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Abstract

Optimization of dynamic engineering systems requires an integrated approach that accounts for the
coupling between embodiment design and control system design, simultaneously. Generally known as
combined design and control optimization (co-design), these methods offer superior system performance
and reduced costs. Despite the widespread use of co-design techniques in the literature, extremely limited
research has been done to address the issue of uncertainty in co-design problem formulations. This is prob-
lematic as all engineering models contain some level of uncertainty that might negatively affect the system’s
performance, if overlooked. Accounting for these uncertainties transforms the deterministic problem into
a stochastic one, requiring the use of appropriate stochastic optimization approaches. Therefore, this dis-
sertation serves as the starting point for research on stochastic co-design problems when the uncertainty
is propagated into the system from random design decision variables and/or problem parameters. Specif-
ically, a simultaneous co-design formulation within multidisciplinary dynamic system design optimization
(MDSDO), along with a special class of direct methods, known as direct transcription (DT), are consistently
used throughout this research as the basis for uncertainty considerations. Therefore, the stochastic co-design
formulations proposed in this dissertation are tailored for the DT-variants of stochastic co-design problems.

Using techniques from robust design optimization (RDO), we develop a novel stochastic co-design
formulation within MDSDO, known as robust MDSDO (R-MDSDO). This formulation enables a protective
measure against uncertainties by minimizing the sensitivity of the objective function to variations in design
decision variables and fixed problem parameters. The robust objective function and inequality constraints
are evaluated per usual through their first-order-approximated means and variances, whereas the analysis-
type (physics-based) equality constraints are evaluated deterministically at the means of random decision
variables and fixed problem parameters. The R-MDSDO formulation is applied to two case studies to assess
its effectiveness and implementation challenges.

While RDO techniques focus on minimizing the sensitivity of the objective function to variations in
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design, reliability-based design optimization (RBDO) maintains design feasibility under uncertainty. There-
fore, a more rigorous evaluation of probabilistic constraints is required to ensure reliability. In this disser-
tation, we develop a novel stochastic co-design approach based on the principles of RBDO. We implement
the reliability analysis through a performance measure approach (PMA) and employ a double-loop most-
probable-point (MPP) method, along with a first-order reliability method (FORM) to evaluate the probabilis-
tic constraints. The analysis-type dynamic and algebraic equality constraints are satisfied at the vectors of
mean-values of random decision variables, as well as their MPPs. The inner-loop reliability analysis, which
is performed for every function evaluation of the outer-loop problem to find MPPs, is implemented using
various methods such as advanced mean value (AMYV), conjugate mean value (CMV), hybrid mean value
(HMV), and general purpose optimizers. This novel formulation is known as the double-loop reliability-
based MDSDO (RB-MDSDO).

A major concern in the implementation of the proposed double-loop RB-MDSDO is its high computa-
tional cost for the computationally-intensive co-design problems. Specifically, since the reliability analysis
is performed for every function evaluation of the outer-loop problem, a more efficient and practical method
is desired to pave the way for the widespread adoption of RB-MDSDO approaches for real-world complex
systems. Therefore, we use the sequential optimization and reliability assessment (SORA) algorithm to de-
velop a novel single-loop MPP method for RB-MDSDO. In this algorithm, the optimization and reliability
assessment steps are decoupled from each other and run sequentially. Similar to the double-loop formula-
tion, FORM is employed to approximate the probabilistic constraints, while the reliability assessment step is
formulated using PMA. Due to the decoupled nature of this algorithm, the reliability assessment step entails
the satisfaction of the analysis-type dynamic and algebraic equality constraints.

The effectiveness, efficiency, and scalability of the proposed RB-MDSDO formulations are assessed by
solving the complex co-design problem of an automotive active-suspension system. Using a linear quarter-
car model with a rough surface input, and employing high-fidelity mathematical models for a helical com-
pression spring and a single-tube telescopic damper, we solved the double-loop and single-loop RB-MDSDO
co-design problems to identify the optimal spring and damper designs, state trajectories and control trajecto-
ries, such that the multiobjective weighted function of the tire deflection, sprung mass acceleration and active
control is minimized. By comparing the solutions of the double-loop and the single-loop RB-MDSDO, we
concluded that the latter approach offers superior computational efficiency for stochastic co-design prob-

lems while preserving accuracy. We note that despite the smaller inner-loop MPP optimization problem in
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the double-loop RB-MDSDO, and the advantages of utilizing efficient MPP solver methods such as AMYV,
CMYV, and HMV, the decoupled nature of the single-loop algorithm is more suitable for stochastic co-design
problems.

Finally, the proposed formulations are used to address the real-world complex co-design problem of
hybrid-electric vehicle (HEV) powertrain under uncertainty. These uncertainties may stem from a variety of
sources including imperfect manufacturing processes, measurement errors and/or uncertain operational con-
ditions and may not only impact HEV powertrain component sizing and control strategies, but also overall
vehicle performance and cost —both of which are critically-important in the fiercely competitive automo-
tive industry. Therefore, it is important to quantify and minimize the impact of these uncertainties on the
integrated system solution of HEVs. In this dissertation, we use R-MDSDO, as well as the RB-MDSDO
to explicitly account for random variations within design decision variables and fixed problem parameters
for a power-split HEV powertrain. Moderate-fidelity mathematical models of the major components of
a power-split HEV powertrain including the engine, electric motor, generator and battery pack are used to
identify the optimal plant design variables, state trajectory decision variables, and control trajectory decision
variables, such that the vehicle powertrain cost is minimized under uncertainties. The impact of these un-
certainties within the HEV powertrain model and problem formulation is then demonstrated by comparing

the results from R-MDSDO and RB-MDSDO to those from the associated deterministic co-design problems.

v



(©Copyright 2020, Saeed Azad

All Rights Reserved



To Mohammad, Shirin, and Kerry

vi



Acknowledgments

First and foremost, I would like to thank my advisor, Dr. Michael J. Alexander-Ramos, for his valuable
and constructive advice throughout this research. This dissertation would not have been successful without
his enthusiastic encouragement and scientific guidance. I would also like to express my gratitude to my
committee members Professor Manish Kumar, Professor David Thomson and Professor Kelly Cohen for
their useful critiques of this research.

I would like to thank my colleagues at the University of Cincinnati, particularly, the members of the
Integrated Vehicle Design Laboratory (IVDL) for their support. My thanks are extended to the Interna-
tional Partners and Leaders (IPALs) organization at UC International office as my experience at UC was
tremendously improved through my involvement with this organization.

I would like to express my very great appreciation to my family, especially my parents Mohammad
and Shirin, who have always supported my education and gave me their unconditional love. Finally, I am

particularly grateful for the love and support given by Kerry.

vii



Table of Contents

Abstract . . . . . . .. ii
Acknowledgments . . . . . . . ... L e vii
Listof Figures . . . . . . . . . e xi
Listof Tables . . . . . . . . . . e xiii
1 Imtroduction . . . . . . . . . . . e 1
1.1 Deterministic Co-design Methods . . . . . . . . .. ... ... ... ... . ... .. ... 2

1.2 Research Objectives . . . . . . . . . . . . i it e e e e 3

1.3 Summary and Overview . . . . . . . . . . Lo e e 5

2 Background . . . . . ... ... e 7
2.1 Co-designin MDSDO . . . . . . . . e 7

22 RDO . . e 9
2.2.1 Traditional RDO . . . . . . . . 10

2.2.2  RDO with Equality Constraints . . . . . . .. .. ... .. ... ... 11

23 RBDO . . . e 12
2.3.1 Traditional RBDO using FORM & PMA . . . . . . .. ... ... .. ...... 12

2.3.2 RBDO with Equality Constraints . . . . . .. .. ... ... ... ... ...... 17

24 SUMMATY . . . . v ottt e e e e e e e e e e e e e e e e e e 19

3 Robust Co-Design Formulation for Stochastic Dynamic Systems . . . . . ... ... ... .. 20
3.1 Robust MDSDO Problem Formulation . . . ... ... ... ................ 20

3.2 Robust Co-design Case Studies using R-MDSDO . . . . ... ... ... ... ...... 23

viii



3.2.1 Mathematical Application . . . . . . . ... .. L L 23

3.2.2 Engineering Application: Hang Glider Co-Design . . . . . ... ... ... .... 26
33 Summary ... .. e e e e e e e e e e e 32
Reliability-based Co-Design Formulation for Stochastic Dynamic Systems . . . . . . . . . .. 33
4.1 Reliability-based MDSDO Problem Formulation . . ... ... ... ............ 33
4.2 Reliability-based Co-design Case Study Using RB-MDSDO . . . ... ... .. ...... 35
4.2.1 Co-design of an Automotive Active-suspension system . . . . . . . . . . . .. ... 35
4.2.2  Active suspension co-design formulation . . . ... ... ... ... ... ..... 41
423 Resultsand Discussion . . . . . . . . .. ..o 44
43 Summary . . . ... e e e e e e e e e e 47
Assessment of Single-Loop MPP Reliability Analysis for RB-MDSDO . . . ... .. ... .. 48
5.1 Traditional SORA . . . . . . . . . e 48
5.2 SORA with Equality Constraints . . . . . . . . . .. ... 50
5.3 RB-MDSDO Problem Formulation Using SORA . . . . .. ... .. ... ... ...... 51

5.4 Reliability-based Co-design Case Studies Using Single-loop RB-MDSDO Implementations . 55

54.1 VanderPoloscillator . . . . . ... . ... 55
542 Hangglider . . . . . . . .. 60
5.4.3 Active suspension co-design problem . . . . . . ... ... ... ... 65
5.5 Summary ... .o e e e e e e 68
Application to Co-design of Hybrid-Electric Vehicle Powertrain . . . ... ... ... .. .. 69
6.1 Modeldevelopment . . . . . . . . .. 70
6.1.1 Powertrainmodel . . . . . .. ... 71
6.1.2 Componentcostmodel . . . . . . . . ... L L 80
6.2 HEV powertrain co-design formulations . . . . . .. ... ..o oL 81
6.2.1 Deterministic MDSDO formulation . . . . .. ... ... ... .. ... .. ... . 81
6.2.2 Integer value constraint heuristics . . . . . . . . .. ... oL Lo 84
6.3 Robust MDSDO of HEV powertrain . . . . . . . ... ... .. .. ... . ...... 84
6.4 R-MDSDO formulation . . . . . . .. .. 85

X



6.4.1 Resultsand Discussion . . . . . . . . . . . e 87

6.5 Reliability-based MDSDO of HEV powertrain . . . . . . ... .. ... ... ....... 93
6.5.1 RB-MDSDO of HEV powertrain . . . . . . . . . . . . ... v ... 93

6.5.2 Resultsand Discussion . . . . . . . . . . ... e e e 95

7 Conclusions and Future work . . . . . . . . . . .. 98
7.1 R-MDSDO Conclusions . . . . . . . . . o v v i it e e e 98
7.2 RB-MDSDO Conclusions . . . . . . . . o v v i i it e e 99

7.3 HEV application Conclusions . . . . . . . . . . . . . . . 99
T4 Future work . . . . . . L e 100
References . . . . . . . . . 112



1.1

2.1
22
23
24

3.1
32
33
34

4.1
4.2

4.3

5.1
52
53
54

5.5
5.6

List of Figures

Plant and controller solution strategies, d,: plant design decision variable wu: control tra-

jectory decision variable *: optimal decision variables. . . .. ... ... ......... 3
Robustness in the objective function [22] . . . . . . . . . . .. ..o 9
Reduced feasibility of the design spaceunder RDO [23]. . . . . . ... .. ... ... ... 10
Performance measure function in the original uncertainspace . . . . . . ... ... ... .. 13
Performance measure function in the standard normal space . . . . .. ... ... .. ... 15

Optimal control trajectory u(¢) for MDSDO and R-MDSDO of mathematical application . . 25

Optimal state trajectories for MDSDO and R-MDSDO of mathematical application . . . . . 26
Optimal control trajectory u(r) for MDSDO and R-MDSDO of hang glider . . . ... ... 30
Optimal state trajectories for MDSDO and R-MDSDO of hang glider . . . ... ... ... 31
Quarter car active suspension model with active control . . . . . ... ... o000 36

Control force for active automotive suspension: (a) complete time-history (b) magnified
trajectory fort € [0.50.9]. . . . . L 46
Sprung mass response to rough surface input: (a) complete time-history (b) magnified tra-

jectory forr € [0.50.9]. . . . . oL 46

SORA within RB-MDSDO . . . . . . . . . 54
Comparison of deterministic and stochastic optimal control trajectory u(z) for Test Problem 1 59
Van der Pol oscillator: MCS about the solution of MDSDO, Py =0.294 . . ... ... ... 59

Van der Pol oscillator: MCS about the solution of RB-MDSDO for state trajectories: (a)

X1 (l‘) (b) XQ(I) ......................................... 60
Hang glider: Optimal control trajectory . . . . . . . . . . ... .. .. ... 63
Hang glider: MCS about the solution of RB-MDSDO for state trajectories . . . . . . . . . . 64

X1



5.7

5.8

6.1
6.2
6.3
6.4
6.5
6.6
6.7

Control force for active automotive suspension: (a) complete time-history (b) magnified
trajectory forz € [0.50.9]. . . . . L 67

Sprung mass response to rough surface input: (a) complete time-history (b) magnified tra-

jectory forz € [0.50.9]. . . . . . 67
Power-split HEV powertrain configuration and components [81]. . . . . . . ... ... ... 71
State and control trajectories for Phase (1): acceleration performance. . . . . ... ... .. 90
State trajectories for Phase (2): USO6 drivecycle. . . . . . . .. .. ... ... ... .... 91
Control trajectories for Phase (2): USO6 drivecycle. . . . . . . .. .. ... .. ... .... 92
Reduction in the standard deviation of the objective function in R-MDSDO iterations. . . . . 92
State trajectories for the USO6 drivecycle. . . . . . . . . . . .. ... ... . ... .. ... 97
Control trajectories for the USO6 drive cycle. . . . . . . . ... .. ... ... ... ... 97

Xii



3.1
32
33

4.1
42
43
4.4

5.1
5.2
53
54
5.5

6.1
6.2
6.3

6.4
6.5

6.6

List of Tables

GPOPS-ITSettings . . . . . .« o o v i e e e 24
Co-design results for mathematical application . . . . . . .. .. ... ... ........ 25
Co-design results for hang glider co-design . . . . . . . ... ... ... ... ... ... 30
Spring model parameters . . . . . . . .. ... e e e e e e e e e 39
Spring model parameters . . . . . .. .. L. e e e 41
GPOPS-ILsettings. . . . . . . . . o e e e e e e e e 44
Automotive suspension co-design solution using double-loop RB-MDSDO approaches . . . 45
GPOPS-IL settings. . . . . . . . . ot e e e e e e e e e e e 58
Co-design results for Van der Pol oscillator . . . . . . . ... ... ... ... ... ..., 58
Co-design results for hang glider . . . . . . . . ... ... ... . ... ... ... .. ... 63
Probabilities of failure using Monte Carlo Simulation with n = 100,000 samples . . . . . . 65

Automotive suspension co-design solution using double-loop and single-loop RB-MDSDO

approaches . . . . . .. e e 66
Constants and fixed parameters for Toyota Prius 2004 powertrain. . . . . . .. ... .. .. 73
2004 Toyota Prius electric machines parameters. . . . . . . . . . . . . . . . ... ... ... 78

Standard Deviations/Variances of Random Design Variables, Parameters, and State Trajec-
TOTIES. « . v v v e e e e e e e 86
GPOPS-ILsettings. . . . . . . . . o e e e e e e e e 88
Numerical Results for Deterministic and Robust HEV Powertrain Co-Design Problem For-
mulations. . . . . .ol e 89
Numerical Results for Deterministic and RB-MDSDO HEV Powertrain Co-Design Problem

Formulations. . . . . . . . . .. e e 95

X1ii



Chapter 1

Introduction

As dynamics—a system’s state evolution through time—becomes an increasingly critical trait of en-
gineering systems, it is essential to develop new methods to account for the bi-directional dependency of
embodiment design and control system design, such that the issue of inherent uncertainties that prevail over
many dynamic engineering systems is also addressed. During the last few years, the effectiveness of con-
ventional design methodologies has been challenged by multiple novel approaches that take into account
the coupling between plant design and control system design. Generally referred to as combined design
and control optimization, or co-design, these methods have been proven to improve the performance of the
dynamic system when the coupling between the embodiment design and control system design is significant
[1,2,3].

However, nearly all of these approaches in the literature are limited to the co-design of deterministic
dynamic systems. This is problematic because without accounting for uncertainty, the deterministic solution
would be suboptimal at best, and infeasible at worst (due to the tendency for deterministic solutions to
be found near the boundary of the decision space). Thus, in this dissertation, we focus on developing
novel formulations that account for the synergistic interactions between plant design and control system
design under uncertainty. Accounting for these uncertainties transforms the standard, deterministic co-
design problem into a stochastic one, thus requiring appropriate stochastic optimization approaches for its
solution. Specifically, a balanced co-design method within the multidisciplinary dynamic system design

optimization (MDSDO) approach is consistently used as the basis to:
e Develop a robust co-design approach, referred to as R-MDSDO.

e Develop a reliability-based co-design approach within MDSDO, referred to as RB-MDSDO, using a

double-loop MPP formulation.



e Develop a reliability-based co-design approach within MDSDO, referred to as RB-MDSDO, using

the single-loop MPP formulation of the sequential optimization and reliability assessment (SORA).

These formulations are applied to a wide range of problems to assess their effectiveness and scalability.
Specifically, the effectiveness of R-MDSDO is assessed through a simple, mathematical co-design problem
as well as a more complex problem involving the co-design of a hang glider. Similarly, the effectiveness of
the double-loop RB-MDSDO formulation is assessed using a rather complex automotive active suspension
co-design problem, while the effectiveness of the SORA-based RB-MDSDO formulation is assessed using
progressively complex co-design examples, starting with a Van der Pol oscillator and then moving on to the
hang glider and automotive active suspension problems again. Finally, a hybrid-electric vehicle (HEV) pow-
ertrain co-design problem is used to assess the scalability of both R-MDSDO an RB-MDSDO in stochastic
co-design. The remainder of this section is focused on the description of general deterministic co-design

approaches and various methods used for their solution in the literature.

1.1 Deterministic Co-design Methods

Adopting an integrated approach in the optimization of dynamic engineering systems—one that ac-
counts for the coupling between physical plant and control system disciplines—offers clear advantages. A
system-level optimal solution for the optimal plant design variables, state trajectory decision variables and
control trajectory decision variables can be obtained such that the overall system’s performance is improved.
Figure 1.1 shows various strategies that could be employed for a plant and controller optimization problem.
Note that in this figure, d,, is the vector of plant design variables and u is the vector of control trajectory deci-
sion variables. Generally, these problems can be solved using sequential, iterative, nested, and simultaneous
approaches [4, 5].

Sequential design approaches generally refer to the legacy design methods where the plant design is
followed by the design of the control artifact. In the conventional single-loop sequential design approaches,
also known as ‘single pass’, the plant is designed first, and then the control system is designed without any
modifications to the plant design. An iterative sequential design attempts to repeatedly find an optimal design
solution and an optimal controller until convergence [6, 7, 8, 9]. While these legacy design approaches are
optimal with respect to every individual discipline, they cannot generate a system-level optimal solution

since the synergistic interactions between plant and control disciplines are lost in the sequential iterative or



single pass procedures [1, 2, 4, 10, 11]. In the nested approach, the objective function is optimized over a
set of feasible design variables in an outer loop, while an inner loop solves the optimal control problem at
every given deign [2, 4, 11, 12]. Although nested optimization guarantees a system-level optimal solution,
the double-loop nature of this algorithm incurs high computational cost when a closed-form optimal control
solution method such as linear quadratic regulator (LQR) cannot be employed (for instance due to plant
constraints [10]).

The simultaneous solution strategy optimizes the plant design, state trajectory, and control trajectory
decision variables within the same optimization formulation and guarantees a system-level optimal solution.
Since high computational efficiency can be achieved by employing a simultaneous approach for co-design
of complex dynamic systems [13, 1, 2, 14], in this dissertation, we employ a generalized, simultaneous,

optimization method that can be used to solve co-design problems.

Outer loop
Plant optimization Plant optimization Plant optimization

A . h Plant and control
u dp. ’ u

d:

D d;l |

optimization

Control optimization
o Inner loop
Control optimization Control optimization
u d, u d, u’ 4; u* d;,
(a) Sequential (b) Iterative (c) Nested (d) Simultaneous

Figure 1.1: Plant and controller solution strategies, d,,: plant design decision variable wu: control trajectory
decision variable *: optimal decision variables.

1.2 Research Objectives

Deterministic co-design problem formulations have been extensively studied in the literature and their
application, implementation and corresponding challenges are well-established. However, an issue that has
not been addressed in the co-design literature is the impact of inherent uncertainties within a dynamic system
on its integrated design solution. Therefore, as more researchers investigate the application of co-design

techniques to large-scale and complex dynamic systems, it is necessary to develop formulations that account



for uncertainties within these systems. The integrated solution of stochastic co-design techniques requires
formulations that (i) minimize the sensitivity of the solution to uncertainties in design decision variables and
fixed problem parameters, and (ii) satisfy the probabilistic inequality constraints with a given probability
of success. Therefore, in this dissertation, we initiate the research on stochastic co-design strategies. By
employing a simultaneous co-design technique within the balanced formulation of MDSDO, we develop
novel formulations that explicitly account for uncertainties within the system and its problem formulation.
These uncertainties may be of aleatory or epistemic types. Aleatory uncertainty includes phenomena such
as uncertain operating conditions or imperfect manufacturing processes, while epistemic uncertainty stems
from the lack of knowledge about a system, such as simplifications in model development. The proposed
formulations specifically account for aleatory uncertainties within random plant design decision variables
and fixed problem parameters. Using the principles of robust design optimization (RDO) and reliability-

based design optimization (RBDO), we define the main objectives of this dissertation as:

e Developing a robust MDSDO (R-MDSDO) formulation for stochastic dynamic systems.

e Developing double-loop and singe-loop reliability-based MDSDO (RB-MDSDO) formulations for
co-design of stochastic dynamic systems and selecting the most efficient yet reasonably accurate ap-

proach for complex co-design problems.

o Investigating the impact and scalability of uncertainties on the real-world, complex co-design problem

of a power-split HEV powertrains using the proposed R-MDSDO and RB-MDSDO.

Several implementation issues, including the high computational cost of calculating the gradient in-
formation in R-MDSDO problems, the satisfaction of the probabilistic analysis-type equality constraints
under uncertainty, and the challenge of trajectory-based performance measure functions in RB-MDSDO ap-
proaches will be discussed in future chapters. The double-loop and single-loop RB-MDSDO formulations
will be applied to the complex co-design problem of an automotive active-suspension system, and their ef-
ficiency and accuracy will be compared for various most-probable-point (MPP) optimization subproblems
and solvers. Finally, the scalability and effectiveness of the proposed formulations will be further demon-
strated by solving a power-split HEV powertrain co-design problem with moderate-fidelity mathematical

models for the engine, electric motor, generator, and battery pack, using R-MDSDO and RB-MDSDO.



1.3 Summary and Overview

In this chapter, we introduced the general description of deterministic co-design problems and concluded
that due to its computational efficiency for complex dynamic systems, the simultaneous co-design problem
formulation is the most appropriate approach for the purposes of this study. Then, the main objectives of
this dissertation were listed—focusing on the development of stochastic co-design formulations and ulti-
mately investigating their impact and scalability on real-world co-design problems such as power-split HEV
powertrain co-design. The remainder of this dissertation is organized in the following manner:

Chapter 2 briefly describes MDSDO and how to formulate a general deterministic co-design problem
within this optimization framework. This chapter also discusses the traditional RDO and RBDO prob-
lem formulations for static design optimization problems, as well as their corresponding formulations in
the presence of equality constraints. Chapter 3 describes how the RDO approach is integrated into the
MDSDO problem formulation to introduce the novel R-MDSDO problem formulation. The proposed ro-
bust co-design formulation is then applied to two case studies including a mathematical stochastic co-design
problem and a hang glider stochastic co-design problem. Chapter 4 introduces the problem formulation for
the double-loop MPP implementation of RB-MDSDO. This formulation employs a FORM approximation
within a performance measure approach (PMA). The proposed double-loop algorithm is then applied to
solve the complex co-design problem of an automotive active-suspension, the mathematical model of which
is also included in this chapter. Chapter 5 introduces a single-loop MPP formulation using the sequential
optimization and reliability assessment (SORA) algorithm. A general formulation for the traditional SORA
algorithm is described and then SORA is extended to account for equality constraints. The implementation
challenges of the proposed single-loop RB-MDSDO are identified by solving two small-scale case studies,
including a mathematical application as well as the hang glider co-design application again. In addition, the
automotive active-suspension co-design problem is again solved but through the single-loop RB-MDSDO.
and the results are compared with that of the double-loop RB-MDSDO to assess which algorithm is the
most efficient yet reasonably accurate within RB-MDSDO. Chapter 6 describes the mathematical model for
the power-split HEV powertrain, including the propulsion architecture and its major components, the cost
models associated with each component, and the co-design problem formulations within the deterministic
MDSDO as well as R-MDSDO and RB-MDSDO. The results from the implementation of these formula-

tions are also described in Chapter 6. Finally, conclusions and future directions of this research are discussed



in Chapter 7.



Chapter 2

Background

Complex engineering systems involve the interaction of multiple disciplines and energy domains. Addi-
tionally, these systems are often dynamic and stochastic in nature, and so their system-level optimal solution
requires an approach that accounts for the coupling between embodiment design and control system design
under uncertainty. Combined design and control optimization, also known as co-design, is generally used
to find the integrated system-level optimal solution of these dynamic systems. Robust design optimization
(RDO) and reliability-based design optimization (RBDO), on the other hand, are generally used to find so-
lutions for stochastic design optimization problems. Therefore, in this chapter, we first introduce a balanced
co-design approach within multidisciplinary dynamic system design optimization (MDSDO). Then, general
formulations for traditional RDO and RBDO problems, along with those for RDO and RBDO problems
containing stochastic equality constraints, reliability-based design optimization (RBDO), and RBDO with

equality constraints are introduced.

2.1 Co-design in MDSDO

Integration of plant design and control strategy decisions in optimization problem formulations, also
known as co-design, has gained momentum as the inherent coupling between these disciplines has been
proven to be significant [4, 7, 15, 16]. By employing techniques from multidisciplinary design optimiza-
tion and optimal control theory, MDSDO integrates the physical plant design and control system design to
achieve a superior system performance [10]. In its most common form, a co-design problem for an active
dynamic system can be solved within MDSDO using a simultaneous approach [10]. The general simultane-
ous problem formulation includes vectors of design decision variables d, state trajectory decision variables

x(t), control trajectory decision variables u(¢), and fixed problem parameters p. The objective function ¢



is minimized subject to the vector of inequality constraints g(-), algebraic equality constraints h(-), and dy-
namic system equality constraints X(¢) —f(d, x(¢),u(z),7;p) = 0. Depending on the problem type, initial and
final times and conditions (e.g. o, f£, X(fo), X(t¢)) could also be decision variables. Therefore, the nominal
simultaneous problem formulation can be written as [10]:

. d ;
aamin ¢(d,x(7),u(t),r;p)

subject to

g(d,x(r),u(t),;;p) <0 2.1)
h(d,x(#),u(?),#;p) =0

x(t) —f(d,x(¢),u(t),;p) =0

Since the above formulation entails both static and continuous-time-dependent variables, it requires the use
of numerical methods such as direct transcription (DT) to solve the problem. In DT, the infinite-dimensional
problem is transcribed into a finite-dimensional nonlinear programming (NLP) formulation through time

discretization [10, 12]. The transcribed version of Eqn. (2.1) can be written as:

min ¢(d,X,U;p)
subject to
2.2
g(d.X,U;p) <0 @2
h(d,X,U;p) =0
¢(d,X,U;p)=0

where X is the matrix of discretized state trajectory decision variables, U is the matrix of discretized control

trajectory decision variables, and ¢ is the vector of discretized dynamic constraints.



Figure 2.1: Robustness in the objective function [22]

2.2 RDO

A significant body of research has been carried out to quantify and diminish the impact of uncertainty
on system’s performance. Generally, these methods can be classified into robust design optimization (RDO)
and reliability-based design optimization (RBDO). In RDO, we attempt to optimize the performance about
the mean-value while minimizing its sensitivity to random parameters [17]. RDO enables a protective mea-
sure against uncertainty in problem parameters, without eliminating the causes of this variability. Several
methods have been proposed to formulate an RDO approach in the literature [18, 19, 20, 21]. Minimizing the
sensitivity of the objective function or constraints to variations in design is usually attained by including the
standard deviation of the response, along with its mean in the objective function[17]. Here, we demonstrate
the application of RDO principles for a simple optimization problem,

min  f(s)

subjectto gi(s) <0 i=1,...,n, (2.3)

where s € R’ is the vector of system design variables with n; being the number of design variables. Inequal-
ity constraints are described by g;(s) and equality constraints are expressed by /;(s). n, and ny, refer to the

number of inequality and equality constraints, respectively.



2.2.1 Traditional RDO

Without any loss of generality, we assume that the source of uncertainty is from dependent random de-
sign variables with known variances and covariances. An RDO approach focuses on reducing the sensitivity
of the objective function with respect to variations in random design parameters. Figure 2.1 illustrates the
importance of robustness in problem formulation. Denoting the objective function by f, it is evident that
point B is the minimum. However, if there is uncertainty introduced among the original design variables,
they become random design variables, denoted by S. From the figure, it is clear that any small variation
in each design variable S at point B results in a drastic change in the value of the objective function f, and
so this would not lead to a robust design solution. We can account for this variation by reformulating the

objective function in terms of its expected value and standard deviation.

ko ko

Infeasible Infeasible
Feasible

Smin SmD‘X

Figure 2.2: Reduced feasibility of the design space under RDO [23]

In RDO, inequality constraints must be satisfied within a given constraint shift index k;, chosen by the
designer. This constant reflects the probability that a fluctuation will be feasible [24]. This procedure re-
duces the feasible region of the design (Fig. 2.2). Using linear statistical analysis, Parkinson et al. [24]
proposed an approach to maintain feasibility of the design with respect to a given constraint. When a design
solution is very close to the boundaries of a constraint, we must ensure that variations in design do not
cause infeasibility. This can be performed by increasing the value of the constraint by the amount of func-

tional variation. The traditional RDO problem formulation without equality constraints can be formulated as

min ur+ 6]%
s
2.4)

subjectto  Ug;+ki0,; <0 i=1,...,ng
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where i is the expected value of the objective function f, L, ; is the expected value of the i inequality
constraint, Gj% is the variance of the objective function f and oy ; is the standard deviation of the i'" inequality

constraint. Using a first-order Taylor series approximation [25], we have

Hr = f(ll/S) (2.5)
o 07f ng of
G]% Z ’s =ps, os] 1 127& |S —pis 8 ‘s s, Cov(S;,S;) 2.7
= j i
Gz_i[%‘ i i | ag‘ Cov(S;,S)) 2.8)
8§ &89S, Si=ps,; ©" s i=1 117& Si=hs; Sj=pus, ov(S;,S; ‘

where S is the vector of random design variables. The total number of design variables are denoted by
ns. The standard deviation of f and g can simply be calculated through: o = Vol Including these terms
(Ur, oy) in the objective function results in a multi-objective optimization problem that requires weight
coefficients and normalization, according to problem type. The issue of weighting factors and normalization

is outside the scope of this study and interested readers are referred to [26, 27] for further details.

2.2.2 RDO with Equality Constraints

Equality constraints create a major challenge under uncertainty and have not been studied as extensively
as inequality constraints. With the exception of a category of constraints mentioned below, strict satisfaction
of equality constraints can generally not be guaranteed. Mattson and Messac classified equality constraint
in RDO into two categories: (i) those that cannot be satisfied because of the inherent uncertainty in RDO
problems (design-type), and (ii) those that must be satisfied regardless of the underlying uncertainty in
the problem (analysis-type) [28]. Generally, the nature of the existing random variables in the equality
constraints plays a significant role in determining their category and consequently, their formulation in
the context of RDO. Authors in Ref.[23] and Ref.[28] presented a comprehensive guideline to distinguish
and formulate each type of equality constraint. Rangavajhala et al. [23] suggests that Type (i) equality

constraints should be constrained at their mean to ensure that they remain as close as possible to zero and
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that their standard deviations remain minimum. An alternative approach to handling design-type constraints
is to relax them into a pair of inequality constraints [23]. In this study, we assume that Type (i) equality
constrains are already included in the vector of inequality constraints g(-) and thus, all remaining equality
constraints h(-) are of analysis-type (Type(ii)).

Type (ii) equality constraints, also called analysis constraints, generally describe the physical laws of
nature or dynamics of a system and must be satisfied regardless of uncertainty. Therefore, these constraints
can be posed in the RDO framework as deterministic equality constraints, evaluated at the mean values of

random variables. The mathematical notation of analysis constraints can be shown as:

h(ps) =0 (2.9)

2.3 RBDO

While RDO focuses on improving the quality of a product, reliability-based design optimization (RBDO)
attempts to maintain the design feasibility under uncertainty [29] and meet specific probabilistic targets for
the objective and constraints [17]. A performance measure approach (PMA)—which is known to be more
robust and efficient compared to the reliability index approach (RIA)—is used to formulate the reliability
analysis optimization problem within RBDO. A first-order reliability method (FORM) is then employed to
approximate the probabilistic constraint and find the most probable point (MPP) corresponding to the target
reliability level of the performance measure function. The analysis-type (physics-based) dynamic equal-
ity constraints are satisfied at the vectors of the mean-value of uncertain design variables, as well as the
MPPs. We start by introducing the traditional RBDO problem using PMA formulation, along with FORM

approximation..

2.3.1 Traditional RBDO using FORM & PMA

Reliability is defined as the probability that the vector of random design variables S is within the safe
region. This definition is equivalent to the probability that the performance function g;(S) is less than zero,
i.e. Pr{g(S) <0} (Fig. 2.3). A general RBDO problem formulation for a simple optimization problem

similar to Eqn. (2.3) but without equality constraints includes the deterministic vector of design variables

12
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Figure 2.3: Performance measure function in the original uncertain space

s € R™ and the random vector S € R". The probabilistic constraint is described by the performance

function g;(S). The general RBDO problem without equality constraints can be described as [30]

min fps)
Hs

(2.10)

subjectto  Pr{g;(S) <0} >0y, i=1,...,n,

where f is the objective function, Pr{-} denotes the probability of success, o; is the targeted reliability of
the i’ probabilistic inequality constraint, and ng is the total number of probabilistic inequality constraints.
Next, we can characterize the success of the performance function g;(S) using the cumulative distribution
function F,(0) of the i probabilistic inequality constraint as [30]:

Pr{gi(S) <0} = F, (0) > o Q.11

where this probability can be evaluated using the joint probability density function of all the random vari-

ables

Fy(0) = / '--/fs(S)dSl---dSn,, i=1,.n (2.12)
($)<0

A key step in RBDO methods is to ease the computational difficulties associated with the calculation of
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this equation through simplification of the integrand, as well as the performance measure function. Several
approaches have been proposed to evaluate this equation, including sampling techniques, local expansion,
most probable point (MPP), functional expansion and numerical integration methods [31]. Despite the
advantages of sampling techniques such as Monte Carlo Simulation (MCS) in easy implementation and
solution accuracy, their computational time becomes a significant challenge as the number of random vari-
ables increases—making them impractical for many real-world engineering applications [25, 32]. Local
expansion methods employ a first-order second moment (FOSM) approach to approximate the probabilistic
constraint at the design point pts; however their solution can be highly inaccurate. Numerical integration
methods [33] are generally based on the idea that the first few moments of a random variable adequately
describe the complete probability density function of that variable. These methods, along with functional
expansion methods [34] are more useful for highly nonlinear problems; however, they suffer from the ‘curse
of dimensionality’. The MPP method, on the other hand, can approximate the performance function g;(S)
through a first-order or second-order Taylor series expansion at the most probable point of failure for this
function. While this requires the solution of an additional optimization subproblem to find the MPP, they are
often faster than sampling, numerical integration, and functional expansion methods and are more accurate
than local expansion techniques. In addition, the MPP method is the only known technique in the literature
that can handle probabilistic equality constraints, a fact that is quite useful given that all of the problems in
our work will at least require probabilistic dynamic system equality constraints to be satisfied.. Therefore,
MPP methods are used exclusively to approximate the integral of Eqn. (2.12) in this work.

The optimization subproblem in the MPP approach can be formulated using a reliability index approach
(RIA) or a performance measure approach (PMA). In RIA, the probabilistic constraint is written in terms
of the reliability index  [35], while in PMA, the probabilistic constraint is replaced with its deterministic
counterpart g;(Sy/pp;) evaluated at the MPP s}, 5p; through inverse reliability analysis [36, 37]. It is known
that the PMA is inherently more robust and efficient in evaluating inactive probabilistic constraints compared
to RIA [37, 38, 35]. The PMA is further developed to address any lingering issues of instability and slow
convergence, resulting in improved methods such as advanced mean value (AMV) [39, 40], conjugate mean
value (CMV) [35, 36], and hybrid mean value (HMV) [36, 41].

Evaluating Eqn. (2.12) using either MPP approach generally involves two steps. First, the random
variables in S must be transformed into the standard normal random space s, ; so that its PDF contours

are symmetric, thus improving the overall numerical approximation of Eqn. (2.12). This is accomplished
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through the Rosenblatt transformation [47]

Sui = gy [F(s)] (2.13)

where CIDC’dlf is the inverse cumulative distribution function of the standard normal distribution. The
second step is to approximate g;(S) through a first-order reliability method (FORM) [42, 43, 44] or a second-
order reliability method (SORM)[44, 45, 46]. Generally, FORM predicts the probability of success with an
accuracy that is sufficient for design applications. These local approximations are constructed around the

MPP itself, which is the point on the target reliability surfaces s}, ;( = f;) that maximizes g;(sy,;) (Fig. 2.4).

A
Sl.u,i

Gi(S1u,i,S2u,i) = 0

Failure zone
9i(S100,S2,u,0) > 0

PDF contour .-

W Su,MPP,i

Safe zone 2
gi (sl,u,ir Szju,i') <0 T

Figure 2.4: Performance measure function in the standard normal space

The traditional double-loop MPP algorithm solves an inner-loop reliability analysis problem (the MPP
subproblem) in the standard normal space that is embedded within an outer-loop design optimization prob-
lem in the original random space. The outer-loop problem formulation using PMA that corresponds to the

general RBDO formulation of Eqn. (2.10) is simply

min £ (ps)
Hs

(2.14)



where, sj,pp; denotes the MPPs associated with 5. The MPPs are obtained by solving the following inner-
loop problem:

min —gi(Su.i)

Sll‘l

(2.15)
s.t. HS,“H —B,=0

where B, = @, (0;)
Note that general optimization algorithms can be used to solve the MPP subproblem in Eqn. (2.15). How-
ever, more efficient methods such as AMV, CMV, and HMV are of particular interest due to the high com-

putational costs of RBDO problems in general. Here, we briefly introduce these algorithms [36, 30]:

Advanced Mean Value AMYV is a simple and efficient approach that can be used to solve the MPP opti-
mization problem in PMA. To implement the first-order AMV method, the first iteration must generate an

estimate s,, . of the MPP based on the mean-value (MV) method using s,, = 0 as a starting point:

S = Bim(0), ()z—,,§§j§8§” (2.16)

In the above, n(0) is the normalized steepest descent direction at the mean value, which must be updated in

the following iterations to predict the MPP based on the AMV method:

(1) . kD)

Suamvi = Supyi uAMVz Bt, (SMAMVz)
(k) .17
k V&i(Suamy,
n(sl(dAztflV.i) = l( ALY )

Vel

Here, n(sf,i)wi) is the steepest descent direction at the current estimate sgzm of the MPP using the AMV

method during the k™ iteration. Note that this algorithm behaves well for a convex performance measure

function, however, it exhibits numerical instability and inefficiency for concave functions.

Conjugate Mean Value To improve the rate of convergence and stability for concave functions, one can
use the current, as well as the previous MPP information. CMV combines these information with equal

weight to improve the search direction, such that it is directed towards the diagonal of the last three consec-
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utive steepest descent directions:

0 1 1 2 2
SE’C?VIVJ =0, sic?ww = sl(lABVIVJ’ Sl(lcgw,i = SElABVIVj
(k—2)
k n(s i +n(s 1 n(s ;
st = g, DlShe) i) F0(st) 0.19)
[n(s uCMV,) n(Steore)) + 1St |
nis )= M
' 1Vgi(Stin)

Hybrid Mean Value The HMV approach identifies the type of the performance measure function before
formulating the search direction. The function-type criteria employs the steepest descent direction at three

consecutive iterations:

EUAD) = (nk+1D) _p(K)) (n*) — pk=1))

> 0= Convex at sﬁ,’;;L), WLt ps (2.19)

sign(& k1))

< 0= Concave at s,(j;ﬁ,)l W.I.t g

In the above, & *+1) is the performance function-type criterion and n(*) is the steepest descent direction for a
performance measure function at sgng. Once the type of the performance measure function is is identified,
AMYV and CMV can be adaptively used for the MPP search. If the performance function type is convex or
k < 3, the MPP is calculated using the AMV method. Conversely, and when the performance function type

is concave, CMYV is used to find the MPP.

2.3.2 RBDO with Equality Constraints

As mentioned earlier, in this work we assume that all Type (i) equality constraints are already included
in the vector of inequality constraints g(-) through constraint relaxation and all of the remaining equality
constraints h(-) are of the analysis-type (Type(ii)). To satisfy the analysis-type equality constraints within
RBDO, Du and Huang developed a numerical procedure that includes the equality constraints in the RBDO
model [48]. Defining the analysis-type equality constraint as a function of the random design variables

S € R, we have:

hi(S)=0, j=1,...m (2.20)
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where n, denotes the number of random design variables and 7, describes the number of analysis-type equal-
ity constraints. Assuming n, — ny, statistically independent random variables, we can partition the random
design variables S into independent random design variables S, and dependent random design variables S,
such that S = [S,, Sy]T. We can rewrite Eqn. (2.20) in terms of the functional relationships between S, and

S, [48]:

S, =a(Sy) (2.21)

where a is the functional relationship between S, and S,. Using the FORM approximation within the PMA

for RBDO, and denoting the MPP of the constraint function g; as s} the algorithm initially becomes

XMPP,i’

min flps,)
Hsy
(2.22)

subjectto g;[sy, . ,a(si )] <0, i=1,...n,

XMPP;i’ XMPP,i

where pg, is the mean vector of the independent random design variables. Introducing design variables at

as s* such that s* =

the mean values of dependent random design variables s, , their MPPs at sy .. ppi ppi =

a(sy, ,,;), the RBDO model can be rewritten as:

min f(ps,, ps,)

s
Hsx 8y Syyrpp;

subject to gi[sj;MPRi’S;MPP,i] <0, i=1,..,ng

(2.23)
hj(ps,, ps,) =0, i=1,...m

* * _ — L
P (SYpmss Sypgpe) =0, k=1,..np X ng, i=1,....,n,

In the above equation, the equality constraints are satisfied at the mean values of all random variables, as
well as their MPPs. Note that since every inequality constraint has its own MPP, the total number of equality
constraints at the MPP would be nj, X n,. This problem is equivalent to Eqn. (2.14) and thus it requires a
MPP search algorithm. The reliability analysis step is then formulated using a FORM approximation within

the PMA:
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3 *
IIslln _gi(su7i’SYMPRi)
u,l

subject to  ||si|| — B, =0 (2.24)

where B, = qDQd%f(ai)

Sui = P [Fs, (50)]

2.4 Summary

In this chapter, we introduced a dynamic system optimization formulation known as MDSDO to solve
simultaneous co-design problems. This formulation enables the inclusion of physically meaningful plant
design variables, such that the final co-design problem does not favor the control system design. To develop
the proposed stochastic co-design formulation, we then introduced the traditional formulations for RDO and
RBDO and addressed the issue of probabilistic equality constraints within each formulation. In the next
chapters, we integrate the principles of RDO and RBDO with a simultaneous MDSDO problem formulation

and propose three novel stochastic co-design formulations.
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Chapter 3

Robust Co-Design Formulation for Stochastic Dynamic Systems

This chapter is focused on the development and implementation of the nominal, robust simultaneous
co-design in MDSDO or R-MDSDO formulation. The issue of the analysis-type dynamic-system equality
constraints is addressed through the systematic approach explained in the previous chapter. The effectiveness
of the proposed formulation is then assessed for two case studies, with the results indicating the important

role of the robust approach on the integrated system solution and its performance.

3.1 Robust MDSDO Problem Formulation

To implement a simultaneous R-MDSDO problem formulation, we assume that the source of uncertainty
is from design-related decision variables and fixed problem parameters. The uncertainty is then propagated
to the state trajectory decision variables, objectives and constraint functions. Therefore, we treat state deci-
sion variables as random processes. Due to the open-loop control design structure of the MDSDO problem
formulation, the vector of control trajectory decision variables will remain deterministic [49]. Without any
loss of generality, we assume that the design variables and parameters will be treated as random variables
with known variance and covariance characteristics. Specifically, design-related decision variables are as-
sumed to be independent random variables, and hence their covariance terms are zero. Similarly, the fixed
problem parameters are assumed to be independent random variables and therefore have no covariance
terms. The cross-covariance term associated with the random state trajectory decision variables is assumed

to be zero [50, 51]

ny(t,S)ZO VZ,S (31)
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where X and Y are distinct state decision trajectories. This assumption remains valid unless an algebraic
system equality constraint defines a dependency among state variables. Moreover, we assume that the auto-
covariance term of every distinct state trajectory decision variable at different time steps is zero and we only

assign non-zero values for the variance term, such that [50]:

0 Vt#s
Cxx(t,s) = (3.2)

Var [X(t)] Vt=s
Here, the auto-covariance function of the state trajectory decision variable X at pairs of time instances ¢ and s
is denoted by Cxx (t,s) and the variance of state trajectory decision variable X at time instant # = s is denoted
by Var[X(t)]. Dynamic equality constraints and algebraic equality constraints are evaluated and satisfied at
the expected values of the random decision variables. A constraint shift index k;, chosen by the designer, is
used in inequality constraints to enforce k; standard deviation satisfaction of the inequality constraint i. The

nominal, robust simultaneous co-design formulation in MDSDO can be written as

min wo (pp, pux (1),u(t),1; pp) + (1 — w) oy
Hp,px () u(t)
subject to

(3.3)
gi(pp, px (1), 0(t),t; pup) +kiog, <0 Vi

h(pp, px (1),0(1),1: pp) =0
pox (1) = £(pp, px (1), 0(t), 1 up) = 0
where pp is the vector of mean values of random design variables, px(¢) is the vector of mean values
of random state variables, u(z) is the vector of control variables and pp is the vector of mean values of
random parameters, which are assumed to be the same as their deterministic values p. h(-) denotes the
vector of mean values of the algebraic equality constraints, whereas the mean dynamic equality constraints
are described through fux (1) — f(pp, px (t),u(t),t; up) = 0. The mean value of the i’ inequality constraint
and its standard deviation are denoted by g;(.) and o, respectively and w and (1 — w) are the weighting
factors associated with the multiobjective problem formulation, which consists of the mean ¢ (-) and variance

G(% of the objective function. Note that a first-order Taylor series approximation is used to calculate the
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variance/standard deviation quantities in both the objective and inequality constraint functions:

2Var [X;(1)] (3.4)

ng o
2 r
Of = Z[ap,-

i=1

D:p,D +Z aﬁ {P np +Z g}?

In the above, n, is the total number of design variables, op, is the standard deviation of the ith design

X=px (

variable, n, is the total number of parameters, op, is the standard deviation of the i

parameter, and 7, is the
total number of state trajectory decision variables. In addition, f, is a random function, referring to either
o(-) or g;(+). Applying DT, the parameterized version of this equation takes the following form:

min W My, U;up) + (1 —w)o?
L ¢ (pep, My, U; pup) + ( )0y

subject to

. (3.5)
gi(p, Mx,U; up) +kio,, <0 Vi

h(pp,Mx,Us up) =0

¢(pp, My, Us up) =0
Here, My is the matrix of discretized random state trajectory decision variables, U is the matrix of discretized
control trajectory decision variables and {(-) is the vector of discretized dynamic equality constraints. It
should be noted that in DT approaches, the interpolating polynomial cannot satisfy the dynamic equations
at any time within two consecutive collocation points [52, 53, 54]. To improve the solution accuracy, a
more refined discretization might be required, resulting in higher computational expense. Therefore, it is
imperative to account for the trade-offs between solution accuracy and computational expense, particularly
when uncertainty is introduced into the problem formulation. Algorithms that allow a more flexible mesh
refinement strategy are highly suitable for this purpose. In particular, the hp-adaptive algorithm employed
in GPOPS-II [55] allows the number of mesh intervals and the degree of interpolating polynomials within
each interval to vary. Thus, the solution benefits from the exponential convergence at smooth regions and
more collocation points at regions where the solution changes rapidly [55]. These algorithms enable a more
robust solution in between the mesh intervals,thereby creating a reliable platform to investigate the impact of
uncertain design variables in co-design problem formulations. Implementation of the proposed formulation

is investigated next in two case studies.
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3.2 Robust Co-design Case Studies using R-MDSDO

3.2.1 Mathematical Application

The first example is a simple analytical optimal control problem, modified for a co-design problem
formulation. The original problem was taken from Ref. [56]. While extremely simplified, this problem
offers obvious advantages in identifying implementation challenges. The deterministic problem is to find
the optimal plant design d = [d;,d>], state trajectories x(¢) = [x1(¢),x2(¢)], and control trajectory u(z) to

minimize the objective function ¢:

1
i = L1odi x2(8) +dy x2 (¢ 20| ar
Jmin 9= [L[pa0) a0+

subject to

(3.6)

The problem is subject to the following boundary conditions: x(0) = [0,0]” and x(1) = [1, 10]”". Introducing
uncertainty to the design variables requires a robust co-design formulation similar to the one introduced in

the previous section. The nominal R-MDSDO problem formulation can then be shown as
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1
min, 0= [ 420048, + o) 4120+ (1) o)
Hp,1x U 0

subject to

Hx, (1) + Mo, Hp, Mx, (1) = 0 3.7)
Lx, (1) + px, (£) — px, [1 — g, (6)]tax, () +u(r) = 0
up,,,, +30p < pup < up,, —30p

B + 33/ Cxx (t,1) < px < e — 3v/Cxx (t,1)

where w = 0.5 is the weight coefficient associated with the multiobjective problem formulation. The stan-
dard deviation of the random plant decision variables is equal to op, = 0.2, op, = 0.5 and the variance
of the random process for X; and X; is denoted by Cx,x, (¢,#) = 0.09 and Cx,x, (¢,7) = 0.09, respectively.
The constraint shift index k = 3 is chosen throughout the whole study. The problem was implemented in
the commercially available MATLAB-based software, GPOPS-II [55], which approximates the continuous-
time optimal control problems using a new class of variable-order Gaussian quadrature methods. GPOPS-II
employs a DT-based approach to transcribe the infinite dimensional problem into a problem formulation
similar to that of Eqn. (2.2). The transcribed problem is then solved with an appropriate NLP solver such as
IPOPT [57]. The problem was solved on a 32 GB of RAM and an Intel(R) Xenon(R) CPU E5-2637 v3 @

3.50 GHz processor system, with the key GPOPS-II settings listed in Table. 3.1.

Table 3.1: GPOPS-II settings

Field Setting

Mesh method hp-LiuRao-Legendre
Mesh tolerance 10~

NLP solver IPOPT
IPOPT tolerance 1073

IPOPT max iterations 5000
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Table 3.2 compares the solution of deterministic MDSDO and R-MDSDO problem formulations. The results
indicate the critical impact of uncertainty on the optimal solution of a robust co-design problem formulation.
The vector of plant design variables has changed significantly compared to the deterministic case (50.03%).
Although the value of the objective function has increased by 2.29% in R-MDSDO approach, the risk
associated with this design is much less. In other words, the results are robust against uncertainties in

design.

Table 3.2: Co-design results for mathematical application

d; d, Objective  t(s)

MDSDO ¢ -0.07 3 54.6 0.31
R-MDSDO? -0.13 1.5 5585  0.32

Diff ¢ 50.03% 2.29%

4 Deterministic MDSDO solution, > R-MDSDO solution, ¢ Percent difference

Optimal state and control trajectories are illustrated in Fig. 3.1 and Fig. 3.2. This result also indicates
the impact of including robust measures in co-design problem formulations. Although the optimal state
trajectories are very similar, the optimal control strategy has undergone obvious change. We note that,
despite the slight variations in optimal state and control trajectories, the co-design solution of the problem

has significantly changed.

12 . . . . . . ; ; ;

10 + 1
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Figure 3.1: Optimal control trajectory u(¢) for MDSDO and R-MDSDO of mathematical application
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Figure 3.2: Optimal state trajectories for MDSDO and R-MDSDO of mathematical application

3.2.2 Engineering Application: Hang Glider Co-Design

A more complex co-design problem is chosen for the engineering application. This problem is a mod-
ified version of the range maximization flight of a hang glider. Originally taken from [58], the problem
is modified to include design variables. Here, the hang glider is approximately described as a point mass
subject to its weight W, a lift force L and drag force D,. The motion of the glider is described by four state
equations. A distribution for the thermal updraft with respect to the horizontal distance x; is given by the

upward wind velocity [59]

va(x1) = va,.. exp(—(% —2.5)%)(1— (% ~2.5)?) (3.8)

where, R =100 m and v, = 2.5 m/s. The difference between initial and final altitude is used to maximize
the horizontal range. The problem is modified to include the calculation of a trapezoidal wing surface area,
such that a; and a, are the bases and b is the height of the wing. The problem is constructed with a plant
design d = [a;,ay,b]”, state trajectories x = [x1(2),x2(¢),x3(¢),x4(t)]” and u = ¢;(¢). The state trajectories

x1(t) and x,(¢) are horizontal and vertical positions, respectively, and x3(¢) and x4 () denote horizontal and
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vertical absolute velocity components of the glider. The glider is controlled through the lift coefficient ¢;(t).

We note that x; (¢¢) and #; are decision variables. The deterministic co-design problem using MDSDO can

be formulated as:

min —x1(t
xOaimy )

subject to
x1(t) —x3(t) =0
X(t) —x4(t) =0
%5(1) —(~Lsin(n) ~ Dycos(11)) =0
alt)— %(Lcos(n) D, sin(n)—W) =0
L/D,—7.6<0
@b+h)” 11<0
S
Smin <8 < Simax
Xmin < X(t) < Xinax
Almin < A1 < Almax

Wmin < a2 < Apax

bmin S b S bmax

(3.9a)

(3.9b)
(3.9¢)
(3.9d)
(3.9¢)
(3.9
(3.9¢)
(3.9h)
(3.9i)
(3.9)
(3.9k)

3.9

Total mass of the pilot and glider is m = 100 kg and W = myg is the corresponding weight with g being the

gravitational constant. f; is the fuselage length and assumed to be constant. Equation (3.9b) to (3.9¢) are

dynamic equations and Eqns. (3.9f) to (3.9h) represent the bounds on glide ratio, aspect ratio and the wing

surface area, and are included in the design to keep the problem realistic [60]. The relative velocity v, is at

angle 7 to the horizontal plane, and the two are calculated by:
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v = /X34 (xa —va(x1))?

(3.10)
1 = arctan( )%‘;(x'))
Lift L and drag D, forces are calculated through:
L= %cl pSv,2
D, = 3capSv,*
r = 3CdPSVr (3.11)

cqs = 0.034+0.069662¢;>

where ¢; and ¢, are lift and drag coefficients and S describes the area of trapezoidal wings, calculated through
S= 2[% (ay + az)b]. Air density corresponding to standard pressure and temperature at an altitude of 1000 m

is equal to p = 1.3 kg/m>. The glider is controlled through lift coefficient and is restricted by:

c1 < Cimax = 1.4 (3.12)

The problem is solved with the following boundary conditions:

X1 (O) =0 m
x2(0) = 1000 m
xz(tf) =900 m (3-13)

X3 (0) = X3 (l‘f) =13.23 m/s

X4(0) ZX4(Zf) =—1.288 m/s

Before we introduce uncertainty to the system, we remind the reader that there are two terms in every
robust objective function: One evaluated at the expected value of the design and one that corresponds to the
standard deviation. In order to formulate the robust objective function in this problem, the standard deviation
of the final condition on x; (x; (¢)) is treated as a decision variable and is included in the objective function

of the robust co-design problem formulation. The constraint shift index of kK = 3 is chosen to guarantee
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constraint satisfaction within k standard deviations of the mean. The robust co-design problem formulation

can be written as

min —w tr)+(1—w)(o 2
/J.D,,ll.x,u,/,l.xl(f_[),()'xi(t_[),tf ‘qu(f> ( )( Xl(tf))

1, (1) — Mxy (1) = 0
Hx, (1) — px, (1) =0
s (1) — o (e sin(iy) — pip, cos(ty ) = 0
L, (t) — i (1 cos (i) — pip, sin(pn) = W) =0

(ue/up,) <7.6

(3.14)
(2u,+0.5)%

s +30, 39, <11

U, +30g 3.0n < Us < Us,,,. — 305 3.9¢
Hx,,;, +3Xx < Ux < Uy, —3Xx
Hayin + 300, < Hay < Hay,pye — 304,
Hayiy + 300, < Hay < Hay,,y, — 304,

!’Lhmin + 36}7 S IJ“b S lu'bmax - 3Gb

where w = 0.5 is the weight coefficient associated with the multiobjective nature of robust design optimiza-
tion problems. The problem was solved with the assumption that the standard deviations for random plant
decision variables are: 0,, = 0.04, 6,, = 0.04, 0}, = 0.04. The covariance matrix of the random process for
the vector of state decision trajectories is denoted by Xy, in which Cy,y, (f,7) = 0.0625, Cy,, (¢,¢) = 0.1225,
and Cy,y, (t,1) = 0.09, respectively. The problem was implemented in the commercially available software,
GPOPS-II [55], with the same basic settings introduced in Table 3.1 and was solved on a 32 GB of RAM
and an Intel(R) Xenon(R) CPU E5-2637 v3 @ 3.50 GHz processor system.
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Table 3.3: Co-design results for hang glider co-design

ai(m) ay(m) b(m) oy xys(m) t(s)

MDSDO 1.7 254 401 - 12746 273
R-MDSDO  1.51 241 412 0.2 12675 96.04

Diff 5.06% 0.56%

% —~—.
————— MDSDO
R-MDSDO
Or 1 1 1 1 1 ]
0 20 40 60 80 100 120

Figure 3.3: Optimal control trajectory u(z) for MDSDO and R-MDSDO of hang glider

The results from both the deterministic MDSDO and R-MDSDO formulations are compared in Table
3.3. The vector of plant design has changed by 5.06% compared to the deterministic case. Also, the
maximum range is reduced by 0.56% in the RDO approach. Although less favorable, the associated risk with
this design is much less. The trajectories of the optimal control and state decision variables are illustrated
in Fig. 3.3 and Fig. 3.4, respectively. It can be observed that under uncertainty, optimal control and state
trajectories of the system tend to deviate from the solution of the deterministic problem. While the robust

problem takes longer time to solve, its solution is much less sensitive to variations in design.
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Figure 3.4: Optimal state trajectories for MDSDO and R-MDSDO of hang glider
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3.3 Summary

In this chapter, we developed a nominal R-MDSDO formulation for the co-design of stochastic dynamic
systems. The proposed formulation was applied to a mathematical co-design test problem and an engineer-
ing application (hang glider co-design problem), where the results indicated the significant impact of the
robust approach on the integrated system-level solution of these dynamic systems. Specifically, by account-
ing for uncertainties through R-MDSDO, a more conservative solution was obtained that was less sensitive

to design variations.
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Chapter 4

Reliability-based Co-Design Formulation for Stochastic Dynamic Systems

To ensure that the design feasibility is maintained in a reliable manner within the co-design formulation,
a more rigorous evaluation of probabilistic constraints is needed. Thus, in this chapter, we use RBDO
principles to develop a novel reliability-based MDSDO formulation for stochastic dynamic systems. In
particular, in this chapter we develop a double-loop MPP formulation for the RB-MDSDO approach. The
proposed formulation addresses the issue of the analysis-type dynamic and algebraic equality constraints
for direct transcription (DT) variants of the simultaneous MDSDO [61]. The application of the proposed
double-loop RB-MDSDO approach is investigated for the complex co-design problem of an automotive

active-suspension.

4.1 Reliability-based MDSDO Problem Formulation

The double-loop RB-MDSDO with MPP approach includes the vector of mean values of uncertain plant
design decision variables pp, the vector of mean values of state trajectory decision variables px(¢), the
MPPs of design decision variables dj;pp;, the MPPs of state decision variables X;;pp,(f), and the vector of
deterministic control variables u(z). The objective function ¢ is optimized over the set of decision variables
[p, px (1), Xppp;(t), ()] and subject to the probabilistic inequality constraints g(-), algebraic equality con-
straints h(-), and dynamic system equality constraints. Both the algebraic equality constraints and dynamic
system equality constraints must be satisfied at the mean value vector of design decision variables and state

trajectory decision variables, as well as their MPPs:
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min O(pp, px(t),u(t))

MDD, X (t)aX}T/IPR[(t)‘,u(t

subject to gi(dyspp i Xpppi(1),u(t)) <0, i=1,..,ng
h(pp, px (1),u(t)) =0 4.1)
hy(dypp Xyppi(1),u(t)) = 0, i=1,.,mg

Fux (t) — f (e, px (£),u(?)) = 0
ﬂx(t)_ﬁ(dX/IPRiﬂxz/IPRi(t)au(t)):07 i=1,..ng

The MPP problem in the standard normal space can then be formulated as:

min  —g;(dy,i,Xppp;(1),u(t))

4.2)

st ||dul| =B, =0

where

dyi = Py [Fy (d)] (4.3)

Note that in the above formulation, the time-dependent performance measure function requires careful at-
tention. This is because in reliability-based co-design problem formulations, probabilistic path constraints
must be treated as performance measure functions. As a result, in the proposed formulations, one can em-
ploy a worst-case approach that identifies the least reliable point of the trajectory. Another approach is to
identify the least reliable design point by maximizing the integral of the probabilistic path constraint. The
general MPP optimization problem pertaining to this point is then implemented as usual. Applying DT, we

can write the transcribed version of Eqn. (4.1) as
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min J(pp,My,U)

ND,MX7X}T4PP‘,'7U

subject to 8i(dyppisXyppi, U) <0, i=1,...,n,

h([,LD,Mx,U) =0 (44)

hl(d;hPRl’XXIPPII’U) :0, i: 1,...,I’Lg
C(NDaMX7U) =0

Cl(d}tlpp’l,x;‘;lpp‘l,U):o, i: 1,...,I’lg

where d};pp; denotes the vector of design-related MPPs of the i"" constraint and x;, pp,; denotes the matrix of
discretized state trajectory decision variables at dj;pp;. The MPP optimization problem can be formulated
as:

rgultn —8i(dui,Xypp;, U)

4.5)
st [dyi] =B, =0

4.2 Reliability-based Co-design Case Study Using RB-MDSDO

Implementation of the proposed formulation is investigated in a complex co-design problem of an auto-
motive active-suspension, developed in Ref. [1]. Here, we only employ the model to solve the co-design
problem of the automotive active-suspension when it is excited through a rough surface. In the following,

we briefly introduce the development of the models. Further details can be found in Ref. [1].

4.2.1 Co-design of an Automotive Active-suspension system

The vehicle active-suspension model developed here is a linear quarter-car model. This linearity implies
that the force acting on the spring is directly proportional to the vertical extension or compression of the
spring. The model entails the sprung mass and its vertical position as m; and z;, respectively, and the

unsprung mass and its vertical position as m, and z,4, respectively (see Fig. (4.1)). As the vehicle travels
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Figure 4.1: Quarter car active suspension model with active control

with the speed v =20 m/s, it is excited by road variations, denoted by z9. Th road input profile was generated
from Ref. [1] using a Gaussian random number generator and a series of filtering steps [62, 63], with the
international roughness index (IRI) of 7.37. This value corresponds to an unpaved road or a damaged paved
road and demonstrates the amount of suspension travel in meters per a kilometer of longitudinal distance.
The active suspension model of the system can be described using linear state-space differential equations
that entail the realization of control trajectory decision u(¢) via an actuator and five state trajectory decision
variables x(¢), where x| (¢) is the tire deflection, x,(#) is the unsprung mass velocity, x3(¢) is the suspension
stroke, and x4() is the sprung mass velocity. Note that the fifth state decision variable xs(t), is the damper
fluid temperature, described later in the damper model development section. The dynamic system equality

constraints for the first four state decision variables are described below:

x(r) = Ax(t) + Bu(t) + C2 (4.6)

where x(7), A, B and C can be described as:

Zus 20 O 1 O O O — 1
; L deta) s de o 4,
X(t) — us ’ A — Mys My My My , B= My , C — My
Zs — Zus 0 —1 0 1 0 0
. des Ak 4 1
s 0 s my g my 0
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In this formulation, k; is the tire stiffness, ks is the spring stiffness for the sprung mass, ¢; is the damping

ratio of the tire and c; is the damping ratio of the sprung mass.

4.2.1.1 Spring Model

A helical compression spring with round wire and squared ground ends is developed in a coil-over
configuration that allows the coil spring and the damper to be integrated coaxially into a single assembly
[64]. The vector of plant design decision variables for the spring model includes the helix diameter Dy,
wire diameter d,,, spring pitch p and the number of active coils N,. Note that N, is treated as a continuous

variable in this study. Then the spring constant can be formulated as:

d*G
k= — ;
8DNa(1 + 55

“.7)

where G is the shear modulus of elasticity associated with alloy steel wire, made of Chromium-Silicon
ASTM A401, and C is the spring index, defined as C = D}, /d,,. The free length of the spring Lo and its solid

length L can be calculated as:

Lo = pN,+2d,,
4.8)

Li=d(N.+Q—1)
where Q = 1.75 is a correction factor for squared, ground ends. The static suspension deflection can be
calculated as 6, = r%g where g = 9.81 m/s?. The spring shear stress T at maximum deflection is modeled
s
in the following. Note that since helical springs are never used as both compression and extension springs,
the application of helical springs fall under the condition of fluctuating load, resulting in the midrange shear
stress T,, and the amplitude shear stress 7,. These values are estimated using the Bergstrisser factor, Kp, to

account for the shear, as well as the curvature effect:

8FD
T=Kp—3" (4.9)
nd,,
8D
n=Kp—"5 (4.10)
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«=Kp ndfv “4.11)
4C+2 . . . .
where Kp = -3 and the axial force F, its mean F;,, and its amplitude F, can be calculated as:
F =ky(Lo— Ly) “4.12)
En _ F;nin '12'F;nax (4 13)
Fin—F,
Fo= =5 (4.14)

where Fpin = ks(8; — x3(t)) and Fpa = kg(x3(t) + 6,). In these equations, x3(f) describe the maximum
spring deflection on a rough surface. The shear yield strength S, is assumed to be proportional to the
ultimate tensile strength of the spring S, where S,, = 0.65S,,. The ultimate tensile strength is obtained

. . A . .
through an empirical equation S,; = o with A as the intercept and m as the slope. Note that d,, is measured

w
in mm. All the spring model parameters are included in Table 4.1.

4.2.1.2 Damper Model

A single-tube telescopic damper is modeled with three plant design decision variables, where Dy is the
valve diameter, D), is the piston diameter, and Dy is the damper stroke chosen as an independent design
variable. Similar to the spring design, damper model assumes linear damping, implying that the force
exerted on the damper is proportional to the damper piston velocity. In developing this model, we further
assume that the effects of the foot valve is neglected and the piston valves are assumed to be spring-biased

2

. . D, . : .
spool valves. The spool valve frontal area is described as Ag = TO and the maximum valve lift at maximum

allowed damper pressure P, = 4.75 X 10° Pa is denoted by:

_ AOPallow
ky

(4.15)

xm
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Table 4.1: Spring model parameters

Parameter Value Unit
Sprung mass (m;/4) 325 kg
Unsprung mass(m,,/4) 65 kg
Tire stiffness (k) 232.5x 10> N/m
Tire damping ratio(c;) 0 Ns/m
Correction factor (Q) 1.75 -
Shear modulus (G) 77.2 GPa
Maximum spring length (Lo jax) 0.4 m
Maximum outer spring diameter (Do qx) 0.25 m
Spring damper clearance (J;) 0.009 m
Damper piston diameter (z;) 0.002 m
Bumpstop thickness (Lp) 0.02 m
Design factor (ng) 1.2 -
Effective stress (A) 1974 x 10°  Pamm™
Exponent (m) 0.108 m
Vehicle speed (v) 20 m/s

where k, = 7500 N/m is the spool valve spring constant. The damper valve coefficient is calculated as:

Co = NAs/m (4.16)

where Ay = 0.1 is an area factor. The suspension damping coefficient can then be calculated as:

D,  [mkp

— 4.17
8C,CoD3 V2 @17

Cs

where p = 850kg/m? is the damper fluid density and C; = 0.7 is the discharge coefficient for for spool valves.
The energy dissipation in the damper results in fluid temperature increase, which is an integral part of the

damper design. Heat generation in the damper is calculated as gge, = csx%, where X3 is the damper piston
Ds+151 + 143

velocity. The fluid volume can be calculated as vy = an, )

, where l;; and [;3 represent the

39



space required for damper valving and casting extensions, respectively. The shell height can be calculated
as L, = Dy + ;1 + 13 and the external surface area of the shell can be calculated as A4 = 27ryL,, where 1
is the outer shell radius. The heat flow from the damper fluid through the shell can be modeled as a DAE,

which can be converted to a single ordinary differential equation:

brb brb
_ 203 T+ 203 T, Ggen
b1by 4+ b1b3 b1by 4+ b1b3 by

(4.18)

7"‘1:

where 77 and T are the damper fluid temperature and the constant atmospheric temperature, respectively.

b1, by, and b3 are calculated as:

b = PV§Cpi (4.19)
2Lk
by = 22 (4.20)
In(—=
r
by = hy @21)

where ¢, is the heat capacity of the damper fluid, k; is the conduction coefficient of the steel damper tube,

r1 is the inner shell radius,

4 —
Py = Cs(X4 . az) 4.22)
nDp
AoP
Xymax = Oki’" 4.23)
v

where x, and x4 are the second and forth state decision trajectories. All the values for parameters in the

damper design can found in Table 4.2.
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Table 4.2: Spring model parameters

Parameter Value Unit
Function coefficient (1) 0.9 -
Seal max pressure (Pyi,) 4.75 x 106 Pa
Spool vale spring constant (k) 7500 N/m
Area factor (Ay) 0.1 —
Damper fluid density (p) 850 kg/m?
Discharge coefficient (Cy) 0.7 —
Damper fluid heat capacity (c,;) 2500 JkgK
Damper tube conduction factor (k) 60.5 W/mK
Atmospheric temperature (74) 300 K
Convection coefficient (h) 50 W/m?K
Damper valving space ({;) 0.02 m
Damper component space (/42) 0.04 m
Casting extension space (/;3) 0.02 m
Maximum damper temperature (714170w) 390 K
Maximum damper stroke velocity (X34770) 5 m/s
Maximum spool valve lift (x, 410w) 0.03 m

4.2.2 Active suspension co-design formulation

The co-design problem within MDSDO can now be formulated using the spring and damper models.
The objective function is defined as the weighted sum of the tire deflection z,,; — zo, Sprung mass acceleration

7, and active control u:

iy
min ¢ = / [Wl (Zus — 20)> 4+ waz2 —|—W3u2] dt (4.24a)
d.x(2)u1) 0
subject to
4<C<12 (4.24b)
Lo—5.26D, <0 (4.24¢)
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Ly

~1<0 (4.24d)
0,max
bt Dn <0 (4.24e)
DO,max
dy+Dy+D,+2(8+14) <0 (4.24f)
x3—Lo+Ls+Lp—+ 5g <0 (4.24g)
nat <o (4.24h)
Sy
Lo— L, ,
01541 — 20— 5 4.24
s T, (424
0.248,, .
T <0 where Sy = — (4.24j)
Se2 Ssy ng
LY (4.24K)
241 % 10
Lo—L,—D,<0 (4.241)
2D
sHlatle (4.24m)
LO,max
T
L _1<o0 (4.24n)
Tlallow
P
M 1<0 (4.240)
Pallow
M0 (4.24p)
X3allow
Tomax (4.24q)
Xvallow

x(t) —f(d,x(2),u(t),t) =0

(4.24r)

The problem is solved for z; = 2 s, which is treated as a fixed parameter. The objective weights wy = 104,

wy = 0.5, and w3 = 107 are to ensure the same order of magnitude for every term in the objective function.

Similarly, a normalization scheme is employed to keep the constraints within the same order of magnitude.
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Equation (4.24b) ensures that the spring index is within a reasonable range to avoid entanglement and to be
realistic. To prevent buckling, Eqn. (4.24c) must be satisfied. The uncompressed length of the spring must
fit within the specified pocket length. This constraints is described in Eqn. (4.24d). To prevent interface
with vehicle components, Eqn. (4.24e) ensures that the outer spring diameter does not exceed Do qr. The
spring must fit around the damper with a certain clearance, as described in Eqn. (4.24f). Suspension case
space constraint is described in Eqn. (4.24g). Spring shear stress T at maximum deflection must not exceed
shear yield stress. This constraint is described in Eqn. (4.24h). To ensure the linearity of Eqn. (4.6) and
the validity of the model, Eqn. (4.241) must be satisfied. Soderberg fatigue criterion with Zimmerli data
are described in Eqn. (4.24)) and Eqn. (4.24k). Eqn. (4.24]) ensures adequate damper range of motion and
Eqn. (4.24m) makes sure that the damper fits within the pocket length. Maximum damper fluid temperature
must not exceed the maximum allowable temperature and the maximum damper pressure must not exceed
the seal maximum pressure. These two requirements are described in Eqn. (4.24n) and Eqn. (4.240). To
protect the suspension system from excessive velocities, Eqn. (4.24p) is imposed. The clearance requirement
for the maximum amount of spool valve lift is included in Eqn. (4.24q). Finally, dynamic-system equality
constraints from Eqn. (4.6) and Eqn. (4.18) are included in Eqn. (4.24r).

The proposed double-loop RB-MDSDO problem formulation is then used to solve the co-design problem
of the automotive active-suspension. Due to the complexity of the model, and to reduce the number of
probabilistic inequality constraints, the vector of uncertain design variables only include the damper valve
diameter Dy, the damper piston diameter D), and the damper stroke D;. These uncertain design variables

result in the total of five performance measure functions:

Gi: Pr{Eqn. (424f)} > ®,4,(5)
Gy: Pr{Eqn. (4.241)} > @, (5)
Gs: Pr{Eqn. (4.24m)} > @, (5)
Gy : Pr{Eqn. (4.240)} > ®44(5)

Gs: Pr{Eqn. (4.24p)} > @, +(5)
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where the reliability target of B, = 5 is assumed for all performance measure functions. We assume Gaussian
distribution for uncertain design variables where, op, = 0.001, Op, = 0.001, and op, = 0.003. Note that
the design space of random design decision variables is reduced using a constraint shift index of k = 3. By

employing the proposed formulations, we can formulate the double-loop RB-MDSDO problems.

4.2.3 Results and Discussion

The double-loop RB-MDSDO problem was implemented in the commercially available software, GPOPS-
I1 [55] on a 32 GB of RAM and an Intel(R) Xenon(R) CPU E5-2637 v3 @ 3.50 GHz processor system, with

the setting shown in Table 4.3.

Table 4.3: GPOPS-II settings.

Field Setting

Mesh method hp-LiuRao-Legendre
Mesh tolerance 10~4

NLP solver IPOPT
IPOPT tolerance 1073

IPOPT max iterations 1000

In this study, we exploit the potential computational benefit that can be gained for the double-loop RB-
MDSDO problem formulation by using methods such as AMV, CMV, HMV. The gradient information,
which are required for the implementation of such algorithms, are expected to incur a computational burden
on the optimizer—thereby increasing the computational time. Therefore, the gradient information for G1,
G2, and G3 was calculated manually, while the gradient information for G4, and G5 was calculated through
forward differentiation in ADIMAT toolbox [65]. The solution of these methods are compared to the solution
of a general optimizer such as MATLAB’s fmincon function, using an interior-point algorithm.

The results are described in Table. 4.4 and indicate that accounting for uncertainties in the co-design of

automotive active suspension has a significant impact on its system-level solution. Specifically, all of the
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Table 4.4: Automotive suspension co-design solution using double-
loop RB-MDSDO approaches

Field DET¢ AMV? CMV¢ HMV?Y  GO¢ Unit

dy 0.016 0.017 0.017 0.017 0.017 m
Dy, 0.156  0.157  0.157  0.157 0.157 m
)4 0.037 0.035 0.035 0.035 0.035 m
Na 7.055 6.66 6.66 6.66 6.61 -
U, 0.007  0.008 0.008 0.008 0.008 m
Hp, 0.03 0.033  0.033 0.033 0.033 m
Up, 0.17 0.155 0.155 0.155 0.155 m
()] 1.3975 1.4634 1.4634 1.4634 1.4634 -
t 93 2611 3580 3665 100,246 S
ks 23760 29457 29457 29457 29457 Nm™!

Cs 724.54 750.07 750.07 750.07 750.07 Nsm!

“ Deterministic ? Advanced mean value ¢ Conjugate mean value ¢ Hybrid mean value ¢ General optimization using fmincon

plant design decision variables have changed compared to the deterministic case. In total, the vector of plant
design decision variables has undergone a 5.6% change. These variations have a direct impact on critical
intermediate variables such as k; and c,, which have changed dramatically, by 23.98% and 3.52%, respec-
tively. Therefore, these variations significantly impact the performance of the vehicle under rough surface
input. Finally, the value of the objective function has increased by 4.72% compared with the deterministic
case.

According to Table. 4.4, solving the MPP optimization problem through AMYV approach offers compu-
tational efficiency for this problem; however, this is a problem-dependent outcome. Nevertheless, reliability
methods such as AMV, CMYV, and HMV are expected to surpass generic optimization algorithms in compu-
tational efficiency. Due to the numerical stability of the HMV approach, it is recommended for a larger class
of co-design problems. The control decision trajectory, and sprung mass response to the rough surface are
illustrated in Fig. (4.2) and Fig. (4.3), respectively. As we can see from these figures, the control input and
the sprung mass response for the deterministic solution is slightly different from the solution of stochastic

approaches.
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Figure 4.2: Control force for active automotive suspension: (a) com-
plete time-history (b) magnified trajectory for 7 € [0.5 0.9].
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Figure 4.3: Sprung mass response to rough surface input: (a) complete
time-history (b) magnified trajectory for z € [0.5 0.9].
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4.3 Summary

The integration of balanced co-design optimization methods such MDSDO with stochastic optimization
techniques is necessary for the real-world application and implementation of many complex dynamic sys-
tems. In this chapter, we developed a novel RB-MDSDO formulation for co-design of stochastic dynamic
systems. Using efficient reliability methods such as AMV, CMV, HMV for the solution of the inner-loop
MPP optimization problem, we implemented and solved multiple double-loop RB-MDSDO approaches for
the co-design of an automotive active-suspension system and demonstrated the significance of these ad-
vanced formulation on a complex co-design problem. In addition, the results indicated the computational

advantage of these efficient methods compared to general optimization algorithms.
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Chapter 5

Assessment of Single-Loop MPP Reliability Analysis for RB-MDSDO

This chapter develops a single-loop RB-MDSDO formulation to improve the computational efficiency of
RB-MDSDO for co-design problems. Developing a more efficient approach for RB-MDSDO is necessary
because the number of decision variables in the problem formulation grows exponentially as the number
of analysis-type equality constraints and/or probabilistic inequality constraints are increased. Using the se-
quential optimization and reliability assessment (SORA) algorithm, we decouple the previously proposed
problem formulation, such that the optimization problem is solved within the deterministic step, while the
reliability analysis is performed in the standard normal random space. This single-loop approach is expected
to improve the efficiency of the double-loop RB-MDSDO approach and offer a practical methodology for
the widespread application of the RB-MDSDO approaches. In order to identify the implementation chal-
lenges, we first solve the proposed formulation for two small-scale co-design problems. In the next step,
the complex, co-design problem of an automotive active-suspension, which was introduced in Chapter 4, is

solved and the results are compared to the solution of the double-loop MPP approach.

5.1 Traditional SORA

The idea behind SORA is to develop a single-loop MPP strategy where the deterministic optimization
and the reliability assessment are decoupled from each other and are executed sequentially, until some con-
vergence criteria are achieved. Du and Chen [66, 67] employed a series of sequential cycles of optimization
and reliability assessment using an efficient MPP search algorithm. In SORA, the deterministic optimiza-
tion is performed first to achieve an optimal solution, then the reliability analysis is executed to verify the
satisfaction of reliability constraints and to provide improvement directions for the next cycle of the SORA

algorithm [48]. Here, for the sake of brevity, we only describe the problem formulations in each major step
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of this algorithm. Further details about the convergence criteria and the flowchart of the algorithm can be
found in [66, 67].

The SORA algorithm starts with a deterministic problem that includes the mean value vector of the ran-
dom design variables ps. After the first cycle, the deterministic optimization problem uses the information
from the reliability assessment step of the previous cycle. In other words, after the first cycle of SORA,
the constraints within the deterministic optimization are modified to shift the MPPs into the feasible region
of the deterministic bounds. Therefore, we employ shifting vectors, similar to the ones introduced by Du
and Chen [68] to establish the equivalent deterministic optimization problem in each cycle of SORA. These
shifting vectors are described by v:

v =l s (5.1)

where szl’%_il) is the MPP of the vector of uncertain design variables from the (m — 1)"* SORA cycle and

ugm_l) is the vector of mean values from the (m — 1)/ cycle. The deterministic optimization problem for

the m'" cycle of SORA can then be formulated as:

5.2)
subject to gi(uf{”)—v.m))go, i=1,..,ng

The output of Eqn. (5.2), denoted by uém), will be the input to the reliability assessment step, where a
transformation into the random normal space will be performed. The MPP of the random design variables
associated with the i performance measure is found through the following formulation

min - gi(s(m))

u,i
(m) ’
su,i

(m) (5.3)
subjectto |[s,,;

n o

u,i

where s = Do [Fi(s)]

This sequential algorithm has been implemented for multiple applications within the RBDO literature. For
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more details, interested readers are referred to [69, 70, 48].

5.2 SORA with Equality Constraints

Here, we employ the approach developed by Du and Huang to address the issue of analysis-type equality

constraints [48]. Using the FORM approximation within the PMA for RBDO, and denoting the MPP of the

(m—1)

constraint function g; in (m — 1) cycle of SORA for independent random variables as sy, > and for

dependent random variables as s;,’w(,'f;;l), Du and Huang formulated the deterministic step of the SORA

algorithm as:

min Fpd” pd")
(m)  (m) *,(m) Y
K oHsy " Sypppi
bi ) (m) . (m) _x,(m) <0 =1
subject to gilpg =V, Sypp) <0, i=1,..,n (5.4)
hl(”s(szi)’ugjl)):ov ]:1) yNh

, k=1, nyxng, i=1,...ng

(m)

where v; " denotes the shifting vector associated with the i"" inequality constraint, resulted from the pre-

vious cycle of SORA. The equality constraints are satisfied at the mean values of all random variables, as
well as their MPPs. Note that since every inequality constraint has its own MPP, the total number of equal-
ity constraints at the MPP will be n;, X n,. Moreover, note that siﬁ’,(,’,’gl) come from the previous cycle of
SORA and are included in the deterministic optimization through the shifting vector Vl(m). The MPPs of the
(m)

MPP,i

dependent random variables sy,,...; are obtained during the (m)"* cycle of SORA. This problem is equivalent
to Eqn. (5.2) and thus it requires a MPP search algorithm. The reliability assessment is then formulated us-
ing a FORM approximation within the PMA. Note that the MPP subproblem must satisfy the analysis-type

equality constraints, as well as the usual reliability constraint during optimization.
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I —gi(s.) sy
S RS
subject to s%)‘ —B,=0 55)
B sy =0, =1,

where s = @, [Fy, (sv"))]

u,i

5.3 RB-MDSDO Problem Formulation Using SORA

The integrated nature of co-design formulations results in the propagation of uncertainties from random
plant design decision variables to the analysis-type equality constraints, thereby affecting the open-loop
optimal control trajectories. To quantify the impact of these uncertainties on the system-level co-design
solution, we propose the novel single-loop RB-MDSDO formulation using SORA.

The single-loop MPP formulation in RB-MDSDO executes the deterministic optimization problem first,
followed by the reliability assessment. The deterministic optimization problem, which is the first major
block in SORA algorithm, doesn’t explicitly account for the random variations or processes in the design
decision variables or state trajectory decision variables; rather it employs shifting vectors Vl(~m) to shift the
MPPs of the design decision variables into the feasible region of the deterministic bounds, while making
sure that the state dynamics are satisfied at the mean values, as well as the MPPs. It is still assumed that the
overall MPP strategy will consist of the PMA in conjunction with the FORM to solve the problem robustly
and efficiently. This problem formulation includes the vector of mean values of the plant design decision

variables ,ug"), the mean values of state decision decision variable Mg(m) (1), the MPPs of design decision

(m) (m) (m)

variables dZ,}PRi, the MPPs of state decision variables X;,}PRI-(Z), the shifting vectors v;"’ and the vector of

deterministic control variables u” () at the (m)" cycle of SORA. The objective function ¢ is optimized
over the set of decision variables [ug") , ,ugfm) (1), X;t,’l(;fgi(t), ul”)(¢)] and subject to the probabilistic inequality
constraints g(+), algebraic equality constraints h(-), and dynamic system equality constraints. Note that both

algebraic equality constraints and dynamic system equality constraints must be satisfied both at the the mean

values and the MPPs of design and state decision variables. This formulation can be described as
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) Oy, 1" (1),ul (1))
lLDm 7P'Xm (t)vx/\’}l;nﬂi(t)yu(m)(t)

subject to gi(my” =" X3 (1). " (1)) <0, i=1,.n,
h (m) (m) (m) =0
(kp sy (2),0"™(2)) (5.6)
hi (g = v Xy (1), 0 (1) = 0, i=1,.n,

where the shifting vector for the (m)" cycle of SORA can be found using vl(m) = ug"_l) — d;{,’,(,ﬂ,;l). The

MPP subproblem in the reliability assessment step can then be formulated as:

min  —gi(d,}x" (1),u " (1))
a7 (0.x" (1) ’
subject to ‘ d%) —B,=0
h(d,} X" (1), u" ") (1)) = 0 e
(1) —£(dy? x") (1), w ") (1)) = 0
where d%) = @;dlf [Fy, (d0))]

This formulation requires the use of numerical methods such as DT. The transcribed version of Eqn. (5.6)

can be described as
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“g") 7M§;ﬂ) 7XL(;"P?”U()71)

subject to g,-(,ug") —ng),le'gﬁnl,?i,U(m)) <0, i=1,..,n,

where M§(’") is the matrix of discretized, state trajectory mean-value decision variables in (m)”* SORA cy-
cle. This problem is equivalent to the general RBDO problem and thus, requires a reliability assessment
algorithm within the standard normal space to find the MPPs. The MPP subproblem can then formulated as:
; o am x(m) 1k, (m)
min gi(d, /X, Usm)
a7 X" |

subject to Hdu,iH(m) —B,=0

5.9
h(d,? X" (1), w0 (1)) = 0 >

u,i N

C(d(m) X(m)’U*,(m)) -0

u,i N

where ) = @} [F, (d)]

Ui

Note that the deterministic optimal control solution from the deterministic optimization block of SORA
is a fixed input trajectory into the reliability assessment step. The SORA flowchart of the RB-MDSDO
formulation is described in Fig. 5.1. We note that the output of the deterministic step at the (m)” cycle
of SORA to the reliability assessment block is the optimal mean value of independent design variables,
ugn), and optimal control decision trajectory U* (™. For the first SORA cycle, since there’s no information
available from the reliability assessment step, the the MPP of the independent random design variables

d;ﬁ% ; 18 prescribed as the mean of the independent random design variables /J,g)), such that vl(o) = 0. After

the initial cycle of SORA, the reliability analysis step inputs the MPP of the independent random design
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variables of the previous cycle d;l’%;l) to the deterministic step, through the shifting vector. Note that the

inclusion of the analysis-type equality constraints in the reliability analysis step is to ensure their feasibility.

Initialize the problem

+(0) _(0)
m=0, dyjpp,vi =0

'

Deterministic Optimization

“min o(ppy My UM)
mp My X U
subject to gy ™ el Uty <0, =1,

h(up”, My, U™) =0

hi(py) — v i UMy =0, i=1,...,n,

E(uy My, U™) =0 ‘
(m) (m) _*.(m) (m)y 0 =1

Cilpy’ —vi Xygpp,, UM) =0,  i=1,..,n,

l ‘ugﬂJ: UHlm)

Reliability Assessment

3 (m) (m) d
min - —gi(d,;, X", U m)y m=m+ 1
4 0

wi T

subjectto  ||d,i[|"™ — B, =0

f;'(df"_'j-’.X""”‘U* [ml) —0

i

where  d,} = @ [F, (d™)]

i,

LNU

¢ converges &

+,(m) wam _(m)
dyppi 4, Vi

max{gi(d,;,X;, U~")} <0

Figure 5.1: SORA within RB-MDSDO

A major challenge in the implementation of the proposed RB-MDSDO algorithm arises when state tra-
jectory decision variables are bounded through inequality path constraints. As opposed to the conventional
static inequality constraints, the dynamic nature of these trajectories necessitates a different approach when

the associated performance measure function is formulated. This makes the implementation of the RB-
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MDSDO problem formulation a challenging task. One could treat each discretized path constraint at every
single collocation point as an inequality constraint—employed within RB-MDSDO problem formulation
as a performance measure function. This, however, is not practical as the number of performance measure
functions will be directly influenced by the total number of collocation points in the discretized problem. To
address this issue, we identify the least reliable design point for each probabilistic path constraint by max-
imizing the integral of the probabilistic path constraint at every reliability assessment step. This approach
enables the determination of plant designs and state trajectories that would cause the highest constraint vio-
lation over the whole trajectory under uncertainty. The stopping criteria is then set as the convergence of the
optimization subproblems, as well as the satisfaction of the performance measure function at the MPP. It is
noteworthy to mention that while this approach is limiting in the sense that it does not provide insights into
the characteristics of this random process, it does address the reliability requirements of the RB-MDSDO
formulation when the uncertainty is propagated into the system only from plant design decision variables or

problem parameters.

5.4 Reliability-based Co-design Case Studies Using Single-loop RB-MDSDO

Implementations

Implementation challenges and the efficiency of the proposed formulation is investigated in three case
studies. The first example is a simple analytical constrained Van der Pol oscillator optimal control problem,
modified for a co-design problem formulation. The original problem was taken from Ref.[71, 72]. While
extremely simplified, this problem offers obvious advantages in identifying implementation challenges. The
second example is the range maximization co-design problem of a hang glider, introduced in Chapter 3.2.2.
Finally, the last case study solves the co-design problem of an automotive active-suspension system and
compares the results with those obtained from Chapter 4.2. This comparison allows us to interpret the

effectiveness and efficiency of the proposed RB-MDSDO approaches for complex co-design problems.

5.4.1 Van der Pol oscillator

The deterministic problem is to find the optimal plant design d = [d},d,], state trajectories X(¢) =

[x1(t),x2(¢)], and control trajectory u(¢) to minimize the objective function ¢:
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5
min = [ |30 +3(t) +uP (1) |dt
d.x (1) x(ty),u(r) 0 /0 |: l( ) 2( ) ( )

subject to
X1 (t) —x1(t)(1 = x3(t)) + DaDyxa(t) —u(t) =0
X (1) —x1(t) =0 (5.10)
diin < d < dpgy
Xmin < X < Xpmax
Upin < U(t) < Upmax
g=-04—x(t) <0

The problem is subject to the following boundary conditions: x(0) = [0, 1]”. We note that x(¢7) is a decision
variable and is already included in the vector of state decision variables. Assuming that both design variables
D and D; are uncertain normal variables with 6p; = 0.02 and 6p, = 0.03, and the reliability target of 5, = 3
for the performance measure function g : — 0.4 —x;(¢) < 0, the RB-MDSDO problem can be formulated

such that in the deterministic step of the SORA algorithm, the following optimization problem is solved:

5
min J= / [,u;;(m) (1) + .U)z(;(m) () + u>(™ (t)] dt
gy 1 () Xyage (6),4m (1) 0 (5.11)
The objective function is subject to the following constraints.
. (m m 2,(m m m m m
00— (01— g™ (1) + s s e (1) — (1) = 0 (5.12)
! (1) — ) (1) = 0 (5.13)
Lk, (m *,(m 2%, (m *,(m—1) px,(m—1)_x,(m m
xl,z(wlp(t) _xl,l(l/llzP(t)(l —xz,M(PP) (t)) +d2,1(L4PP )dl,l(vIPP )xz,z(mzp(t) —u )(t) =0 (5.14)
£5ie (1) = ygpp (1) = O (5.15)
KD, +304 < pp < pp,,, — 304 (5.16)
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uX)nin S l“l’X (t) S l“l’Xmax (517)
Umin < ”(t) < Umax (5.18)

G=-04—X/(t)<0 (5.19)

Note that the design space of the plant decision variables is reduced under uncertainty. The reliability as-
sessment step then pertains to finding the MPP associated with the maximum violation of the performance
measure trajectory within the standard normal space d, ;. Due to the assumption of normality for the uncer-

tain plant design variables, the Rosenblatt transformation [47] would be linear:

(5.20)

Then the reliability assessment step can be formulated as:

5
min / { — 04—\ (1)] dt
dt(zm) ,X(m) (l) 0
subject to
a8, =0

A" (1) =) (1= 25" (1) + () + dou6s) (g +di 0™ () —u M (1) = 0

A (1) =3 M (1) = 0

(5.21)
The problem was solved using the commercially available MATLAB®©-based software, GPOPS-II [55]. We
solved both the deterministic and the reliability assessment steps of the RB-MDSDO SORA algorithm on
a 32 GB of RAM and an Intel(R) Xenon(R) CPU E5-2637 v3 @ 3.50 GHz processor system, with the key

GPOPS-II settings introduced in Table 5.1.
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Table 5.1: GPOPS-II settings.

Field Setting

Mesh method hp-LiuRao-Legendre
Mesh tolerance 1076

NLP solver IPOPT
IPOPT tolerance 1077

IPOPT max iterations 5000

Table 5.2 compares the solution of the deterministic and the proposed RB-MDSDO problem formulations.
The results indicate the critical impact of uncertainty on the optimal solution of co-design formulations
within MDSDO and the necessity to account for this uncertainty through stochastic approaches such as the

proposed RB-MDSDO formulation.

Table 5.2: Co-design results for Van der Pol oscillator

di  d diypp diypp 3 Time(s)

MDSDO ¢ 0.324  0.21 - - 1.969 0.82
RB-MDSDO? 0.008 0.014 -0.035 -0.051 1.978 8.02

Diff ¢ 96.31% 0.46%

@ Deterministic MDSDO solution, ? Single-loop RB-MDSDO solution, ¢ Percent difference

The solution converged in m = 7 SORA cycles, and the vector of plant design variables has changed sig-
nificantly compared to the deterministic case (96.31%). Although the value of the objective function has
increased by 0.46% in RB-MDSDO approach, the associated solution is more reliable compared to the de-
terministic case. The probability of failure for the probabilistic path constraint, G, was benchmarked through

MCS, where n = 100, 000 points were sampled about the MDSDO and RB-MDSDO solutions, respectively.
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Figure 5.2: Comparison of deterministic and stochastic optimal con-
trol trajectory u(z) for Test Problem 1

The simulation results show that the probability of failure has dropped from Prs ypspo{G} = 0.294 in
MDSDO to Pryrp-mpspo{G} = 0.03097 in RB-MDSDO—indicating the effectiveness of the proposed
approach. The probability of failure can be further improved by increasing the reliability target or using
SORM. Figures 5.3 and 5.4 show the results of the MCS for the state decision trajectories about the solu-
tion of the MDSDO and RB-MDSDO approach, respectively. A sample size of n = 1,000 is used to create
the MCS plots. From this figure, it is evident that the resultant trajectories violate G more often than the

RB-MDSDO solution shown in Fig. 5.4.

X1 (t)
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Time (s)
T T T T ]
1
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2
0.5
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s s s s
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Figure 5.3: Van der Pol oscillator: MCS about the solution of
MDSDO, Pr = 0.294

59



0
= 02F
S R T T S~
-0.6 JI
MCS RB-MDSDO = = =X, .
. . | ’ |
-0.8
0 1 2 3 4 5
@ Time (s)
1
0.5
=
><(‘\l 0 L
0.5 MCS RB-MDSDO i
0 1 2 3 4 5
(b) Time (s)

Figure 5.4: Van der Pol oscillator: MCS about the solution of RB-
MDSDO for state trajectories: (a) x1(¢) (b) x2(?)

5.4.2 Hang glider

The problem statement and formulation for the hang glider problem was introduced in Chapter 3.2.2. To
avoid repetition, this section only discusses the details pertaining to RB-MDSDO formulation. Interested
readers are referred to Section 3.2.2 for more details on the hang glider problem. In order to formulate the
single-loop RB-MDSDO problem, we assume a reliability target of f = 3. The standard deviation of the
independent plant design variables is assumed to be o,, = 0.1, 0,, = 0.1, 0, = 0.1. We note that since
the Eqn. (3.9f) is completely deterministic, we are left with two performance measure functions, namely
Eqn. (3.9g) and Eqn. (3.9h). These performance measure functions are distinguished by index i = 1 and
i = 2, respectively. Using a single-loop MPP formulation in RB-MDSDO, along with FORM and PMA, the

objective for the deterministic step of SORA for hang glider co-design can be formulated as

; _,,(m)
R . xi (1) (5.22)
Kg ~Hx (t)va/}Pm(t)7“<"1)(f):ll'x] (tr)ty
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where (m) denotes the m' cycle of SORA. This is subject to the following constraints:

(1) — 1 (1) = 0 (5.23)
1 (1)~ 1 (1) =0 (5.24)
12 (0) (g sin(i) — i, cos(g)) =0 (525)
B(0) — (s cos(tty) o, sin(ity) ~ W) =0 (5.26)
H (6 —i (1) =0 i=1,2 (5.27)
(6 —i (1) =0 i=12 (5.28)
&) 0) = (~Lagppysin(Mupei) — Dy, €08 (hupr) =0 i=1,2 (5.29)
xz({,zzag,.(f) - %(LMPPJCOS(TIMPPJ) —Dyyypp Sin(Nyppi) —W) =0 i=1,2 (5.30)
5, ~11<0 (5.31)
@bweri 1" <o (5.32)
Smpp1 '
Supp2 — Smax <0 (5.33)
Py < () < Pl (5.34)
Hay . 300, < Hay < fhay,, — 300, (5.35)
Has,,. +30a, < Hay < Hay,, —30a, (5.36)
M, +30p < Up < Up,,. —30p (5.37)

Note that in this formulation, the dynamic system equality constraints are satisfied at both the vector of
mean values, as well as the MPPs. All the deterministic decision variables including the vector of mean

values of plant design variables ugm), optimal control trajectory u(™ (1), and " will be inputs to the re-
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liability assessment step. Moreover, under uncertainty, it is customary to push the design space inward so
as to avoid the boundaries of the design space under uncertainty. This would be a trivial case of making
the box constraints reliable when they have a Gaussian distribution. Solving the MPP subproblem in the
reliability assessment step requires relaxation of the final boundary conditions on the system. This makes
sense because it is reasonable to assume that the initial conditions of the systems could still be prescribed
by the designer under uncertainty, however, this uncertainty will be propagated into the system and thus, we
cannot guarantee that the final conditions will always be met under uncertainty. Thus, the MPP subproblem

must be solved with the following condition:

§() =0 m

(1) =1000  m

(5.38)
(1) =1323  m/s
(1) =—1.288 m/s
auly O
subject to
)'CL,'(I) —X3(t) =0
d2i(t) —x4(t) =0 (5.39)

x3,i(t) — %(—Li sin(n;) — Dy;cos(n;)) =0
%4,(t) — L(L;cos(n;) — Dy;sin(n;) —W) =0

ldui]| = B =0
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where

dy ;= Oy [Fy,(d)]

(2b+ f;)?
S

81 = _gl,maxgo

gZZS_Smax

(5.40)

The problem was solved using the commercially available software, GPOPS-II [55] on a 32 GB of RAM

and an Intel(R) Xenon(R) CPU E5-2637 v3 @ 3.50 GHz processor system, with the setting shown in Table

3.1.

1.5 T T T T T
1 - .
< <
0.3 = RB-MDSDO
MDSDO
0r 1 | | 1 1 ]
0 20 40 60 80 100 120

Time (s)

Figure 5.5: Hang glider: Optimal control trajectory

Table 5.3: Co-design results for hang glider

ai a b xi(ty)  t(s)

MDSDO ¢ 1.62 248 463 1,2904 13.58
RB-MDSDO? 144 246 43 12727 2898

Diff ¢ 6.85% 1.37%

4 Deterministic MDSDO solution, ? RB-MDSDO solution, ¢ Percent difference
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Figure 5.6: Hang glider: MCS about the solution of RB-MDSDO for
state trajectories
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The problem was solved in m = 4 SORA cycles and the results from both deterministic MDSDO and
single-loop RB-MDSDO formulations are compared in Tab. 5.3. The vector of plant design has changed
by 6.85% compared to the deterministic case. Also, the maximum range is reduced by 1.37% in the RB-
MDSDO approach. Although less favorable, the associated risk with this design is much less. The MPPs
associated with plant design variables at m =4 SORA cycle fori = 1 and i = 2 are found to be a’{:](\jl)pR ;=1.62,
a5 pps = 2.63, and by, = 4.47. and @} \hp; = 1.25, a3\ hp; = 2.27, and by, = 4.44, respectively. The

probabilities of failure for both of the performance measure functions are then benchmarked MCS with

n = 100,000 samples as indicated in Table 5.4:

Table 5.4: Probabilities of failure using Monte Carlo Simulation with
n = 100,000 samples

MDSDO RB-MDSDO

Pl"f{Gl } 0 0
Prr{Gy}  0.4986 0.0468

The optimal control and state trajectories are illustrated in Fig. 5.5 and Fig. 5.6, respectively. The state
trajectories are plotted against state trajectories that are obtained by performing MCS about the solution of
RB-MDSDO. A sample size of n = 1000 is used to create these figures. It can be observed that under uncer-
tainty, optimal control trajectories and states of system tend to deviate from the solution of the deterministic

problem.

5.4.3 Active suspension co-design problem

This case study solves the co-design problem of an automotive active-suspension system under uncer-
tainty. By solving and implementing the proposed single-loop RB-MDSDO for this complex problem, and
comparing the results to the double-loop RB-MDSDO solution from Chapter 4, we discuss the scalability
and efficiency of RB-MDSDO problem formulations for complex co-design problems under uncertainty.

The problem statement and its formulation was introduced in Chapter 4.2. Here, to avoid repetition, we

only present the results from the single-loop RB-MDSDO approach and compare them with the solutions
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Table 5.5: Automotive suspension co-design solution using double-loop and
single-loop RB-MDSDO approaches

Field DET¢* AMV? CMV¢ HMVY GO¢ SORA/  Unit

dy 0.016  0.017 0.017 0.017 0.017 0.017 m
Dy, 0.156  0.157  0.157  0.157 0.157 0.157 m
)4 0.037 0.035 0.035 0.035 0.035 0.035 m
Na 7.055 6.66 6.66 6.66 6.61 6.66 -
Up, 0.007  0.008 0.008  0.008 0.008 0.008 m
Hp, 0.03 0.033  0.033 0.033 0.033 0.033 m
Up, 0.17 0.155 0.155  0.155 0.155 0.155 m
o 1.3975 1.4634 1.4634 14634 14634 1.4634 -

t 93 2611 3580 3665 100,246 2125 S
ks 23760 29457 29457 29457 29457 29457  Nm™!

Cs 724.54  750.07 750.07 750.07 750.07 750.07 Nsm~!

“ Deterministic ? Advanced mean value ¢ Conjugate mean value ¢ Hybrid mean value ¢ General optimization using fmincon
/' Sequential optimization and reliability assessment

obtained from Section 4. These results are described in Table. 5.5 and indicate that the single-loop RB-
MDSDO approach is more efficient compared with the double-loop RB-MDSDO approaches. Even though
efficient double-loop reliability methods such as AMV, CMYV, and HMV offer a significant computational
advantage for the double-loop MPP-based algorithms, the single-loop nature of SORA enables a more time-
efficient framework for co-design of stochastic dynamic systems. The control decision trajectory, and sprung
mass response to the rough surface are illustrated in Fig. (5.7) and Fig. (5.8), respectively. As we can see
from these figures, the control input and the sprung mass response for the deterministic solution is slightly

different from the solution of stochastic approaches.
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Figure 5.7: Control force for active automotive suspension: (a) complete time-
history (b) magnified trajectory for ¢ € [0.5 0.9].
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Figure 5.8: Sprung mass response to rough surface

input: (a) complete time-
history (b) magnified trajectory for ¢ € [0.5 0.9].
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5.5 Summary

This chapter introduced a single-loop MPP-based reliability analysis for RB-MDSDO problem formu-
lation. The analysis-type dynamic equality constraints, and the algebraic equality constraints were satisfied
at the vector of mean values, as well as the MPPs. The proposed formulation was then solved for three case
studies to identify the implementation challenges. By solving the complex co-design problem of an automo-
tive active suspension system and comparing the results with the double-loop RB-MDSDO, we concluded
that the single-loop RB-MDSDO offers computational efficiency and is more suitable for complex dynamic

systems.
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Chapter 6

Application to Co-design of Hybrid-Electric Vehicle Powertrain

In the past few decades, environmental concerns have motivated more fuel-efficient vehicle alternatives
in the transportation sector. Electrification of road transport through HEVs presents a viable solution to this
challenge by reducing tailpipe emissions through efficient, yet more complex energy management strategies.
These strategies are inherently coupled with powertrain design and thus, their identification requires methods
such as co-design, resulting in a system-level optimal solution and improved performance of the vehicle.

The application of co-design approaches to HEVs has been widely investigated in the literature. The
tradeoffs between fuel consumption and emissions in a simultaneous co-design problem formulation for a
parallel HEV was investigated using fuzzy set theory [73]. Patil calculated a unidirectional coupling term to
account for the dependence of the optimal control problem on plant design for a plug-in hybrid electric vehi-
cle (PHEV) [74]. By calculating this term, he optimally sized the battery in a co-design formulation. Bayrak
et al. introduced a heuristic approach to enumerate feasible HEV modes and find an optimal hybrid-electric
powertrain architecture with the optimal control strategy determined for each mode in a nested algorithm
[75]. The authors extended their study to account for a variety of loading scenarios in Ref. [76]. A convex
programming approach has also been used for the simultaneous energy management and component sizing
of HEVs [77, 13]. Houshmand implemented a simultaneous co-design problem formulation using multidis-
ciplinary dynamic system design optimization for component sizing and supervisory energy management of
a PHEYV in Ref. [78]. A decomposition-based design optimization framework has also been used to find the
powertrain design, component sizing and optimal energy management in a nested combined physical and
control system design problem formulation in Ref. [79]. By simultaneously exploiting design and control
spaces, these studies successfully implemented various co-design methodologies to achieve system-level

optimal plant design and energy management strategies. A comprehensive review of the application of these
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system-level optimization methods to HEVs can be found in Ref. [80].

Despite the successful implementation of deterministic co-design formulations for HEVs, not much re-
search has been performed to account for the uncertainties that prevail in the design and control of these
systems. These uncertainties may stem from a variety of sources including imperfect manufacturing pro-
cesses, measurement errors and/or uncertain operational conditions and could potentially have a significant
impact on HEV component sizing and control strategies. Consequently, this could also impact key vehi-
cle performance measures such as energy efficiency and cost. Therefore, it is important to quantify and
minimize the impact of these uncertainties on the integrated system solution of HEVs.

In this chapter, we address some of the limitations of the literature on stochastic co-design of HEVs
by formulating and solving two co-design problems for a power-split HEV powertrain that account for
uncertainties in both design decision variables and fixed problem parameters. Specifically, we implement
and solve the complex co-design problem of a power-split hybrid-electric vehicle (HEV) powertrain using
(1) an R-MDSDO, and (ii) an RB-MDSDO formulation. Moderate-fidelity mathematical models of the
major components of a power-split HEV powertrain including the engine, electric motor, generator and
battery pack are used to identify the optimal plant design variables, state trajectory decision variables, and
control trajectory decision variables, such that the vehicle powertrain cost is minimized. This Chapter clearly
demonstrates the utility of the previously proposed formulations by solving a real-world complex co-design

problem under uncertainties.

6.1 Model development

A single-mode, power-split HEV powertrain model of the MY2004 Toyota Prius, along with its major
components including the engine, electric machines, and battery was developed based on [78] and is illus-
trated in Fig. (6.1). The power-split HEV configuration combines the benefits of series and parallel hybrid
configuration by employing a planetary gear set that enables a mechanical as well as an electrical path for
the power output of the engine. To model the cost of the vehicle powertrain, cost models associated with

each component are also presented in this section.
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Figure 6.1: Power-split HEV powertrain configuration and components [81].

6.1.1 Powertrain model

The HEV powertrain model is characterized by one plant design variable: final drive of the transmis-
sion, F'DR; two distinct state trajectory decision variables: engine speed, ., and electric motor speed, @y42;
and three control trajectory decision variables: engine torque, 7,, electric motor torque, T,¢, and genera-
tor torque T,g;. Dynamic equations for this model are based on longitudinal vehicle dynamics with the

assumption of zero pinion gear inertia [82].

Je 0 0 R+S W, T,
0 Jnel 0 —S Dol Tmgel
“ =™ 6.1)
0 0 flng2 —R Drng2 TrlngZ
—(R+S) S R 0 F 0
R R
(omgl - (1 + g)we - gwng (62)
Ther = Jmgz + (D + Myent7iy,) /FDR? (6.3)
Tllngl = Tmg2 — Fr()adrtire/FDR (6.4)
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The interaction force between the sun and planet gears is denoted by F. The number of teeth on the ring
and sun gear are described by R and S, respectively. The rotational inertias of the engine, generator, electric
motor, and wheels are described by J,, Jyue1, Jimg2, and Jy,, respectively. Tire radius is described by 7;;., and
J,’ng2 and TI/ngZ are the effective rotational inertia and torque of the electric motor, respectively. The vehicle’s

mass m,,, is calculated through:

Myeh = Me + Mgl + Mypgd + Mparr + Mepassis + Mpr + Mriver (6.5)

where me, Myg1, M2, Mpase, Mehassis» Mg and mg,e, are the engine, generator, motor, battery pack, chassis,
full fuel tank and the driver masses, respectively. Road load on the vehicle F;,,, is estimated by calculating

the rolling force Fo; and Fypqq

wngrtire)z (6.6)

1
Froaa = Frou +Fdrag = Umyepg + EpAfer(W

where the rolling friction coefficient and the gravitational constant are denoted by u, and g, respectively. p
is the air density, A s, is the vehicle frontal area, and C; is the drag coefficient of the vehicle. The rotational

acceleration of the engine @,, and electric motor @), can be obtained by rearranging Eqn. (6.1) into its

state-space form

Tti C(R+S)—R
ng2 - ﬂ(Froad) + CTe + Qrmgl
g = ——L DR > (67)
& , R, R(R+S)
ng2 +ngl (g) - Cngl 752
B ng1R(R—|—S)
C= ; RS, (6.8)
§%(Je + JImgi )?)
R+S R .
re+(?)rmg1+ng1§(R+S)wmg2
W, = (6.9)

R+S
Je+Tmgi ( 5 )2

Table 6.1 describes the fixed parameters and constants for the powertrain model.
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Table 6.1: Constants and fixed parameters for Toyota Prius 2004 powertrain.

Parameter Notation Value  Unit
Air density P 1.225 kg/m?
Gravitational constant g 9.81  m/s?
Ring gear teeth number R 78 -
Rolling friction u 0.007 -
Rotational inertia of the wheels Jw 0.74 kg.m?
Sun gear teeth number S 30 -
Tire radius Ttire 0.282 m
Vehicle chassis mass Mehassis 900 kg
Full fuel tank mass mg; 33.74 kg
Driver mass Myriver  82.65 kg
Vehicle frontal area Agy 1.746 m?

6.1.1.1 Engine model

A four-stroke internal combustion engine model was developed that consists of three plant design vari-
ables: engine stroke length Ly, engine bore diameter Dj, and compression ratio CR; one state trajectory
decision variable: w,; and one control trajectory decision variable: 7,. This model estimates the maximum
allowable engine torque, fuel consumption rate, engine mass and rotational inertia. Maximum torque of the

engine can be obtained by:

bme Py (0, )Vais

in (6.10)

Te,max(we) =

where the maximum brake mean effective pressure bmep,,,, is estimated empirically though interpolation

[83] and engine displacement V,;, is calculated as a function of the number of cylinders n;, Dy, and Ly, as:

T
Vais = Neyl ZDIZ;LSZ (6.11)
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Fuel consumption rate is then calculated as a function of indicated mean effective pressure imep, indicated

thermal efficiency 7;7, and lower heating value of the fuel LHV = 43.448 kJ/g [84]:

. ,
lmedeiST;
i uel — 6.12
M uel = 000n; LHV 6.12)

Indicated mean effective pressure can be obtained as:

imep = bmep + fmep (6.13)

where the engine brake mean effective pressure bmep and its friction mean effective pressure fmep, can be

estimated for engine displacements of 845 cc up to 2000 cc:

4
bmep = —2% (6.14)

Vais

o, 60 ., 60, ,
=97+1 — 5 — 6.15
fmep =97+15(3505(52)) +5(3500 5 (6.15)
The indicated thermal efficiency can be obtained in terms of CR and heat capacity ratio Kk = 1.5

mr=1- (6.16)

CR*~

For the sake of simplicity, engine mass and its inertia are estimated based on constant peak power-to-

weight/inertia ratios:
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2
Te,max(we = 5000 rpm = %)

_ 6
Me = 0.6869 ©.17)
me
L = 1
o= %30 (6.18)

6.1.1.2 Electric machine models

The generator and electric motor models were developed based on the mathematical formulations for
the interior permanent magnet synchronous machines (IPMSM) from Ref. [85]. These models assume
a symmetric performance curve with respect to the axes, and positive and negative values of torque and
speed as appropriate. The variables for the electric machines are distinguished by mgi, where i = 1 and
i = 2, such that mg1 is associated with the generator and mg?2 is associated with the electric motor. These
moderate-fidelity models predict the maximum electric machine torque at a given speed, the maximum
electric machine speed, the electrical power generation/consumption at a given torque and speed, and the
electric machine mass and rotational inertia. These models consist of three design-related decision variables:
the stack length L,,;, the stator inner diameter D,,e;, and the maximum stator current e; mqx; One state
trajectory decision variable: @;g; and one control decision trajectory: Tyg. The maximum torque of the

machines is calculated by

mppi(Wm,iImgi,OCOS%7max + %(61 - I)Ldl-l,igi’gSinz’Yi,max)’ 0< WpgiPi < WOpmgi bDi

Tmgi,max =

mppi(V’m,ilmgi.,ocos%(wmgipi> + %(él - 1)Ldilégj,OSinz’Yi(a)mgipi)>7 wmgi,bpi S wmgipi S wmgi,muxpi

(6.19)
where the number of phases in the electric machines is m,, the number of pole pairs is p;, the magnetic flux
linkage is denoted by ., and &; = E—Z’ is the saliency ratio calculated through d-q axis phase inductance

i

1, mgi,max

Lg; and L,,. Note that the rated current per phase I,,6; , is computed as I, , = R With the exception of

pi and m,, which are fixed parameters, the other variables are intermediate terms that are functions of the

design variables. Interested readers can refer to Ref. [78] for details. Equation (6.19) divides the calculation
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of torque per ampere current angle ¥; into speeds before and after the electric machine base or rated speed
Opgip- At Wpgi < Wpeip, the torque per ampere current angle is a maximizer ¥ 4 for the torque and is

calculated by differentiating Eqn. (6.19) with respect to ¥;:

Vit Vit 8E— P Ll fe
g >
SinY: max = 4(& — 1) Lamgi o (6.20)
0 it =1

The torque per ampere current angle Y;(Wyeip;) at any speed @y, > Wyygip is obtained by a curve-fitting

model which is a function of the electric machine design variables. The rated speed itself is given by

| —Cp+4/(Cs—4CsCc)

nei b = — 6.21
O = 2, ) (2D

where Cy, Cp and Cc are related to the stator phase resistance Ry, and maximum rated voltage V,,gi max Of

each electric machine as prescribed in the following equations:

1

Cy = - (6.22)
Pi(LygIngi. o€08Yi max)* + (—LgiImgi 0S¥ max + Win i)
Cp = 2Rs,~ (Lq,-I,igj,ocos%,maxSinYi,max - Ld,-ligipSin%,maxcos'yi,max + lI/m,ilmgi,oCOS%',max) (623)
Cc = (Rydmgio)” = Vimgimax (6.24)
VDC,max 2

Note that V,,,; max can be obtained based on the maximum rated DC voltage Vpc max as Vingimax =

V2 T

Also, note that Ry, is a function of the electric machine design variables, the details of which can be found in
[85]. The maximum electric machine speed @yq; max OCcurs when the maximum torque of the electric ma-

chine reaches zero (ngiymax(a)mgi * p;) = 0). The electrical power generation/consumption Pygi 1s calculated
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as a function of d-q axis stator voltages V,;, and V,;;:

Pugi = mp(—VaLngiSinYi(Omgipi) + Vg lngicOSVi( Omgipi)) (6.25)
Vd,- = —Rsilmgisil’l’}/i((l)mgip,') — COmg,'p,'qu.Img,'COS}/i((Dmgip,') (626)
Vq,- = Rsilmgicos'yi(wmgipi) - wmgipiLd,-ImgiSin'Yi(a)mgipi) + OngiPiWin,i (6.27)

Here, I,,,; is obtained by solving the following equation for a given T,,;:

1 .
Tmgi = mppi(Wm,ilmgicos’yi(wmgipi) + = gi - 1)Ld,-ly%,giSlnz’yi(wmgipi)) v WpmgiPi € [07 wmgi,maxpi] (628)

5(

Electric machine mass is calculated by accounting for the mass of stator core my,, stator teeth my,, stator

winding my,,, rotor core m,., and the permanent magnet m,,,,,:

Myngi = Mye; + Mg, + Mgy, + My, + Mpp, (6.29)
_ T D _ . 2
Mge; = 1 Ps (Dsoi (Dmg, + 2hsli) )ng, (6.30)
Mg, = Niior, Pshsi; Wb, Ligi (6.31)
Mye; = Psngi(ﬂ"((% - gmechi)2 - D%i,«) = NpmWn;hm;) (6.32)
Mpm; = Npm; P pmLpmi PpmW pm; (6.33)
Mgy, = mppcuAcu,-lconi (6.34)

Here, p,, is the density of copper, gec; is the mechanical air gap, N, is the number of permanent magnets,
Njio; 1s the number of stator slots, p,, is the density of the permanent magnet material, and p; is the density
of steel. All of the latter quantities are fixed problem parameters, described in Table 6.2. The remaining

quantities are intermediate variables that are functions of the electric machine design variables and are
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Table 6.2: 2004 Toyota Prius electric machines parameters.

Parameter mgl mg2  Unit

Peu 8690 kg/m?
8mech; 0.64 0.73 mm
Npm; 16 16 -

my, 3 3 -

Pi 4 8 -
Nstor, 48 48 -
Ppm 7550 kg/m?

Ps 7800 kg/m?

Vocmax 500 500 \Y%

explained in Refs. [86, 87, 88]. Dy, is the outer stator diameter, Ay, is the stator slot depth, wy, is the width
of a stator tooth at its base, D,;, is the rotor inner diameter, /., is the total length of the copper winding, and
Acy; 1s the cross-sectional area of copper. Also, Iy, Wpp,, and h,, denote the permanent magnet length,
width, and height, respectively. Finally, the rotational inertia of the machines are obtained by:

. 1 2 2 D'%ii
ngii—g(mr6i+mpmi)(Dri,+( mgi 2gmech) )+ PS( Dn,ngi) 4

6.1.1.3 Battery pack model

A lithium-ion battery model based on the work of [89] is used to predict the rate change of the battery
pack state of charge, battery pack charging and discharging power limits, and battery pack mass. The number
of battery cells in series Ny and parallel N, constitute design-related decision variables, and the battery state

of charge SOC is a state trajectory decision variable. The SOC rate of change is calculated as

Ve (SOC) — \/VZ(SOC) — 4Py Ri(SOC)

SOC =
20R;(SOC)

(6.35)
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where Py, is the battery power calculated as Pyy; = Ppg1 + Prg2. Battery internal resistance is denoted by
R;(SOC), and its capacity is Q. The open circuit voltage V,.(SOC) is defined as the voltage of the battery

when it is disconnected from any circuit. These terms can be calculated as:

Voe (SOC) = NSVOc,cell (SOC) (6.36)
Ny
Ri(SOC) = —Ri ce1(SOC) (6.37)
N,
Q = Nchell (638)

The specifications of an A123 Systems ANR26650M 1A battery cell used in Toyota Prius 2004 are used to
develop this model. The map for the open circuit voltage of the battery cell V, c.;;(SOC), and its internal
resistance R; ..;;(SOC) are is obtained from [90]. Battery cell capacity Q. is equal to 2.3 Ah. The mass of

the battery pack my,, is based on the mass of each individual cell m..; = 0.0727 kg and is calculated as:

Mparr = Nszmcell (6.39)

Finally, for the proper operation and safety of battery cells, their charging and discharging current is limited

based on the allowable current J;;, ,, (SOC) and allowable voltage Vj;,, (SOC):

V()c,cell (SOC) - Vlim (SOC)

Ilimceu (SOC) - R; 1l (SOC)
i,ce

(6.40)

In the above, V};,,(SOC) is calculated at minimum and maximum allowable battery SOC, equivalent to 2.08 V
and 3.7 V for discharging and charging, respectively. Accordingly, the battery pack power limit Py, (SOC)

can be calculated as:
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Pin(SOC) = Ve (SOC)N,pLiin..., (SOC) — Ri(SOC) [N L1 (SOC) 2 (6.41)

For more details on the battery model, interested readers are referred to [89] and [91].

6.1.2 Component cost model
6.1.2.1 Engine cost model

A capital cost model for an in-line four cylinder engine was developed in this section [92]. This model
outputs the engine cost in USD ($) as a function of its maximum brake power P, ;4 in kKW at 5000 rpm.

Note that the engine capital cost C, is independent of the manufacturing year and is valid up to 2030.

C, = 14.5P, ;4 + 531 (6.42)

6.1.2.2 Electric machine cost models

A capital cost model for the electric machines was developed as a function of the manufacturing year
Y between 2015 and 2030 [93, 94, 95]. This model outputs the capital cost of the motor/generator, C,,g; in

USD (§) as a function of the motor/generator power rating Pg; max in KW.

Congi = (—0.6193Y + 1268.4) Pyygi max + 425 (6.43)

6.1.2.3 Battery pack cost model

The cost of the battery pack for hybrid and plug-in hybrid applications has been widely investigated in
the literature [96]. This model is based on a linear regression approach to the data from [97, 95, 98, 99, 96,
94]. The model represents the battery cost Cpy, in USD ($) as a function of the manufacturing year Y, rated

battery energy Epusr max, and rated battery power Pyus max
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Chart ($) = (—17.056Y + 34947) Epast smax + 22Poatt max + 680 (6.44)

Note that the coefficient of Pyu max is @ specific constant cost factor in $/kW and the manufacturing cost
is $ 680 [94]. The battery usable energy curve, along with the power-to-energy ratio curve were used to

estimated the maximum battery power.

6.2 HEY powertrain co-design formulations

In this section, we develop the deterministic HEV powertrain co-design problem formulations. The ob-
jective is to minimize the total vehicle powertrain cost over a standard US06 duty cycle, which represents
aggressive driving behavior with intermittent fluctuations in speed and acceleration over 8.01 miles and
596 seconds. An acceleration performance criteria is also included as a dynamic phase in both the deter-
ministic and robust formulations. Therefore, each co-design formulation is posed as a two-phase dynamic
optimization problem, where Phase (1) constrains the 0 — 100 kph acceleration performance time and Phase
(2) minimizes the HEV powertrain cost over the standard duty cycle. This formulation results in obtaining
the optimal powertrain component designs, the optimal state and control trajectories during each phase of

the problem, and the optimal 0 — 100 kph acceleration time.

6.2.1 Deterministic MDSDO formulation

The deterministic HEV powertrain co-design problem formulation shown is based on the nominal

MDSDO formulation described in Eqn. (2.1). The decision variables include

d= [Nstpvngivagialmgi,maxaLSthch’FDR]
X(t) = [@e, Opg2,SOC]

ll(l) = [Tw Tmgl, ngZ]
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and 0 — 100 kph acceleration time 109 = fr1, Where 77 is the final time of Phase (1) of the co-design
problem. Because the number of fixed parameters in p are quite numerous, they are not explicitly shown
here but are generally assumed to be present in the objective function and constraints as appropriate. With

these definitions, the objective function is given by

l‘fz
min / {Cfue,mfue, (d,x(t),u(t),£;p)]d + Cogp(d: p) (6.45)
dx(r),u(r) 1 t1

where Cr,e; = $ 2.76/gallon is the gasoline price, assumed to be constant throughout vehicle’s lifetime, and
tr2 is the final time of Phase (2) of the co-design problem. The capital cost C.qp,(d;p) consists of the cost
of the major powertrain components including the engine C,(d;p), generator Cy,g1 (d; p), motor Cy,eo(d;p),
and battery Cpuy(d;p). Using a linear depreciation cost model, we can distribute the capital costs over the

driving distance [100]:

dc c
—2(Co(d:p) + Cingi (d: p) + Cruga (d: p) + Cpare (d: p)) (6.46)

Ccap(d;p) = d y
yrYv

In this equation, d.y. = 8.01 mi is the distance of the US06 driving cycle. dy, = 10,650 mi is the average
annual mileage, estimated based on the maximum and minimum average annual miles for vehicles by vehicle
age [101]. Accordingly, the average vehicle lifetime, y, =9 yr, is estimated from the same data, and based
on the fact that automotive companies warrant the battery in HEVs for 8 to 10 years. The objective function

in Eqn. (6.45) is subject to multiple constraints:

0 <7 < Topmax(d,x(),2;p) (6.47)

0 < @ < 0 max (6.48)
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COe,min < (be < d)e,max (649)

—Tingl max (4, X(2),£5P) < Tingt < Tingt max(d,X(2),1;P) (6.50)

— Ogl max(d; P) < Opgt < Omgit max(d; P) (6.51)

Tingl Omg1 < 0 (6.52)

—Tingl Omgl — Te@We < 0 (6.53)
—Tng2,max (A, X(2),1:P) < Tng2 < Timg2,max(d,X(2),1;p) (6.54)

0 < Wmg2 < Drgd max(d; p) (6.55)

SOCin < SOC < SOCpyx (6.56)

S0C,,, = SOC,,, = 0.8 6.57)

Plim,min(d,X(1),1) < Py (d,X(2),0(2),£:9) < Primmax(d,X(7),1) (6.58)
Ebazt,min < Ebatt(d) < Ebatt,max (6-59)

WOmg2Ttire

|4 m(t) < ———
veh,mm( ) = "FEDR

< Vveh,mux (t) (660)

g2 (tfl ) Ttire

Viehmin(tr1) < FDOR < Viehmax(tf1) (6.61)
tr1 < EFlmax (6.62)

dpin < d < dpux (6.63)

x(t) —f(d,x(¢),u(t),;p) =0 (6.64)

Engine performance maps and the rate of change in engine speed are described in Eqns. (6.47)-(6.49).
Performance map constraints for the generator are shown in Eqns. (6.50) and (6.51), and its proper operation
is given by Eqns. (6.52) and (6.53). Equations (6.54) and (6.55) describe the performance map constraints
for the electric motor. Battery operation and safety is ensured by limiting the battery pack’s state of charge
as in Eqn. (6.56). Equation (6.57) ensures that the battery pack has the same SOC at the end of the trip. The

power of the battery pack is maintained within the allowable range through Eqn. (6.58) and its energy is
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maintained within the feasible range for HEVs through Eqn. (6.59). Constraint (6.60) is included to ensure
that the vehicle follows the US06 driving cycle with a tolerance of +5 km/hr. The vehicle’s acceleration
performance corresponding to 0 — 100 kph is included in Eqns. (6.61) and (6.62), where #7; is the final
time of Phase (1). We note that the bounds on V (¢s;) are tight enough to ensure 0 — 100 kph constraint
satisfaction in no more than 77 4, = 10 seconds. Finally, design variables are bounded in Eqn. (6.63) and

dynamic constraints are described in Eqn. (6.64).

6.2.2 Integer value constraint heuristics

Battery design variables Ny and N, are discrete in nature and thus, require methods from mixed-integer
nonlinear programming to be solved. Here, we treat Ny and N, as continuous variables and relax all of
the integer-related constraints [102, 103]. Then, we augment the objective function with penalty terms
for integer constraint violation. We employed a continuously differentiable penalty function with constant

penalty terms P; and P

P(N;,N,) = Py sin(Nym)? + Py sin(N,7)? (6.65)

where the penalty terms P, = 10 and P, = 10 are weighting factors, emphasizing the significance of each
term in the objective function. This penalty function is augmented to the objective functions introduced in

Eqn. (6.45).

6.3 Robust MDSDO of HEV powertrain

The co-design problem of HEV powertrain under uncertainty can be addressed through the proposed
R-MDSDO problem formulation. Therefore, in this section, we formulate and solve a robust co-design
problem for a power-split HEV powertrain that accounts for uncertainties in both design decision variables
and fixed problem parameters. The impact of these uncertainties within the HEV powertrain model and
problem formulation is demonstrated by comparing the results from R-MDSDO to those from the associated

deterministic co-design problem.
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6.4 R-MDSDO formulation

The robust HEV powertrain co-design problem formulation is based on the nominal R-MDSDO problem
formulation shown in Eqn. (3.3). In this study, we assume that the sources of uncertainty are from random
plant design variables Dy, Ly, Lygi, and D as well as random problem parameters Cyye, dyr, Yy, Marivers
copper resistivity coefficient R.,, copper wire diameter D,,,. For simplicity, all random variables are assumed
to be Gaussian. Because the random design variables are all geometric, they are assumed to have uncertainty
due to machining variations, and their standard deviations were obtained or estimated from the literature as
appropriate [104]. It is well-known that Cy,,; is highly-variable due to volatile market conditions, and so
its standard deviation was estimated using the maximum of the weekly price data from January 1990 to
March 2012 [105]. Similarly, mg4,iver 1S known to be highly-uncertain due to the wide array of potential
drivers, and so its standard deviation was extracted from Ref. [106] for men and women between the ages
of 20-39. The randomness in R, is driven by the fluctuating temperature conditions that the vehicle must
operate in; therefore, its standard deviation was estimated over a 20 deg temperature difference. A 1 mm
measurement tolerance is used as the basis for the uncertainty in D.,. The uncertainty in d,, is estimated
based on the minimum and the maximum miles per vehicle by vehicle age according to Ref. [101]. Finally,
since automotive companies warrant the battery pack in HEVs for 8 to 10 years, the range of variations
for this parameter is estimated to be two years. The standard deviation for the latter three parameters is
estimated with the assumption of Gaussian distribution for the range of +3c variations for the associated
uncertain parameters. Note that the standard deviation values for all random variables can be found in Table
6.3.

The uncertainties propagated onto the state trajectory decision variables are accounted for by considering
measurement errors and tolerances for each quantity as appropriate. For example, a percentage uncertainty
of 0.51 is used from Ref. [107] to estimate the variance in the engine and electric motor speed measurements.
The SOC variance was chosen to keep the estimation error less than 5%. Note that the variance value for
each state trajectory decision variable can be found in Table III. With all the uncertainties now defined, the
objective function for the R-MDSDO problem formulation of the HEV powertrain co-design problem can

be shown as

85



Table 6.3: Standard Deviations/Variances of Random Design
Variables, Parameters, and State Trajectories.

D p X
6, =001  oc, =095

ngl C/uel var[we([)} = 089
GDmgl = 001 O-mdriver = 3286
o =0.01 G4 =950

Lng2 dyr Var[ong ()] = 1.60
0D,y = 0.01 oy, = 0.333

op, =001  og,=55x10"°

Var[SOC(t)] = 0.0083
oy, =001  op, =167x10"*

+(1 —W)Gé

I
/ [“Cfuelmfuel(u’Da px (t),a(t),t; pp) | dt + Ceap(d, pips pap)

min O=w
l‘f|

d,pp,pax (),u(t) b1
(6.66)
Here, d = [NsaNpaImgi,max, CR, FDR]9 l“l’D = [ALLngﬁ l’l’Dmgi 9 ,'LLSt ) IJ“D[;] > "LP = [l’l’cfuel J umdriver’ “Rz:u ) ILLDcu ? ud)"’ uy"] ’

and oy is the standard deviation of the objective function. Also, w = 0.85 is the weighting factor associated

with the multiobjective problem formulation. Defining S = (d, up, pex (t),u(t),t; pp), the constraints are:

0 < 7 < Tomax(S) — k6.4706 47 (6.67)

0 < Uy, < Oppmax — ke, \/Var(o, ()] (6.68)

Oe,min + k6.4906.49 < [lo, < De,max — k6.4906.49 (6.69)
—Tinglmax(S) +k6.5006.50 < Tngt < Tmgl,max(S) — K6.5006.50 (6.70)

_a)mgl,max(da HD;P’P) + k651 Var[wmgl (t)] < .uwmgl < wmgl,max(dqu;ﬂ'P) —kes1 Var[wmgl(t)] (671)

Tt oy < 0 (6.72)
*ngl,ua)mgl — Telw, < 0 (673)
_ngZ,max(S) +k6.5466.54 S ngZ (674)
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[50], and thus are only satisfied at their expected value.

6.4.1 Results and Discussion
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< ng2,max(s) - k6.5466.54 (675)
0< .uwmgz < wmgz;ma)C(dvl"'D;“P) - kwmgz Var[wmgz (t)] (6'76)
SOCpin + ksoc/ Var[SOC(t)] < Usoc 6.77)
< SOCpax — ksocr/Var[SOC(t)] (6.78)
Usoc(ts,) = Msoc(ty,) = 0.8 (6.79)
Plim,min(d, px ;1) + k6.5806.58 < Poart (S) < Prim max(d, pex ;1) — k6.5806.58 (6.80)
Ebatt,min S Ebatt (d) S Ebatt,max (681)
My, g0 Ttire
Viehmin(t) +k6.6006.60 < —o—— < Vieh max(t) — k6.6006.60 (6.82)
FDR
Koo (171) 11
Viehmin(t£1) 4 ke.6106.61 < W (6.83)
< Vienmax(tf1) — ke.6106.61 (6.84)
tr1 <151 max (6.85)
l’l'Dmin +kDGD S I’LD S l’l’Dmax - kDGD (687)
fre(t) —£(S) = 0 (6.88)
In all of the above equations, k() = 3 and all o) with numerical subscripts represent the standard deviation

of the corresponding equation from the deterministic formulation. Note that since Eqns. (6.72) and (6.73) are
functionality constraints of the generator, they are treated deterministically to allow for real-world operation

of these machines. Also, note that boundary conditions are assumed to be of Type (i) equality constraints

The co-design problems were solved using the commercially-available MATLAB®-based software,

GPOPS—II [55]. The required Jacobian information for the robust co-design problem was obtained by



forward differentiation in ADIMAT toolbox [65]. The problems were solved on two Intel Xeon E5-2637 v3

processors containing 32GB RAM and using the key GPOPS-II settings introduced in Table 6.4.

Table 6.4: GPOPS-II settings.

Field Setting

Mesh method hp-LiuRao-Legendre
Mesh tolerance 1073

NLP solver IPOPT
IPOPT tolerance 1074

IPOPT max iterations 1000

The optimal design variables from the R-MDSDO problem formulation are compared with the deterministic
case in Table 6.5. As expected, uncertainties in d and p significantly affect several component designs
of the HEV powertrain. In particular, N; has dropped, resulting in 4.11% and 3.92% reductions in mpg;
and rated battery capacity, respectively. Although the rated generator capacity remains relatively flat, Dy,
has decreased dramatically, resulting in a 25.43% reduction in my,g;. For the electric motor, /¢ uax has
increased by 8.07%, which in turn boosts the rated power by 7.3%. The only component designs that
remain relatively unaffected by uncertainties in d and p in this study are the engine and transmission final

drive.
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Table 6.5: Numerical Results for Deterministic and Robust HEV Powertrain
Co-Design Problem Formulations.

Component Quantity MDSDO R-MDSDO  Unit
N 76 73 -
N, 27 27 -
Battry Pack
Mpart 149.18 143.29 kg
Rated Capacity 15.57 14.96 kWh
D1 156.86 129.82 mm
Lypg1 27.90 27.93 mm
Generator Ling max 67.50 67.55 A
Mgl 12.76 9.5188 kg
Rated Power 31.92 31.98 kW
Dyg2 145.71 146.31 mm
Lingo 924 91.81 mm
Electric Motor Ting2 max 118.58 128.15 A
Ming2 29.5 29.5 kg
Rated Power 55.38 59.74 kW
Dy, 67.97 68.01 mm
Ly 76.23 76.29 mm
Engine CR 13 12.99 -
M, 39.59 39.67 kW

Rated Power 110.08 110.31 kg

Transmission FDR 2.7 2.7 -
Operational Cost 0.154 0.178 $
Capital Cost 1.113 1.092 $

Total Cost 1.267 1.270 $

Run Time 13,827 20,521 S
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Figure 6.2: State and control trajectories for Phase (1): acceleration perfor-
mance.

Optimal state and control decision trajectories from the deterministic and R-MDSDO formulations are
compared in Figs. 6.2-6.4. The results illustrate how HEV powertrain energy management strategies are
significantly impacted when we account for uncertainties in co-design problem formulations. Figure 6.2
describes these trajectories during the 0 — 100 kph acceleration time, or Phase (1). Note that the 0 — 100 kph
requirement is satisfied more aggressively in the R-MDSDO formulation because its associated powertrain
design solution results in a more conservative estimate of total optimal powertrain cost, the latter of which
often competes with vehicle acceleration performance. According to Fig. 6.2 (f) and due to the higher
efficiency and instant torque that electric machines can deliver—especially at low speeds—the electric motor
operates at a higher torque to ensure the satisfaction of the 0 — 100 kph acceleration requirement in a robust
manner. Consequently, due to the larger power demand from the motor, the battery power demand is larger
and SOC drops more aggressively for the R-MDSDO solution (Fig. 6.2 (c)). This in turn leads to the engine
operating at a slightly lower power under robust considerations.

The trajectories associated with the US06 driving cycle, or Phase (2) are described in Fig. 6.3 and
Fig. 6.4. According to Fig. 6.3 (c) Fig. 6.4 (a), in the robust case, the engine runs at a more consistent power
level and the SOC drops more significantly during the highway drive portion. Specifically, the fluctuations
in engine torque and speed in the robust case are not nearly as much as in the deterministic case (in fact,

the powertrain never even enters into an EV operation mode), and the motor pulls more electrical power
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Figure 6.3: State trajectories for Phase (2): US06 drive cycle.

from the battery during the highway drive portion of the drive cycle. This behavior can be justified because
given the large uncertainty in Cy,,;, it is preferable to avoid operating the engine over-aggressively. Instead,
more electrical power could be used from the battery rather than the engine-generator set during high-power
operation such as highway driving. The detailed breakdown of cost in each case is also displayed in Table
6.5. As expected, the total cost of the objective function has increased by 0.24% compared to the deter-
ministic case. While this percent difference appears almost negligible, there was still a significant impact of
uncertainty on the component designs and energy management strategy. In fact, in the R-MDSDO solution,
the operational cost has increased by 13.48%, while the capital cost has dropped by 1.89%. The reduced
sensitivity of the R-MDSDO solution to uncertainties is characterized in Fig. 6.5. Finally, the proposed R-
MDSDO approach incurs a high computational cost that is mainly associated with computing the derivative
information to estimate the variance quantities of both the objective and inequality constraint functions. The
computational efficiency of R-MDSDO could be significant reduced using alternative techniques such as

automatic differentiation.

91



(G

Det — — —R-MDSDO

Time (s)

®)

Det — — —R-MDSDO

7 (N.m)

0 100 200 300 400 500 600
Time (s)

© \

Det — — — R-MDSDO r

0 100 200 300 400 500 600
Time (s)

Figure 6.4: Control trajectories for Phase (2): US06 drive cycle.
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6.5 Reliability-based MDSDO of HEV powertrain

R-MDSDO and RB-MDSDO approaches are both effective methods in dealing with uncertainties in co-
design problem formulations. However, RB-MDSDO provides a more rigorous evaluation of the probabilis-
tic constraints—resulting in a more reliable solution. Although the single-loop RB-MDSDO formulations
are superior in terms of computational cost, in this chapter, we use a double-loop RB-MDSDO because of
their simple implementation. Here, we examine the application and impact of the proposed double-loop

RB-MDSDO approach on the co-design of HEV powertrain problem.

6.5.1 RB-MDSDO of HEV powertrain

The RB-MDSDO HEV powertrain co-design problem formulation is based on the nominal problem
formulation shown in Eqn. (4.1). In this section, we assume that the sources of uncertainty are from random
plant design variables Dy, and Ly, as well as random problem parameters Cy,;, average annual mileage S,
and average vehicle lifetime y,. For simplicity, all random variables are assumed to be Gaussian. Because
the random design variables are all geometric, they are assumed to have uncertainty due to machining
variations, and their standard deviations were obtained or estimated from the literature as appropriate [104].
The standard deviation/variance information for fixed problem parameters Cy;, S, and y, are similar to
those introduced in Chapter 6.4. With all the uncertainties now defined, the objective function for the RB-

MDSDO problem formulation of the HEV powertrain co-design problem can be shown as

(6.89)
d,pp,px (1)@ pp (1) u(t)

1/=596
oy - !/ ['ucfuelmfuel(mmll»x(l‘),ll(f)ﬁ;up)}dl + Ceap(d, pp; pip)
0

Here, d = [Ns;NpangivaghImgi,max,CRvFDR], HUD = [ML_W.LLD;,], Hp = [.quugnand“dyrauyu]- Deﬁning S =

(d, pp, px (t),u(t),t; pp), the constraints are:

Te — Te,max(da MD, X (t)vm;lPP(t)vu(t)yt;uP) < 0 (690)

0 < U, < Oc max (6.91)
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O yipp — Demax <0 (6.92)

—Tngl max(d, pox (£),0(2), 25 1p) < Tngt < Timgl max (d, pex (¢),0(2),1; pp) (6.93)
— gl max(d; pp) < M < Omg1 max(d; pp) (6.94)

Tngl Ko < 0 (6.95)

—Tingl Mgy — TeMa, <0 (6.96)
—Tmg2max(d; o, px (1), 0(2), 2 11p) < Tngd < Ting2 max(d; o, pix (1), u(2), 15 o) (6.97)
0 < Uy < Omg2 max(d; p1p) (6.98)

SOCpin < Usoc < SOCiax (6.99)

Usoc(to) = Usoc(ty) = 0.8 (6.100)

Plim,min(d, prx ;1) < Pogye (d, pop, prx (2),0(2), 15 op) < Prim max(d, px, 1) (6.101)
Epart min < Eparr (d) < Epart max (6.102)

Vichin(t) < E2ZE <) (6.103)

dpin < d < dpx (6.104)

KD, +kpOp < pp < pp,,,. —kpOD (6.105)

Fux(t) —£(d, pp, px (1), u(t),; pp) = 0 (6.106)

Xyppi(t) —f(d, pp, px (t),u(t), t;up) =0 i=1,2 (6.107)

This formulation entails two stochastic inequality constraints: Eqns. (6.90) and (6.92). These constraints are
reliably satisfied at their MPPs, which are obtained for the reliability of B = 3. Note that since Eqns. (6.72)
and (6.73) are functionality constraints of the generator, they are treated deterministically to allow for real-
world operation of these machines. Also, note that boundary conditions are assumed to be of Type (i)

equality constraints [50], and thus are only satisfied at their expected value.
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6.5.2 Results and Discussion

Similar to the previous problems, the solution to the RB-MDSDO was obtained using the commercially-

available MATLAB®-based software, GPOPS—II [55], with the same setting introduces in Table 6.4.

Table 6.6: Numerical Results for Deterministic and RB-MDSDO HEV
Powertrain Co-Design Problem Formulations.

Component Quantity MDSDO RB-MDSDO  Unit
N 66 74 -
N, 32 27 -
Battry Pack
Mpart 153.54 145.25 kg
Rated Capacity 16.03 15.17 kWh
Dyye1 156.45 145.04 mm
Lygt 32.96 33.55 mm
Generator Ting1 max 67.56 67.56 A
Mgl 14.37 12.9 kg
Rated Power 31.93 31.95 kW
Dyg2 131 129.52 mm
Lyg 100.02 86.93 mm
Electric Motor Dng2 max 98.08 120.88 A
Myng2 29.5 29.5 kg
Rated Power 45.98 56.43 kW
Dy, 67.98 76.5 mm
Ly, 76.27 86.07 mm
Engine CR 12.99 13 -
M, 110.18 157.46 kg
Rated Power 39.63 56.63 kW
Transmission FDR 2.7 2.7 -
Operational Cost 0.165 0.223 $
Capital Cost 1.119 1.117 $
Total Cost 1.28 1.34 $
Run Time 12,964 135,190 S
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The optimal design variables from the RB-MDSDO problem formulation are compared with the de-
terministic case in Table 6.6. As expected, uncertainties in d and p significantly affect several component
designs of the HEV powertrain. In particular, Ny and N, have changed by 12.12% and 15.63%, respectively,
resulting in 5.4% and 5.37% variations in my,, and rated battery capacity, respectively. Although the rated
generator capacity remains relatively flat, D,,¢1 has decreased dramatically, resulting in a 10.23% reduction
in mye1. For the electric motor, L,g> and 1,42 max has increased by 13.09% and 23.25%, respectively, which
in turn boosts the rated power by 22.73%. The engine design variables Dy, and Ly, have changed dramatically
by 12.5% and 12.85%, respectively, resulting in an increase in m, and rated power by 42.9%, and 42.9%,
respectively. The only component design that remain relatively unaffected by uncertainties in d and p in this
study is the transmission final drive.

Optimal state and control decision trajectories from the deterministic and RB-MDSDO formulations are
compared in Figs. 6.6 and 6.7. According to these trajectories, the engine runs at higher speeds in RB-
MDSDO, which along with higher engine power, allows the reliable satisfaction of Eqn. (6.90). In addition,
the motor is pulling more power from the battery during the highway drive portion of the drive cycle, which
results in the higher SOC drop in in RB-MDSDO.

The detailed breakdown of cost in each case is also displayed in Table 6.6. As expected, the total
cost of the objective function has increased by 4.69% compared to the deterministic case. In the RB-
MDSDO solution, the operational cost has increased by 35.15%, while the capital cost has dropped by
0.18%. Finally, the proposed RB-MDSDO approach incurs a higher computational cost that is mainly

associated with estimating the reliability of the performance measure functions.
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Figure 6.6: State trajectories for the US06 drive cycle.
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Figure 6.7: Control trajectories for the US06 drive cycle.
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Chapter 7

Conclusions and Future work

With the growing complexity of dynamic engineering systems, it is necessary for designers to imple-
ment multidisciplinary approaches in developing new artifacts. MDSDO employs techniques from multi-
disciplinary design optimization and optimal control theory to create a balance formulation for co-design
problems. Until recently, these approaches have been limited to the deterministic co-design formulations.
However, uncertainties have a significant impact on the integrated solution and performance of dynamic
systems. Therefore, in this dissertation, we proposed novel formulations that systematically account for

uncertainties within design decision variables and fixed problem parameters.

7.1 R-MDSDO Conclusions

In Chapter 3, we established a robust co-design formulation for stochastic dynamic systems. Using a si-
multaneous formulation within the balanced framework of MDSDO, we developed the first robust MDSDO
problem formulation, known as R-MDSDO. The proposed robust formulation was applied to two case stud-
ies and results indicated the significant impact of the robust approach on the overall system solution, as well
as its performance. Consequently, this study demonstrated the importance of applying RDO principles to
co-design problems.

One unique challenge in the implementation of the proposed methodology was to prescribe the full
covariance matrix for the entire set of random variables. Design-related decision variables were assumed
to be independent, while the distinct state decision variables were assumed to be independent (having a
cross-covariance of zero), unless an algebraic equality constraint defines their statistical dependency. Fi-
nally, we assumed that the auto-covariance term associated with state trajectories at different time steps was

zero and we only prescribed non-zero values for the variance term. This assumption facilitated the robust
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procedure significantly and provided a good approximation. By employing this assumption, we could obtain
reasonably meaningful solutions to the robust co-design problems.

Another limitation is imposed due to the inherent nature of RDO problems: the need for numerical
differentiation to estimate the variances of functions of random variables. In this study, we obtained the
derivatives analytically when possible, and used numerical differentiation for complex problems. This might
lead to a computationally expensive problem formulation when applied to RDO-based co-design problems
with a large number of variables. A potential remedy for this high computational time would be the usage

of automatic differentiation.

7.2 RB-MDSDO Conclusions

Despite the relative simplicity of R-MDSDO, more rigorous techniques are required to reliably satisfy
the stochastic inequality constraints. Therefore, we developed and implemented the first known reliability-
based MDSDO approach for stochastic co-design problems. Using the robust and efficient PMA along with
FORM in an MPP-based formulation, we first developed a double-loop RB-MDSDO algorithm and solved
it for a complex automotive active-suspension co-design problem using AMV, CMV, HMV, and a general
optimizer such as MATLAB’s fmincon.

To improve the computational efficiency of the proposed formulation for the computationally-intensive
co-design problems, we used the principles of SORA to develop a single-loop RB-MDSDO problem. By
comparing the results for the automotive active-suspension with those obtained from the double-loop for-
mulation, we concluded that in general, despite the advantages of the double-loop formulations in having
a smaller MPP optimization subproblem, the decoupled nature of the single-loop SORA algorithm better
suits the complexities, as well as the computational time of complex co-design formulations. Among the
double-loop RB-MDSDO approaches, AMV is more computationally efficient; however, HMV is generally

more numerically stable and thus, is recommended for a larger class of problems.

7.3 HEYV application Conclusions

HEVs generally operate under uncertain conditions and are subject to imperfect manufacturing pro-

cesses. The impact of these uncertainties on powertrain design and energy management strategies of HEV's
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was captured within the balanced formulation of R-MDSDO and RB-MDSDO. These formulations ac-
count for uncertainty in design variables, and fixed problem parameters; therefore they offer significant
improvement over other proposed approaches in the literature. Accounting for these uncertainties results
in a system-level optimal solution that generally exhibits large variations compared to the the deterministic
case. These variations directly impact vehicle’s key characteristics and thus, affect its performance and over-
all cost. These studies clearly demonstrate the utility of the proposed approaches to real-world co-design

problems.

7.4 Future work

Despite the benefits of the proposed formulations, the multidisciplinary nature of stochastic co-design
requires methods not only from the design discipline, but also from the stochastic optimal control theory. An
important future direction of this research is to implement techniques that capture the impact of uncertainties
from state trajectory decision variables and control trajectory decision variables. This future research direc-
tion addresses one of the limitations of this study: the assumption that the uncertainty in the state trajectory
decision variables is only a result of uncertainties from design decision variables and problem parameters.
In reality, the states are directly subject to external noise that affects their auto-covariance and/or cross-
covariance characteristics. In addition, since any practical implementation of co-design problems requires
a closed-loop control structure, an important future direction for this research would be to close the control
loop in the co-design problem. For the current study, this structure results in stochastic optimal control
trajectory decisions. This issue needs to be addressed in the future research.

Another direction of this research is to ease the computational expense of the proposed problem for-
mulations. Both R-MDSDO and RB-MDSDO formulations require the estimation of gradient information
to perform the reliability analysis or estimate the variance/covariance information. Techniques such as au-
tomatic differentiation, along with more advanced reliability approaches could reduce the computational
burden of stochastic co-design problems.

A more accurate evaluation os the probabilistic constraint within RB-MDSDO formulations requires
a second-order reliability method (SORM). Specifically, since a lot of real-world engineering problems
entail nonlinear dynamics and performance measure functions, the usage of SORM within RB-MDSDO can

improve the accuracy of their final solution. In addition, implementing more advanced stochastic methods
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such as a simultaneous robust and reliable MDSDO formulation, known as R — MDSDO could further
advance the state of the art formulations for stochastic co-design.

Finally, with the availability of large amounts of data through sensor deployment in many engineering
applications, including electrified vehicles, and the current attempts in the literature to utilize this data for de-
sign or control purposes, a certain future direction of the deterministic and stochastic co-design approaches
is to investigate the utility and application of artificial intelligence to the simultaneous design and control
optimization problem of dynamic systems. Specifically, this data can be used to capture the uncertainties
that are present in the environment in order to create models that adapt to variations in the environmental

conditions.

101



(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

References

James T Allison, Tinghao Guo, and Zhi Han. Co-design of an Active Suspension Using Simultaneous

Dynamic Optimization. Journal of Mechanical Design, 136(8):081003, 2014.

Anand P Deshmukh and James T Allison. Multidisciplinary Dynamic Optimization of Horizontal

Axis Wind Turbine Design. Structural and Multidisciplinary Optimization, 53(1):15-27, 2016.

Diane L Peters, PY Papalambros, and AG Ulsoy. Control Proxy Functions for Sequential Design and

Control Optimization. Journal of Mechanical Design, 133(9), 2011.

Hosam K Fathy, Julie A Reyer, Panos Y Papalambros, and AG Ulsov. On the Coupling Between the
Plant and Controller Optimization Problems. In Proceedings of American control conference, 2001.,

volume 3, pages 1864—1869. IEEE, 2001.

Julie A Reyer and Panos Y Papalambros. Optimal Design and Control of an Electric DC Motor. In
Proceedings of the 1999 ASME Design Engineering Technical Conferences, pages 85-96. Citeseer,
1999.

H Fathy, PY Papalambros, and AG Ulsoy. On Combined Plant and Control Optimization. In 8th
Cairo University international conference on mechanical design and production. Cairo University

Cairo, Egypt, 2004.

Julie A Reyer and Panos Y Papalambros. Combined Optimal Design and Control with Application

to an Electric DC Motor. Journal of Mechanical Design, 124(2):183-191, 2002.

Dennis Assanis, G Delagrammatikas, R Fellini, Z Filipi, J Liedtke, N Michelena, P Papalambros,
D Reyes, D Rosenbaum, A Sales, et al. Optimization Approach to Hybrid Electric Propulsion System

Design. Journal of Structural Mechanics, 27(4):393-421, 1999.

102



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Vincenzo Galdi, Lucio Ippolito, Antonio Piccolo, and Alfredo Vaccaro. A Genetic-based Methodol-

ogy for Hybrid Electric Vehicles Sizing. Soft Computing, 5(6):451-457, 2001.

James T Allison and Daniel R Herber. Special Section on Multidisciplinary Design Optimization:
Multidisciplinary Design Optimization of Dynamic Engineering Systems. AIAA Journal, 52(4):691-
710, 2014.

Hosam K Fathy, Panos Y Papalambros, A Galip Ulsoy, and Davor Hrovat. Nested Plant/Controller
Optimization with Application to Combined Passive/Active Automotive Suspensions. In Proceedings

of the 2003 American Control Conference, 2003., volume 4, pages 3375-3380. IEEE, 2003.

Daniel R Herber and James T Allison. Nested and Simultaneous Solution Strategies for General
Combined Plant and Controller Design Problems. In International Design Engineering Technical
Conferences and Computers and Information in Engineering Conference, volume 2A of 43rd Design

Automation Conference. American Society of Mechanical Engineers, 2017.

Nikolce Murgovski, Xiaosong Hu, Lars Johannesson, and Bo Egardt. Combined Design and Control

Optimization of Hybrid Vehicles. Handbook of clean energy systems, pages 1-14, 2015.

Saeed Azad, Mohammad Behtash, Arian Houshmand, and Michael Alexander-Ramos. Compre-
hensive PHEV Powertrain Co-design Performance Studies Using MDSDO. In World Congress of

Structural and Multidisciplinary Optimisation, pages 83-97. Springer, 2017.

Diane L Peters, Panos Y Papalambros, and A Galip Ulsoy. On Measures of Coupling Between
the Artifact and Controller Optimal Design Problems. In Proceedings of the 2009 ASME design

engineering technical conference, 2009.

Julie A. Reyer. Combined Embodiment Design and Control Optimization: Effects of Cross-

disciplinary Coupling. PhD thesis, The University of Michigan, 2000.

Ricardo M Paiva, Curran Crawford, and Afzal Suleman. Robust and Reliability-based Design Opti-
mization Framework for Wing Design. AIAA Journal, 52(4):711-724, 2014.

Richard F Gunst. Response Surface Methodology: Process and Product Optimization Using Designed

Experiments. Technometrics, 38(3):284-286, 1996.

103



[19] Om Prakash Yadav, Sunil S Bhamare, and Ajay Rathore. Reliability-based Robust Design Optimiza-
tion: A Multi-objective Framework Using Hybrid Quality Loss Function. Quality and Reliability

Engineering International, 26(1):27-41, 2010.

[20] Genichi Taguchi. Introduction to Quality Engineering: Designing Quality into Products and Pro-

cesses. Quality and Reliability Engineering International, 4(2):198, 1988.

[21] C Zang, MI Friswell, and JE Mottershead. A Review of Robust Optimal Design and its Application
in Dynamics. Computers & structures, 83(4-5):315-326, 2005.

[22] Gyung-Jin Park, Tae-Hee Lee, Kwon Hee Lee, and Kwang-Hyeon Hwang. Robust Design: An
Overview. AIAA journal, 44(1):181-191, 2006.

[23] Sirisha Rangavajhala, Anoop Mullur, and Achille Messac. The Challenge of Equality Constraints
in Robust Design Optimization: Examination and New Approach. Structural and Multidisciplinary

Optimization, 34(5):381-401, 2007.

[24] Alan Parkinson, Carl Sorensen, and Nader Pourhassan. A General Approach for Robust Optimal
Dsign. Journal of mechanical design, 115(1):74-80, 1993.

[25] Achintya Haldar and Sankaran Mahadevan. Probability, Reliability, and Statistical Methods in Engi-
neering Design. Bautechbik, 77(5):379, 2000.

[26] R Timothy Marler and Jasbir S Arora. Survey of Multi-objective Optimization Methods for Engi-

neering. Structural and multidisciplinary optimization, 26(6):369-395, 2004.

[27] Ikjin Lee, KK Choi, Liu Du, and David Gorsich. Dimension Reduction Method for Reliability-based

Robust Design Optimization. Computers & Structures, 86(13-14):1550-1562, 2008.

[28] Christopher Mattson and Achille Messac. Handling Equality Constraints in Robust Design Optimiza-
tion. In 44th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Confer-

ence, page 1780, 2003.

[29] Xiaoping Du, Agus Sudjianto, and Wei Chen. An Integrated Framework for Optimization Under Un-

certainty Using Inverse Reliability Strategy. Journal of Mechanical Design, 126(4):562-570, 2004.

104



[30] Byungsu Kang, Dong-Wook Kim, KK Choi, and Dong-Hun Kim. Enriched Performance Measure
Approach for Efficient Reliability-based Electromagnetic Designs. IEEE Transactions on Magnetics,

53(6):1-4, 2017.

[31] Jeongwoo Han. Sequential Linear Programming Coordination Strategy for Deterministic and Proba-

bilistic Analytical Target Cascading. 2008.

[32] Dhanesh Padmanabhan, Ravindra Tappeta, and Stephen Batill. Monte Carlo Simulation
in Reliability-based Optimization Applied to Multidisciplinary System Design. In 44th
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference, page

1503, 2003.

[33] Sang Hoon Lee and Wei Chen. A Comparative Study of Uncertainty Propagation Methods for Black-

box-type Problems. Structural and Multidisciplinary Optimization, 37(3):239, 2009.

[34] Dongbin Xiu and George Em Karniadakis. The Wiener—Askey Polynomial Chaos for Stochastic

Differential Equations. SIAM journal on scientific computing, 24(2):619-644, 2002.

[35] Kyung Choi and Byeng Youn. On Probabilistic Approaches for Reliability-based Design Optimiza-
tion (RBDO). In 9th AIAA/ISSMO Symposium on Multidisciplinary Analysis and Optimization, page
5472, 2002.

[36] Byeng D Youn, Kyung K Choi, and Young H Park. Hybrid Analysis Method for Reliability-based
Design Optimization. Journal of Mechanical Design, 125(2):221-232, 2003.

[37] Jian Tu, Kyung K Choi, and Young H Park. A New Study on Reliability-based Design Optimization.
Journal of mechanical design, 121(4):557-564, 1999.

[38] Byeng D Youn and Kyung K Choi. An Investigation of Nonlinearity of Reliability-based Design
Optimization Approaches. Journal of mechanical design, 126(3):403—411, 2004.

[39] Y-T Wu, HR Millwater, and TA Cruse. Advanced Probabilistic Structural Analysis Method for Im-

plicit Performance Functions. AIAA journal, 28(9):1663-1669, 1990.

[40] Y-T Wu. Computational Methods for Efficient Structural Reliability and Reliability Sensitivity Anal-
ysis. AIAA journal, 32(8):1717-1723, 1994.

105



[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

KK Choi, Byeng D Youn, and Ren-Jye Yang. Moving Least Square Method for Reliability-based

Design Optimization. Proc. 4th World Cong. Structural & Multidisciplinary Optimization, 2001.

Rafael Holdorf Lopez and André Tedfilo Beck. Reliability-based Design Optimization Strategies
based on FORM: a Review. Journal of the Brazilian Society of Mechanical Sciences and Engineering,

34(4):506-514, 2012.

Byeng D Youn and Kyung K Choi. Selecting Probabilistic Approaches for Reliability-based Design
Optimization. AIAA journal, 42(1):124-131, 2004.

Sankaran Mahadevan. Probability, Reliability, and Statistical Methods in Engineering Design. Wiley,
2000.

Marcos A Valdebenito and Gerhart I Schuéller. A Survey on Approaches for Reliability-based Opti-

mization. Structural and Multidisciplinary Optimization, 42(5):645-663, 2010.

Riidiger Rackwitz. Reliability Analysis—a Review and Some Perspectives. Structural safety,

23(4):365-395, 2001.

Murray Rosenblatt. Remarks on a Multivariate Transformation. The annals of mathematical statistics,

23(3):470-472, 1952.

Xiaoping Du and Beiging Huang. Reliability-based Design Optimization with Equality Constraints.

International journal for numerical methods in engineering, 72(11):1314-1331, 2007.

Xiang Li, Prasanth B Nair, ZhiGang Zhang, Lin Gao, and Chen Gao. Aircraft Robust Trajectory
Optimization Using Nonintrusive Polynomial Chaos. Journal of Aircraft, 51(5):1592-1603, 2014.

Saeed Azad and Michael J Alexander-Ramos. Robust MDSDO for Co-design of Stochastic Dynamic

Systems. Journal of Mechanical design, 142(1), 2019.

Saeed Azad and Michael J. Alexander-Ramos. Robust MDSDO for Co-design of Stochastic Dy-
namic Systems. volume Volume 2A: 44th Design Automation Conference of International Design

Engineering Technical Conferences and Computers and Information in Engineering Conference, 08

2018. VO2AT03A002.

106



[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

F Topputo and C Zhang. Survey of Direct Transcription for Low-thrust Space Trajectory Optimization

with Applications. In Abstract and Applied Analysis, volume 2014. Hindawi, 2014.

Diego Pardo, Lukas Moller, Michael Neunert, Alexander W Winkler, and Jonas Buchli. Evaluat-
ing Direct Transcription and Nonlinear Optimization Methods for Robot Motion Planning. /EEE

Robotics and Automation Letters, 1(2):946-953, 2016.

John T Betts and William P Huffman. Mesh Refinement in Direct Transcription Methods for Optimal

Control. Optimal Control Applications and Methods, 19(1):1-21, 1998.

Michael A Patterson and Anil V Rao. GPOPS-II: A MATLAB Software for Solving Multiple-phase
Optimal Control Problems Using Hp-adaptive Gaussian Quadrature Collocation Methods and Sparse

Nonlinear Programming. ACM Transactions on Mathematical Software (TOMS), 41(1):1, 2014.

Gerald C Cottrill. Hybrid Solution of Stochastic Optimal Control Problems Using Gauss Pseudospec-
tral Method and Generalized Polynomial Chaos Algorithms. PhD Thesis, Air Force Institute of Tech-

nology, Wright-Patterson Air Force Base, OH, March 2012.

Andreas Wichter and Lorenz T Biegler. On the Implementation of an Interior-Point Filter Line-
Search Algorithm for Large-Scale Nonlinear Programming. Mathematical programming, 106(1):25—

57, 2006.

R. Bulirsch, E. Nerz, H. J. Pesch, and O. von Stryk. Combining Direct and Indirect Methods in
Optimal Control: Range Maximization of a Hang Glider. In R. Bulirsch, A.Miele, J. Stoer, and
K.H. Well, editors, Optimal Control Calculus of Variations, Optimal Control Theory and Numerical
Methods, volume 111 of International series of numerical mathematics, pages 273-288. Publisher

Name, Berlin, Germany, 1993.

Jiirgen Lorenz. Numerical Solution of the Minimum-time Flight of a Glider Through a Thermal by

Use of Multiple Shooting Methods. Optimal Control Applications and Methods, 6(2):125-140, 1985.

Xiao Huang, Kiran Pippalapalli, and Bernd Chudoba. Aerodynamic Analysis of a Class II High
Performance Hang Glider- The ATOS. In 44th AIAA Aerospace Sciences Meeting and Exhibit, page

446, 2006.

107



[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

Saeed Azad and Michael J Alexander-Ramos. Reliability-based MDSDO for Co-design of Stochas-
tic Dynamic Systems. In ASME International Mechanical Engineering Congress and Exposition,

volume 83518, page VO14T14A018. American Society of Mechanical Engineers, 2019.

James T Allison, Michael Kokkolaras, and Panos Y Papalambros. Optimal Partitioning and Coor-
dination Decisions in Decomposition-based Design Optimization. Journal of Mechanical Design,

131(8):081008, 2009.

Michael W Sayers. The Little Book of Profiling: Basic Information About Measuring and Interpreting
Road Profiles. 1998.

Joseph Edward Shigley, Charles R Mischke, and R. Budynas. Mechanical Engineering Design. New
York, 2003.

Christian H. Bischof, H. Martin Biicker, Bruno Lang, Arno Rasch, and Andre Vehreschild. Combin-
ing Source Transformation and Operator Overloading Techniques to Compute Derivatives for MAT-
LAB Programs. In Proceedings of the Second IEEE International Workshop on Source Code Analysis
and Manipulation (SCAM 2002), pages 65-72, Los Alamitos, CA, USA, 2002. IEEE Computer So-

ciety.

Xiaoping Du and Wei Chen. Sequential Optimization and Reliability Assessment Method for Effi-
cient Probabilistic Design. Journal of Mechanical Design, 126(2):225-233, 2004.

Xiaoping Du and Wei Chen. Sequential Optimization and Reliability Assessment Method for Effi-
cient Probabilistic Pesign. In ASME 2002 International Design Engineering Technical Conferences
and Computers and Information in Engineering Conference, pages 871-880. American Society of

Mechanical Engineers, 2002.

Xiaoping Du and Wei Chen. Sequential Optimization and Reliability Assessment for Multidisci-

plinary Systems Design. Journal of Mechanical Design, 126(2):225-233, 2004.

Xiaoping Du, Jia Guo, and Harish Beeram. Sequential Optimization and Reliability Assessment for
Multidisciplinary Systems Design. Structural and Multidisciplinary Optimization, 35(2):117-130,
2008.

108



[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

Chen Jiang, Haobo Qiu, Xiaoke Li, Ning Ma, Liang Gao, and Xiwen Cai. Datp-based Sequential Op-
timization and Reliability Assessment for RBDO. In 2016 International Conference on Probabilistic

Methods Applied to Power Systems (PMAPS), pages 1-6. IEEE, 2016.

VS Vassiliadis, RWH Sargent, and CC Pantelides. Solution of a Class of Multistage Dynamic Op-
timization Problems. 1. Problems Without Path Constraints. Industrial & Engineering Chemistry

Research, 33(9):2111-2122, 1994.

Fenfen Xiong, Shishi Chen, and Ying Xiong. Dynamic System Uncertainty Propagation Using Poly-
nomial Chaos. Chinese Journal of Aeronautics, 27(5):1156-1170, 2014.

Lianghong Wu, Yaonan Wang, Xiaofang Yuan, and Zhenlong Chen. Multiobjective Optimization of
HEV Fuel Economy and Emissions Using the Self-Adaptive Differential Evolution Algorithm. /EEE
Transactions on vehicular technology, 60(6):2458-2470, 2011.

R. M. Patil. Combined Design and Control Optimization: Application to Optimal PHEV Design and

Control for Multiple Objectives. PhD thesis, University of Michigan, Ann Arbor (MI), 2012.

Alparslan Emrah Bayrak, Yi Ren, and Panos Y Papalambros. Design of Hybrid-electric Vehicle
Architectures Using Auto-generation of Feasible Driving Modes. In ASME 2013 international design
engineering technical conferences and computers and information in engineering conference, pages

V00IT01A005-V0O01TO1A005. American Society of Mechanical Engineers, 2013.

Alparslan Emrah Bayrak, Yi Ren, and Panos Papalambros. Optimal Dual-mode Hybrid Electric Vehi-
cle Powertrain Architecture Aesign for a Variety of Loading Scenarios. In ASME 2014 International
Design Engineering Technical Conferences and Computers and Information in Engineering Confer-

ence, pages VOO3TO1A005-V0O03TO1A005. American Society of Mechanical Engineers, 2014.

Bo Egardt, Nikolce Murgovski, Mitra Pourabdollah, and Lars Johannesson Mardh. Electromobility
Studies Based on Convex Optimization: Design and Control Issues Regarding Vehicle Electrification.

IEEE Control Systems, 34(2):32-49, 2014.

Arian Houshmand. Multidisciplinary Dynamic System Design Optimization of Hybrid Electric Vehi-

cle Powertrains. PhD thesis, University of Cincinnati, 2016.

109



[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

Alparslan Emrah Bayrak, Namwoo Kang, and Panos Y Papalambros. Decomposition-based Design
Optimization of Hybrid Electric Powertrain Architectures: Simultaneous Configuration and Sizing

Design. Journal of Mechanical Design, 138(7):071405, 2016.

Emilia Silvas, Theo Hofman, Nikolce Murgovski, LF Pascal Etman, and Maarten Steinbuch. Review
of Optimization Strategies for System-level Design in Hybrid Electric Vehicles. IEEE Transactions

on Vehicular Technology, 66(1):57-70, 2017.

Saeed Azad, Mohammad Behtash, Arian Houshmand, and Michael J Alexander-Ramos. PHEV Pow-
ertrain Co-design with Vehicle Performance Considerations Using MDSDO. Structural and Multi-

disciplinary Optimization, pages 1-15, 2019.

Jinming Liu and Huei Peng. Modeling and Control of a Power-split Hybrid Vehicle. IEEE Transac-
tions on Control Systems Technology, 16(6):1242—-1251, 2008.

Edward K. Nam and Robert Giannelli. Fuel Consumption Modeling of Conventional and Advanced
Technology Vehicles in the Physical Emission Rate Estimator (PERE). Technical report, US Envi-

ronmental Protection Agency, 2005.

John B. Heywood et al. Internal Combustion Engine Fundamentals. Mcgraw-hill New York, 1988.

W. L. Soong. Design and Modeling of Axially-laminated Interior Permanent Magnet Motor Drives

for Field-weakening Applications. PhD thesis, University of Glasgow, 1993.

Fabrice Le Berr, Abdenour Abdelli, D-M Postariu, and R Benlamine. Design and Optimization
of Future Hybrid and Electric Propulsion Systems: An Advanced Tool Integrated in a Complete

Workflow to Study Electric Devices. Oil & Gas Science and Technology, 67(4):547-562, 2012.

T A Burress, C L Coomer, S L Campbell, L E Seiber, L D Marlino, R H Staunton, and J P Cunning-

ham. Evaluation of the 2007 Toyota Camry Hybrid Synergy Drive System.

Timothy A Burress, Steven L Campbell, Chester Coomer, Curtis William Ayers, Andrew A
Wereszczak, Joseph Philip Cunningham, Laura D Marlino, Larry Eugene Seiber, and Hua-Tay Lin.
Evaluation of the 2010 Toyota Prius Hybrid Synergy Drive System. Technical report, Oak Ridge
National Lab.(ORNL), Oak Ridge, TN (United States)., 2011.

110



[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

Joeri Van Mierlo, Peter Van den Bossche, and Gaston Maggetto. Models of Energy Sources for EV
and HEV: Fuel Cells, Batteries, Ultracapacitors, Flywheels and Engine-generators. Journal of Power

Sources, 128(1):76-89, 2004.

Scott J] Moura. Techniques for Battery Health Conscious Power Management Via Electrochemical

Modeling and Optimal Control. PhD thesis, University of Michigan, 2011.

Scott Jason Moura, Hosam K Fathy, Duncan S Callaway, and Jeffrey L Stein. A Stochastic Optimal
Control Approach for Power Management in Plug-in Hybrid Electric Vehicles. IEEE Transactions

on control systems technology, 19(3):545-555, 2011.

ANDREW Simpson. Cost-benefit Analysis of Plug-in Hybrid electric vehicle technology. In Pre-
sented at the 22nd International Battery, Hybrid and Fuel Cell Electric Vehicle Symposium and Ex-

hibition, Yokohama, Japan, oct 2006.

Gopalakrishnan Duleep, Huib van Essen, Bettina Kampman, and Max Griinig. Impacts of Electric
Eehicles - Deliverable 2, Assessment of Electric Vehicle and Battery Technology. Technical report,

CE Delft, ICF, Ecologic, apr 2011.

Aaron David Brooker, Jacob Ward, and Lijuan Wang. Light-weighting Impacts on Fuel Economy,

Cost, and Component Losses. Technical report, SAE Technical Paper, 2013.

SE Plotkin, MK Singh, et al. Multi-path Transportation Futures Study: Vehicle Characterization and

Scenario Analyses. Technical report, Argonne National Laboratory (ANL), 2009.

Celine Cluzel, Craig Douglas, et al. Cost and Performance of EV Patteries. Element Energy, Final

Report for the Committee on Climate Change, 2012.

John Maples Maples. Vehicle Choice Modeling and Projections for the Annual Energy Outlook, how-
published = "https://www.eia.gov/outlooks/aeo/pdf/0383(2017) .pdf", year = 2013, note =

"Accessed 10-June-2018".

Marcello Contestabile, GJ Offer, Raphael Slade, F Jaeger, and M Thoennes. Battery Electric Vehicles,
Hydrogen Fuel Cells and Biofuels. Which Will be the Winner? Energy & Environmental Science,
4(10):3754-3772, 2011.

111


https://www.eia.gov/outlooks/aeo/pdf/0383(2017).pdf

[99] McKinsey. Electric Vehicles in Europe: Gearing up for a New Phase? Technical report, Amsterdam

Roundtable Foundation and McKinsey & Company., 2014.

[100] Mitra Pourabdollah, Nikolce Murgovski, Anders Grauers, and Bo Egardt. Optimal Sizing of a Parallel

PHEV Powertrain. IEEE Transactions on Vehicular Technology, 62(6):2469-2480, 2013.

[101] U.S. Department of Transportation, Federal Highway Administration. National House-
hold Travel Survey website. https://www.energy.gov/eere/vehicles/articles/
fotw-1046-september-10-2018-average-household-vehicle-was-driven-10200-miles,

2018.

[102] Stefano Lucidi and Francesco Rinaldi. Exact Penalty Functions for Nonlinear Integer Programming

Problems. Journal of optimization theory and applications, 145(3):479—-488, 2010.

[103] Madabhushi Raghavachari. On Connections Between Zero-one Integer Programming and Concave

Programming Under Linear Constraints. Operations Research, 17(4):680-684, 1969.

[104] Charles D McAllister and Timothy W Simpson. Multidisciplinary Robust Design Optimization of an

Internal Combustion Engine. Journal of mechanical design, 125(1):124-130, 2003.

[105] C-Y Cynthia Lin and Lea Prince. Gasoline Price Volatility and the Elasticity of Demand for Gasoline.

Energy Economics, 38:111-117, 2013.

[106] Cheryl D. Fryar, Deanna Kruszon-Moran, Qiuping Gu, and Cynthia L. Ogden. National Health

Statistics Report. Technical report, National Center for Health Statistics, Hyattsville, MD, 2018.

[107] Shiva Kumar, P Dinesha, and Marc A Rosen. Effect of Injection Pressure on the Combustion, Perfor-
mance and Emission Characteristics of a Biodiesel Engine With Cerium Oxide Nanoparticle additive.

Energy, 185:1163-1173, 2019.

112


https://www.energy.gov/eere/vehicles/articles/fotw-1046-september-10-2018-average-household-vehicle-was-driven-10200-miles
https://www.energy.gov/eere/vehicles/articles/fotw-1046-september-10-2018-average-household-vehicle-was-driven-10200-miles

ProQuest Number: 28518244

INFORMATION TO ALL USERS
The quality and completeness of this reproduction is dependent on the quality
and completeness of the copy made available to ProQuest.

ProQQuest.
/ \

Distributed by ProQuest LLC (2021).
Copyright of the Dissertation is held by the Author unless otherwise noted.

This work may be used in accordance with the terms of the Creative Commons license
or other rights statement, as indicated in the copyright statement or in the metadata
associated with this work. Unless otherwise specified in the copyright statement
or the metadata, all rights are reserved by the copyright holder.

This work is protected against unauthorized copying under Title 17,
United States Code and other applicable copyright laws.

Microform Edition where available © ProQuest LLC. No reproduction or digitization
of the Microform Edition is authorized without permission of ProQuest LLC.

ProQuest LLC
789 East Eisenhower Parkway
P.O. Box 1346
Ann Arbor, Ml 48106 - 1346 USA



	Abstract
	Acknowledgments
	List of Figures
	List of Tables
	Introduction
	Deterministic Co-design Methods
	Research Objectives 
	Summary and Overview

	Background
	Co-design in MDSDO
	RDO
	Traditional RDO
	RDO with Equality Constraints

	RBDO
	Traditional RBDO using FORM & PMA
	RBDO with Equality Constraints

	Summary

	Robust Co-Design Formulation for Stochastic Dynamic Systems
	Robust MDSDO Problem Formulation 
	Robust Co-design Case Studies using R-MDSDO
	Mathematical Application
	Engineering Application: Hang Glider Co-Design

	Summary

	Reliability-based Co-Design Formulation for Stochastic Dynamic Systems
	Reliability-based MDSDO Problem Formulation
	Reliability-based Co-design Case Study Using RB-MDSDO
	Co-design of an Automotive Active-suspension system
	Active suspension co-design formulation
	Results and Discussion

	Summary

	Assessment of Single-Loop MPP Reliability Analysis for RB-MDSDO
	Traditional SORA
	SORA with Equality Constraints
	RB-MDSDO Problem Formulation Using SORA
	Reliability-based Co-design Case Studies Using Single-loop RB-MDSDO Implementations
	Van der Pol oscillator
	Hang glider
	Active suspension co-design problem

	Summary

	Application to Co-design of Hybrid-Electric Vehicle Powertrain
	Model development
	Powertrain model
	Component cost model

	HEV powertrain co-design formulations
	Deterministic MDSDO formulation
	Integer value constraint heuristics

	Robust MDSDO of HEV powertrain 
	R-MDSDO formulation 
	Results and Discussion

	Reliability-based MDSDO of HEV powertrain 
	RB-MDSDO of HEV powertrain
	Results and Discussion


	Conclusions and Future work
	R-MDSDO Conclusions
	RB-MDSDO Conclusions
	HEV application Conclusions
	Future work

	References

