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Abstract—This paper presents a three-phase power-flow al-
gorithm, in the sequence-component frame, for the microgrid
� ����� and active distribution system (ADS) applications.
The developed algorithm accommodates single-phase laterals,
unbalanced loads and lines, and three/four-wire distribution
lines. This paper also presents steady-state sequence-component
frame models of distributed energy resource (DER) units for
the developed power-flow approach under balanced/unbalanced
conditions. The DER models represent the synchronous-generator
based and the electronically-coupled DER units. Both constant
power (PQ) and regulated-voltage (PV) modes of operation of
DER units are considered. The application of the developed
power-flow method for two study systems is presented. The study
results are validated based on comparison with the detailed solu-
tion of the system differential equations in time domain, using the
PSCAD/EMTDC software tool.

Index Terms—Active distribution systems, distributed energy
resources (DER), microgrids, single-phase laterals, three-phase
power flow.

I. INTRODUCTION

D RIVEN by environmental, economical, and technical in-
centives, the integration of distributed energy resources

(DER) units into distribution networks close to the loads, is
emerging as a complementary infrastructure to the traditional
central power plants [1]. A DER unit is either a distributed gen-
eration (DG) unit, a distributed storage (DS) unit, or a hybrid of
the two [2]. Proliferation of DER units, primarily at the distribu-
tion voltage levels, has also brought about concepts of the micro-
grid [3]–[5] and the active distribution system (ADS)
[6]–[8]. The concept is well defined in the technical lit-
erature. An ADS is a distribution network with arbitrary power
flow along the network feeders, where variables are measured
(or estimated) and controlled by means of various devices (e.g.,
DER units, on-load tap changers, and transformer), based on a
centralized and intelligent system. The central control system is
capable of making decisions and operating the system based on
monitoring the network conditions [7]. The ADS ultimate goal
is to allow safe penetration of DER units into the current distri-
bution networks and maintain the system stable and reliable [8].
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The first requirement for planning, operation, control,
protection, and management of the (and ADS) is the
availability of accurate power-flow analysis results. The con-
ventional power-flow analysis methods, based on the system
positive-sequence representation, that are widely used for large
power transmission systems, are not directly applicable to the

and ADS [9]. The reasons are the:
• relatively high degree of imbalance due to the in-

herent untransposed structure of three-wire and/or
four-wire three-phase power distribution lines, pres-
ence of single-phase laterals, single and two-phase loads,
unbalanced three-phase loads [10],

• presence of three-phase and single-phase electronically-
coupled DG and DS units with various control strategies
and operational modes [11], [12],

• presence of different types of three-phase rotating ma-
chine-based DG units with various control strategies [13],

• presence of non-dispatchable DG units, for example, wind
and photovoltaic units [14].

Moreover, the production-grade power-flow software tools,
which originally have been developed for large-system, are not
tailored for the and ADS analysis. The reason is that they
lack the flexibility to accommodate DER models and operating
characteristics, particularly those of electronically-coupled
DER units [15]. Another limitation is that the existing technical
literature on the steady-state modeling of electronically-coupled
DER units assumes only positive-sequence DER representation
for power-flow analysis [15]–[17].

The concept of three-phase power-flow analysis has been
extensively addressed in the literature [10], [18]–[27], and
the applicable methods are classified according to the net-
work structure and the adopted reference frame. Based on the
phase-frame approach [10], [22]–[24], (i) the forward-back-
ward sweep method [18], and (ii) the compensation method
[19]–[21] have been proposed for power-flow analysis of radial
feeders and weakly meshed grids, respectively. The power-flow
analysis of the loop (ring) network structure or the general
network structures are conducted based on Newton-Raphson
[24]–[26] and Gauss and/or Gauss-Seidel [10], [22], [23]
methods. The sequence-components frame has been used
in [25]–[27] to develop a three-phase power-flow solver for
general network topologies with synchronous generating units.
Using the sequence-components frame in the power-flow anal-
ysis effectively reduces the problem size and the computational
burden as compared to the phase-frame approach. Moreover,
due to the weak coupling between the three sequence networks,
the system equations can be solved using parallel programming
[26].
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Fig. 1. Schematic diagram of DER unit: (a) SG unit. (b) Electronically-coupled
unit.

Motivated by the aforementioned merits of the sequence
components for power-flow analysis, this paper develops
a sequence-frame power-flow solver for the and the
ADS. The developed power-flow solver modifies the algo-
rithms presented in [25] and [26] to incorporate models of
electronically-coupled DER units that include their control
characteristics under balanced/unbalanced grid conditions. In
addition, this paper exploits the concept of the coincidence
factor [28], [29] to accommodate single-phase laterals in the
developed sequence-frame power-flow solver. The power-flow
algorithm also accommodates (i) three-phase distribution trans-
formers, (ii) three-phase three- and four-wire distribution lines,
and (iii) three-phase (ub)balanced constant power and constant
impedance loads. The accuracy and validity of the developed
power-flow algorithm, including the DER and the single-phase
lateral models, were tested on two study-systems and the results
of several case-studies are compared with those obtained from
the time-domain analysis in the PSCAD/EMTDC environment.

II. STEADY-STATE DER MODELS

This section presents generalized sequence-component frame
models of the:

• three-phase, directly-interfaced, synchronous generator
(SG)-based DG unit,

• three-phase electronically-coupled DER unit interfaced via
a three-phase, three-wire VSC. It is assumed that the VSC
controllers tightly regulate the DC-link voltage, and thus
the primary source does not affect the steady-state model
of the unit with respect to its point of connection to the
host (or ADS). This, in turn, implies that in case of
intermittent DG units (e.g., wind and photovoltaic units),
adequate storage is interfaced to the VSC dc-side to enable
its operation as dispatchable DG units.

The models are incorporated in the developed power-flow al-
gorithm of Section III. Fig. 1 shows a schematic diagram of a
DER unit connected to the host (or ADS) at the point of
common coupling (PCC). It should be noted that the developed
DER model can be enhanced to represent other types of three-
phase VSC-coupled DER units (e.g., the four-wire VSC-cou-
pled DER units), the permanent-magnet synchronous generator
driven by a micro-turbine or a wind turbine, and the doubly-fed
asynchronous generator.

The developed model accommodates both PQ and PV modes
of operation for directly-coupled and electronically-coupled
DER units. Under both operating modes, the positive sequence
voltage of the PCC is used for synchronization [12]. It should
be noted that the PCC voltage might be contaminated with

Fig. 2. Generalized sequence-component frame model of DER unit for
power-flow analysis.

the negative and zero sequence voltage components due to the
asymmetries and imperfections in the system. This indicates
that if the DER unit is synchronized with and controlled to
generate only positive sequence components, its current ex-
change with the (or the ADS) can include negative and
zero sequence components depending on the control strategy.
The VSC-coupled DER units can be augmented with additional
controllers to mitigate the negative-sequence current and only
exchange positive-sequence current with the [11]. In
such a case, the terminal voltage of the VSC-coupled DER unit
includes both positive and negative sequence voltage compo-
nents. Thus, for both the SG and the VSC-coupled DER units,
the active power output of the DER unit is determined based on
the positive sequence voltages and currents. The same concept
is also adopted for the reactive power controller when the PQ
operating mode is implemented.

A. Positive Sequence Model

Based on the above discussion, Fig. 2 represents the pro-
posed generalized sequence-component frame model of both
the three-phase directly interfaced SG unit and the three-phase
VSC-coupled DER unit. The positive-sequence model of a DER
unit also represents its control strategy. If the unit operates in the
PV mode (Fig. 2(a)), it is modeled as an ideal voltage source
behind the PCC bus. Under this mode of operation, the magni-
tude of the positive-sequence component of the DER terminal
voltage and the corresponding injected positive-se-
quence real power , both in per-unit, are given by

(1)

(2)

where and are the per-unit positive-se-
quence terminal voltage and the total three-phase injected
active power of the DER unit, respectively.

If the DER unit operates in the PQ mode, its positive-se-
quence representation is a constant power source (or negative
constant power load) as shown in Fig. 2(b), [30]. Thus, the pos-
itive-sequence reactive power injected by the DER unit, in
per-unit, is

(3)

where is the total three-phase reactive power
injected by the DER unit. The factor 1/3 in (2) and (3) is used
to calculate the sequence-frame power components from their
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phase-frame counterparts, assuming the same base-power is
used in both reference frames. Since the power and voltages
to be regulated are often (practically) those of the PCC bus,
the positive sequence impedance of the unit and its terminal
voltage are not shown in Fig. 2(a) and Fig. 2(b).

B. Negative and Zero Sequence Models

Depending on the type (SG or VSC-coupled DER) and the
control strategy [11] of the DER unit, the negative and zero se-
quence current components can also be exchanged between the

(ADS) and the DER unit. The proposed generalized neg-
ative and zero sequence models of the SG and the three-wire
VSC-coupled DER units of Fig. 1 are shown in Fig. 2(c) and
(d), respectively.

1) SG Unit: For the SG unit, the zero and negative sequence
admittances of the generalized model are [31], [32]

(4)

where

(5)

and

(6)

where is the direct (quadrature) unsatu-
rated sub-transient reactance, is the reactance
(resistance) between the neutral of the SG and the ground, and

is the armature resistance of the SG.
2) Three-Wire VSC-Coupled DER Unit: The magnitude of

the negative sequence admittance for a three-wire VSC-cou-
pled DER unit is determined based on the control strategy of
the unit. If the unit is controlled only to generate positive-se-
quence voltage [12], then the negative sequence admittance of
the DER model, , is

(7)

where is the equivalent series impedance of the VSC output
filter between the PCC and the short-circuited VSC terminals.
The VSC output filter is used to reduce the harmonic current
injected in the utility system [33]. The simplest output filter
topology is a first order series-connected inductor Fig. 1(b), for
which is given by

(8)

where is the VSC output filter net reactance (resis-
tance). Other output filter configurations are reported in [34].
These alternative configurations lie under either one of the two
topologies shown in Fig. 3. The equivalent series impedance,

Fig. 3. Alternative VSC output filter configurations.

, for the filter configurations shown in Fig. 3(a) and Fig. 3(b),
is calculated as

(9)

(10)

where , , and are shown in Fig. 3.
However, if the unit is controlled to inject balanced

three-phase current components [11], that is, operation based
on dq-current control strategy, then the negative sequence
admittance of the model is

(11)

In both cases, the zero sequence admittance of the three-wire
VSC-coupled DER unit is

(12)

The negative and zero sequence admittance of each DER unit is
substituted in the corresponding bus admittance matrix.

III. THREE-PHASE POWER-FLOW ALGORITHM

This section presents an algorithm to handle DER units and
single-phase laterals within the sequence-frame power-flow
program. Fig. 4 shows the flow chart of the developed
power-flow program including the proposed models of DER
units and single-phase laterals.

The first step of the proposed approach is to decompose the
(ADS) into a three-phase section and single-phase lat-

erals. Then each single-phase lateral and its associated loads
are lumped and represented by a single-phase load at the node
where the lateral is connected to the three-phase system, using
the concept of coincidence factor (CF) [28], [29]. Hereafter, this
node is referred to as the “head node.” The equivalent “lumped”
load of the lateral is [35]

(13)

where is the number of loads on the lateral, and the co-
incidence factor (CF) is determined based on as [35]

(14)
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Fig. 4. Flowchart of the developed three-phase power-flow algorithm.

It should be noted that the coincidence factor method is
not recommended if the single-phase lateral is equipped with
voltage regulating devices or single-phase voltage-controlled
DER units. However, to the best of our knowledge, the existing
single-phase laterals (in North America) have neither of these
two features.

In Fig. 4, is the zero- (negative)
sequence injected current vector, where is the number of the
system buses. The th entry of is formulated
by adding the corresponding injected zero- (negative-) sequence
components of the loads and the compensation currents of the

Fig. 5. Single line diagram of System-I.

untransposed distribution power lines connected to the th bus
[26]. Detailed modeling and the model integration of the three-
phase untransposed power lines, three-phase transformers, and
three-phase (un)balanced loads in a sequence-frame power-flow
solver are available in [25] and [26].

Unlike the approach of [27] that requires executing the back-
ward-forward sweep subroutine subsequent to each sequence-
frame power-flow iteration in a coupled fashion, Fig. 4 indicates
that the proposed approach fully decouples the two subroutines
by executing the backward/forward sweep algorithm only once
after the final convergence of the sequence-frame power-flow
algorithm. Thus, the decoupled algorithm of Fig. 4 is expected
to substantially reduce the execution time and the computational
burden as compared to the coupled approach. This is shown in
Section IV.

IV. CASE STUDIES AND VALIDATIONS

To demonstrate the application of the developed power-flow
method and validate the accuracy of the results, the power-flow
algorithm of Fig. 4 was implemented in MATLAB environment
and used to investigate two study systems with different sizes
and topologies. The power system sparsity is exploited by using
the existing MATLAB functions dedicated to solve large and
sparse systems of simultaneous linear equations.

A. System-I

A single line diagram of System-I, which includes six buses,
is shown in Fig. 5. The system of Fig. 5 is selected since it
is adequately small to be modeled in detail in a time-domain
simulation tool, and thus the results can be used for verifica-
tion of the developed DER models and the sequence-frame
power-flow part of the algorithm of Fig. 4. System-I repre-
sents an autonomous (islanded) when switch SW is
open and the system can be effectively reduced to a five-bus
system. This scenario is considered in this work. The system
includes untransposed lines, unbalanced loads, and distribution
transformers. The system also includes a three-phase shunt
capacitance compensator which is modeled as a three-phase
constant impedance [25]. To present a more realistic scenario
for the applications, the base power is selected at 1 MVA
instead of 33.33 MVA as specified in [25]. The original system
parameters are given in [25].

To validate the power-flow results obtained from the algo-
rithm of Fig. 4 and the developed DER models of Fig. 2, a de-
tailed time-domain model of System-I, in the PSCAD/EMTDC
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TABLE I
RESULTS OF CASE 1 OF SYSTEM-I. A:PSCAD/EMTDC RESULTS, B: DEVELOPED SOFTWARE RESULTS

TABLE II
RESULTS OF CASE 2 OF SYSTEM-I. A: PSCAD/EMTDC RESULTS, B: DEVELOPED SOFTWARE RESULTS

TABLE III
RESULTS OF CASE 3 OF SYSTEM-I. A: PSCAD/EMTDC RESULTS, B: DEVELOPED SOFTWARE RESULTS

TABLE IV
RESULTS OF CASE-4 OF SYSTEM-I. A: PSCAD/EMTDC RESULTS, B: DEVELOPED SOFTWARE RESULTS

environment, is also developed. G1 is the slack-bus, and is mod-
eled as an ideal voltage source behind an impedance. It should
be noted that in order to handle the active and reactive power
limits of the slack bus in an islanded , the distributed
slack bus concept is potentially and advantageous alternative,
although it has not been exploited in this work. The load at
Bus-3 is represented as a constant-power, star-connected load.
Corresponding to the following four case studies, G2 represents
either of the following DER units:
Case 1) An SG unit equipped with voltage regulator and ac-

tive power controller (an SG operating in the PV
mode).

Case 2) A voltage-controlled three-wire VSC-coupled
DER unit equipped with voltage regulator and
active power controllers (a three-phase three-wire
VSC-coupled DER unit operating in the PV mode).

Case 3) An SG unit with active and reactive power control
(an SG in the PQ mode of operation).

Case 4) A current-controlled three-wire VSC-coupled DER
unit equipped with the -current controllers [12]
(a three-phase three-wire VSC-coupled DER unit
operating in the PQ mode).

For the first two cases, the voltage controller of the DER unit
adjusts the positive sequence voltage component of Bus-4 at
1.05 p.u. For the last two cases, the DER unit is controlled to
inject 1 p.u. active power at unity power-factor. The study re-
sults are summarized in Tables I–IV.

Tables I and II show that the magnitude of the phase-volt-
ages of Bus-4 is not 1.05 p.u. However, the positive-sequence
voltage component is successfully regulated at 1.05 p.u. as re-
quired. This validates the PV model representation for both the
SG and the three-wire VSC-coupled DER units. Moreover, the
positive-sequence components of the bus-voltages, given in Ta-
bles III and IV, and the system parameters, given in [25], are
used to evaluate the positive-sequence active and reactive power
components injected by G2 at Bus-4. The power injected by G2
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Fig. 6. Single-line diagram of System-II [35]. (a) Three-phase part of
System-II. (b) Single-phase subnetwork of System-II.

is calculated to be 1.0 p.u. active power at unity power-factor, as
specified. This validates the PQ model representation for both
the SG and the three-wire VSC-coupled DER units.

The maximum magnitude error for the five busses, in all four
case studies, is less than 0.3%. The maximum phase error does
not exceed 0.5%. The good agreement between the results of the
two solvers indicates that the proposed steady-state DER models
and the sequence-frame power-flow approach are accurate.

B. System-II

One of the CIGRE benchmark systems is selected as
System-II [35], [36]. System-II is a three-phase, four-wire,
medium-voltage (12.47 kV) system, Fig. 6(a), which includes
five single-phase distribution subnetworks, Fig. 6(b). The

Fig. 7. Voltage magnitudes of the three-phase part of System-II. (a) PSCAD/
EMTDC results. (b) Developed software results.

system data is given in [35]. The original system parameters
are given in ohms, kV and kVA. A base system of 12.47 kV
and 1 MVA is used in this work for per-unitization.

System-II is an ADS candidate if it is provided by a central
control center that uses bidirectional communications with
the system components. The main objective of the case study
performed on System-II is to demonstrate the feasibility of the
developed power-flow algorithm of Fig. 4 for a relatively large
and realistic size system, including DER units and single-phase
laterals. All the three-phase lines are fully-transposed. The
system includes a total unbalanced three-phase load of 6.46
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Fig. 8. Absolute error between the voltage magnitudes obtained by using the two solvers for each of the five single-phase subnetworks of System-II.

MW/3.12 MVAR. The total load of each single-phase subnet-
works is 248.75 kW/90.12 kVAR.

Switches S1 and S2 in Fig. 6 are closed to form two loops,
while S3 is kept open to demonstrate the capability of the de-
veloped program to handle both radial and weakly meshed ADS
configurations. The system of Fig. 6 is equipped with three DER
units:

• G1 is a three-wire VSC-coupled DER unit connected to
Bus-8 via a three-phase transformer (100 kVA, 12.47/4.16
kV, ). The unit is rated at 100 kVA, 4.16 kV, and
operates as a PV unit to regulate its terminal voltage at 1.0
p.u. and injects 100 kW power into the network.

• G2 is a three-phase SG unit connected to Bus-3 via a three-
phase transformer (100 kVA, 12.47/4.16 kV, ). The
unit is rated at 100 kVA, 4.16 kV, and operates as a PQ unit
to inject 100 kVA power at unity power-factor.

• G3 is a three-wire VSC-coupled DER unit connected to
Bus-12 via a three-phase transformer (100 kVA, 12.47/4.16
kV, ). The unit is rated at 100 kVA, 4.16 kV, and
operates as a PQ unit to inject 100 kVA power at unity
power-factor.

To verify the accuracy of the study results obtained from the
developed power-flow program, the power-flow of System-II is
also determined using the PSCAD/EMTDC time-domain sim-
ulation platform. The detailed models of G1, G2, and G3, as
described for System-I, were also developed in the PSCAD/
EMTDC-based model of System-II. The study results are shown
in Figs. 7 and 8.

Fig. 7 shows the voltage magnitudes of various buses of
System-II [Fig. 6(a)] deduced from the developed three-phase
power-flow program and the PSCAD/EMTDC package. Fig. 8
shows the absolute error between the corresponding results
obtained by the two methods for each single-phase subnetwork
of Fig. 6(b).

Fig. 7 shows that the maximum error in the voltage magni-
tude is less than . Almost the same degree of accu-

racy is obtained for the power-flow results of the single-phase
subnetworks. Fig. 8 indicates that the maximum error in the
voltage magnitude for the single-phase subnetworks is about

, and occurs at the subnetwork connected to Bus-1
of Fig. 6. The close match between the results of the PSCAD/
EMTDC program and the developed program shows the accu-
racy of the developed power-flow algorithm and the validity of
the developed DER models.

As stated in Section III, the algorithm of Fig. 4 is expected
to converge faster than the coupled approach of [27]. This is
shown by implementing both algorithms in the MATLAB en-
vironment to generate the complete power-flow solution of the
study system of Fig. 6. The power-flow results generated by
both algorithms favorably agree, and due to space limitations
are not reported. However, the computational time of the soft-
ware, based on the algorithm of Fig. 4, is about 72% less than
that of the coupled approach. This is due to the fact that the cou-
pled approach executes the backward/forward sweep subroutine
five times more than the algorithm of Fig. 4.

V. CONCLUSION

This paper presents the development of a three-phase
power-flow analysis method for microgirds and active distri-
bution systems applications, under balanced and unbalanced
conditions. The power-flow algorithm is developed in the
sequence-component frame. This paper also develops se-
quence-component models of directly-coupled synchronous
machine-based and electronically-coupled DER units, and in-
corporates them in the power-flow algorithm. The power-flow
algorithm is capable of accommodating:

• different control characteristics of DER units under bal-
anced/unbalanced utility conditions, for example, constant
power (PQ)/voltage-regulated (PV) operating modes, neg-
ative sequence current mitigation, etc.;

• single-phase laterals;
• single-phase and balanced/unbalanced loads;
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• untransposed distribution lines;
• three-phase three- and four-wire distribution lines.
The accuracy of the power-flow algorithm and the validity of

the developed models are verified by comparing power flows of
two test systems with those obtained from time-domain simula-
tion results, in the PSCAD/EMTDC package. Close agreement
between the corresponding results, under balanced and unbal-
anced system conditions, is observed for all case studies.
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