the actual (measured)

truck location. The actual truck location was provided by a

simple and inexpensive hand-held GPS unit that is clearly

error prone. There are many possible factors that contribute

to producing inaccurate location estimates, namely, lower

road elevations at certain points (north bend) during the

vehicle path, competing interference due to adjacent road

FIG. 10. (Color online) DoA estimates from three clusters of five nodes for Run 1. (a) DoA estimate of Cluster 1, (b) DoA estimate of Cluster 2, and (c) DoA

estimate of Cluster 3.

FIG. 11. (Color online) Estimated truck location against its true location for

Run 1.

FIG. 9. (Color online) Clusters of randomly distributed acoustic sensor nodes.
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noise as well as wind, TL at far ranges, and finally compres-

sion noise for transmitting compressed data to the base sta-

tion. However, it can be observed from this figure that the

estimated locations closely follow the actual locations at

most snapshots. In Fig. 10(b), we highlighted (blue) one par-

ticular snapshot at which the second cluster provided an

unreliable DoA estimate. However, the accuracy of the loca-

tion estimate was unaffected by the presence of this errone-

ous measurement as shown in Fig. 11. This is due to the

robust source localization algorithm described in Sec. II C 4.

In the second run, the truck moved across the road and

returned along the same path. This particular run was chosen

to determine the resolution in localizing the moving truck

on the same path during both the forward and return passes.

The estimated DoAs for the three clusters are shown in

Figs. 12(a)–12(c). The plot of the estimated truck location

and the actual location are shown in Fig. 13. In this run, for

most snapshots, there is little error between the estimated

and actual truck locations. The same sources of error existed

for this run. This particular experiment clearly indicates the

good resolution of the distributed sensor networks in localiz-

ing moving sources.

IV. CONCLUSIONS

In this paper, we introduced and compared several

methods for bearing-only target localization using multiple

sparse randomly distributed acoustic sensor nodes.

Simulation results indicated that the LS-based localization

methods that use single snapshots are sensitive to erroneous

DoA estimates and outliers. The nonlinear Kalman estima-

tors and particle filtering that use the entire past and present

sequence of observations, on the other hand, provide good

localization accuracy as long as the assumed source dynami-

cal model matches closely with its actual one. However,

these conditions are not typically met in realistic moving

source scenarios. Thus, to use EKF, UKF, or PF estimators,

parameter estimation methods must be used to estimate the

model parameters while performing state estimation.

Additionally, the simulation results indicated that among

the methods considered here, the PF is more robust to the

decline in SNR. However, for SNR values higher than 8 dB,

the performance of all methods is almost unaffected as the sen-

sor location uncertainties have more dominant effects. We also

showed that increasing the cluster placement diversity generally

tends to improve the localization accuracy. Nevertheless,

increasing the cluster separation beyond certain points will

have detrimental effects due to propagation and coherence loss.

To make the ML-based localization robust against the

erroneous DoAs and outliers, we proposed to model the mea-

surement error as a rv with Cauchy distribution. This heavy tail

distribution allows for a better ability to account for the effects

of erroneous measurements or outliers. An additional provision

was suggested to identify and remove inconsistent DoAs prior

to final source localization. The results on real data sets showed

the promise of the proposed algorithm using only three clusters

of five low-cost low-power wireless sensor nodes. The experi-

mental results conducted in this work indicated that it is possi-

ble to obtain accurate estimates of the vehicle position when

the vehicle is less than approximately 200 m from the clusters.

This is due to several possible reasons. First, the vehicle used

in these experiments was a small truck that was not audible at

far ranges compared to the background traffic noise coming

from adjacent roads and low to mild wind at times. Second, at

far distances, it is possible that the clusters observe nearly iden-

tical DoAs, hence violating the diversity needed for accurate

localization. Finally, sound TL due to ground conditions and

wind effects can impact the coherence in the recorded data.
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FIG. 13. (Color online) Estimated truck location against its true location for

Run 2.

FIG. 12. (Color online) DoA estimates from three clusters of five nodes for Run 2. (a) DoA estimate of Cluster 1, (b) DoA estimate of Cluster 2, and (c) DoA

estimate of Cluster 3.
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