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Signal Flow Graphs
0000

Signal Flow Graph Examples

Example 3:

Yy Ye

Find ¥ and 4.
Y2

Y1
Part (a): Input: y; Output: yg
M; = abe M5 = acde
Loops:

Py = —cg Py = —eh

P31 = —cdei P41 = —bes

Loops 1 and 2 are non-touching:

Plg = P11P21 = cgeh

A=1—-P— Py — P33 — Py +Pp»
=1+ cg + eh + cdei + bei + cgeh
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Signal Flow Graph Examples-Cont.

Both paths touch all loops, hence A; =1 and Ay = 1. Then we have,

Yo _ MiAy + MyAy  abe + acde

v A B A
Part (b): Note that ys is not an input node. Thus, to find g—; we find % and

g—f and then divide them. But since y5 = yg we only need to find %

For Z—f: Output: yo Input: 31
My =a A =1+eh
y2 _ a(l+eh)

yi A
Using the result in part (a) we get
Ys _ yis/yl __ abe+acde
Y2 yi/ y1 a(l4eh)
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Example 4
- H1
1 G, G,
R, c,
G, G,
R C
: 1 G, G, ?
-H

Gn(S) = %

Ra=0

Input: Ry(s) Output: C4(s)

My = GG,

Py =-G1GoH, Py = —G5GsHy

P31 = —G3G4GHy

Loops 1 and 2 are non-touching, thus Pjs = Py1 Py = G1GoG5GgH1 Ho

A=1— P — Py — P31+ P12 (,‘()l(){\é{{é)
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Path 1 is non-touching with loop 2, A1 =1+ G5GgH>

Cy G1G2(1 + G5GeHa)
Gll(s) = — =
Ri|p,—o A
G =&
12(5) =, Ri=0
M1 = G2G3 Al = 1. Thus
Ch G2G3
G = — = —
12(8) RQ Ri—0 A
For Gai(s) = &2 :
or 21(8) R R2=0
M1 = G1G4G6 Al =1. Thus,
Co G1G4Gg
Gu(s)= 22| =T
Ry Ry=0 A (,‘()lo{é(tlg
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Finally, for Gaa(s) = 1%

R1=0

M1 = G5G6 Al =1 + G1G2H1, and
Mg = G3G4G6 AQ =1.

Thus

_ G5Ge(1 + G1G2H1) + G3G4Gg

C
022(8) = 2 A

Ry

R2=0

(,‘()lo{a(l()
tate
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State-Space Representation

Idea: Convert an nt"-order differential equation of an LTI system to n 1%‘-order
simultaneous differential equations where variables are called state-variables and
specification of their values at same time instant is the state of the system at

that time. Given the state of the system at time ¢y and all the inputs from time
to to t, the behaviour of the system can be completely determined for all ¢ > ¢g.

State Variables: Smallest set of variables that determine the behaviour of an LTI
system. We use the notation z1,...x,.
Note: They might not be physically measurable or observable quantities.

State Vector: State variables arranged in a n — D vector:

z1(t)
z2(t)
z(t)=1] . | ER"
T (t)
State-Space: n-dimensional space whose coordinates axis are x1, ... Zy. Cologado
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State-Space Representation-Cont.

State-Space Equations (SISO):
(a) LTI System

Let w(t): input, y(t): output, and x(t): state vector. Then, state
equations for LTI systems are

2(t) = Az(t) + Bu(t) (state equation)

y(t) = Cx(t) + du(t) (output equation)

where A is a n X n matrix, B is a n x 1 vector, C'is 1 x n, and d is a scalar.

Also,

dzq (1)
dt

da;IL/(t)
dt

(b) Linear Time-Varying (LTV) System

i(t) = AWz(t) + B(t)u(t)

y(t) = C(t)x(t) + d(t)u(t)

where A, B, C, d are now time-dependent.
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State-Space Representation-Cont.

(c) Nonlinear System

£(t) = f (2(t), u(t); 1)

y(t) =g (z(t), ult); 1)

where f(.) = [fi(.) f2(.), - fn()]" i.e. a vectorial function of state vector z(t)
and g(.) is a scalar (for SISO) function of z(t) .

Advantages of State-Space Representation:

@ Unified way of representing all types systems e.g., nonlinear, time-varying,
MIMO and large scale systems.

@ Gives more insight into structure of the system (via state variables).
© Controller design using state feedback is a more versatile and effective

strategy when compared to the traditional methods e.g., PID control.
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State-Space Representation-Cont.

Example 1:

Express equations of the RLC circuit below in state-space form.

v, 20)
V() (P i («) T ip(t)
=

KCL
in(t) = CT5? +ialt)
KVL
Ryiy () + Ly 920 4oy (8) = v,(1)
Lo %28 4 Ryin(t) — ve(t) =0
Let us assign state variables as follows:
ve(t) = z1(t)
i1(t) = xa(t)
i2(t) = z3(1)

M.R. Azimi Control Systems

(,‘()lo{a(l()
tate



State-Space Representation

State-Space Representation-Cont.

Then

1
= —x9(t) — t
dt @~ onlt) gl
dll(t) dmg(t) 1 R1 1
= =——ux1(t) — —xaft t
I 1 Lll’l() L1$2()+LIUS()
dig(t) dl‘3(t) 1 R2
= = —u,(t) — Zas(t
dt AT PCA Pl
Thus, we get the following state equation
dx
RN e B T S W T DA
i(t) = |42zl O za(t) | + | 7y | vs(t)
dac;t(t) s 0 ,i x3(t) 0

If we want to get the voltage across Ry as output, then:

ml(t)
y(t) = vg, = Raia(t) = [0 0 R |z2(2)

(,‘()lo{ad()
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State-Space Representation-Cont.

Now, suppose we want to get both vg, and v. as outputs, then :

Note: The states, voltages across capacitors and currents through inductors,
capture everything to know about this RLC circuit.

Transformation from Differential Equation (or Transfer Function) to
State-Space Formulation:
Given an LTI system described by,

iyl i)
2 n g =2 by
=0 7=0

y(t): output, wu(t): input, n: order. Let m =n and a, =1 (normalize if
not). Alternatively, the transfer function (all ICs=0) is

_ Y (s) _ Z?:O bjSJ: _ B(s) (,‘()lo{é{{é)
U(s) Yirgaist  Als)
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Decompose the transfer function into two cascaded parts with an All-Pole, -

Als)
and All-Zero, B(s), parts as shown.
U W Y
4-(3) 1/A(s) © B(s) 4-(3)
All-pole part:
W) 1 1
U(s)  A(s) b ,a:s
(Xigais’) W(s) =U(s) = (s" + an_15" "1+ -+ +ag) W(s) = U(s)
Convert to time-domain by taking inverse LT:
d™w(t) d"tw(t)
i a1 g e aow(t) = u(d)
(,‘()lo{é(tlg
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State-Space Representation-Cont.

Assign state variables as follows:

#1(t) = u(t)
ma(t) = S = S = ()

zp(t) = (i;;?_(tl) = dzg't(t) = d?:ft) —Qp—1Zn(t) — - — apgx1(t) + u(t) Or

in matrix form,

dzq(t) 0 1 0 N 0 xl(t) 0
dt o 0 1 .. 0 : :
dNa:(t) 1 l‘n_l(t) 0
N —ag —ai —Q2 ... —Qp_1 Zn(t) 1
or
&(t) = Az(t) + Bu(t)
This structure is known as Phase Variable Canonical Form (PVCF). Cologado
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State-Space Representation-Cont.

All-zero part:
Y(s) = Bs)W(s) = (S bjs' ) W(s)

Convert to time-domain by taking inverse LT:

d™w(t) dntw(t)
y(t) = by ain + bn—lw + -+ bow(t)
Substituting terms from previous state equations:
y(t) = by (—aoz1(t) — arzo(t) — - — ap_12,(t) + u(t)) +bp_12,(t) +- -+ bo

y(t) - (b()*bna())xl(t)“i’(bl*bnal)m2<t)+' : '+(bn—l*bnan—l)mn—l(t)‘kbnu(t)

y(t) = cox1(t) + crza(t) + -+ - + cn—12n—1 + du(t) = Cx(t) + du(t)
where ¢; = b; — bya; for all i € [0,n — 1] and d = b,,.
Remark: If m < n (strictly proper), then b, =0, ¢; = b;.

Note: Given a transfer function you can always using these general equations |
(without derivation) to arrive at PVCF form.
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State-Space Representation-Cont.

Example: An LTI system is given by:
Py(t) | d?y(t)
3
a0

Convert to PVCF.
We first take LT and apply the properties,

+2y(t) + /0 y(r)dr = u(t)

1
(83 +3s% +2+ S (s) =U(s)
Thus, the transfer function: H(s) = ;Eg = e
From this transfer function, ag = 1, a1 = 2, as = 0, a3 = 3 while b = 1 and
bg = ba = bz = 0. Thus, we get

-1 -2
and y(t) =101 0 0]z(
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