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Many important spacecraft operations require precision pointing such as space astron-
omy and high-rate communications. Traditionally, reaction wheels have been used for this
purpose but they have been considered unreliable for many missions. This work presents
the use strain-actuated solar arrays (SASA) for precision pointing and jitter reduction.
Piezoelectric actuators can achieve higher precision and bandwidth than reaction wheels,
and they can also provide quiet operation for sensitive instruments. The representation of
the array dynamics in the studies presented here is based on Euler-Bernoulli beam the-
ory for high-fidelity simulations. This work also presents a methodology for the combined
design of distributed structural geometry for the arrays and distributed control system de-
sign. The array geometry design allows for a distributed thickness profile, and the control
design determines the distributed moment on the array. Fundamental limits on slew mag-
nitude are found using pseudo-rigid body dynamic model (PRBDM) theory. A parametric
study based on a representative spacecraft model demonstrates the validity of the proposed
approach and illustrates optimal design trends.

I. Introduction

Advancements in spacecraft technology accelerate discovery in Earth and space sciences; faster reori-
entation and ultra-quiet jitter-free operation for space observatories and optical links have the potential to
transform the rate and quality of data obtained for scientific investigation.1,2 Scientific needs drive exception-
ally stringent spacecraft pointing and control requirements, which in turn demand new strategies for space
vehicle design and control.3,4 Traditionally, Reaction Wheel Assemblies (RWAs)—momentum exchanging
flywheels—have been used for attitude control but they have been deemed problematic for many science
missions because of RWA disturbances and reliability concerns.5 One alternative control strategy intended
to overcome some of these problems used robotic appendages with rigid links.6 The strategy proposed here
uses existing appendages (solar arrays) with distributed actuation to achieve high-precision attitude control.
Strain-Actuated Solar Arrays (SASAs), which employ distributed piezoelectric material actuators, provide
high accuracy and bandwidth for spacecraft attitude control, thereby supporting quiet operation for high-
precision scientific payloads. Additionally, the dual use of the same spacecraft component, i.e. solar arrays,
for power generation and precision attitude control reduces payload delivery costs.

What is unique to SASA is its ability to perform attitude slewing maneuvers while simultaneously sup-
pressing structural vibrations. Although the current bending limit of the arrays bounds the magnitude of
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the attitude maneuvers to the order of milli-radians, these advancements are important for high precision
pointing, and when combined with other actuation technology for large reorientations may provide a feasible
replacement for RWAs to improve pointing accuracy and reliability.

Strain-actuated solar arrays for precision pointing will require the arrays to behave more like a flexible
structure than a rigid one. Space structures by necessity are extremely lightweight and flexible but vibra-
tions from RWAs, reorientation maneuvers, and other disturbances are complex and degrade performance.
These factors have given rise to the extensively-studied topic of Control-Structure Interaction (CSI). Most
CSI literature has concentrated on reducing structural vibration through active damping,4,7 i.e., using con-
trol systems to actively damp lower-frequency structural vibration modes without exciting higher-frequency
modes.8–10 This design paradigm has led to design heuristics, such as placing actuators according to locations
of high strain for important structural modes.8,11 If the design objective is different from vibration reduc-
tion alone (e.g., more sophisticated motion control), then CSI heuristics produce suboptimal results. As an
illustrative example, consider Skylab where part of the control effort goes to reducing vibration and getting
flexible bodies to behave as rigid bodies, leaving only the remaining control effort for productive tasks.9
Instead of using the proxy control objective of eliminating flexible behavior, a more elegant solution would
be to improve overall system performance by working with elastic dynamics rather than fighting against it.
In the integrated design and control study presented here we seek to utilize flexible body dynamics to our
advantage to provide new levels of system performance. Instead of using distributed actuation of solar arrays
to damp out vibration as the primary objective, it is used to control spacecraft orientation as a primary
objective.

The SASA system presented in this article may be classified as an intelligent structure according to
the framework established by Wada et al.12 Active structures utilize point actuation with feedback con-
trol, and require precise knowledge of modes to avoid problems with spillover that limit performance.11,13
Intelligent structures use distributed actuation to control more modes and yield new functionality.4,14,15
Piezoelectric material actuators (PEMAs)16–18 are a proven solution for distributed actuation.14,19 Apply-
ing voltage across PEMAs bonded to or embedded within structures induces strain, causing the structure to
deform (bend, twist, elongate, or contract depending on design). PEMA-based intelligent structures easily
outperform conventional point-actuated structures,4,20 in terms of mass, cost, and dynamic performance.21
Here the use of piezoelectric actuators is extended beyond active damping by providing distributed internal
moments to the solar arrays for pointing control and jitter reduction.

The distributed nature of intelligent structures provides tremendous design flexibility. This opens up
new opportunities for system performance, but also increases design difficulty.11,21,22 CSI heuristics help
manage this complexity, but also implicitly limit performance and prevent engineers from realizing the full
capabilities of intelligent structures.4 In addition, heuristics developed for active damping are not aligned
with the objectives of more sophisticated motion control, as is the case with the strain-actuated solar array
(SASA) system presented here. Development of design theory and methods congruent with the design
problem are needed.

Intelligent structures are highly-coupled systems, yet structural and control aspects are typically designed
in sequence,8,13,23 motivated by the need to simplify the design problem and fit the structure of existing
design organizations.9 Sequential methods cannot fully exploit synergy between structural and control
design.24,25 More recently, co-design (combined physical- and control-system design) has been introduced
as a more general methodology that simultaneously optimizes structures and controls without the need for
simplifying assumptions. Co-design aids engineers in treating the intelligent structure design problem in a
more comprehensive manner.24 Furthermore, it has been shown that co-design could yield solutions with
significant performance improvements26,27 and at lower costs than CSI iterated sequential methods.25,28,29

In most previous co-design studies the physical aspects of the system design have been managed in a
very simplified manner. For example, physical system (plant) design decisions have often been limited to
actuator placement.30,31 Many co-design studies have used simplified plant models9,20,32 that do not support
exploration of changes to distributed geometric structural design, preventing full exploitation of the design
synergy between structural tailoring and distributed control system design. A more ideal co-design method
supports changes to distributed structural properties (e.g., changing structural shape affects how inertial and
stiffness properties vary spatially). Structural tailoring coupled with control design has long been recognized
as an important, yet formidable problem.33 Smith, Grigioriadis, and Skelton identified the need to tailor
passive system dynamics to work optimally with active control.9 In their method plant design variables were
limited to direct changes to stiffness, damping, and mass matrices. This method was demonstrated using

2 of 18

American Institute of Aeronautics and Astronautics



DraftforPeerReview—DoNotDistribute

lumped parameter problems, but cannot be extended to distributed parameter systems.
To summarize, much is known regarding design of control systems and actuators for intelligent structures,

but only if the structural design is held fixed. A few examples of fully-integrated design exist, but only
with simplified treatment of structural design. To the authors’ knowledge, no examples of previous work
address intelligent structure design in a fully integrated way that include detailed treatment of structural
design. More precisely, while distributed structural shape optimization has been performed to optimize
passive dynamic properties,34,35 distributed structural geometry has not been optimized for active dynamic
properties in concert with control system design. In this article we introduce the first instance of such a
design strategy. Here distributed geometry—specifically, distributed array structure thickness—is optimized
simultaneously with distributed moment control of the array structure.

An initial study of the SASA concept was performed previously, focusing on attitude control, to demon-
strate its feasibility.36 It was shown that the spacecraft bus orientation can be controlled by the appropriate
bending of the arrays. This initial study did not address structural design. Bending dynamics were modeled
using a pseudo-rigid body dynamic model (PRBDM)37 with moments over rigid segments as the control
input. This type of lumped parameter model is a basic approximation of a spacecraft with strain-actuated
arrays, but provides important insights into the design problem due to its intuitive structure. A more ac-
curate, physically consistent description of the array dynamics can be modeled using flexible beam theory.
Underactuated control of a flexible array has been demonstrated by applying an external moment to the
bus.38 This work primarily uses the Euler-Bernoulli beam theory for a more accurate, physically consistent
description of the array dynamics, and the partial differential equation (PDE) model is implemented using
Galerkin approximating functions.39–41 In the model piezoelectric actuation are represented by a distributed
moment on the beam. The model also accounts for elastic and inertial properties of the actuators.

The use of open-loop controls and distributed optimization parameters, e.g. array thickness and control
moment, allows solution without making assumptions on the control or physical architecture. This aids ex-
ploration of ultimate system performance limits.25 Although there may be practical constraints for feedback
control system implementation, the resulting co-design solutions can provide important insights into how to
design the physical array structure such that it performs optimally as an actively controlled system, capital-
izing on synergy between physical and control system design.42 Direct transcription (DT) is the numerical
approach used to solve the co-design problems in the studies presented here. DT transforms the infinite
dimensional optimal-control problem into a finite nonlinear programming problem.43–45 Direct transcrip-
tion avoids the difficulties associated with the derivation and solution of the Euler-Lagrange conditions of
the calculus of variations.45 For instance, DT can find optimal open-loop control trajectories for problems
with nonlinear system dynamics, inequality path constraints, and singular arcs. DT has been traditionally
used in trajectory optimization.44,46,47 Recent examples of co-design with DT include actively controlled
automotive suspensions,24 wave energy converters,48 and wind turbine design.49

II. Modeling of the Strain-Actuated Solar Arrays and Rigid Spacecraft Bus

Here we assume that actuation is effected only through solar array strain actuators that produce strain at
the solar array structure surface, resulting in array bending and a distributed moment due to strain actuator
surface forces. The strain actuators do not interact with anything external to the spacecraft system, so total
system momentum must be conserved (in contrast to actuation via thrusters or torque rods). Therefore, for
a generally counter clockwise (CCW) movement of the solar array, the bus (θ) will rotate in the opposing
CW direction allowing for attitude changes. This is evident in both the illustration of the beam theory
coordinate system in Fig. 1a and its comparable PRBDM lumped parameter model in Fig. 1b.

II.A. Partial Differential Equation (PDE) Model

A spacecraft model based on Euler-Bernoulli beam theory is derived here that captures spacecraft dynamics,
including planar rigid body motion of the spacecraft body, structural dynamics of the solar arrays, and
distributed strain actuation. In fact, our modeling approach was inspired by the recent work on aircraft
dynamics with flexible, articulated wings.50 The spacecraft body is modeled as a simple cylinder, and the
solar array structure is modeled as a composite beam with thickness that can vary along its length.
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Figure 1: Illustration of the two modeling approaches used to gain design insights.

II.A.1. PDE Dynamic Model

The coordinate systems used for the derivation of the Lagrangian of the system are shown in Fig. 1a. The
model has two arrays with asymmetric actuation. Let the radius of the spacecraft body be r, and the
spacecraft body rotation angle about origin O be θ. In deriving the equations of motion, it is assumed
that the deflections due to bending are small and the beam has no longitudinal velocity. In the coordinate
system attached to the center of the bus, the location of a point P on the beam is given by RP/O = [x+ r, ξ]
where ξ(x, t) is the displacement due to bending. The beam is laminated with a piezoelectric material on
the top surface which has the same width as that of the beam. The Young’s modulus of the beam is E.
The thickness profile of the beam is denoted h(x). The mass per unit length of the beam mR(x). The total
length and width of the beam are represented by ` and w, respectively. The mass moment of inertia of the
spacecraft bus is Jθ.

The Lagrangian of the system includes the spacecraft bus as well as the flexible dynamics of the solar
arrays:

L = 1
2Jθ θ̇

2 +
∫ `

0
mR

[
r2θ̇2 + θ̇2 (x2 + ξ2)+ ξ̇2 + 2rξ̇θ̇ + 2θ̇2rx+ 2ξ̇θ̇x

]
dx

−
∫ `

0
EI
(
ξ

′′
)2
dx−

∫ `

0
Ax(θ̇, x)

(
ξ

′
)2
dx

(1)

where (·)
′

= ∂
∂x (·) and the second moment of area I(x) is:

I(x) = 1
12wh

3(x) (2)

The axial tension in the beam due to rotation is:

Ax
(
θ̇, x
)

=
∫ `

x

[
mRθ̇

2s
]
ds = p(x)θ̇2 (3)

The moment applied on the beam isM(x, t). Using the Euler-Lagrangian approach, the equations of motion
were derived. The dynamics in the matrix form are:∫ `

0
[Ms]

[
θ̈

ξ̈

]
dx+

∫ `

0
[Cs]

[
θ̇

ξ̇

]
dx+

[
0∫ `

0 (2EIξ′′ + 2µEIξ̇′′)′′
dx

]
=
[

d∫ `
0 2M ′′

dx

]
(4)

where: [Ms] =
[
m11(ξ) m12

m12 m22

]
=
[(
Jθ/`+ 2

(
mR

(
(x+ r)2 + ξ2)− pξ′2

))
2mR (x+ r)

2mR (x+ r) 2mR

]

[Cs] =
[
c11(ξ, ξ̇) c12(ξ, θ̇)
−c12(ξ, θ̇) 0

]
=
[

2mRξξ̇ − 2pξ′
ξ̇′ 2mRξθ̇ + 2(pξ′)′

θ̇

−2mRξθ̇ − 2(pξ′)′
θ̇ 0

]
The term µ is used to model the damping in the solar array. There is a disturbance d acting on the bus as
a torque input. The following boundary conditions of the PDE are due to a fixed root and a free tip of the
array:

ξ(0, t) = ξ
′
(0, t) = 0, EI

(
ξ

′′
+ µξ̇

′′
)∣∣∣
x=`

= M(x, t)|x=` , EI
(
ξ

′′′
+ µξ̇

′′′
)∣∣∣
x=`

= M
′
(x, t)

∣∣∣
x=`

(5)
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Figure 2: Various illustrations of internally actuated array design problems for pointing.

II.A.2. Galerkin Formulation

To numerically approximate the PDE in the equations of motion above, we use a Galerkin formulation (see
Refs.40,41,50 for more details on this formulation). The linear combination of the appropriate comparison
functions is used to approximate the dynamics of the array and the distributed moment. These functions
are chosen such that they satisfy the boundary conditions of the beam, i.e., the fixed-free condition. The
jth approximating functions are given by:40

φj(x) = 1− cos
(
jπx

`

)
+ 1

2(−1)j+1
(
jπx

`

)2
, γj(x) = φj(x) + xj + 1 (6)

The array deflection and distributed moment are then:

ξ(x, t) = φ(x)Tη(t), M(x, t) = γ(x)Tq(t) (7)

For the co-design studies, 4 approximating functions are used. This approximation parameterizes the control
as a spatially-varying distributed moment but the control input on a piezoelectric segment is typically a
uniform voltage.51 Comparing both of these representations in Figs. 2a and 2b, we may think of the spatially-
varying distributed moment as the limiting case of the piecewise uniform moment. The applicability of this
approximation to a real implementable physical system will be discussed later.

Now we want to derive a system of ordinary differential equations (ODEs) that approximate the PDE
given above. The discretization is done by minimizing weighted residual of the ξ dynamics. Using the above
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formulation and defining following term matrices we obtain:

[Mg]

[
θ̈

η̈

]
+ [Cg]

[
θ̇

η̇

]
+
[

0
2[e](η + µη̇)

]
=
[

d∫ `
0 2φM ′′

dx

]
(8)

where: [Mg] =
[(
Jθ + 2

∫ `
0 mR (x+ r)2

dx+ 2ηT ([A]− [B])η
)

2[C]

2[C]T 2[A]

]

[Cg] =
[

2η̇T ([A]− [B])η 2ηT ([A]− [B]) θ̇
−2([A]− [B])ηθ̇ 0

]

[A] =
∫ `

0
mRφφ

T dx, [B] =
∫ `

0
pφ

′
φ

′T dx, [C] =
∫ `

0
mR(x+ r)φT dx

[D] = −[B], [e] = (EI)
′
(`)φ(`)φ

′′T
(`)− EI(`)φ

′
(`)φ

′′T
(`) +

∫ `

0
EIφ

′′
φ

′′T
dx

The boundary conditions with the approximating functions are then:

φ(0)T = φ
′
(0)T = 0, EIφ

′′
(`)T (η + µη̇) = M(x, t)

∣∣∣
x=`

, EIφ
′′′

(`)T (η + µη̇) = M
′
(x, t)

∣∣∣
x=`

(9)

II.A.3. Structural Model

The structural geometry of the array is also designed simultaneously with the distributed moment. In
this work, the length of the array and the distributed thickness are optimized. In order to implement the
distributed thickness, the length of the array is divided into multiple segments as shown in Fig. 2c. The
absolute locations of the segment boundaries is represented by a parameter vector `, and the thickness on
the segment boundaries is represented by a parameter vector h. On segment j, the thickness varies linearly
with respect to x as:

hj(x) = (hj+1 − hj)
x− `j
`j+1 − `j

+ hj , x ∈ [`j , `j+1] (10)

Letting a subscript (·)1 refer to the original array properties and (·)2 to the piezoelectric layer properties,
the total flexural rigidity is given by EI(x) = E1I1(x) + E2I2(x), and the total mass per unit length is
mR(x) = mR1(x) + mR2(x). It is also assumed that the entire top surface of the array is covered with
piezoelectric material of thickness constant h2.

II.B. Pseudo-Rigid Body Dynamic Model

A PRBDM was developed for the spacecraft system for the purpose of performing additional numerical
studies that complement those based on the PDE model, including studies that yield qualitative insights
that are difficult to obtain via the more sophisticated PDE model. The flexible solar arrays were modeled
both with single and multi-link approximations. The single link model is presented here, where each array
is modeled as a single rigid link connected to the spacecraft body via a revolute joint and a torsional spring.
This is a lumped compliance approximation of the distributed compliance of the actual solar array.

Figure 1b illustrates this single-link system model with three total rigid members: two solar arrays and
the spacecraft body. Internal moments are applied at the revolute joints, and both arrays undergo the same
momentM to produce spacecraft body rotations. A PRBDM links the motion and force of an elastic member
and a rigid-body mechanism through a set of diagrams and equations that describe this correspondence.37
The foundation of this theory is the principle of dynamic equivalence.52 The main advantage of PRBDMs is a
computational favorable, accurate simplification of large-deflection nonlinear analysis of beams.37 However,
these models only describe the behavior at a component level rather than the specific point-to-point variations
while Euler-Bernoulli beam in Sec. II.A does capture these variations. In addition, the lumped parameters
required in the PRBDM must be chosen carefully to accurately model the system and currently there is no
direct mapping from the beam geometric properties to the lumped parameters such as stiffness and damping.
However, reasonable approximations for the lumped parameters can be utilized and important qualitative
insights can be gained from this type of model.
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Applying the Euler-Lagrange equation to the system in Fig. 1b we arrive at the following equations of
motion:

M

[
θ̈

δ̈

]
+ B

[
θ̇

δ̇

]
+K

[
θ

δ

]
= τ (11)

where: M =
[
Jθ + 2Jδ + 2mr2 + 1

2m`
2 + 2`mr cos(δ) 2Jδ +mr` cos(δ) + 1

2m`
2

2Jδ +mr` cos(δ) + 1
2m`

2 2Jδ + 1
2m`

2

]

B =
[
−2`mrδ̇ sin(δ) −`mrδ̇ sin(δ)
`mrθ̇ sin(δ) 2b

]
, K =

[
0 0
0 2k

]
, τ =

[
q

2M

]

m = ρ`wh, Jδ = 1
12m

(
`2 + h2)

where k is the torsional spring stiffness at the revolute joints. Solving the eigenvalue problem (M−1K = ω2)
gives the natural frequencies of the system:

ω2
1 = 0 (12a)

ω2
2 = k

2m`2 + 8m`r cos (δ) + 8mr2 + 4Jθ + 8Jδ
−2`2m2r2cos (δ)2 + 2`2m2r2 + Jθ`2m+ 8Jδmr2 + 4JθJδ

= k

Jeff (δ, `, h, w) (12b)

One of the eigenfrequencies is zero since the system permits a rigid body mode. The two mode shapes are:

Ψ =
[
ψ1 ψ2

]
=
[

1 − m`2+2mr` cos(δ)+4Jδ
m`2+4mr` cos(δ)+4mr2+2Jθ+4Jδ

0 1

]
(13)

We note that the nonrigid mode eigenfrequency (ω2) and eigenvector (ψ2) are not constant but depend on
the path of the array. The total angular momentum of the system is:

µ =
(

1
2`

2m+ 2`mr cos(δ) + 2mr2 + Jθ + 2Jδ
)
θ̇ +

(
1
2`

2m+ `mr cos(δ) + 2Jδ
)
δ̇ (14)

Since internal moments cannot change the total angular momentum of the system, the only mode that is
present in the absence of external moments is the momentum conserving mode ψ2.

III. Co-Design Problem Formulation

The objective of the co-design study is to provide insights into how the physical solar array should be
designed to optimize the performance of the actively controlled array with respect to pointing and jitter
reduction. A balanced co-design approach is utilized where physical design is considered in a comprehensive
manner.25 A general simultaneous co-design formulation (with a fixed time horizon) is:

min
xc,xp

J(t, ξ,xc,xp) (15a)

subject to: ξ̇(t)− f(t, ξ,xc,xp) = 0 (15b)
c (t, ξ,xc,xp) ≤ 0 (15c)
ceq (t, ξ,xc,xp) = 0 (15d)

where xc are the control design variables, xp are the physical system design variables, and ξ are the states,
Eq. (15a) is a general performance objective, Eq. (15b) enforces the feasible dynamics, Eq. (15c) are general
inequality constraints, and Eq. (15d) are general equality constraints. Here the physical system design is
parameterized by h and ` with 10 distinct linear segments. The control system design is defined by q(t)
which are used to compute M(x, t).

The task is divided into two phases where t̄ denotes the time dividing the phases. The first phase
concentrates on rotating the bus from a specific angular displacement, i.e., slewing. The second phase
consists of maintaining the bus inertially fixed to a given tolerance for precision pointing. The objective
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Table 1: Bus parameters.

Jθ 372.49 kg m2

r 1.02 m

Table 2: Array parameters.

`nominal 1.575 m E1 1.57 GPa E2 62 GPa
hnominal 0.018 m ρ1 332.03 kg/m3 ρ2 7800 kg/m3

wnominal 1.862 m µ 10−4 h2 10−3 m

function to minimize is the damping error in the pointing phase since instruments such as mirrors cannot
manage high frequency vibration:

J =
∫ tf

t̄

θ̇2dt (16a)

where t ∈ [t0, tf ] = [0 s, 2 s] and t̄ = 1 s. The dynamic constraint uses the ODE defined in Eq. (8) with 4
approximating functions. The physical parameters for the bus, array, and piezoelectric layer are shown in
Tables 1 and 2. A disturbance moment d(t) on the bus is present during the slewing and pointing phases.
It consists of a jitter component (e.g., vibration from reaction wheels, pumps) and a bias component (e.g.,
solar radiation pressure, atmospheric drag):

d(t) = 10−4 Nm + 2× 10−3 sin(50t) Nm (16b)

The initial configuration is stationary with a constant offset to θ denoted θ0 so the initial states are con-
strained to be: 

θ

θ̇

η

η̇


t=t0

=


θ0

0
0

0

 (16c)

The bus angle is constrained to zero during the pointing phase. A tolerance value is defined because pointing
control of instruments such as mirrors can correct for small angular offsets:

|θ(t)| ≤ 10−5, t ∈ [t̄, tf ] (16d)

PEMA actuation magnitude is also limited based on their physical properties and maximum voltage restric-
tions:

|M(x, t)| ≤ 20 Nm/m (16e)

The strain ε(x, t) on the array surface is constrained to maintain structural integrity and to avoid undesirable
dynamic effects:

|ε(x, t)| =
∣∣∣∣h(x)

2 ξ
′′
∣∣∣∣ ≤ 10−4 (16f)

The array length `10 and the dimensions of the linear array elements have manufacturing and operational
constraints:

0.5 m ≤ l10 ≤ 2.5 m
0.05 m ≤ li+1 − li ≤ 2.5 m
0.009 m ≤ hi ≤ 0.028 m

i = 0, 1, . . . , 10 (16g)
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The array volume is constrained to the nominal value in order to avoid increasing the payload mass and
delivery costs. This is proportional to the array structure cross-sectional area:

10∑
i=1

w

2 (hi−1 + hi)(li − li−1) = 0.054 m3 (16h)

The array planform area is constrained to the nominal value to maintain the same level of power generation:

l10w = 2.932 m2 (16i)

This completes the co-design problem formulation. The results for a number of minor variations on this
formulation will be discussed next after a short study on the fundamental limits of a slewing maneuver with
SASA.

IV. Analytical and Numerical Results for SASA System

IV.A. Maximum Slewing Bounds using the PRBDM

The momentum of the PRBDM system is given in Eq. (14) and it must be conserved if there is no external
disturbance on the bus (d ≡ 0). Assuming zero initial momentum, we can integrate the momentum equation
to determine the relationship between θ and δ:

0 =
(

1
2`

2m+ 2`mr cos(δ) + 2mr2 + Iθ + 2Iδ
)
θ̇ +

(
1
2`

2m+ `mr cos(δ) + 2Iδ
)
δ̇

:= I1(`, h, w, δ)θ̇ + I2(`, h, w, δ)δ̇

θ̇ = −I2(δ, ·)
I1(δ, ·) δ̇

θ(tf )− θ(t0) = −
∫ tf

t0

I2(δ, ·)
I1(δ, ·) δ̇dt (17)

The question we are trying to answer requires an upper bound on |θ(tf )|. We can find a reasonable upper
bound by determining the maximum value of the integrals. Recall that m and Iδ are dependent on the
geometric physical design variables. Since the geometric variables are positive and it is reasonable to assume
cos(δ) > 0 (panel angle must be smaller than |δ| < π/2), then we see that both α and β are strictly positive
since they are the sum of positive products:

0 < α where: α(`, h, w, δ) = 1
2`

2 (ρ`wh) + ` (ρ`wh) r cos(δ) + 2
(

1
12m

(
`2 + h2))

0 < β where: β(`, h, w, δ) = ` (ρ`wh) r cos(δ) + 2 (ρ`wh) r2 + Iθ

Therefore the effective inertia ratio must be between 0 and 1:
I2
I1

= α

α+ β
(18)

inf
α>0,β>0

(
α

α+ β

)
= lim
β→∞

(
α

α+ β

)
= 0, sup

α>0,β>0

(
α

α+ β

)
= lim
α→∞

(
α

α+ β

)
= 1

If |δ(t)| ≤ δmax is small, then the effective inertia ratio is nearly time-independent. Therefore we can choose
the effective inertia ratio as its largest potential value to arrive at the following inequality:

|θ(tf )− θ(t0)| ≤
∣∣∣∣−∫ tf

t0

δ̇dt

∣∣∣∣
≤ |δ(t0)− δ(tf )| (19)

Assuming δ(t0) = 0, θ(tf ) = 0, and we hit the prescribed bound on δ at tf , then we have:

|θ0| ≤ δmax (20)
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Figure 3: Optimal array shape for θ0 = 3 mrad and reduced mass of 9.96 kg.

Therefore we expect the maximum change for the bus angle to be upper bounded by the allowable change
in panel angle using only internal actuation of the solar panel. This implies that if only milli-radian deflections
of the array are feasible, we can only achieve, at most, milli-radian changes in the pointing accuracy of the
bus. An comparable δmax condition for a continuous beam is a strain bound. Additional novel solutions
for SASA such as revolute joints that allow for large changes in the effective inertia ratio without violating
conservation of momentum may extend this limit.

IV.B. Co-design Studies

Here we study three variations on the co-design problem introduced in Sec. III: nominal geometry (NG),
variable length (VL), and piecewise linear segments (PLS). The nominal array geometry is presented in
Table 2. The VL case has only ` as the unique physical-system design variable (see Fig. 2a), and the PLS
case varies both array length and thickness to perform distributed geometric design of the structure (see
Fig. 2c). Several slew angles between 1 mrad and 3 mrad were used to investigate the slewing limits and
its effect on the optimal design. Here all solutions are found using the GPOPS− II software package for
MATLAB, which uses a pseudospectral method with Legendre-Gauss-Radau (LGR) collocation points and
an hp-adaptive mesh refinement algorithm.53

The parametric study with nominal array mass yielded results for the PLS and VL cases for slew mag-
nitudes less or equal than 2 mrad; convergence became much slower for larger slew magnitudes due to
difficulties in satisfying the strain constraints. Furthermore, the strain constraints made the NG case infea-
sible for all the tested slew magnitudes. These results indicate that the performance level desired may not
be achievable through control design alone, and that there is a limit on the maximum achievable slewing
angle. Observations of the strain profile show that the limit in Eq. (16f) is active or nearly active in many of
the cases (see Figs. 8 and 9). We investigated the strain required to achieve the desired slewing performance
for the NG case by minimizing the maximum array strain, and discovered that the resulting strain values
were larger than the constraint tolerance. Adding degrees of freedom to the structural design problem allows
achieving higher performance levels through synergistic structural tailoring. These results agree with the
findings on slewing limits presented in Sec. IV.A.

Although the main parametric study considers the array mass to be constant and nominal (m = 17.85
kg), additional simulations were conducted to investigate feasibility with reduced array mass. This only
considers the mass of the base array since the piezoelectric layer is present in all cases and covers the entire
array area with a mass of 22.87 kg, approximately. The best array design found that achieves the largest
slew maneuver with minimum array mass (θ0 = 3 mrad and m = 9.96 kg for the PLS case) is shown in
Fig. 3 (in Fig. 3b, the thickness is magnified to show the profile changes clearly). The respective bus angle
and angular rate histories are shown in Fig. 4.

The results of the parametric study show that in addition to satisfying the prescribed slew and pointing
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Figure 4: Bus angle and velocity trajectories for θ0 = 3 mrad with piecewise linear segments (PLS)
and reduced array mass of 9.96 kg.
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Figure 5: Bus angle and velocity trajectories for θ0 = 2 mrad with variable length (VL) and nominal
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maneuvers, the main driver in the design optimization is the satisfaction of the strain constraints. This is
accomplished by increasing the moment of inertia of the array or by reducing the array thickness in locations
of high curvature, which act like joints. A distributed thickness design also allows to tailor array modes for
optimal active dynamic performance. The optimal histories for the bus angle and angular rate for a slew
maneuver of 2 mrad for the VL and PLS cases are shown in Figs. 5 and 6, respectively.

The array deflections for the parametric study are shown in Figs. 10 and 11 for both VL and PLS
design cases where the array mass is nominal; results from slewing and pointing phases are shown separately.
Conservation of angular momentum in the bus-array system provides an explanation of the observations
from the numerical simulations:

• Rotating the bus CW requires the array to displace in the opposite direction (CCW) (see Fig. 1a).

• Larger slew maneuvers require larger array displacements (see Sec. IV.A).

Figure 7 shows the design evolution of the VL and PLS cases with respect to the magnitude of the slew
maneuver. All the VL cases tend towards the maximum allowable array length since this design maximizes
the moment of inertia, which helps reduce the strain. In the PLS cases, the design trend of increasing
the moment of inertia is similar up to the slew magnitude of 1.5 mrad, where the design trend switches to
control the strain by defining several locations of small thickness. Ongoing work includes modal analysis and
other studies with the objective of explaining why these more complex cases perform better. Higher spatial
resolution in the structural design representation will provide refined results that, along with deeper analysis
of these designs and tradeoffs, may lead to explanatory design theories for integrated design of distributed
actuation and distributed structural shape design problems.

Figures 8 and 9 show the strain history of the array for the studied cases. It is shown that in most cases,
the array has 2 locations of high strain and 3 locations of low strain (2 locations for the 2 mrad slew maneuver
in the PLS case). This indicates that a PRBDM with 2 joints and 3 rigid links may approximate the optimal
dynamic behavior of the flexible array with similar mode shapes. The optimal distributed deflection behavior
is achieved in both design cases, i.e VL and PLS cases, but through different means. In the VL case, the
optimal deflection time history is achieved through the distributed control profile as shown in Fig. 12. In
the PLS case, the optimal deflection behavior is achieved by the combined design of the distributed control
profile and the distributed array geometry (see Figs. 13 and 7). The presence of an effective “joint” or “link”
at a particular location depends on the local thickness and the moment magnitude at that location. Such
a combined effect allows the distributed moment profiles to be more simple and uniform for the PLS case,
and help achieve superior jitter reduction in the pointing phase compared to the VL case as shown in the
array deflection profiles in Figs. 10–11.

The application of a continuously variable distributed moment is not a physically realizable actuation
strategy, but the optimal results of this co-design problem can provide insights into performance limits and
how a physically realizable strain actuation system should be designed. Continuous moment variation can
be approximated using several piezoelectric segments as shown in Fig. 2b where a constant voltage Vi(t) is
applied to each of segment. A co-design problem based on segmented strain actuators would produce designs
that are closer to implementable, where the optimization problem identifies the segment voltage trajectories,
distributed beam thickness, and segment lengths that together produce optimal system performance. Ongo-
ing work involves co-design studies based on segmented strain actuators, including physical prototyping and
lab-scale testing of a representative SASA system with digital feedback control.

V. Conclusions

In this work we investigated the integrated structural and control-system design of a strain-actuated
solar array for spacecraft pointing control and jitter reduction. Slew maneuvers on the order of milli-radians
have been achieved in simulations for a representative spacecraft system without increasing the total array
mass or reducing the array area. A parametric study was conducted with different design cases and multiple
slew magnitudes while maintaining the nominal array mass. Results show that only designing the control
system may not achieve the desired performance, but the combined design of the structures and control
systems can help achieve better performance. Furthermore, adding degrees of freedom to the structural
design—specifically, distributed geometric design—improved performance further.

Since the SASA system is based on internal actuation, the angular momentum of the bus-array system
must be conserved. A desired bus rotation requires array deflection in the opposite direction. Results
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showed that in addition to accomplishing the required slewing and pointing maneuvers, the array design is
also driven by the strain constraint. This constraint can be satisfied by increasing the moment of inertia of
the array or by defining array locations of small thickness for high strain. The latter strategy, available only
in the PLS case, yields complex distributed shape designs that may be desirable for producing modes that
support optimal active performance. A second investigation on the minimum array mass yielded the best
design found that maximizes the slew magnitude and shows the benefits of using a thin array of high density
material to control the strain and to provide enough moment of inertia for the maneuvers. Maximum bus
slew limits achievable through SASA control were investigated using PRBDM analysis. At best a unitary
ratio of bus to array rotation can be achieved using this initial SASA architecture.

Results also show that the dynamic behavior of the array may be approximated by a PRBDM system with
rigid links and joints. This connection may help provide qualitative insights into the design and behavior
of distributed geometry intelligent structures. Virtual joints and links can be identified in the numerical
results. In the constant thickness cases ‘joints’ are evident when localized internal moments are high. The
same effect can be achieved more effectively through a combination of large localized moments and designing
thinner portions of the array geometry. When both spatially distributed moments and distributed structural
shape design are employed simultaneously, improved jitter reduction and smoother control profiles result.

Future work includes deeper analysis of resulting optimal designs and identification of design principles
for integrated design of intelligent structures with distributed geometric design flexibility. Additional future
studies will concentrate on more complex pointing maneuvers, three-axis rotation studies, new models (e.g.,
including array torsion and tension), and new SASA architectures (e.g., incorporation of revolute/gimbaled
joints) that support a wider range of slew maneuvers, including large multi-axis reorientations.
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Figure 10: Beam deflection profiles for select values of θ0 with variable length (VL) and nominal mass.
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Figure 11: Beam deflection profiles for select values of θ0 with piecewise linear segments (PLS) and
nominal mass.
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Figure 12: Spatially varying moment profiles for select values of θ0 with variable length (VL) and
nominal mass.
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Figure 13: Spatially varying moment profiles for select values of θ0 with piecewise linear segments
(PLS) and nominal mass.
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