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1 Introduction

Welcome to ECE 455: Introduction to Robot Programming and Simulation!
As we progress through the semester, you will learn fundamentals of robotic
simulation including how to design a 3-D world populated with rigid bodies and
articulated objects, realistic animation of moving objects, trajectory planning,
and motion control to achieve desired end-effector behaviors.

There are many situations in which a computer simulation with a graphic
display can be very useful in the design of a robotic system. When a robot
is planned for an industrial application, there are many commercially available
arms which could be selected. A graphics-based simulation allows the manu-
facturing engineer to evaluate alternative choices quickly and easily [6]. The
engineer can also use such a simulation tool to interactively design the workcell
in which the robot operates and integrate the robot with other systems, such
as part feeders and conveyors with which it must closely work. Even before
the workcell is assembled or the arm first arrives, the engineer can optimize the
placement of the robot with respect to fixtures it must reach and ensure the arm
is not blocked by supports. By being able to evaluate workcell designs off–line
and away from the factory floor, changes can be made without hindering factory
production and thus the net productivity of the design effort can be increased.

Even after a robot is installed, graphic simulations can be very valuable
in the generation and verification of trajectory plans. By viewing a proposed
trajectory on a computer screen, errors can be discovered that would have been
dangerous for the real robot. A programming or teaching error could cause the
actual arm to violently strike the end effector into a work table, another part of
the arm, work fixture, or nearby human. Collision avoidance involves more than
simply preventing the end effector from striking an object in the work space,
however. Without a graphics simulation, it is often difficult to anticipate which
parts of the arm, such as protruding portions, may hit supports. Even when
the robot is present, it may be preferable to alternatelhy program one portion
of a trajectory path, view the simulation, and then actually perform it [10].

Beyond safety considerations, graphic simulations are also used to optimize
motion trajectories. Trajectories can be designed so no joint is pushed to a
kinematic limit or exceeds its maximum velocity or acceleration. Plans can
be interactively modified to minimize travel time and increase manufacturing
throughput. A complete simulation can verify an arm can reach the most distant
parts on a pallet at the desired orientation, for example, or traverse a desired
weld line.

Where multiple arms share a common workspace, the need for a careful
graphics simulation is even greater [4]. Such a design makes greater use of
common facilities such as feeders and fixtures but requires more careful planning
to avoid collisions and ensure efficient path planning. The two arms must be
coordinated and each must be considered as a dynamically moving obstacle with
respect to the other arm [7].

Rather than being reactionary, graphic simulations can also be advantageous
in designing arms. New robotic techniques are being developed by researchers
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through simulation long before the actual hardware systems are tested. Compu-
ter graphics can show the workspace of a given geometric configuration without
even requiring a model to be built. The location of singularities can be de-
termined and modified. The control engineer can use graphic simulations to
choose motors and a control system design for a new robot. Graphics output is
a desirable part of dynamic simulations since a visual display can provide more
information to the designer than would printed numerical values. Without si-
mulation tools, many systems would not have been impossible to design. As an
example, the Space Shuttle Arm is incapable of operating in a full gravitational
field and was instead designed, to a large extent, based on simulations [1].

Due to the many advantages of graphic simulators, numerous commercial
and open-source graphic simulators are available. Some widely-used simulators
will be explored in detail near the end of the semester but the early semester
work will focus on understanding the basic principles and practices which lie
under the hood of all graphic simulator packages.

2 Object Modelling

In order to provide realistic animation, graphic simulators must first have a
physical description of the robot, i.e., what are the shapes of the various links,
actuators, etc. These qualities, which are important for checking for such cri-
tical features as collisions, require geometric modelling techniques [13]. There
exist a variety of ways to represent the shape of three-dimensional objects, but
they all belong to basically one of two groups, namely, boundary or surface
representations and solid representations.

Surface representations, as the name implies, consist of two-dimensional pri-
mitives which define the boundary or surface of the solid object to be modelled.
There is no explicit modelling of the solid composing the object other than that
implied by a closed surface. While there are a number of different primitives used
for describing surfaces, planar polygons are most frequently employed. Planes
can be described by linear equations which greatly simplify many of the algo-
rithms required to display objects. Thus a solid three-dimensional object can
be modelled by a collection of polygons which approximate its surface. These
polygons are usually described by the positions of their vertices. A typical data
format for objects described in the above manner, point polygon format, is given
below:

i− number of points

j − number of polygons

x1 y1 z1
x2 y2 z2
...

...
...

xi yi zi

points
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k1 v1,1 v1,2 · · · v1,k1

k2 v2,1 v2,2 · · · v2,k2

...
...

...
...

...
kj vj,1 vj,2 · · · vj,kj

polygons

Variables i and j are integers which correspond to the number of points and the
number of polygons, respectively, used to describe the object. The next i rows
of numbers correspond to the x, y, and z coordinates of the points in Cartesian
space. The last j rows of numbers are integers which define an ordered list of
the polygons’ vertices. The first column contains the number of vertices for
that particular polygon with the remaining columns specifying the vertices by
an index into the point list. The vertices are specified in clockwise order when
viewing the object from the exterior. By way of example, consider the pyramid
depicted in Fig. 1. A point polygon file defining this object would appear as:

5 5
0.0 30.0 0.0
-10.0 0.0 10.0
10.0 0.0 10.0
10.0 0.0 -10.0
-10.0 0.0 -10.0
4 2 3 4 5
3 1 3 2
3 1 4 3
3 1 5 4
3 1 2 5

Since each vertex coordinate is defined only once and is referenced in a polygon
by its index (integer value), a considerable amount of storage is saved over
explicitly listing the coordinates (floating point) in each polygon. Additional

Figure 1: Pyramid described in point polygon list format.
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parameters can be added which describe additional properties such as color,
reflectance, etc. which are then used by the illumination model.

The difficulty with describing object surfaces as a collection of planar poly-
gons is they provide a poor approximation to curved surfaces. For this reason,
primitives called parametric surfaces or patches, which are usually described
by higher order polynomial equations, are often used [19]. Of these, bicubic
equations are commonly employed since they allow first order continuity bet-
ween adjacent patches which results in smooth composite surfaces. It should
be noted, however, that the same features of parametric surfaces which bring
flexibility to surface modelling also result in complexity in display algorithms.
While display algorithms which use parametric surfaces directly do exist, it is
common to first subdivide patches into a collection of polygons and then deal
with the simpler linear surfaces.

In contrast to surface representations, solid representations explicitly des-
cribe the interior as well as the boundary of objects. One such representation is
constructive solid geometry where an object is defined by Boolean operations on
a set of solid primitives [18]. The solid primitives used are usually restricted to
very simple shapes and therefore have difficulty in modelling free-form solids. In
contrast, probably the most flexible solid representation is the three-dimensional
generalization of the parametric surface known as a hyperpatch [5]. Once again,
however, this flexibility results in computational complexity for the display al-
gorithms so this representation is only used when such flexibility is essential.

3 Homogeneous Coordinates

Once an object’s geometry is described, it needs to be assigned a position in the
world. The position of three-dimensional objects is commonly specified by three
Cartesian coordinates, denoted by x, y, and z. It is sometimes useful, however,
to augment this description with a fourth coordinate which may be considered
a scale factor. This results in a set of homogeneous coordinates, which will be
denoted here by the symbols wx, wy, wz, and w.

Homogeneous coordinates have played an important role in the development
of projective geometry [11,12] and are used extensively in the field of computer
graphics [14,19]. Although used in a more restrictive sense in the field of robo-
tics, they nevertheless play a key role in the representation of three-dimensional
objects. The relationship between the homogeneous coordinates and the original
ordinary coordinates is given by

x =
wx

w
(1)

y =
wy

w
, (2)

and
z =

wz

w
(3)
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In general, a homogeneous representation refers to any n-dimensional space
problem which is described by an (n+ 1)-dimensional space problem. The term
homogeneous comes from the fact that the mathematical equations used to
describe such problems contain no explicit constants. The motivation for using
such a representation lies in the fact that many geometrical problems possess
simpler solutions in the higher dimensional space which can then be projected
back into the original representation.

A simple example which illustrates one such benefit of homogeneous coordi-
nates is the ease with which infinity can be represented. When using ordinary
coordinates, there is no satisfactory representation of infinity. However, in ho-
mogeneous coordinates, infinity can be represented by w = 0 with the ratio
of the other three coordinates preserved in order to specify direction. While
the ability to represent infinity may not be significant for many applications,
it does serve to illustrate some of the practical issues involved in physically
storing positional coordinates in a fixed bit computer representation. In this
respect, the scale factor w represents a convenient method of implementing a
tradeoff between resolution and dynamic range given a fixed number of bits for
the representation.

From (1) to (3) it is clear that for any given set of ordinary coordinates, there
is a one dimensional infinity of homogeneous coordinate representations. Geo-
metrically, one can consider the mapping from four-dimensional homogeneous
coordinate space to three-dimensional ordinary coordinate space as a projection
of a point through the origin onto the hyperplane w = 1. This non-linear pro-
jective transformation is the key to producing perspective displays for computer
graphic simulations.

As stated above, the use of homogeneous coordinates in robotics is usually
restricted such that the scale factor w is set identically equal to 1. Thus in
the remainder of this work the homogeneous coordinates representing a three-
dimensional position will be given by the vector notation [x y z 1]T . Although
at first glance this representation may appear trivial it still provides significant
advantages when relating the positions and orientations of objects through the
use of homogeneous transformations which is the topic of the next section.

4 Homogeneous Transformations

Homogeneous transformations are linear transformations which are instrumental
in relating the representation of positions and orientations from one coordinate
system to another. They can be used to ’animate’ objects on a screen and
perform rotations of objects, etc. This mapping between coordinate systems is
represented by a 4 x 4 matrix, A, which can be partitioned as:

A =

[
R3×3 p3×1
f1×3 s1×1

]
(4)

The 3 x 3 orthogonal matrix R is sometimes called the rotation matrix and
is composed of the direction cosines which relate the two coordinate systems.
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This matrix can be considered to be composed of three columns as follows:

R =

 nx ox ax
ny oy ay
nz oz az

 (5)

where the three columns represent the coordinate axes of one system with re-
spect to another. The notational convention comes from the terms approach
vector used for the z axis, orientation vector for the y axis, and normal vector for
the x axis denoting the common normal required to fully specify a right-handed
coordinate system [17]. The term rotation matrix results from its ability to
specify an arbitrary rotation transformation about any axis which goes through
the origin. In particular, the three basic rotation matrices which represent a
rotation of θ about the x, y, and z axes respectively, are given by the matrices:

R(x, θ) =

 1 0 0
0 cos θ − sin θ
0 sin θ cos θ

 , (6)

R(y, θ) =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 , (7)

and

R(z, θ) =

 cos θ − sin θ 0
sin θ cos θ 0

0 0 1

 (8)

Since any orientation change can be represented by a single rotation about a
fixed axis it is sometimes useful to represent a rotation θ about an arbitrary
axis k by the transformation:

R(k, θ) =

 k2x + (1− k2x)cθ kxky(1− cθ)− kzsθ kxkz(1− cθ) + kysθ
kxky(1− cθ) + kzsθ k2y + (1− k2y)cθ kykz(1− cθ)− kxsθ
kxkz(1− cθ)− kysθ kykz(1− cθ) + kxsθ k2z + (1− k2z)cθ


(9)

where kx, ky, and kz are the direction cosines of the axis of rotation and cθ, sθ
are cos θ and sin θ, respectively [17]. Equation (9) clearly reduces to (6), (7), or
(8) when k is equal to the corresponding coordinate axis.

In robotics work, the R matrix is usually restricted to its interpretation as
a rotation transformation which is a result of the orthonormality constraint. It
should be noted, however, that this is a special case of a more general trans-
formation. In particular, the diagonal elements of this matrix can product a
scaling transformation on the x, y and z axes independently, with the off dia-
gonal elements producing shear in three dimensions [19].

At this point, it is instructive to consider the fact that without the use of
homogeneous coordinates, this would be the limit of the available transformation
operations. All of the above transformations preserve the position of the origin
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so there is no provision for translational transformations. However, by virtue of
using homogeneous coordinates, the 3 x 1 column vector p in the homogeneous
transformation matrix can represent an arbitrary three-dimensional translation
between coordinate systems. This is illustrated in the following equation which
utilizes the basic translation matrix:

x+ px
y + py
z + pz

1

 =


1 0 0 px
0 1 0 py
0 0 1 pz
0 0 0 1



x
y
z
1

 (10)

The remaining components of the homogeneous transformation matrix are
the 1 x 3 row vector f and the scalar s. The vector f is useful in specifying
perspective transformations by modifying the homogeneous coordinate compo-
nent w to be a function of the other three coordinates. This will result in
a non-linear projective transformation when the three-dimensional coordinates
are normalized by dividing by the scale factor w. While used extensively when
generating computer graphic displays, in robotics work the vector f is usually
defined as zero. Likewise, the scalar s which represents an overall scale factor
in the transformation is typically restricted to 1 so the overall homogeneous
transformation preserves a unity value for the fourth homogeneous coordinate.
Due to the above considerations, it is not unusual to see the 4 x 4 homogeneous
transformation A stored as a set of four vectors, namely, n, o, a, and p with the
fourth row implied.

As stated above, a homogeneous transformation A specifies a mapping from
one coordinate system to another. It is sometimes useful, however, to obtain
the inverse mapping, A−1. Due to the orthonormality of the rotation matrix
and the restriction on the fourth row of A, this inverse is easily obtained by
applying the equation:

A−1 =


−p · n

RT −p · o
−p · a

0 0 0 1

 (11)

In order to avoid ambiguity when using homogeneous transformation matri-
ces to describe the relationships between coordinate systems it is conventional to
attach the name of the related coordinate systems to the variable specifying the
transformation. The name of the source coordinate system is typically appen-
ded as a subscript with the destination coordinate system added as a preceding
superscript [17]. Thus the transformation denoted by 0A1 refers to the trans-
formation A which relates the mapping from objects described in coordinate
system 1 to coordinate system 0. Likewise vectors are preceded by a superscript
which identifies the particular coordinate system with respect to which they are
specified. Thus the description of a vector v in two different coordinate systems
can be related by the equation:

0v = 0A1
1v. (12)
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Note, in some references the source coordinate system precedes the transforma-
tion matrix as in 0

1A.

5 Point of View Transformations

Between having a physical description of an object and a way to define the
object’s position, static, three-dimensional worlds can be modelled; however,
the world must be displayed on a two-dimensional computer screen. The point-
of-view (POV) transformation is the first step in displaying a realistic two-
dimensional image of a three-dimensional world. Three parameters need to be
defined to describe the relationship between the viewer and the world. The
position of the viewer in worldspace is defined as the eyepoint (EP). The point
in worldspace at which the viewer’s sight is directed is defined as the center of
interest (COI). The angular pyramid of vision which determines how much of
the world the viewer can see is defined as the view angle (VA). the relationship
of these three parameters is illustrated in Fig. 2.

Figure 2: Definition of viewing parameters.

To perform the POV transformation one first translates the COI to the
origin. This is done with the homogeneous transformation:

x′

y′

z′

1

 =


1 0 0 −COIx
0 1 0 −COIy
0 0 1 −COIz
0 0 0 1



x
y
z
1

 (13)
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The EP is then rotated about the Y-axis by an angle θ until it lies in the
YZ-plane (see Fig. 3). This is performed by the homogeneous transformation:

x′

y′

z′

1

 =


cos θ 0 − sin θ 0

0 1 0 0
sin θ 0 cos θ 0

0 0 0 1



x
y
z
1

 (14)

where

cos θ = c/
√
a2 + c2 (15)

sin θ = a/
√
a2 + c2 (16)

and ax̂+ bŷ+ cẑ is the vector from the EP to the COI. The EP is then rotated
an angle φ about the X-axis until it lies on the Z-axis. This is performed by the
transformation: 

x′

y′

z′

1

 =


1 0 0 0
0 cosφ − sinφ 0
0 sinφ cosφ 0
0 0 0 1



x
y
z
1

 (17)

where

cosφ =
√
a2 + c2/d (18)

sinφ = b/d (19)

and d =
√

(a2 + b2 + c2). To complete the POV transformation it is conven-
tional to flip to a left-handed space with the origin located at the EP. The
transform to perform this operation is:

x′

y′

z′

1

 =


1 0 0 0
0 1 0 0
0 0 −1 d
0 0 0 1



x
y
z
1

 (20)

The objects are now defined in a space as shown in Fig. 4. This space will be
referred to as eyespace. The above series of transformations are arranged so
that “up” is defined as the positive Y-axis.

6 Position Interpolation with Catmull-Rom Spli-
nes

Thus far, all the tools for defining static frames have been discussed; however,
the full power of computer simulations lies in accurately modelling and dis-
playing objects’ motions along trajectories. Just as a curve can be defined by
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Figure 3: Rotations required in the point of view transformation.

Figure 4: Resultant eyespace coordinate frame after point of view transforma-
tion.

interpolating between two fixed points, motion along a trajectory can be defined
by interpolating between key static frames. When interpolating between given
values in key frames, certain characteristics are desirable. First, it is desirable
to have the effect of a given key frame be confined to its immediate temporal
locality, i.e., only local information should be used to interpolate between gi-
ven key frames. Secondly, the function determined for the variable parameters
should take on the exact value specified at given key frames. Finally, in order
to maintain a smooth change between key frames, a certain order of continuity
should be maintained between changes in key frames. Many different interpo-
lation methods generate trajectories, or splines, which meet these constraints.

One interpolation method which achieves all of the above while maintaining
a minimal computation time is a Catmull-Rom cubic spline. The Catmull-Rom
spline uses information from only a single point on each side of the two points
through which the spline is to be fitted. It also maintains first-oder continuity
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between successive splines.

Figure 5: Derivation of the Catmull-Rom cubic spline.

To determine the equation of the cubic spline, f(t), to be fitted between two
given points pi and pi+1 (see Fig. 5), the coefficients a3, a2, a1, and a0 in the
equation:

f(t) = a3t
3 + a2t

2 + a1t+ a0 (21)

must be found. By constraining the cubic function to pass through the point pi
when t is equal to zero and through the point pi+1 when t is equal to one, the
equations:

pi = a0
pi+1 = a3 + a2 + a1 + a0

(22)

are obtained. In order to preserve first order continuity between successive
splines, the derivative of the cubic at t=0 and t=1 must be specified. Approx-
imations to the derivatives at pi and pi+1 are given by (pi+1 − pi−1)/2 and
(pi+2− pi)/2, respectively. Satisfying these constraints results in the equations:

pi+1 − pi−1 = 2a1
pi+2 − pi = 2(3a3 + 2a2 + a1).

(23)

Solving the four simultaneous equations from Eqs. (22) and (23) for the four
coefficients of the cubic equation in Eq. (21) results in:

f(t) =
[
t3 t2 t 1

]

− 1

2
3
2 − 3

2
1
2

1 − 5
2 2 − 1

2

− 1
2 0 1

2 0

0 1 0 0



pi−1

pi

pi+1

pi+2


Hence, given position descriptions of an object at key frames, a continuous cubic
function can be found which describes the motion of the object. The position
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of the object can be found at any point in time by evaluating the calculated
f(t). Velocity and acceleration information can also be found by taking the
appropriate number of derivatives.

7 Quaternions

In many applications a robotic manipulator’s orientation is just as important as
its position for accomplishing a given task. For example, in welding applicati-
ons, the end effector must follow a given positional trajectory but also maintain
an appropriate angle between the tool tip and surface. Just as key position
frames can be interpolated, so too can key orientations. Before previously in-
troduced interpolation methods can be extended to orientation, it is necessary
to introduce an appropriate representation for key orientations.

A 3 × 3 rotation matrix can be used to describe orientation but there are
many redundancies in such a representation. The columns must be mutually
orthogonal and have unit magnitude, imposing six constraints on the represen-
tation. Hence, of the nine values contained in a rotation matrix, only three are
actually free parameters. This redundancy adds computational complexity and
raises the desire for a more concise way to represent an object’s orientation.

Rather than specify the principal directions of the coordinate frame attached
to an object, consider instead specifying the axis and angle of rotation, k and θ
respectively, required to achieve a given orientation. These two parameters alone
can also be used to specify orientation. While the magnitude of the angle of
rotation can be used to scale the axis of rotation, these quantities are frequently
represented as the pair (θ, k) where k is of unit length. The vector u′ which is
the result of applying a rotation of θ to the vector v around the axis k is then
given by:

u′ = u cos θ − (k × u) sin θ + k(k · u)(1− cos θ)] (24)

Unfortunately, the equations for combining two rotations specified in this man-
ner is unduly complex. For this reason, representations which scale the pair
by trigonometric functions of θ/2 are commonly employed. One such repre-
sentation, called the Rodrigues vector [8] is a result of multiplying the axis of
rotation k by the quantity tan(θ/2). Unfortunately, this representation can re-
sult in numerical inaccuracy since the magnitude of the Rodrigues vector can
become infinite.

Ideally, one would like a representation which explicitly contains the geome-
tric information of axis and angle of rotation in a numerically well-conditioned
manner along with a straightforward method of combining successive rotations.
Such a representation is possible through the use of quaternions, a mathemati-
cal entity composed of a scalar and vector pair denoted here as (s, v). The axis
and angle of rotation required to achieve an orientation can be represented by
the unit quaternion (cos(θ/2), k sin(θ/2)) where the magnitude of quaternions
is defined as:

|(s, v)|2 = s2 + v · v. (25)
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The vector portion of this pair is sometimes call the Euler vector with the set
of four scalar quantities also known as Euler parameters [8].

For calculations involving quaternions, the following four operations are de-
fined:

(s1, v1) ◦ (s2, v2) = (s1s2 − v1 · v2, s1v2 + s2v1 + v1 × v2) (26)

(s1, v1) + (s2, v2) = (s1 + s2, v1 + v2) (27)

s1(s2, v2) = (s1s2, s1v2) (28)

(s, v)−1 =
(s,−v)

|(s, v)|2
(29)

where quaternion multiplication is denoted by ◦ in order to avoid confusion with
either the vector dot or cross product. Using the above definitions, it can be
shown that quaternion multiplication results in rotation. Given an arbitrary
vector u in quaternion notation (0, u), premultiplication by the unit quaternion
(cos(θ/2), k sin(θ/2)) and postmultiplication by its inverse results in:

(cos(θ/2), k sin(θ/2)) ◦ (0, u) ◦ (cos(θ/2),−k sin(θ/2))

= (− sin(θ/2)k · u, cos(θ/2)u+ sin(θ/2)k × u) ◦ (cos(θ/2),−k sin(θ/2))

= (0, u cos θ − (k × u) sin θ + k(k · u)(1− cos θ))

which is identical to (24). The associativity of quaternion multiplication allows
successive rotations to be combined by simply multiplying their respective qua-
ternion representations in the same manner as homogeneous transformations
are combined. Thus the resultant effect of n rotations denoted by (si, vi) can
be calculated using:

(s, v) = (s1, v1) ◦ (s2, v2) ◦ · · · ◦ (sn, vn) (30)

It should be clear that quanternion multiplication, once again like matrix mul-
tiplication, is not commutative.

The elegance of the above formulation also results in practical advantages
due to the reduced number of computations as compared to rotation matrix
multiplication [20]. Conversion from quaternions to rotation matrices is relati-
vely straight-forward. By substituting the definition of a unit quaternion into
(9) the formula for a rotation matrix in terms of a unit quaternion (s,v) can be
obtained:

R =

 1− 2(v2y + v2z) 2(vxvy − svz) 2(vxvz + svy)
2(vxvy + svz) 1− 2(v2x + v2z) 2(vyvz − svx)
2(vxvz − svy) 2(vyvz + svx) 1− 2(v2x + v2y)

 . (31)

The conversion from rotation matrices to quaternion, however, requires slightly
more thought. Four formulations for the conversion are presented in Table 1.
The choice of which formulation to use is based on isolating the Euler parameter
with the largest magnitude by choosing the appropriate linear combination of
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the matrix diagonal. More specifically, the appropriate conversion is determined
by first calculating:

max(∆x, ∆y, ∆z, ∆s)

where:
∆x = 1 + nx − oy − az
∆y = 1− nx + oy − az
∆z = 1− nx − oy + az
∆s = 1 + nz + oy + az.

Since at least one of the parameters is guaranteed to have a magnitude greater
than or equal to 0.5, ill-conditioned equations can be avoided.

Table 1: Four sets of equations for converting from a rotation matrix to a unit
quaternion according to the largest Euler parameter.

8 Jacobian and Inverse Kinematics

Given a robot’s geometry and angle-values for each of its joints, the position of
the end effector can easily be calculated using geometry and forward kinematics.
Most tasks involve solving an inverse kinematics problem - what joint angles are
needed to achieve a desired position. The solution of the inverse kinematics pro-
blem usually relies on the evaluation of inverse trigonometric functions and is
restricted to particular robot geometries. A general closed-form solution for an
arbitrary robot structure has not been found. However, for those geometries
for which solutions do exist, inverse kinematics represents the simplest method
for controlling robots used in pick and place tasks. For tasks described in these
terms, such as some assembly and materials handling tasks, only selected confi-
gurations of the end effector are important for successful task completion. Paths
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between such configurations are unconstrained except for global considerations
such as collision avoidance. Motion planning for such cases can consist of in-
verse kinematics for selected configurations with joint interpolation in between.
In other cases, some cartesian control between configurations may be required.
Thus, straight line motion combined with one or two axis rotations between
configurations is popularly employed [16,21].

In a growing number of applications, however, the above inverse kinematics
techniques are not sufficient. When used for arc welding or paint spraying, for
example, tool paths required for successful completion are not only based on a
fixed set of positions and orientations but must be controlled along particular
trajectories at specified rates. In order to simulate motion planning at this level,
the concept of resolved motion rate control was developed [23]. Essential to this
concept is the Jacobian matrix. The Jacobian matrix J , relates the velocity of
the robot’s end effector to the joint variable velocities through the equation:

Jθ̇ =

[
ẋ
ω

]
(32)

where ẋ is a three-dimensional vector defining the translational velocity, ω
is a three-dimensional vector defining the rotational velocity and θ̇ is an n-
dimensional vector representing the joint velocities, n being the number of de-
grees of freedom which the robot possesses. While a number of techniques for
calculating the Jacobian have been studied [15], a particularly elegant and ef-
ficient method for graphic simulators is available which only uses the position
vector, p, and one column of the rotation matrix R of the homogeneous trans-
formations 0Ai for i = 1 to n [22]. In this application of screw axis variables
the only computation required, other than that required for the homogeneous
transformations, is a single cross product per column of J . This formulation,
therefore, is particularly useful for graphic simulators since the individual ho-
mogeneous transformation matrices must already be computed for generating a
display of the robot.

Thus for tasks specified as desired end effector velocities, the required joint
velocities to achieve the task are obtained by solving the linear set of equations
given by Equation 32. The desired joint velocities are given by:

θ̇ = J−1
[
ẋ
ω

]
(33)

if J is square and nonsingular. For those cases where the number of degrees of
freedom do not match the dimension of the specified velocity or if J is singular,
J−1 is not defined. In these cases, even though the inverse of the Jacobian does
not exist, there do exist generalized inverses or other techniques which provide
useful solutions to equation 33 [2, 3, 9].
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