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ABSTRACT
As uncertainty considerations become increasingly important

aspects of concurrent plant and control optimization, it is im-
perative to identify and compare the impact of uncertain con-
trol co-design (UCCD) formulations on their associated solu-
tions. While previous work has developed the theory for vari-
ous UCCD formulations, their implementation, along with an in-
depth discussion of the structure of UCCD problems, implicit as-
sumptions, method-dependent considerations, and practical in-
sights, is currently missing from the literature. Therefore, in this
study, we address some of these limitations by proposing two
optimal control structures for UCCD problems that we refer to
as the open-loop single-control (OLSC) and open-loop multiple-
control (OLMC). Next, we implement the stochastic in expecta-
tion UCCD (SE-UCCD) and worst-case robust UCCD (WCR-
UCCD) for a simplified strain-actuated solar array (SASA) case
study. For the implementation of SE-UCCD, we use generalized
Polynomial Chaos expansion and benchmark the results against
Monte Carlo Simulation. Next, we solve a simple SASA WCR-
UCCD through OLSC and OLMC structures. Insights from such
implementations indicate that constructing, implementing, and
solving a UCCD problem requires an in-depth understanding of
the problem at hand, formulations, and solution strategies to best
address the underlying co-design under uncertainty questions.

Keywords: control co-design; uncertainty; generalized polyno-
mial chaos; worst-case robust; polytopic uncertainties
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1 INTRODUCTION

In uncertain control co-design (UCCD) problems, uncertainty is
a challenging and unavoidable aspect of modeling system be-
havior and realizing pragmatic design solutions. In our previous
work, we offered a broad overview of uncertainties, their inter-
pretation, and ways to integrate them into various UCCD formu-
lations [1]. This resulted in several UCCD problems motivated
by concepts from stochastic programming [2,3], robust optimiza-
tion [4–6], and fuzzy programming [7–9]. However, an effective
solution strategy is required to answer the design optimization
question put forth by a novel UCCD formulation. In this article,
we start to fill this gap by focusing on implementations for sev-
eral unique and illustrative UCCD formulations with a focus on
UCCD problems with open-loop control.

To this end, we first discuss the optimal, open-loop con-
trol structures under uncertainties. In this context, we use the
term control structure to refer to various ways in which con-
trol trajectories can be structured in the UCCD problem in a
physically-meaningful manner (and is different from CCD co-
ordination strategies, such as simultaneous and nested [10–12]).
The need for the discussion on control structures is motivated by
the role that optimal control trajectories play in UCCD problems.
We propose two structures: 1) open-loop single-control (OLSC)
and 2) open-loop multiple-control (OLMC). These structures are
related to concepts from worst-case robust [13–16] and stochas-
tic [3,17,18] interpretations of uncertainty, respectively. Insights
from our discussion on control structures, presented in Sec. 2,
are expected to provide a more meaningful approach for meeting
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problem requirements in the presence of uncertainties.
Then, a simple CCD problem is used as a case study

(adopted from Refs. [19, 20]) and modified to include all time-
independent, natural uncertainties. These uncertainties stem
from plant optimization variables, initial states, and problem
data and result in a UCCD problem that can be formulated
like any of the forms discussed in Ref. [1]. The simple strain-
actuated solar array (SASA) UCCD problem [19, 20] was se-
lected due to its simplicity in both implementation and the in-
terpretation of results. In this study, we develop and imple-
ment the simple SASA problem for two different UCCD for-
mulations: stochastic in expectation UCCD and worst-case ro-
bust UCCD. Since the solution of UCCD problems with prob-
abilistic uncertainties requires an appropriate uncertainty propa-
gation (UP) method, we also introduce Monte Carlo Simulation
(MCS) and the non-intrusive, collocation-type, generalized Poly-
nomial Chaos (gPC). By avoiding problem-dependent complex-
ities, this article allows for a straightforward comparison of such
formulations—highlighting the impact of problem formulation
and method-dependent decisions on the UCCD solution.

1.1 Deterministic Control Co-design
The nominal continuous-time, deterministic, all-at-once (AAO),
simultaneous, CCD problem is formulated as [10, 21]:

minimize:
u,ξ,p

o =
∫ t f

t0
ℓ(t,u,ξ,p,d)dt+m(p,ξ0,ξ f ,d) (1a)

subject to: g(t,u,ξ,p,ξ0,ξ f ,d) ≤ 0 (1b)
h(t,u,ξ,p,ξ0,ξ f ,d) = 0 (1c)

ξ̇−f (t,u,ξ,p,ξ0,ξ f ,d) = 0 (1d)
where: ξ(t0) = ξ0, ξ(t f ) = ξ f , u(t) = u, ξ(t) = ξ (1e)

d(t) = d

where t ∈ [t0, t f ] is the time horizon, {u,ξ,p} are the collec-
tion of optimization variables including the open-loop control
trajectories u(t) ∈ Rnu , state trajectories ξ(t) ∈ Rns , and the
vector of time-independent optimization variables p ∈ Rnp , re-
spectively. Note that p may entail plant optimization vari-
ables pp and/or time-independent control optimization variables
pc [19, 22] (i.e., gains), such that p = [pp,pc]). The objective
function o(·) is composed of the Lagrange term ℓ(·) and the
Mayer term m(·). The vectors of inequality and equality con-
straints are described by g(·) and h(·), respectively. The transi-
tion or state derivative function f (·) describes the evolution of
the system states through time in terms of a set of ordinary dif-
ferential equations (ODEs). All of the time-dependent or time-
independent data associated with the problem formulation, such
as problem constants, environmental signals, initial/final times,
etc., is represented through d ∈ Rnd .

In the remainder of this article, we assume that constraints
associated with the initial and final conditions {ξ0,ξ f } are already
included in h(·) or g(·). We will often drop the explicit depen-

dence on t from time-dependent quantities such as control and
state trajectories, as well as the problem data. For more details
on deterministic CCD, the readers are referred to Refs. [10, 11].

1.2 Uncertain CCD Problem Formulation
Now, we introduce an AAO, continuous-time, simultaneous
UCCD formulation in the probability space as introduced in
Ref. [1]:

minimize:
ũ,ξ̃,p̃

E
[
ō(t, ũ, ξ̃, p̃, d̃)

]
(2a)

subject to: E
[
ḡ(t, ũ, ξ̃, p̃, d̃)

]
≤ 0 (2b)

h(t, ũ, ξ̃, p̃, d̃) = 0 (2c)
˙̃ξ(t)−f (t, ũ, ξ̃, p̃, d̃) = 0 (2d)

where: ũ(t) = ũ, ξ̃(t) = ξ̃, d̃(t) = d̃ (2e)
where the expectation of ō(·), which is a function composition of
o(·), is optimized over the set of optimization variables (ũ, ξ̃, p̃),
and is subject to the expectation of ḡ(·) (i.e., a function compo-
sition of g(·)), analysis-type equality constraints h(·), and uncer-
tain dynamic system equality constraints in Eq. (2d). Note that
E[ō(·)] and E[ḡ(·)] may be any of the variations that are discussed
in Ref. [1] (such as the nominal, worst-case, expected value,
etc.). This formulation includes the vector of uncertain control
processes ũ(t), uncertain state processes ξ̃(t), time-independent
uncertain optimization variables p̃, and time-dependent/time-
independent uncertain problem data d̃.

This formulation is infinite-dimensional in time and uncer-
tainty dimensions. We can draw an analogy between the infinite-
dimensional time vector and the infinite-dimensional uncertainty
vector. To transcribe Eq. (2) in time, numerical methods such
as direct transcription have been implemented [11,23–26]. Simi-
larly, different (UP) techniques, such as MCS and gPC, or special
interpretations, such as worst-case robust, have been proposed to
parameterize the uncertain dimensions. Note that describing op-
timization variables (ũ, ξ̃, p̃) in the uncertain space is to avoid
introducing any unnecessary structure into these variables at this
point. This description certainly does not imply that the designer
has full control over all of the uncertainties; rather, it implies that
the decision variables may entail elements associated with uncer-
tainties, such as mean values, standard deviation, or even entire
distributions.

Through the appropriate selection of the objective function
and constraints, specialized formulations such as stochastic in
expectation (SE-UCCD), stochastic chance-constrained (SCC-
UCCD), worst-case robust (WCR-UCCD), probabilistic robust
(PR-UCCD), fuzzy expected value (FE-UCCD), and possibilis-
tic chance-constrained (PCC-UCCD) can be derived. All of these
formulations are discussed in detail in Ref. [1].

The remainder of this article is organized in the following
manner: Sec. 2 describes some considerations in implementing
UCCD problems; UP methods such as MCS and gPC are intro-
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FIGURE 1: Illustration of OLSC and OLMC structures and their
effects on states of an arbitrary boundary-value UCCD problem.

duced in Sec. 3; SE-UCCD and WCR-UCCD formulations asso-
ciated with the simple SASA case study are described in Sec. 4;
and Sec. 5 presents results and discussion from such implemen-
tations. Finally, Sec. 6 presents the conclusions.

2 UCCD IMPLEMENTATION
In this section, we start by discussing the open-loop, optimal con-
trol structures under uncertainties in UCCD problems. These
structures attempt to answer inherently different questions and
have been used in separate studies in the literature [16, 27–35].
While these structures have a significant impact on the prob-
lem implementation and its associated solution, they have not
been collectively discussed in the literature to the best of the au-
thors’ knowledge. This section also highlights some subtle im-
plementation considerations and extends the discussion to the ef-
fectiveness of various coordination strategies, such as simultane-
ous, nested, and direct single shooting (DSS), for general UCCD
problems [10–12, 26].

2.1 Control Structures under Uncertainties
To respond to the presence of uncertainties and manage their im-
pact on a UCCD problem, one may use an OLSC or an OLMC
structure. OLSC is structured to find a single control command,
while OLMC elicits a range of optimal control responses based
on the realization of uncertainties. Here, we discuss these orga-
nizational structures in detail.

2.1.1 Open-Loop Single-Control (OLSC). In this struc-
turing, the goal is to find a single control command that is opti-
mal with respect to some criteria, such as the expectation of the
objective function or the worst-case uncertainty realization. In
that sense, OLSC is closely related to concepts from robust con-
trol theory because the single robust control command is to per-
form well under a range of circumstances. As an example, OLSC

can be used to generate an open-loop optimal control trajectory
for motion planning of a robot, which is then followed using a
tracking controller. While OLSC is particularly suitable for gen-
erating open-loop trajectories to be used in trajectory tracking
applications, there are some inherent limitations to this structure.

For instance, consider a general UCCD problem with ini-
tial and terminal boundary conditions. This class of problems,
which is referred to as boundary-valued UCCD, has an exten-
sive application in various fields of engineering. As an exam-
ple, a boundary-valued UCCD problem might attempt to bring
a vehicle to rest, an aircraft back to a depot, the energy of a
system to zero, or the temperature in a heat-transfer system to
a specific value—all in the presence of uncertainties. For sim-
plicity, assume that uncertainties in our boundary-valued UCCD
problem originate only from uncertain plant optimization vari-
ables. In this case, it becomes immediately evident that the
OLSC structure cannot satisfy all of the prescribed initial and
terminal boundary conditions in the presence of uncertainties. In
other words, there’s no single control that can satisfy the pre-
scribed boundary conditions for all of the realizations of plant
uncertainty because the OLSC problem is over-constrained.

This issue has been dealt with in two different ways in the
literature: (1) relaxing the prescribed terminal boundary condi-
tions [27,28], or (2) minimizing the variance of the terminal state
in a multi-objective optimization problem [29, 30]. The premise
for both of these approaches is the assumption that terminal con-
ditions are of Type II equality constraints (i.e., the strict satis-
faction of such constraints under uncertainty cannot be guaran-
teed) [1, 36, 37]. These remedies enable a solution to the OLSC-
UCCD problem, but they do not enforce the terminal boundary
conditions. As a result, the relaxed UCCD problem is an inher-
ently different problem to solve. This issue is illustrated in Fig. 1,
where the boundary value is relaxed for the OLSC structure to
enable a solution. In addition, in many real-world applications,
relaxing the boundary conditions is not practically viable. For
example, in the UCCD problem of a military aircraft, the vehicle
must reach the target or depot despite all uncertainties. There-
fore, relaxing the terminal condition has the potential to change
the meaning and interpretation of the problem, and thus, care
must be taken at the time of implementation. Despite these lim-
itations, the OLSC uncertainty organization remains a valuable
tool in constructing open-loop trajectories for a wide range of
reference tracking applications.

In terms of implementation, OLSC generally requires the re-
laxation of some or all of the boundary conditions. For a general
UCCD problem, a nested coordination strategy may be leveraged
to deal with plant uncertainty only in the outer-loop optimiza-
tion problem. However, the inner-loop optimal control subprob-
lem will remain coupled through control trajectories—resulting
in a problem that is too large to solve unless a more suitable UP
method, such as the most-probable-point (MPP), is used to limit
the size of the inner-loop problem [27,38]. One remedy for deal-
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ing with this issue is to use a DSS method [25, 26, 39] because
it has the advantage of effectively separating control variables
from dynamic equations, resulting in sets of dynamic equations
that can be solved efficiently by taking advantage of parallel com-
putation. For this reason, all of the implementations of OLSC-
UCCD problems in this study use a DSS approach.

2.1.2 Open-Loop Multiple-Control (OLMC). OLMC is
based on the idea that every realization of uncertainty should
elicit a distinct optimal control response from the UCCD prob-
lem and is implemented in Refs. [31, 33, 40–43]. Even when
control trajectories are not the source of uncertainty or when the
control loop is not closed, this approach results in an aggregate of
optimal control solutions that provide additional insights into the
limits of the system performance. As an example, OLMC can
be used to discover the upper system performance limits at the
early-stage design of a vehicle active-suspension system, such as
the maximum actuator force, maximum sprung mass accelera-
tion, etc.

One way to view OLMC is to consider the closed-form so-
lution to the optimal supervisory control for an arbitrary UCCD
problem. Since the solution can be written as a function of other
problem elements, such as plant optimization variables or prob-
lem data, then uncertainties in these quantities elicit a range of
optimal control responses. In addition, OLMC enables investi-
gations into the upper limits of system’s performance in early-
stages of design. Therefore, the collection of these control tra-
jectories can then be used to provide insights into defining the
control architecture.

In addition, OLMC enables a more balanced UCCD formu-
lation by allowing the designer to utilize and exploit the whole
decision space in response to uncertainties. As an example, con-
sider a system in which uncertainties stem from plant optimiza-
tion variables. While it is possible to shift the plant design in
response to uncertainties in order to achieve reliability or robust-
ness (using methods based on reliability-based CCD [27, 44], or
robust CCD [45], respectively), it might be more cost-effective
to leverage the control limits to achieve such criteria. Therefore,
OLMC is more suitable for early-stage design where plant and
control spaces are explored, not only for performance optimality
but also for reliability, robustness, or any other risk measures.

The idea of OLMC, introduced here, has some key differ-
ences from various control trajectories that are generated in a
closed-loop controller. When the control loop is closed, different
realizations of uncertainties result in different trajectories (which
is also the case with OLMC). However, not all of these trajecto-
ries result in optimal behavior. This is in contrast with the OLMC
structure discussed in this section, which seeks to generate con-
trol trajectories that are optimal for every realization of uncer-
tainties. Formally connecting these optimal MC trajectories and
more effective and implementable closed-loop controllers in later
stages of the design process is important future work.

The implementation of OLMC structure in the simultane-
ous coordination strategy for any general UCCD problem with at
least plant uncertainty 1 requires expanding the number of con-
trol variables to match the number of samples or function evalu-
ation points. This result in a prohibitively large UCCD problem.
However, using a nested coordination strategy, the inner-loop op-
timal control subproblems associated with sample points become
completely independent and can be solved more efficiently. In
other words, control variables along with their associated dy-
namic equations are decoupled and can be solved in parallel
within the nested coordination strategy. For this reason, all of
the instances of OLMC-UCCD implementations for stochastic
formulations in this study use a nested coordination strategy.

2.2 Simple Bounds in UCCD
While there is limited theoretical distinction between simple
bounds and general inequality/path constraints, suitable treat-
ment of such boundary constraints in the presence of uncertain-
ties is occasionally overlooked in the literature. This distinction
is especially problematic because if the solution to the UCCD
problem lies on or near the boundary, it might become practi-
cally infeasible. To illustrate this further, consider a determinis-
tic CCD problem in which the plant optimization variable pp is
bounded ppmin ≤ p ≤ ppmax . When imperfect manufacturing pro-
cesses, which tend to have a normal distribution, transform pp
into an uncertain variable p̃p, the associated bounds on p̃p need
to be modified to reflect the true decision space. Since, in this
special case, p̃p has a normal distribution, a natural way to adjust
its bounds is to include a constraint shift index ks such that:

ppmin + ksσp ≤ p̃p ≤ ppmax − ksσp (3)
where ks is chosen by the designer to reflect the risks associ-
ated with these simple bounds. As an example, when ks = 3 and
p̃p has a normal distribution, then the simple bound is satisfied
with the probability of 99.865%. However, this approach does
not always offer this probabilistic interpretation. The concept of
constraint shift index, borrowed from robust design optimization
[46], is implemented in multiple UCCD studies [27, 28, 38, 45].
Using this approach, we can ensure that the UCCD problem ac-
counts for this specific type of reduced decision space that results
from the underlying uncertainties, and thus, any boundary solu-
tion will remain feasible and meaningful.

3 UNCERTAINTY PROPAGATION METHODS
Uncertainty propagation (UP) is a term applied to a family of
methods that quantify uncertainties in a system’s response and

1With plant uncertainty, the UP method needs to be constructed inside the
optimization problem and evaluated at every iteration of the optimization solver.
This results in a problem structure that cannot be solved sequentially through a
simultaneous coordination strategy.
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is a critical step in UCCD solution strategies when uncertainties
are represented probabilistically. UP methods have been devel-
oped for different needs in various research communities, and
thus, it is important to understand their utility, merits, and limita-
tions in the context of UCCD. In a broad classification, UP may
be performed in a forward or inverse manner [47, 48]. In for-
ward UP, uncertainties from inputs are propagated through the
system model, resulting in predictions of system behavior in the
presence of uncertainties. Inverse UP, on the other hand, uses
experimental measurements or observations to estimate discrep-
ancies between the model and the actual system. Parameter cal-
ibration and bias correction are then performed in order to up-
date the model based on such observations. While inverse UP is
an important step in developing accurate models, it is often the
case that actual observations and experimentation are not viable
options in early-stage design. In addition, while a concurrent
forward and inverse UP algorithm has the potential to improve
the dynamic model and hence, the interpretation of UCCD solu-
tions, this gain comes at the cost of a high computational burden.
For these reasons, this article only considers methods for forward
propagation.

Forward UP methods can be divided into probabilistic and
non-probabilistic approaches. Probabilistic methods provide an
estimate of the likelihood of an event taking place. This class
includes sampling methods such as MCS [49], local expansion
methods such as first-order second-moment (FOSM) [45] and
perturbation [50–52], functional expansion methods such as gPC
[53,54] and Karhunen–Loève expansion [55], MPP-based meth-
ods such as first-order reliability method (FORM) [27, 56, 57]
and second-order reliability method (SORM) [58], and numeri-
cal integration methods such as full-factorial numerical integra-
tion [59, 60]. Non-probabilistic methods, such as interval analy-
sis, or methods based on fuzzy programming, on the other hand,
do not provide this information, and their usage is generally lim-
ited to conditions where sufficient data is not available [61]. In
addition, the time-evolution of the joint probability distribution
function (PDF) in an uncertain system can be estimated directly
using direct quadrature method of moments [62], direct evolu-
tion through Fokker-Planck-Kolmogorov equation [63], and the
Ricatti equation (for linear Gaussian systems) [64]. In this sec-
tion, we limit our discussion to MCS and gPC and discuss their
utility and implementation challenges for UCCD problems.

3.1 Monte Carlo Simulation (MCS)
UP methods that are based on sampling provide an intuitive way
of propagating and quantifying uncertainties in many engineer-
ing problems. These methods generally require a lot of empirical
information. For example, not only the mean value and variance
but also the complete probability distribution of uncertain vari-
ables must be known for an effective sampling of uncertainties
[65]. These samples can be generated in two ways. The gener-
ated samples can be stored in computer memory and called for

appropriate function evaluations, or the same sample can be gen-
erated using a common seed number in a pseudorandom number
generator [66].

The sampling methods encompass a wide range of ap-
proaches, among which MCS is the most well-known. In MCS,
random samples of uncertain variables are generated from their
joint PDF, and the model is evaluated repeatedly for these sam-
ples. Therefore, at the root of methods such as MCS is the avail-
ability of distributional information for uncertain basic quanti-
ties. In this context, uncertain basic quantities are variables de-
scribed as x̃ ∈Rnx that have a known PDF whose uncertainty will
be propagated into the system. As an example, when the uncer-
tainty in an arbitrary UCCD problem stems only from plant opti-
mization variables, then nx = np. Using x̃ to describe the source
of uncertainties will allow us to simplify some of the notations in
the remainder of the article. An unbiased estimator for the mean
value of the objective function using MCS can be calculated as:

ôµ =
1

Nmcs

Nmcs∑
j=1

o(t,u j,ξ j,p j,d j) (4)

where Nmcs is the number of samples. The variance can be esti-
mated as:

ô2
σ =

1
Nmcs−1

Nmcs∑
j=1

(
o(t,u j,ξ j,p j,d j)− ôµ

)2
(5)

To estimate the probability of failure for an arbitrary inequality
constraint gi (i.e., P[gi(·) > 0]), an unbiased estimator is calcu-
lated as:

P̂ f ,i =
1

Nmcs

Nmcs∑
j=1

I(t,u j,ξ j,p j,d j) (6)

where I(·) is an indicator function defined as:

I(t,u j,ξ j,p j,d j) =

0 if gi(·) ≤ 0
1 if gi(·) > 0

(7)

Equations (4)–(7) can now be used in Eq. (2) to produce any of
the standard or specialized formulations based on stochastic and
probabilistic robust formulations [1].

MCS is flexible, easy to implement, and capable of offering
high solution accuracy. Therefore, it is often used to benchmark
newly-developed methods. However, a prohibitively large num-
ber of samples are required to estimate rare events accurately
(i.e., event with P≪ 1). The convergence rate of the expected
value in MCS is O(1/

√
Nmcs) [49, 54]. Interestingly, this con-

vergence rate does not depend on the dimension nx, which is an
advantage when compared to some of the other UP methods.

3.2 Generalized Polynomial Chaos (gPC)
The following presentation of gPC is primarily based on
Ref. [67]. In gPC, stochastic variables and processes are param-
eterized and represented using orthogonal polynomials. Suppose
that x̃ is a random vector with mutually independent components
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and distribution Fx̃(x) = P(x̃1 ≤ x1, . . . , x̃nx ≤ xnx ). If the ran-
dom elements in x̃ are not independent, then a Karhunen–Loève
decomposition [68] or a Rosenblatt transformation [69] should
first be applied. The mutual independence implies that Fx̃(x) =∏nx

i=1 F x̃i (xi). The univariate gPC basis functions of degree up to
ri are denoted by {ϕk(x̃i)}

ri
k=0 and, for continuous x̃i, satisfy the

following orthogonality condition:

E
[
ϕm(x̃i)ϕn(x̃i)

]
=

∫
ϕm(x)ϕn(x)dF x̃i (x) = δmnγm

where 0 ≤ m,n ≤ ri, γm = E[ϕ2
m(x̃i)]

(8)

where δ is the Kronecker delta function and γ is a normalization
factor. The set of univariate orthogonal basis functions are sim-
ply obtained based on the probability distribution of x̃. As an ex-
ample, when x̃i has a Gaussian distribution, the set of orthogonal
basis functions are selected from Hermite orthogonal polynomi-
als, that is {ϕk(x̃i)}

ri
k=0 = {Hk(x̃i)}

ri
k=0 = {H0(x̃i),H1(x̃i), . . . ,Hri (x̃i)},

where H(·) refers to Hermite polynomial basis. Note that if x̃
does not follow the random distributions in the Askey family, as
described in Table 1, then data-driven polynomial chaos can be
used [70, 71].

A tensor product of elements in {ϕk(x̃i)}
ri
k=0, for i = 1, . . . ,nx

can then be used to construct the nx-variate gPC basis functions
Φm(x̃). The resulting polynomials space can be defined as:{

Φm(x̃)
}M−1

m=0
= ⊗
|k|≤PC

{ nx∏
i=1

ϕk(x̃i)
}

(9)

where ⊗ indicates the tensor product. If we keep the highest
polynomial order for up to PC in each direction, then |k| =
max1≤ j≤nx k j and the resulting polynomials have the dimension of
M =

∏nx
i=1(PC+1). Alternatively, a subset of basis elements with

a total degree of up to PC can be selected. In this case, the nx-
variate gPC is defined using a multi-index k = (k1, . . . ,knx ) ∈Nnx

0 ,
where Nnx

0 is the set of nx-dimensional natural numbers with
zero, and k is a multi-index with |k| = k1+ · · ·+knx . The resulting
polynomials have the dimension of M:

M =
(
PC+nx

PC

)
(10)

The nx-variate gPC basis functions satisfy the following orthog-
onality condition:

E
[
Φi(x̃)Φj(x̃)

]
=

∫
Φi(x)Φj(x)dF x̃(x) = γiδij (11)

where γ is the normalization factors and δ is the nx-variate Kro-
necker delta functions. This orthogonality allows us to use suit-
able polynomials as basis functions to approximate a function of
random variables x̃ [67]. Now, any general second-order vari-
able or process (i.e., a process with finite variance) ỹ(t, x̃) can be
expressed by polynomial chaos of PC degree as:

ỹ(t, x̃) ≈ yPC(t, x̃) =
M−1∑
m=0

ŷm(t)Φm(x̃) (12)

TABLE 1: Correspondence between the type of gPC and their
underlying random variables [67].

Distribution gPC polynomial Support

C
on

tin
uo

us Gaussian Hermite (−∞,∞)
Gamma Laguerre [0,∞)

Beta Jacobi [a,b]
Uniform Legendre [a,b]

D
is

cr
et

e Poisson Charlier {0,1, . . . }
Binomial Krawtchouk {0,1, . . . ,Nd}

Negative binomial Meixner {0,1, . . . }
Hypergeometric Hahn {0,1, . . . ,Nd}

where ypc (·) is the PCth-degree gPC approximation of ỹ(·), and
ŷi(t) are unknown coefficients. Note that in the context of UCCD
problems, any uncertain problem element such as uncertain con-
trol or state trajectories, plant optimization variables, problem
data, objective function, dynamic state equations, or constraints
can be approximated using this approach.

From here, we can use either a Galerkin or a collocation for-
mulation of gPC to calculate the unknown coefficients ŷm(t) in
Eq. (12). The Galerkin formulation, which is an intrusive UP
method, uses a Galerkin projection on the basis functions to ap-
proximate uncertain quantities. For stochastic differential equa-
tions, the Galerkin projection results in an expanded determin-
istic set of coupled ODEs. Since model equations or the source
code need to be modified for this approach, it is referred to as an
intrusive UP method [72]. Solving the resulting coupled ODEs
becomes increasingly difficult as the number of states increases.
The development and application of the Galerkin type of gPC
can be found in Refs. [29, 30, 67, 70].

In the collocation formulation of gPC, the mth unknown co-
efficient, ŷm(t) can be obtained using Eq. (11):

ŷm(t) = E
[
y(t,x)Φj(x̃)

]
=

∫
Γ

y(t,x)Φj(x)dF x̃(x) (13)

where Γ is the finite domain of the distribution function, con-
structed from the product of independent finite domains associ-
ated with each uncertain dimension, i.e., Γ =

∏nx
i=1Γi. The evalu-

ation of this integral requires a quadrature rule, and thus, a set of
collocation nodes, along with their associated quadrature weights
must be selected according to the corresponding polynomial rep-
resentation in Table 1. We define qi user-defined collocation
nodes in each i dimension of uncertain quantities. The full ten-
sor product of these user-defined nodes can then be used to gen-
erate an nx-dimensional grid of Q collection nodes and quadra-
ture weights αw, such that {x j,αw j }

Q
j=1, where Q = ⊗{q1, . . . ,qnx }.

Note that a sparse grid can also be generated through methods
such as the Smolyak algorithm [73] to reduce the total number of
tensor products, and thus the computational expense, especially
in problems with higher uncertain dimensions, while maintaining
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FIGURE 2: Illustration of steps involved in constructing gPC ba-
sis functions for a two-dimensional uncertain problem.

the accuracy of integration. Using the quadrature rule, Eq. (13)
can be written as:

ŷm(t) =
Q∑

j=1

y(t,x j)Φm(x j)αw j (14)

where x j is the jth collocation node and αw j is the associated
quadrature weight. Note that now, y(t,x j) is the deterministic so-
lution to the jth sample of random vector. When an accurate gPC
for an arbitrary random function ỹ(t, x̃) is constructed, the func-
tion can be analytically represented as a function of x̃. There-
fore, all statistical information of ỹ(·) can be estimated with little
computational effort [67]. Statistics of ỹ(t, x̃) are then calculated
as:

E
[
ỹ(t, x̃)

]
≈ E[ỹPC(t, x̃)] = ŷ1(t)

σ2
ỹ(t,x̃) ≈ σỹPC (t,x̃) =

M∑
m=2

ŷ2
m(t)

(15)

Figure 2 illustrates all of the steps involved in constructing
gPC basis functions for an arbitrary, two-dimensional uncertain
problem. In this figure, x1 and x2 have a Gaussian distribution;
this is why a Hermite polynomial function is used to obtain or-
thogonal basis functions. The collocation nodes and quadrature
weights associated with each uncertain dimension are obtained
by finding the roots of the qith Hermite polynomials and are ap-
propriately scaled according to Refs. [31, 67]. The source code
for the implementation of gPC in Matlab is provided in Ref. [74].

4 SIMPLE SASA UCCD FORMULATIONS
In this section, we construct SE-UCCD and WCR-UCCD formu-
lations to investigate the integrated UCCD solution of the simple
SASA case study as a means to explore UCCD more broadly.

FIGURE 3: Illustration of the original and simplified strain-
actuated solar array systems.

Borrowed from Refs. [19, 20], this problem describes a simpli-
fied version of a strain-actuated solar array (SASA) system for
spacecraft pointing control and jitter reduction. As shown in
Fig. 3, this system uses distributed actuators to strain the solar
arrays, which results in reactive forces that can be used to control
the spacecraft body. The objective is to maximize the displace-
ment of the spacecraft’s body at the final time. The deterministic
simple SASA problem is formulated as:

minimize:
u,ξ,k

− ξ1(t f ) (16a)

subject to: u−umax ≤ 0 (16b)
umin−u ≤ 0 (16c)[
ξ̇1
ξ̇2

]
=

[
0 1
− k

J 0

] [
ξ1
ξ2

]
+

[
0
1
J

]
u (16d)

ξ(t0) =
[
0
0

]
, ξ2(t f ) = 0 (16e)

where: u(t) = u, ξ(t) = ξ (16f)
In this problem, u is the open-loop control moment applied to the
solar array, ξ1 and ξ2 are state variables (associated with the rel-
ative displacement and velocity), and k is the plant optimization
variable associated with the stiffness of the solar array. The in-
ertia ratio between the solar array and the bus is described by J,
and considered problem data. The number of optimization vari-
ables is nu = 1, ns = 2, and np = 1. Note that u is bounded by
umin and umax, and the initial and terminal boundary conditions
are imposed through Eq. (16e).

When uncertainties are present, depending on the availabil-
ity of distributional information, the simple SASA UCCD prob-
lem may be formulated like any of the specialized forms dis-
cussed in detail in Ref. [1]. In this article, we assume that un-
certainties originate from plant optimization variable k̃, uncer-
tain problem data J̃, and uncertain initial boundary condition for
the second state variable ξ̃2,t0 . Generally, time-dependent distur-
bances are also present in the dynamic model and may require
specific treatment before they can be efficiently used in gPC. For
this reason, this study only focuses on time-independent uncer-
tainties. Next, we assume that uncertainties are represented in a
probabilistic and deterministic manner, which enables the formu-
lation of the UCCD problem in three distinct ways: SE-UCCD,
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PR-UCCD, and WCR-UCCD—all of which can be derived from
the universal UCCD formulation in Eq. (2).

For the simple SASA problem, it is important to bring the
vehicle to rest at the final time. This condition may be necessary
for accurate positioning, safety, and functionality of the system.
Therefore, the simple SASA problem readily lends itself to the
OLMC structure. In addition, since the satisfaction of the termi-
nal boundary condition is guaranteed through OLMC structure,
the standard deviation associated with the objective function is
zero. Therefore, the probabilistic robust implementation prac-
tically reduces to stochastic in expectation. Thus, in the first
step, this article implements and solves the OLMC stochastic
in expectation UCCD problem using MCS and gPC. For WCR-
UCCD formulation, it is more natural to use an OLSC structure.
This is mainly due to difficulties associated with effectively sam-
pling the uncertainty space when distributional information of
uncertainties is lacking. However, due to the assumption of poly-
topic uncertainties, as well as the problem-specific requirement
of bringing the vehicle to rest, we also investigate the OLMC
implementation of this formulation.

In the following sections, we assume that all of these uncer-
tain quantities have a Gaussian distribution with known standard
deviations of σk, σJ , and σξ2,t0 , respectively. Note, however,
that other distributions according to Table 1 may also be used
for gPC. In addition, for the deterministic representation of un-
certainties, we assume that uncertainties belong to deterministic
sets, constructed within the range of ±ksσ of the mean values of
uncertain quantities, where ks = 3. Since the standard deviation
of uncertainties has the potential to be controlled and reduced
through further investments, we also investigate the WCR solu-
tion as a function of the standard deviation, using a scaling factor
s f . In addition, since the size and geometry of the uncertainty set,
selected by the designer, has the potential to result in overly con-
servative or risky solutions, we also investigate the solution as a
function of ks.

4.1 Stochastic in Expectation (SE-UCCD)

When distributional information of uncertainties is available, the
deterministic CCD problem may be formulated as SE-UCCD. In
this formulation, the objective function and inequality constraints
are modeled in terms of their expected values. This points to the
risk-neutral nature of this formulation because no measures are
taken to reduce the risks associated with constraints violation.
The OLMC structure solves the problem subject to all boundary
conditions by eliciting a distinct control response for every real-
ization of uncertainties. The simultaneous SE-UCCD problem is
formulated as:

minimize:
u,ξ̃,µk

−E[ξ̃1(t f )] (17a)

subject to: Eqs. (16b)-(16c) (17b)
ksσk −µk ≤ 0 (17c)

 ˙̃ξ1
˙̃ξ2

 = [
0 1
− k̃

J̃
0

] [
ξ̃1
ξ̃2

]
+

[
0
1
J̃

]
u (a.s.) (17d)

ξ̃(t0) =
[

0
N(µξ2,t0 ,σξ2,t0 )

]
(17e)

ξ̃2(t f ) = 0 (if OLMC) (17f)

where: k̃ =N(µk,σk), J̃ =N(µJ ,σJ) (17g)

u(t) = u, ξ̃(t) = ξ̃ (17h)
In this equation,N(·) describes a normal distribution, µk, µJ , and
µξ2,t0 are the mean values of the solar array stiffness, inertia ra-
tio, and the initial condition for ξ2, respectively. Equation (17c)
is included to ensure the feasibility of any boundary solution ac-
cording to the discussion in Sec. (2.2). In this equation, ks is the
constraint shift index. Equation (17d) describes uncertain system
dynamics, which are of Type I equality constraints [1]. There-
fore, they must be satisfied “almost surely” or “a.s.” (with the
probability of one). That is why these equations are described in
terms of the infinite-dimensional uncertain quantities such as k̃
and J̃. Finally, note that Eq. (17f) is only satisfied if an OLMC
structure is used and relaxed for OLSC (not shown here).

4.2 Worst-Case Robust (WCR-UCCD)

When the probabilistic information of uncertain quantities is not
available, a worst-case robust formulation provides a conserva-
tive solution that is optimal for the worst-case realization of un-
certainties within the uncertainty set. Therefore, a major assump-
tion in implementing such a formulation is the knowledge of the
geometry and size of the uncertainty set. We assume that uncer-
tainties belong to the following uncertainty set:

Rq B
{
q̃ | ∥δq∥ ≤ 1

}
where δq = q̃− q̂ (18)

where Rq is the uncertainty set, and q̃ is a column vector com-
posed of the concatenation of all uncertain quantities, and q̂ are
nominal quantities that are used to construct the uncertainty sets.
For the simple SASA problem, q̃T B [k̃, j̃, ξ̃2,t0 ]. In addition,
since all of the assumed uncertainties have a normal distribution,
a natural choice in constructing the uncertainty set is to assume
that q̂ = µq and δq = ±ksσq, where ks = 3. The epigraph repre-
sentation of the worst-case robust formulation for the outer loop
of the simple SASA problem is then described as [1]:

minimize:
u,µk ,v

− v (19a)

subject to: v−Φ
(
t,u, ξ̃, k̃(µk), J̃, ξ̃2,t0

)
≤ 0 (19b)

Eqs. (16b)–(16c) (19c)
ksσk −µk ≤ 0 (19d)

where: u(t) = u (19e)
where u(t) and µk are inputs to the inner-loop optimization prob-
lem. In the outer-loop WCR-UCCD problem formulation, the
number of optimization variables are nu = 1 and np = 2. The
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inner-loop WCR problem is formulated as:
minimize:

ξ,k,J,ξ2,t0
oin = ξ1(t f ) (20a)

subject to: Eq. (16d) (20b)

ξ(t0) =
[

0
ξ2,t0

]
(20c)

−0.3 ≤ ξ2(t f ) ≤ 0.3 (20d)
where: k(µk) ∈ Rk, J(µJ) ∈ RJ (20e)

ξ2,t0 (µξ2,t0 ) ∈ Rξ2,t0 , ξ(t) = ξ (20f)
In this equation, the number of optimization variables include
ns = 2, and np = 3. Note that it is more natural for the WCR-
UCCD formulation to be implemented through an OLSC struc-
ture. That is why the above formulation requires the relaxation of
the original terminal boundary condition, as shown in Eq. (20d).
In this context, negative values are still physically meaningful
because the state variables correspond to relative displacement
and velocity.

A major limitation of this formulation is its inability to bring
the spacecraft to rest. While this requirement is of utmost impor-
tance for the simple SASA problem, it may not be immediately
realized through the OLSC structure of WCR-UCCD. However,
augmenting the inner-loop objective with a penalty term allows
us to investigate the compromise between the competing objec-
tives of the worst-case displacement and relative velocity at t f .
The inner-loop multiobjective optimization of the WCR-UCCD
(equivalent to Eq. (20) but with different interpretations) can be
formulated as:

minimize:
ξ,k,J,ξ2,t0

oin = ξ1(t f )+wpwnξ
2
2(t f ) (21a)

subject to: Eqs. (20b)–(20c) and (20e)–(20f) (21b)
where wn = 10 is a normalization factor that is included to en-
sure that both objective terms are of the same order of magnitude
and wp is the penalty weight. Varying the weight on the penalty
term can them provide insights into the trade-offs between these
competing objectives. Note that the associated outer-loop opti-
mization problem generally remains the same. The only modifi-
cation needed is in Eq. (19b) to make sure v is constrained only
through ξ1(t f ) rather than the whole multiobjective value. This
is to ensure that the epigraph variable is still representative of
the associated ξ1(t f ). It is important to emphasize that this for-
mulation offers a compromise between the desired objective of
the poorest performance and the required terminal condition. As
a result, this formulation may no longer correspond to the true
worst-case robust solution. Even when wp = 0, the solution will
differ from the solution of Eq. (20) because in the former formu-
lation, the terminal boundary conditions are completely relaxed,
while they are only partially relaxed in Eq. (20).

TABLE 2: Settings for UCCD implementations of the simple
SASA problem.

Category Option Value

General

defects trapezoidal (TR)
mesh equidistant

quadrature composite TR
outer-loop solver fmincon
solver tolerance 10−6

SE-UCCD

inner-loop solver quadprog
derivatives symbolic

nt 100
Nmcs 10,000

Q 103

ri 8
M 93

WCR-UCCD
inner-loop solver fmincon

derivatives forward
nt 100

5 RESULTS AND DISCUSSION
The simple SASA UCCD was implemented and solved for
the SE-UCCD and WCR-UCCD formulations introduced in
Secs. 4.1 and 4.2. Since a nested UCCD coordination strategy re-
sults in linear dynamics and, thus, improved computational cost,
this coordination strategy has been consistently used to obtain
the solution of OLMC-SE-UCCD problem formulations. All of
the inner-loop, optimal control subproblems from the nested co-
ordination strategy are solved through a direct transcription (DT)
approach. For all of the DT implementations, the Matlab-based
DTQP toolbox was used to efficiently construct and solve the
UCCD problem [75, 76]. DTQP toolbox offers a simple prob-
lem definition approach, options for differentiation, and the pos-
sibility to take advantage of the linearized dynamics to obtain
an efficient solution. A direct single shooting (DSS) approach
is used for the outer-loop optimization problem of WCR-UCCD,
while the inner-loop is solved using DTQP. The SE-UCCD for-
mulation was solved using MCS and gPC. All of the results and
implementations are made available in Ref. [74].

The computer architecture used for these case studies is a
desktop workstation with an AMD 3900X 12-core processor at
3.79 GHz, 32 GB of RAM, 64-bit windows 10 Enterprise LTSC
version 1809, and Matlab R2021b. The settings associated with
the DTQP toolbox, optimization solvers, and specific method-
dependent parameters for MCS and gPC are reported in Table 2.
The results from these UCCD implementations for the simple
SASA problem are presented in Table 3. Note that in this ta-
ble, õ is the objective function associated with the corresponding
formulation introduced in Eqs. (17a) and (19a), respectively.
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TABLE 3: Summary of SE-UCCD and WCR-UCCD solutions.

Form.1 Str.2 õ µk t(s) tswitch
CCD OLSC −0.301 3.441 3 0.727
Stc-MCS OLMC −0.308 3.311 5717 0.737
Stc-gPC OLMC −0.306 3.185 562 0.742
|∆| - 0.65% 3.81% 90% 0.68%
WcR OLSC 0.204 0.705 2592 0.838
1 Formulation, 2 Control structure under uncertainties

5.1 SE-UCCD Solution
According to Table 2, OLMC stochastic results entail the so-
lution of an MCS and gPC UP methods. Specifically, using
Nmcs = 10,000 number of samples for the MCS-based stochas-
tic UCCD problem, the solution (which is described in Table 3)
converged to the objective value of õ = −0.308, with k̃ = 3.311.
This solution offers a relatively small error of O(0.01) for the
objective function and thus, is used to benchmark results from
gPC for OLMC implementations. The solution from gPC differs
from that of MCS by 0.65%, and 3.81% for õ and k̃, respectively.
However, the computational time is reduced by 90.17%, which
is a considerable improvement over the MCS method. Since the
optimal behavior of the system is bang-bang control with a sin-
gle switch, the average control switching time tswitch was also
estimated for all of these implementations. From Table 3, the
average control switching time for gPC differs from that of MCS
by 0.68%. It is expected that the results from gPC can be further
improved by increasing the number of nodes, particularly in the
dimension of k̃.

Compared to the deterministic solution, the results indicate
an increase in the expected value of the objective function. This
increase is justified by the fact that the stochastic expected value
model is a risk-neutral formulation in which no measure is taken
to move away from uncertainties. Therefore, depending on their
distribution and the corresponding model, some uncertainty real-
izations may act in favor of the objective function. Therefore, the
objective function may witness an increase or a decrease com-
pared to the deterministic solution. Note, however, that this is
generally not the case for stochastic chance-constrained formu-
lations because their risk-averse nature pushes the solutions to-
wards the interior of the feasible space to maintain the desired
probability of success.

Optimal state and control trajectories, along with their asso-
ciated ±σ distribution bands for MCS and gPC-based implemen-
tations, are shown in Fig. 4 and compared with the deterministic
solution. The results indicate that gPC is very well capable of es-
timating statistics of problem elements. Specifically, according
to Figs. 4a and 4c, the expected value response for optimal state
trajectories from both MCS and gPC-based methods are slightly
higher than the their associated deterministic counterparts. This
observation is also aligned with the increase in the objective

function value. In addition, the OLMC structure allows the op-
timizer to change the controller’s switching time in response to
the realization of uncertainties. This results in a range of optimal
control responses whose distribution band with ±σũ is shown in
Figs. 4b and 4d for MCS and gPC, respectively. Note that while
the control is expected to remain bang-bang in nature, the result-
ing trajectories (with intermediate control quantities) seem to be
a by-product of the optimization algorithm and/or UP methods.
In addition, note that the average control switching time signifies
a 1.37% difference between MCS and deterministic solutions,
which points to the utility of OLMC structure as it allows the
simultaneous exploration of plant and control spaces to find the
solutions in the presence of uncertainties.

5.2 WCR-UCCD Solution
Acquiring the optimal control response for OLSC-WCR-UCCD
problem based on Eq. (19) requires a DSS approach. Using 100
collocation points, we implemented and solved the problem with
the inner-loop formulation of Eq. (20) and tabulated the results
in Table 3. The solution converged in 2592 s to the outer-loop
objective value of 0.204 with µk = 0.705. This solution differs
from the deterministic solution by 32.23% for the objective func-
tion and 79.5% for solar array stiffness. In addition, the average
switching time has increased by 15.27% compared to the deter-
ministic case. When compared with the risk-neutral SE-UCCD,
the results highlight three important observations about WCR-
UCCD formulation: (i) the conservativeness of the solution, (ii)
the risk-averse nature of the formulation, and (iii) inability to
bring the vehicle to stop at t f . In addition, note that while the
computational time of the WCR-UCCD formulation is signifi-
cantly less than the SE-UCCD with the MCS approach, it is still
much higher than gPC.

The optimal control and state trajectories associated with
OLSC-WCR-UCCD solution are shown in Fig. 5. According
to Fig. 5a, ξ1,WCR(t) is much lower than the deterministic case.
Note, however, that ξ2(t f ) in the WCR solution does not ap-
proach 0 because, according to Eq. (20d), the terminal boundary
condition was partially relaxed. The optimal control trajectory
associated with WCR is shown in Fig. 5b and compared with the
deterministic case. Note that while the optimal control trajectory
is expected to remain bang-bang in nature, the resulting WCR
trajectory indicates a slight deviation from this expected behav-
ior. This issue seems to be directly related to the limitations of
the OLSC optimization algorithm. From this figure, it is evident
that the average switching time of the worst-case robust optimal
control trajectory is delayed compared to the deterministic case.

Implementing WCR-UCCD using the multiobjective formu-
lation of Eq. (21) with various penalty weights wp allows us to
investigate the trade-offs between the worst-case (minimum) rel-
ative displacement and the requirement of bringing the vehicle
to rest at t f . In the limit, these implementations correspond
to the worst-case robust solution when wp = 0 (but with com-
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(a) Optimal states using MCS. (b) Optimal control using MCS. (c) Optimal states using gPC. (d) Optimal control using gPC.

FIGURE 4: Open-Loop multiple-control (OLMC), stochastic in expectation UCCD (SE-UCCD) solution using MCS and gPC in com-
parison to the deterministic CCD solution.

(a) Optimal states. (b) Optimal control.

FIGURE 5: Worst-case robust solution of the OLSC simple SASA
UCCD problem compared to the deterministic CCD solution.

pletely relaxed terminal conditions—thus different from the re-
sults shown in Fig. 5), and the case of bringing the vehicle to rest
when wp = 1. The results from this implementation are shown
in Fig. 6. It is evident that the solution obtained from these im-
plementations does not always correspond to the true worst-case
realization of uncertainties; rather, it is a compromise between
the two competing objectives.

When wp = 0, the terminal condition is completely relaxed
and the optimal control trajectory remains relatively constant at
u(t) = 1. Interestingly, this behavior remains the same for some
other weighting factors, including the case of wp = 1. For the
remaining weighting factors, no general trend is witnessed. In
all of these cases, the optimal control trajectories are no longer
bang-bang in nature. These results are more difficult to inter-
pret and are inconsistent with our expectation that increasing the
penalty weight should result in poorer performance and lower
final velocity. From this implementation, it is reasonable to
state that the multiobjective OLSC formulation is less numeri-
cally robust compared to the OLSC formulation introduced in
Eq. (20), indicating future work is needed to better understand
these trends.

Next, the OLMC-WCR-UCCD problem is investigated us-
ing the concept of polytopic uncertainties. A polytope is a
bounded, closed, and convex polyhedron described by a finite
number of affine inequalities. For a linear program, the feasible
region of the optimization problem is a convex polytope, (i.e., the
convex hull of the vertices of the polytope), and the optimal solu-
tion is achieved at a vertex. Therefore, we only need to check the
vertices of the polytope. Since the OLMC-WCR-UCCD prob-
lem has polytopic uncertainties and is linear when using a nested
coordination strategy, then the aforementioned results from lin-
ear programming may be applied. In other words, the number
of required evaluations can be reduced to function evaluations at
the vertices of the polytope. This property was also confirmed
by sweeping the uncertain space and ascertaining that the worst-
case combination of uncertainties is achieved at a vertex.

Next, we investigate the solution of OLMC-WCR-UCCD
by substituting the inner-loop robust optimization problem with
function evaluations at the vertices of the polytope. The results
from this implementation are shown in Fig. 7 and compared with
the deterministic CCD solution. Specifically, Fig. 7a illustrates
the polytope formed by uncertainty sets, with a total of 23 ver-
tices. In these figures, all gray trajectories are associated with
vertices that do not represent the worst-case realization of uncer-
tainties. Figure 7b shows ξ1 trajectories for all of the vertices of
the polytope. Note that while there is a total of 8 vertices in the
polytope, some trajectories completely overlap with others (due
to problem symmetry), resulting in a total of 4 distinct trajecto-
ries for states. Each pair of overlapping trajectories have J and
ξ2,t0 in common, but differ in k dimension. Since µk is an opti-
mization variable, the optimizer selects this value such that the
total stiffness in the optimization problem amounts to the same
value—resulting in identical trajectories.

The worst-case performance of the system corresponds to
the combination of (µk ± ksσk,−ksσξ2,t0 ,ksσJ) with ξ1(t f ) =
0.157. According to Fig. 7c, ξ2 trajectories associated with the
worst-case follow a lower (slower) path compared to the deter-
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(a) Optimal state ξ1. (b) Optimal state ξ2. (c) Optimal control u. (d) Objectives and stiffness.

FIGURE 6: Open-loop single-control (OLSC) implementation of WCR-UCCD using a multiobjective inner-loop optimization problem
with different penalty weights for the simple SASA problem (Eqs. (19) and (21)).

(a) Polytope formed by uncertainties. (b) ξ1 at polytope vertices. (c) ξ2 at polytope vertices. (d) u at polytope vertices.

FIGURE 7: Open-loop multiple-control (OLMC) implementation of the WCR-UCCD for the simple SASA problem using polytopic
uncertainties.

(a) WCR solution versus s f . (b) WCR solution versus ks.

FIGURE 8: OLMC-WCR-UCCD objective and solar array stiff-
ness as a function of (a) s f which scales standard deviation of
uncertainties, and (b) ks which characterizes the size of the un-
certainty set.

ministic case. Optimal control trajectories associated with the
vertices of the polytope are shown in Fig. 7d. Although difficult
to see, these trajectories have different switching times. These
implementations indicate that the exploration of the whole de-
sign spaces (both plant and control) through OLMC structures
reduces some of the issues with numerical stability, as well as
meeting problem requirements in the OLSC structure.

It is clear from Fig. 7 that uncertainties in this case study
are relatively large because, under the worst realization of uncer-
tainties, the performance of the system is significantly affected

by 47.84%. Invaluable insights from this observation can then
be offered to the design team or manufacturer. For example,
by investing in higher-precision equipment and measurement de-
vices or improving the precision of the manufacturing processes,
the manufacturer may, to some extent, reduce these uncertainties
and, therefore, improve the worst-case performance of the sys-
tem. To illustrate this, we use a size factor, s f , to scale (up/down)
the standard deviation of uncertainties from their current values,
such that σ̂q = s fσq, where σ̂q is the new standard deviation.
Therefore, s f = 1 correspond to the current standard deviations,
s f < 1 corresponds to smaller standard deviations, and s f > 1
corresponds to larger standard deviations for uncertainties.

The objective function, ξ1(t f ) and solar array stiffness, µk
for different s f values are shown in Fig. 8a. From this figure,
we can see that as uncertainties are increased, the performance
of the system drops down until it reaches a small value of 0.1.
In addition, note that there’s a sudden jump in the optimal value
of µk when s f = 1.6. In addition to the standard deviation of un-
certainties, the deterministic uncertainty set is also characterized
through ks. As opposed to s f , which represents the inherent mag-
nitude of uncertainties, ks reflects designers’ understanding of
the size of the uncertainty set. In other words, ks is selected such
that the resulting uncertainty set is a close approximation of un-
certainty realizations. If ks is too small, the resulting uncertainty
set will not be a good representation, and thus, the WCR-UCCD
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solution will not be able to protect the system against risks asso-
ciated with uncertainties. On the other hand, when ks is too large,
the solution will be over-conservative, and thus, the system may
be subject to low performance due to over-design. To investigate
this issue, Fig. 8b shows the objective function and solar array
stiffness values as functions of ks when s f = 1 (i.e., current mag-
nitude of uncertainties).

It is clear from these investigations that uncertainties should
be treated as a critical element in dynamic system design from
the early stages and not as an afterthought. Exploration of the
whole design space (both plant and control) at the early stages
of the design process, through OLMC structures and appropriate
UCCD formulations, enables designers to understand the gen-
eral trends and interactions between various system elements and
have reasonable expectations of the system performance under
uncertainties.

6 CONCLUSION

Implementation of uncertain control co-design (UCCD) formula-
tions for real-world dynamic systems requires an in-depth under-
standing of the interpretation of each formulation, uncertainty or-
ganizational schemes, and solution strategies. Therefore, in this
article, we introduced the open-loop single control (OLSC) and
open-loop multiple control (OLMC) structures under uncertain-
ties to ensure meeting problem-specific requirements. We also
described two uncertainty propagation methods for probabilis-
tic uncertainties and solved a simple UCCD case study with the
stochastic in expectation UCCD (SE-UCCD) and worst-case ro-
bust UCCD (WCR-UCCD) formulations. By doing so, this study
seeks to provide a foundation for future advances in UCCD prob-
lems.

The SE-UCCD problem was solved using MCS and gPC in
a nested coordination strategy. The results from this implemen-
tation indicate that gPC offers promising improvements in the
computational time of UCCD problems. In addition, the risk-
neutral nature of this formulation results in an objective func-
tion that is slightly higher than that of the deterministic solution.
For WCR-UCCD, uncertainties belonged to a crisp uncertainty
set and were characterized based on ±3σ from the mean val-
ues. While OLSC structure is more natural for WCR-UCCD, we
also investigated OLMC solution using polytopic uncertainties.
We observed that OLSC solutions are not as numerically robust
(as currently implemented) as those obtained using an OLMC
structure. The results obtained in this study using various for-
mulations, organizational structure of uncertainties, and solution
strategies indicate that uncertainty considerations impact system
and design judgment and can be a critical element in the early
stages of the design process.

A natural next step is to extend this work to investigate
problems with probabilistic path constraints, with an emphasis
on stochastic chance-constraints UCCD formulations. The in-

clusion of time-dependent disturbances in the dynamic system
model, along with its uncertainty propagation through an effi-
cient and effective method, is a crucial step in implementing
UCCD formulations for real-world applications. The implemen-
tation of Galerkin type of gPC, which is promising for problems
with a small number of state variables, might provide an im-
provement over the collocation type of gPC for small-scale prob-
lems. Comparison with the most-probable-point (MPP)-based
UP methods, which have been already studied in reliability-based
CCD, may offer additional insights into possible improvements
in computational time, especially because the number of dy-
namic system equations can be reduced significantly. For WCR-
UCCD, it is essential to consider various geometries (such as
ellipsoidal, hexagonal, etc.) for the uncertainty set. Since em-
pirical information about uncertainties is generally limited in
early-stage design, it is necessary to investigate non-probabilistic
propagation methods such as interval analysis and methods from
fuzzy programming. Finally, the implementations of such meth-
ods and formulation for larger problems must be investigated to
address the question of scalability.
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Nomenclature

Acronyms
a.s. almost surely
AAO all-at-once
CCD control co-design
CTR composite trapezoidal rule
DSS direct single shooting
DT direct transcription
DTQP direct transcription quadratic programming
ED equidistant (nodes)
FE-UCCD fuzzy expected value UCCD
FORM first-order reliability method
FOSM first-order second moment
gPC generalized polynomial chaos
MCS Monte Carlo simulation
MPP most-probable-point
ODE ordinary differential equations
OLMC open-loop multiple control
OLSC open-loop single control
PCC-UCCD possibilistic chance-constrained UCCD
PDF probability distribution function
PR-UCCD probabilistic robust UCCD
SASA strain-actuated solar array
SCC-UCCD stochastic chance-constrained UCCD
SE-UCCD stochastic in expectation UCCD
SORM second-order reliability method
TR trapezoidal rule
UCCD uncertain control co-design
UP uncertainty propagation
WCR-UCCD worst-case robust UCCD
Notation
αw quadrature weights
•̄(·) composite function of •(·)
ξ(t) state trajectories
ξ0 initial conditions
ξ f terminal conditions
f (·) state transition or derivative function
g(·) inequality constraint vector
h(·) equality constraint vector
p time-independent optimization variable vector
pc control gain vector
pp plant optimization variables
u(t) open-loop control trajectory vector
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δ Kronecker delta function
•̇ time-derivative of •
ℓ(·) Lagrange term
Γ finite domain of distribution function
γ normalization factor
q̂ nominal quantities used to construct uncertainty sets
P̂ f ,i estimate of the probability of failure for ith constraint
•̂µ unbiased estimate of the mean of •̃
•̂2
σ unbiased estimate of the variance of •̃

ŷm(·) gPC expansion coefficients
E[·] expected value operator
I(·) indicator function
Nnx

0 set of nx-dimensional natural numbers with zero
P[·] probability operator
N(·) normal distribution
Rq uncertainty set associated with q̃
µ• mean value of •̃
•max upper bound on •
•min lower bound on •
d vector of problem data
ϕk(x̃i) univariate gPC basis functions
Φm(x̃i) nx-variate gPC basis functions
σ• standard deviation of •̃
ξ̃(t) uncertain state trajectory vector
p̃ time-independent uncertain optimization variable vector
p̃p uncertain plant optimization variable vector
q̃ column vector of uncertain quantities
ũ(t) uncertain control trajectory vector
x̃ vector of uncertain basic quantities
•̃ uncertain variable associated with •
d̃ uncertain problem data

ỹ(·) an arbitrary second-order variable or process
Fx̃(x) joint probability distribution
Hk(x̃i) Hermite polynomial basis funcitons
J inertia ratio between the solar array and the bus
K solar array stiffness
ks constraint shift index
m(·) Mayer term
M dimension of the nx-variate polynomials
Nd last element in the support of some discrete distributions
nd number of elements in the vector of problem data
Nmcs number of samples in MCS
np number of time-independent optimization variables
ns number of state optimization variables
nt number of time nodes
nu number of control optimization variables
nx number of uncertain basic quantities
o(·) objective function
oin inner-loop objective function
PC polynomial chaos degree
qi number of collocation nodes in ith dimension
ri degree of the univariate gPC basis functions
s f scaling factor
t time vector
t0 initial time
t f final time
tswitch control switching time in the case study
v objective function parameter in epigraph form
wn normalization factor
wp penalty weight
ypc PCth-degree gPC approximation of ỹ(·)
Q total number of collocation nodes
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