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Open Loop Digital Control Systems
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Pulse Transfer Function

Consider the following open-loop digital control system with a sampler and hold.
To study the behaviour of this system using discrete-time methods, we assume
there is a fictitious sampler at the output. Then,

Fictitious sampler
G(s) c*(t),C(z)
T

et) | e*t) | 70H | Plant c(t) or C(s)
) T E(2) .0.

C(s) = G(s)E"(s)

Take starred transform

C*(s) =[G E*(s)]" N

From @, C*(s) =7 ZO:OC(S + jnws) = + § ZOOG(S + jnws) E* (s + jnws) =

% ZZO:_OO G(s+ jnws)E*(s) = = G(s+ jnws)E*(s) = G*(s)E*(s)

n—=—oo

do
G*(s): pulse transfer function OOS%%
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Cascaded Systems

Since E*(s + jnws) = E*(s) and 2 Y. G(s+ jnws) = G*(s). Thus

C*(s) = G*(s)E*(s) or C(z) = G(2)E(z)

where G(z) : Pulse Transfer Function
Cascaded Systems

Case 1: Systems Separated by Samplers
Both G1(s) and G(s) contain hold devices.

&) el

E(s) T E*(sji‘ o9 | A A o <(t) or Cls)
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Cascaded Systems-Cont.

Case 2: No Sampler in Between
G(s)

L er,c)
¢

B | Ef) Als) ft) or C(s)
T H

6.9 ‘ 6l5) ‘

C(s) = A(s)G2(s)
A(s) = G1(s)E*(s)

Thus

C*(s) = G1Ga (s)E*(s)
G1Gs (s) = [G1(s)Ga(s)]*
Overall transfer function

G*(s) = 5= = G1Gs or G(2) = GiGal(2)
Case 3: Sampler In Between But Not at Input

G(s)

b= c9 - i B

L ern,C)
e

Els) o) Als) 1‘1 I, cft) or Cls)
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Cascaded Systems-Cont.

C(s) = A°(5)Gals) = C*(s) = A*(5)G3(s)

A(s) = G1(s)E(s) = A*(s) =G1E (s)

C*(s) = G5(s)GLE (s) or CO(z) = G1E(2)Ga(2)
No overall transfer function in this case.

Remark:

ZOH is followed by a continuous-time system as shown.

RG]
E) e } Jon } ) } o } cltyor Cls)
C(s) = E(s)Gp(s) (1—e"T9)
_ = C(s) = G E*
E(S) _ (1 eS )E*( ) (S) s p(S) (8)

»

C*(s) = (1 — e~ T%) [Gp(s)}*E*(s)
Cz)=(1—- >Nz [Ggﬂ E(2)

where from now on Z £ {] He=2m-

—~
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Cascaded Systems-Cont.

Example 1: Consider the open-loop system shown below where e(t) = u4(t).
Find C(z) and ¢(n).

Plant *(t) )

3s . clt) or C(s)

E(s) 1 A ;
(s+1)(s+3) [ ]

L L ‘ Z.0.H
: T=lsec. |

From Case 3:

C(z) = Gg(z_)glE(z)

Ga(s) = =5—Gyp(2) = (1 - €_T5)m

G3(5) = (1 - ™) [ | = Ga(2) = (1~ =2 Gty
Using Table on page 513,

Ga(z) = 3%
And,

GE(Z):Z|: 1 :|_ (1@1)2
1 s(s+1) (z—1)(z—e~ 1) C()S%%do
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Cascaded Systems-Cont.

C(z) = G2(2)G1E(z) = [z;l (%) (e"1—e3)z } [ (1—e~1)2 } _

GeDG—e%] |G- Di—eD

3/2(1—e (e t1—e %)z
(z—e=1)2(z—e—3)

Using PFE,
C(z) _ 0949 298 4 2.8
z  (2—0.368)2  z—0.368 ' z—0.0498

e(nT) = ¢(n) = 22491,(0.368)" — 2.98(0.368)™ + 2.98(0.0498)" Vn > 0
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Open Loop Systems With Digital Filter/Controller

Consider,

et e o e MO oy PO g | et

T=1sec.

C() = (1 - 271z [ =] D(2)E(2)
Overall transfer function is:

G(x) =58 =(1-=")z [LU} D(2)

Yk

M.R. Azimi Digital Control & Digital Filters



Open Loop Digital Control Systems
0000000

Open Loop Systems With Digital Filter/Controller

Example 2:

Consider previous scenario where digital filter is given by:
m(n) =—-m(n—1)+e(n—1)

and e(t) = us(t), T =1Sec, Gp(s)=1/s

Find ¢(nT).

M(z) = —2"'M(2) + 27 B(z) = D(2) = 48 = 255 = 4
E(z :Z [i] = 2

Zls]l=chy =

C(z) = = EEE TS [E=yE=yg

1

")

Apply PFE
Cc(z) _ 1/4 1/2 1/4
= T I T e 2 ey

c(n) = (7(=1)" + 3n — pus(n).

Yk
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Modified z-Transform

Applications

© Determine system response in between the samples.

@ System (plant or digital filter) includes fractional delays (not exact multiple of
sampling period).

© Non synchronous samplers.

Application 1: Response in between samples: Insert a fictitious delay, AT, at output
of plant where A is swept in 0 < A < 1.

Fictitious sampler Fictitious sampler
e (1),C(2) )
N T T
e(t | e*(t t) c(t-AT)
(t) gl (t) Gols) cft) gars |
Fictitious Delay Output of the delay after
sampling,

& (t — AT) = e(t — AT)67(t) = c(t — AT) S 8(t — kT)

C*(s,8) = Z{c"(t — AT)} = g [Z1c(t — AT)} + L{5r(1)}] .
_ 1 [C(S)efATs * 1 :| COS%%

27y 1—e-Ts
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z-Transform

Modified z-Transform-Application 1

Using residue theorem:
e~ ATE

C*(87A)|s:%lnz = > Residues C(f)mh:%lnz
poles of C(&)
Letm=1—-4A, 0<m<1
@ C(z,m) =271 > Res C({)% :Modified z-transform of ¢(t)
poles of C(&)

or Z,[C(s)] = C(z,m) = Z[C(5)e ™ 2T*])|a=1—m

As before,

@ C(va) = % Z C(S +jnws)ei(1im)T(S+jnw3) s:% Inz

C(z,m) = Zlc(t — AT)] = 3 (kT — AT)z"F = 3" (kT +mT —T)z7F
k=0 k=0

@ C(z,m) =21 kijo c((k+m)T)z=F

Note: These equations are valid assuming ¢(0) = 0 otherwise add ¢(0)/2 to
each. O()S%%do

M.R. Azimi Digital Control & Digital Filters



Modified z-Transform
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Modified z-Transform—Application 1

Now, using the input-output relationship of the system, the expression for the
modified z-transform C(z,m) can be obtained as follows:

C(s) = Gp(s)E*(s)
Using this equation in @ we get,

Clam) =% 3 Ofs+ jnw,)e=(mmTltimen)|

00 - ‘
=7 22 Gpls+jnws)E"(s + jnwg e (T ltinea) |4
But since E*(s + jnws) = E*(s)
= E(Z)% ; Gp(s +jnws)€_(1_m)T(s+jan) s==x1Inz
Or,
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Modified z-Transform—Application 1

Example: Consider G)(s) = ? and e(t) = us(t). Find expression for output in
between the samples.

We use C'(z,m) = Gp(z,m)E(z)
Here E(Z) = E(S)*|s:%lnz =z

z—1
Gp(z,m) = Zy, [ﬁ}
From the Table on pages 513-514,

—mT
Gp(z?m) = ZG,:—T

Thus, C(z,m) = ez

z—e T 21

Using long-division C'(z,m) can be expanded in power series in 2~ 1. It can be
shown that the k*" coefficient for term 2% is:

Con (k) = <7202 w5

which gives the output response for the time duration (k — 1)T" < ¢t < kT whiggpdo
m is varied between 0 and 1. -
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