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4.2 Hyperplanes and Linear Varieties

Let uy,ug,...,un, v € R, where at least one of the u; is nonzero. The set of
all points @ = [¢1,2,...,2,] that satisfy the linear equation

U1y + U2T2 + * + UpTn =V
is called a hyperplane of the space R™®. We may describe the hyperplane by
{zeR":uTz = v},

where
u = [ug, ug,y... us) "

A hyperplane is not necessarily a subspace of R™ since, in general, it does
not contain the origin. For n = 2, the equation of the hyperplane has the
form w;x; + ugx, = v, which is the equation of a straight line. Thus, straight
lines are hyperplanes in R?. In R® (three-dimensional space), hyperplanes are
ordinary planes. By translating a hyperplane so that it contains the origin of
R™, it becomes a subspace of R™ (see Figure 4.2). Because the dimension of
this subspace is n — 1, we say that the hyperplane has dimension n — 1.

The hyperplane H = {x : uyzy + -+ - + u,z, = v} divides R" into two half-
spaces. One of these half-spaces consists of the points satisfying the inequality
U1 Ty + U + -+ + U T, = v, denoted

Hy={zeR":u"z >},

EM: The translator confused the words “translating” and “transforming”. So he
translated it as if it is “by transforming a hyperplane...” instead of “by translating a
hyperplane...”.
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4.3 Convex Sets

Recall that the line segment between two points u,v € R™ is the set {w €
R" : w=au+ (1 -a)v,a € [0,1]}. A point w = au + (1 — a)v (where
a € [0,1)) is called a convex combination of the points u and v.

A set © C R" is convez if for all u,v € O, the line segment between u and
v is in ©. Figure 4.4 gives examples of convex sets, whereas Figure 4.5 gives
examples of sets that are not convex. Note that © is convex if and only if
au+ (1 —a)v € O for all u,v € © and a € (0,1).

EM: Formula Error
CV: Only have to correct the formula
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A point @ in a convex set © is said to be an eztreme point of © if there are
no two distinct points © and v in © such that = au + (1 — a)v for some
a € (0,1). For example, in Figure 4.4, any point on the boundary of the disk
is an extreme point, the vertex (corner) of the set on the right is an extreme
point, and the endpoint of the half-line is also an extreme point.

4.4 Neighborhoods

A neighborhood of a point & € R™ is the set
{yeR": |ly—=| <e},

A point @ in a convex set, © is said to be an eztreme point of © if there are
no two distinct points u and v in © such that = au + (1 — a)v for some
a € (0,1). For example, in Figure 4.4, any point on the boundary of the disk
is an extreme point, the vertex (corner) of the set on the right is an extreme
point, and the endpoint of the half-line is also an extreme point.

4.4 Neighborhoods

A neighborhood of a point & € R™ is the set

{veR":|ly—=z| <e},

where ¢ is some positive number. The neighborhood is also called a ball with
radius € and center 2.

EM: 1. The translator did not specify u, v, and x are in the convex set ©
2. did not specify u, v are two distinct points

CV: MERMEOFAREFAERNFRIM AUy, FEH/ENFEANHEOFHRXE
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NEIGHBORHOODS 51

disk sphere

Figure 4.7 Examples of neighborhoods of a point in R? and R®.

A point @ € S is said to be an interior point of the set S if the set S contains
some neighborhood of @; that is, if all points within some neighborhood of =
are also in S (see Figure 4.8). The set of all the interior points of S is called
the inferior of S.
A point 2 is said to be a boundary point of the set S if every neighborhood
of & contains a point in S and a point not in S (see Figure 4.8). Note that
a boundary point of S may or may not be an element of S. The set of all
boundary points of S is called the boundary of S.
EM: Did not specify every/all neighbourhood(s) of x. My reasoning is a
counterexample that if the set S is finitely large, then there will always be a large
enough neighbourhood of x (even though x is an interior point of S or an exterior
point of S but not infinitely far away from S) that contains some points in S and some
points that are not in S, so we must say all neighbourhoods of x including the very
small ones.
CV: IR x I AT S S PR, thBESHMR(LE4.8), MLIm x A&
a8 S KR A,
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NEIGHBORHOODS 51

disk sphere

Figure 4.7 Examples of neighborhoods of a point in R? and R3.

A point & € § is said to be an interior point of the set S if the set S contains
some neighborhood of @; that is, if all points within some neighborhood of «
are also in § (see Figure 4.8). The set of all the interior points of S is called
the interior of S.

A point @ is said to be a boundary point of the set S if every neighborhood
of @ contains a point in S and a point not in S (see Figure 4.8). Note that
a boundary point of S may or may not be an element of S. The set of all
boundary points of S is called the boundary of S.

A set S is said to be open if it contains a neighborhood of each of its points;
that is, if each of its points is an interior point, or equivalently, if S contains
no boundary points.

A set S is said to be closed if it contains its boundary (see Figure 4.9). We
can show that a set is closed if and only if its complement is open.

A set that is contained in a ball of finite radius is said to be bounded. A
set is compact if it is both closed and bounded. Compact sets are important
in optimization problems for the following reason.

EM: Did not specify that set S only has to contain one neighbourhood of each of its
points to be defined as open, the Chinese version says “S is open if it contains
neighbourhoods of each of its points”, there is no attributive before
neighbourhood(s).

CV. INREESEEENETRAHN—NEANLE B LHZEERFE.
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4.5 Polytopes and Polyhedra

Let © be a convex set, and suppose that y is a boundary point of ©. A
hyperplane passing through y is called a hyperplane of support (or supporting
hyperplane) of the set © if the entire set © lies completely in one of the two
half-spaces into which this hyperplane divides the space R"™.
EM: The translator mistakenly interchanged the terms “polytopes” and “polyhedra,”
using each in place of the other.
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4.5 Polytopes and Polyhedra

Let © be a convex set, and suppose that y is a boundary point of ©. A
hyperplane passing through v is called a hyperplane of support (or supporting
hyperplane) of the set © if the entire set © lies completely in one of the two
half-spaces into which this hyperplane divides the space R™.

Recall that by Theorem 4.1, the intersection of any number of convex sets
is convex. In what follows we are concerned with the intersection of a finite
number of half-spaces. Because every half-space H, or H_ is convex in R",
the intersection of any number of half-spaces is a convex set.

A set that can be expressed as the intersection of a finite number of half-
spaces is called a convex polytope (see Figure 4.10).



4.5 Polytopes and Polyhedra

Let © be a convex set, and suppose that y is a boundary point of ©. A
hyperplane passing through y is called a hyperplane of support (or supporting
hyperplane) of the set © if the entire set © lies completely in one of the two
half-spaces into which this hyperplane divides the space R™.

Recall that by Theorem 4.1, the intersection of any number of convex sets
is convex. In what follows we are concerned with the intersection of a finite
number of half-spaces. Because every half-space H; or H_ is convex in R",
the intersection of any number of half-spaces is a convex set.

A set that can be expressed as the intersection of a finite number of half-
spaces is called a convez polytope (see Figure 4.10).

A nonempty bounded polytope is called a polyhedron (see Figure 4.11).

EM: No error, this part is correct although it is different from the original book,
because the errata has changed “convex polytope” into “polyhedron” and “A
nonempty bounded polytope is called a polyhedron” to “A nonempty bounded
polyhedron is called a polytope”.

Errata:

Errata:
An Introduction to Optimization, Fourth Edition
by
Edwin K. P. Chong and Stanislaw H. Zak

Version: March 6, 2024

Typos and minor changes: Printings 1-3
e p. 12, second line from bottom: Remove one of the two repeated instances of “use.”

e p. 15, line 5: Add to the end of the sentence: “Moreover, it follows from properties 1 and
2 that the determinant of a matrix with two identical columns, not necessarily next to each
other, is always 0.” [Thanks to Zain Khandwala.]

e p. 52, four lines from bottom: Change “convex polytope” to “polyhedron”. (Unfortunately,
the definitions of polytope and polyhedron are not universal, so the original text is still con-
sistent with some definitions in the literature.)
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Version: March 6, 2024
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2 that the determinant of a matrix with two identical columns, not necessarily next to each
other, is always 0.” [Thanks to Zain Khandwala.]

o p. 52, four lines from bottom: Change “convex polytope” to “polyhedron”. (Unfortunately,
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e p. 52, caption of Figure 4.10: Change to “Polyhedra.”

e p. 52, three lines from bottom: Change “A nonempty bounded polytope is called a polyhe-
dron” to “A nonempty bounded polyhedron is called a polytope”. (Unfortunately, the defini-
tions of polytope and polyhedron are not universal, so the original text is still consistent with
some definitions in the literature.)
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Figure 4.10 Polytopes.

EXERCISES 53

C)

Figure 4.11  One-dimensional polyhedron.

EM: No error, this part is correct although it is different from the original book,
because the errata has changed the names into “polyhedra” and “one-dimensional

polytope”.
Errata:



Errata:
An Introduction to Optimization, Fourth Edition
by
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Typos and minor changes: Printings 1-3
e p. 12, second line from bottom: Remove one of the two repeated instances of “use.”

e p. 15, line 5: Add to the end of the sentence: “Moreover, it follows from properties 1 and
2 that the determinant of a matrix with two identical columns, not necessarily next to each
other, is always 0.” [Thanks to Zain Khandwala.]

e p. 52, four lines from bottom: Change “convex polytope” to “polyhedron”. (Unfortunately,
the definitions of polytope and polyhedron are not universal, so the original text is still con-
sistent with some definitions in the literature.)

e p. 52, caption of Figure 4.10: Change to “Polyhedra.”

e p. 52, three lines from bottom: Change “A nonempty bounded polytope is called a polyhe-
dron” to “A nonempty bounded polyhedron is called a polytope”. (Unfortunately, the defini-
tions of polytope and polyhedron are not universal, so the original text is still consistent with
some definitions in the literature.)

® p. 53, caption of Figure 4.11: Change “polyhedron” to “polytope”.

9. (not a serious problem)
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5.5 Level Sets and Gradients

The level set of a function f : R™ — R at level ¢ is the set of points
S={=x: f(x)=c)

For f : R?2 — R, we are usually interested in S when it is a curve. For
f:R3 = R, the sets S most often considered are surfaces.

EM: The translator paraphrased in his own words that “For f:R2 to R, level set S is a
curve, which we can directly observe; for f:R3 to R, level set S is usually a set of
curved surfaces.”

CV: If directly translated, it should be X} Ff:R2 to R B91E R, HATEE X:F S BH%k
BIER . T FR3toR, BEERE S 2HmE.”
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Example 12.5 Orthogonal Projectors. Let V C R™ be a subspace. Given a
vector x € R", we write the orthogonal decomposition of x as

=Ty + Tys,

where 2y € V is the orthogonal projection of « onto V and 2. € V* is the
orthogonal projection of & onto V+. (See Section 3.3; also recall that V! is

EM: Small formula error
CV: formula correction
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Hop, J (2", w") = lig, (x) =0, >0), B&EJ (x", p) & J(x)HFE, B
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Theorem 21.2 Second-Order Necessary Conditions. Let =* be a local
minimizer of f : R® — R subject to h(x) = 0, g(xz) < 0, h : R® — R™,
m<mn,g:R" - RP, and f,h,g € C®. Suppose that * is reqular. Then,
there exist A* € R™ and pu* € RP such that:

1. u* >0, Df(z*) + X" Dh(z*) + u* " Dg(z*) =07, u*Tg(z*) = 0.
2. For all y € T'(x*) we have y' L(z*, A\*, u*)y > 0. m]

Proof. Part 1 is simply a result of the KKT theorem. To prove part 2, we note
that because the point z* is a local minimizer over {x : h(x) = 0, g(z) < 0},
it is also a local minimizer over {x : h(z) = 0, g;(x) = 0, j € J(z*)}; that
is, the point &* is a local minimizer with active constraints taken as equality
constraints (see Exercise 21.16). Hence, the second-order necessary conditions
for equality constraints (Theorem 20.4) are applicable here, which completes
the proof. [ |

We now state the second-order sufficient conditions for extremum problems
involving inequality constraints. In the formulation of the result, we use the
following set:

T(z*,u*) = {y : Dh(z")y = 0, Dg;(x*)y = 0,i € J(z*, ")},

where j(:c‘_,pn‘) = {i : gi(x*) = 0, ] > 0}. Note that J(x*,u*) is a subset
of J(x*): J(x*, u*) C J(*). This, in turn, implies that T'(x*) is a subset of
T(z*, p*): T(z*) C T(z*,p*).

EM: \mu and u formula error

CV: formula correction
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Example 23.1 Consider the problem

1
minimize E:I:TQm
subject to ||z|® =1,

where Q@ = QT > 0. Suppose that we apply a fived-step-size projected gradient
algorithm to this problem.

a. Derive a formula for the update equation for the algorithm (i.e., write
down an explicit formula for z**1) as a function of =*), Q, and the
fixed step size a). You may assume that the argument in the projection
operator to obtain x*) is never zero.

EM: The translator confused the word “argument” in the context of
function/computing, and he used the Chinese translation of the word “argument” in
the context of complex numbers, which has nearly no connection with the whole
book.

CV. . BEETFHSH—EHBF=N0,
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Example 23.1 Consider the problem

1
minimize 5:1:-'- Qx
subject to ||z|* = 1,

where @ = Q7 > 0. Suppose that we apply a fized-step-size projected gradient
algorithm to this problem.

a. Derive a formula for the update equation for the algorithm (i.e., write
down an explicit formula for **1) as a function of 2(¥), Q, and the
fixed step size o). You may assume that the argument in the projection
operator to obtain z*) is never zero.

b. Is it possible for the algorithm not to converge to an optimal solution
even if the step size o > 0 is taken to be arbitrarily small?

c. Show that for 0 < & < 1/Amax (Where Anax is the largest eigenvalue of
Q), the fixed-step-size projected gradient algorithm (with step size a)

EM: Logical error. The translated sentence means “Is it still not possible for the
algorithm to converge to an optimal solution even if the step size alpha>0 is taken to
be arbitrarily small?”

This sentence suggests that the before alpha is specified to be arbitrarily small, the
algorithm is certain to not to converge to an optimal solution, that is why the
translated question asks “is it still impossible to converge”, but the English version is
“is it possible not to converge” meaning that before specifying alpha, it may
converge and may not, but small alpha can improve the case but the question is
whether it is still limited, and still may not converge. | believe the main difference is
what is accepted before asking the question, “may” or “impossible”.

CV: Directly from English, BN{§ alpha > 0 B{EE/NIE, ZEZR S AIEER UK E
— P EILER?



14.

C: P387
#123.3 #EFA4.
minimize z' Qz

subject to ||’.»L"i|.2 =1

E2F Q=Q" >0

a MARBHEP(x) =(|x||°-1)°PETFAFY, BHARFHTEH LY REAF
M, RAF R R X AT R 1918 4
b. £ T FAEAT Y, x, A0% Q o9 —MFAE(E;
c.iEH % Yoo i}, |x, [I°-1=0(1/y)
E: P567

Example 23.3 Consider the problem
minimize z' Qx
subject to ||z||® = 1,
where Q = Q" > 0.

a. Using the penalty function P(z) = (||«]|> — 1)? and penalty parameter
7, write down an unconstrained optimization problem whose solution .,
approximates the solution to this problem.

b. Show that for any v, x, is an eigenvector of Q.
¢. Show that ||z || = 1= 0O(1/7) as v — 0.

EM: Confused “eigenvalue” and “eigenvector”, should be eigenvector rather than
eigenvalue.
CV: R &



15.

C: P23
£3%F T & o3
Ay = q1, As = det P"” 12
|d21 422
qu1 qi2 @1.'_1-|
:'_k.'i = det q21 g2 Gaz| s "y A” — det Q
431 Q32 dqa33

T~ T VA A P R 4 ST R o 0, 2 DU ] AR 48 @ YN == 72U HIE — IR Alx " Qe 2
BIEE .
ETE3.6 T/RGENTEAEN, 2 kAW x'Qx, AT Q=Q", E_KkAREFTH,
O

L HAE Q MIAAETAREZ,
E: P32

32 TRANSFORMATIONS

Theorem 3.6 Sylvester’s Criterion. A quadratic form " Qzx, Q = QT,

is positive definite if and only if the leading principal minors of Q are positive.
O

Proof. The key to the proof of Sylvester’s criterion is the fact that a quadratic
form whose leading principal minors are nonzero can be expressed in some

basis as a sum of squares

Ap.o A1,
—E 4+ —F e+ i
AT AR 8 ™

EM: Mistyped positive as positive definite, should delete “definite” as a minor is a
number. A number can only be positive or negative instead of positive definite etc.

CV: IEH instead of IEE
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C: P25

A% - it 2

F3F X e 25

' Qr=3"Q%>0
TS x#A0( B THEEXA0)HR
AL Bl FAEARL T i=1, -, n, HA =0, Ak, BHESFTEAEL, F
A, =0, EFF A, =det Q,, L F

d11 L q1k
Q. = ‘
k1 o Qkk
s, HE-AEFveR, v#0, #F0'Q, =0, 4xcRkR", Lx=[v",07]7, T#&
z2' Qr=v'Qu=0
PR Cmx#0, X5 kAR EEMEI—FFEAFE, Bk, R x Qx>0, FLiLFE
A AA0,i=1, -, n, RFBTDFHFX,
e Qr=2 Qz = '-jf+ %lm ce Enu
AP x=[v, -, v, ]x, T, wRRBZEL, AL Q WIMHIMA LFXAAELH,

|
E: P34

34 TRANSFORMATIONS

In the new basis, the quadratic form can be expressed as a sum of squares

TQw = &T05  Lat s Digay .y Bumi
' Qr=x Qx = Ala:, + A2x2+ + A, Fas
We now show that a necessary and sufficient condition for the quadratic form
to be positive definite is A; > 0,1 =1,...,n.
Sufficiency is clear, for if A; > 0, i =1,...,n, then by the previous argu-
ment there is a basis such that

2 Q=3 Q>0
for any ® # 0 (or, equivalently, any & # 0).

To prove necessity, we first show that for i = 1,...,n, we have A; # 0. To
see this, suppose that Ay = 0 for some k. Note that Ay = det Qy,

qu ' Qik
Q=1 - :
qkr cc Qkk

Then, there exists a vector v € R*, v # 0, such that v7Q, = 0. Now let
x € R™ be given by © = [vT,OT]T. Then,

2" Qr=v"Qu=0.
But & # 0, which contradicts the fact that the quadratic form f is positive

definite. Therefore, if T Qx > 0, then A; # 0, i =1,...,n. Then, using our
previous argument, we may write

=T A~ 1 ~ A1 ~ A -1 ~
2’ Qx=3% Qm:A—le+A—2:c§+---+ An,, 2,
where & = [vy,...,v,]z. Hence, if the quadratic form is positive definite,
then all leading principal minors must be positive. [ |

EM: Same as 15
CV: Same as 15



17. (wording)

C:P123
LR
g 7d" = (QzM - b)"d"¥
=207 Qd"® ( diq } g d) d?7Qd® —b"d"
— gOTgO _ grm\' d® —
gV 'd"Y =0 BRFK o, 0 o, =arg min ¢, (), P, d,(a) =f(x'” +ad'”), F
(TRZCRa B RNk 2 SUE ;8

i aE=E ], ATg

E: P179

To see this,

gille(U) - (Qmm _ b}Td(W
g(D)Td(U)

_ 20T g0 _
=% Qa (dm)TQdm)

= g(D}Td(U} _ g(O)Td{O} = 0.

) d(U}'-'Qd(ﬂ) —b'd®

The equation ngd(O} = ( implies that oy has the property that ap =
arg min ¢o(a), where do(a) = f(2©® + ad®). To see this, apply the chain
rule to get

90 0) = V(@® + ad®)TdO

da

EM: The translated sentence in English is “The equation g(1)Td(0) = O represents
step size alpha_0 as alpha_0 = arg min phi_0(alpha), where...” especially in
Chinese, we don’t know whether the phrase % <% & means “the equation is the
representation of the step size” or “the equation represents that the step size (as a
subject of the clause)... And there is no clue after the verb “represent” which one it is,
because the contents after it is hardly a sentence. | did not understand this sentence
until | read the English version.

CV: A%2 g(1)Td(0) = 0 ERkE L K alpha_0 E& /& alpha_0 = arg min phi_0(alpha)
, Hre



18. (noun term)

C: P178

Widrow #1 Hoff Rz B N R MM ol Bh (X mEREE, n i
ZELHR[132]) . F13.5 R REA NGB EHBNMHEIT, X% %R A2
(Adaline) , 2 HiEN L HEHMMES

E: P257

The algorithm above was applied to the training of linear neurons by
Widrow and Hoff (see [132] for some historical remarks). The single neu-
ron together with the training algorithm above is illustrated in Figure 13.5
and is often called Adaline, an acronym for adaptive linear element.
EM: | have searched many websites and did not find any source translating Adaline
into “Learning Machine” in Chinese.
CV: | suggest giving the name directly as ADALINE or Adaline.



