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Abstract

This paper considers a class of utility optimization problems in wireless networks. Assume network
utility is a function of link throughput and nodes’ transmission power. It is shown that, under a set of
physical layer assumptions, the impact of physical, data-link layer configurations in a wireless network can
be characterized using a configuration graph, which is similar to a wireline network topology graph. Network
utility optimization can consequently be carried out via iterations that optimize network layer algorithms
over the configuration graph and revise physical, data-link layer configurations to improve the configuration
graph. For a class of wireless multicast networks with intra-session network coding, it is shown that the
number of point-to-multipoint links involved in network utility optimization is only polynomial, as opposed

to exponential, in the number of nodes.
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I. INTRODUCTION

It is well known that the topology of a wireline network can be modeled by a graph, in which, each
vertex represents a network node and each edge represents a point-to-point (cable) link between two
nodes [3]. Extending such a graphic model to wireless networks, however, faces two key challenges.
First, in principle, a wireless link can support a positive throughput so long as its channel gain is not
strictly zero [4]. Achievable throughput over a wireless link strongly depends on the communication
activities over other neighboring links. Without detailed physical layer and data-link layer specifi-
cations, using a fixed topology graph to model a wireless network is often not informative. Second,
since signal transmitted over a wireless medium can reach more than one receivers, it is possible for a
wireless node to communicate common information to multiple receivers simultaneously [5] using the
same power and bandwidth of a point-to-point transmission. When such transmissions are modeled
by point-to-multipoint links (termed hyperarc links [6]), the total number of feasible links in a wireless

The authors are with the Electrical and Computer Engineering Department, Colorado State University, Fort Collins, CO
80523. E-mail: {carlawan, rockey }@engr.colostate.edu.

This work was supported by National Science Foundation grants CCF 07-28826 and CCF 10-16985. Part of the results have

been presented in International Symposium on Information Theory [1][2].



network can be exponential in the number of nodes. Consequently, network optimization requiring
an exhaustive search over all feasible links can be overly complex even for moderate-sized networks.

Utility optimization in wireless networks has been extensively investigated in the literature. The
idea of using hyperarc links to model wireless broadcast transmissions was firstly introduced by Lun
et al in [6]. It was shown that when energy efficiency is of primary concern, a wireless network can be
modeled using a topology graph with non-interfering links. This enabled the formulation of a class
of multicast utility maximization problems as convex optimization problems, which can be solved
efficiently. The approach was extended by Wu et al in [7] to optimize a generalized utility under the
assumption that the topology graph-based network model with non-interfering links remains valid.
In [8], Yuan et al modeled a mesh network using a topology graph with coupled link capacities,
and proposed an iterative framework to maximize the multicast network utility. In [9], Sagduyu and
Ephremides investigated the modeling of wireless networks. Given a pre-determined set of “com-
munication realizations” (see definition in Section II), a wireless network is modeled by a topology
graph whose link rates are the time-shared rates of the corresponding links in the communication
realizations. Link rates in the topology graph are therefore coupled through the scheduling of the
communication realizations. This consequently enabled the optimization of a multicast network utility
over the time-sharing coefficients under the assumption of optimal intra-session network coding.

In this paper, we consider a class of constrained utility optimization problems in wireless networks.
Assume both network utility and constraints are functions of link throughput and nodes’ transmission
power. Under a set of physical layer assumptions, we first show that, the impact of physical and data-
link layer configurations in a wireless network can be characterized by a configuration graph (defined
in Section II), which is similar to a wireline network topology graph. If both the utility function
and the constraint functions are convex in link throughput and transmission power, optimal network
utility can be obtained using iterative algorithms that optimize network layer algorithms over the
configuration graph and incrementally revise physical, data-link layer configurations to improve the
configuration graph. Next, we consider a class of utility optimization problems for wireless multicast
networks with optimal intra-session network coding. We show that, the total number of links involved

in the iterative optimization is only polynomial, as opposed to exponential, in the number of nodes.

II. SYSTEM MODELING AND PROBLEM FORMULATION

Consider a wireless network with stationary memoryless channels. Assume that time is partitioned
into slots of equal length. Let V' be the node set of the network. We define a hyperarc link e;; from
node 7 to a node set J, if 7 can deliver common information simultaneously and directly to all nodes

in J. We say e;; achieves a throughput of ;s in a time slot if ¢ communicates common information



directly to all nodes in J at rate u;; with a negligible error probability. We define a communication
realization C(t) as the simultaneous activation of a set of links, together with their physical layer
configurations, in time slot ¢ where ¢ is an integer. We assume that the physical layer configuration
includes a set of communication rates that can be achieved simultaneously for the active links. By
setting the rates of inactive links at zero, we denote the rate vector of the communication realization
C(t) by pl9(t) or u(C(t)). The element of p(©)(¢) corresponding to link e;; is denoted by ,uz(-?) (t).
It is helpful to assume that the physical layer configuration should not involve any time-sharing
operation within one time slot, although this assumption is not necessary. Because a communication
realization C'(t) completely specifies the physical layer configuration in time slot ¢, it also determines
the average transmission power of the nodes, denoted by vector p(“)(t) = p(C(t)), in time slot ¢.

We define a transmission schedule S = {C(0),C(1),...,C(T — 1)} as the periodic extension of a
communication realization sequence C(0),C(1),...,C(T'—1), with T being the period and C(i) being
the communication realization of time slots KT+, k = —oo, ..., —1,0,1, ..., 00. Communication rate
vector (or throughput vector) supported by a transmission schedule S equals the average rate vector
of its communication realizations, denoted by p® = p(S) = £ >[5! u(C(t)). Similarly, the average
transmission power of the nodes specified by transmission schedule S equals p®®) = T Ly ip(t) =
L5 p(C(t)). An illustration of links, communication realizations and transmission schedule is
given in Figure 1.

We make two key assumptions in the physical and data-link layer model described above. First,
we only assume decoding and forward as opposed to amplifying and forward for information relay.
We only distinguish successful and non-successful transmissions over each link, and a successful
transmission requires all receivers of the link should obtain the transmitted messages reliably, as
opposed to obtaining a corrupted or incomplete version. Second, messages transmitted over different
links are encoded and decoded independently at the physical layer. There is no joint information
encoding among multiple transmitters or joint information decoding over multiple links at the receiver.

Given a transmission schedule S = {C(0),...,C(T — 1)}. We construct a configuration graph
GY(V,E) = G(S) with E being the union of links of all communication realizations. Let p(%) =
p(S) = + 3/ u(C(t)) be the throughput vector of S. We define ,ug) as the configuration rate of
link e;;7, and u®) as the configuration rate vector, in graph G (V, E) = G(S). An illustration of the
relation between a transmission schedule and a configuration graph is given in Figure 2. Note that
given a fixed transmission schedule S, the constructed configuration graph is similar to a wireline
network topology graph in the following senses. E' is similar to the set of feasible links in a topology

graph since other links are not activated in S. Because nodes can always discard information, the



configuration rate vector pu®) is similar to the link capacity vector in a topology graph since all
link throughput vectors f in the hyper-cubic region {fi|ix < u®)} are supported by the same set
of physical and data-link layer configurations specified by S. When we present p'®) and p® as
parameters associated with configuration graph G (V, E), we also denote them as pu(®) and p@.

Now consider a class of network utility maximization problems formulated as
max U(u™,p), st H(p™®, p¥) >0, (1)

where, given a transmission schedule S, we assume that the utility function U(u®), p(*)) and the set of
constraint functions H (,u(s),p(s)) are functions of link throughput p'® and transmission power p®,
both determined by S. The objective is to maximize the network utility over all feasible transmission
schedules S, under the constraints that H(ut p9) > 0.

Network optimization problem (1) can be written in the following equivalent form

U(p@, pl), 4. H(p@ p@) >0, 2
5.6 (V. B)=G(S) (P S (™, p"™) > (2)

(@) is now the configuration rate vector of the configuration graph G)(V, E) constructed

where u
from S.

Note that in a practical system, formulation of the network optimization problem (2), particularly
the expression of the utility function U(u(®),p(@)), often depends on network layer algorithms, as
illustrated in the following example.

Example 1: Consider a wireless multicast network where a source node s wants to multicast
common information reliably through the network to a set of destination nodes T'. Let the throughput
of the multicasting be denoted by Ryr. Assume the objective is to maximize a multicast utility

U(Rgsr,p) subject to transmission power constraints p < P. A network utility optimization problem

can be formulated as follows.
max U(Rsr,p), st. P—p>0. (3)

Given S, Ryr = Ryp(pu'®)) can be written as a function of a link throughput vector p = u(S).
However, the exact expression of R,r(u(®)) depends on the network layer protocol. If we assume
optimal network coding, and let pu®) be the configuration rate vector of a configuration graph
GOV, E) = G(9), then Ry equals the max-flow of the minimum s — 7" cut of G®)(V, E), which
is the sum configuration rates of links crossing the minimum cut that separates s from at least one
destination node in T [10]. Expression of the Ryr(u®)) function becomes complicated if only routing

is allowed at the network layer [10].



III. ITERATIVE NETWORK UTILITY OPTIMIZATION

Consider the network utility optimization problem given in (2). When both —U(u, p) and H (i, p)
are convex in p and p, (2) is a convex optimization problem. The unique optimal solution (u,p)* of

(2) can therefore be obtained by solving the following Lagrangian problem.

inL =U (G)’ @Y+ ATH (G)’ (G)’ 4
5.0 (V,E)=G(5) A20 (P (™, p™) (4)

where L is the Lagrangian function and A > 0 is the Lagrangian relaxation parameter.

In a practical wireless network, it is often infeasible to derive the achievable region of the (u,p)
vector pair. It is equally challenging to determine whether a (u,p) pair is supported by any trans-
mission schedule. Consequently, (4) can only be solved by iterative and constructive updates of the
transmission schedule. Next, we show that, given a fixed Lagrangian parameter A > 0, the Lagrangian
function L in (4) can indeed be maximized monotonically via iterative and incremental updates of
S, where the meaning of “incremental” update is specified below.

Definition 1: Let S; = {C1(0),Cy(1),...,C1(Ty — 1)} and Sy = {C2(0),Cy(1),...,Co(T2 — 1)}
be two transmission schedules whose periods are T} and T3, respectively. We say S5 is incrementally
different from S if there exists a nonnegative integer k£ such that T, = k77 +1, and for all nonnegative
integers k< kandi<T;—1, we have C’2(12:T1 + 1) = C1(7). When S, is incrementally different from
S1, we also say S is incrementally different from S,.

Theorem 1: Let Ly(p,p) be the Lagrangian function in (4) for a given A. Define L as

Lt = Ly (@ p(@)
AT oo A, p™)
La(p,p) = U(p, p) + A" H(p, p). (5)

Let S; be a transmission schedule whose transmission power vector is p,. Let p; be the configuration
rate vector of a configuration graph G;(V, E) constructed from S;. If Ly(p,,p;) < L%, then there
exists another transmission schedule S; with transmission power vector p, and a configuration rate

vector ., of Gy(V, E) constructed from Sy, such that,
e Sy is incrementally different from 5.

o La(pta,py) < La(py, py)-
Proof: By assumption, Lx(p,p) is concave in (w,p). Since Lx(p,,p;) < L}, we can find a

transmission schedule S = {C(0),...,C(T — 1)} with p(S) = P, and a rate vector 1 = u(S), such

that . .
aL}\(I"’l?pl) ﬁ+ aLA(l‘l':l?pl) 1“')> 07 (6)
on op

LA, PY) 4 ILA(H, D)

where ol op

are partial sub-derivatives of Lyx(u,p) at (g, py)-



Since p(S) = P, w(S) = fr, there exists a sequence of (fi(i),p(:)) pairs, i € {0,...,T — 1}, to
satisfy p(i) = p(C(i)), (i) € C(3), Vi, and

S .
:?zu(wv D=

! z B(i). (7)

’ﬂ |

From (6) and (7), we can find j € {0,...,T — 1}, such that the (j2(j), p(j)) pair corresponding to
communication realization C(j) satisfies
OLxa(u,p)Y - OLA(y,p)\"
(*A(glj 1>> f(j) + 7A(apl J) ) > 0. (8)

Consequently, there exists a positive integer k to satisfy

KTy + () kTip, +p(J
() < 1y (M LR TP )

Now construct a transmission schedule Sy = {C5(0), C2(1),...,Co(Ty — 1)} with T = kT + 1. For
all nonnegative integers k < k and i < Ty — 1, we choose Cy(kT} +1) = C,(i), where Cy(3) is the ith

communication realization of S;. We also let Cy(Ty — 1) = C’( ). With this construction, S, is only

incrementally different from S;. Since p, = p(S3) = lele +mRaP), e = kéilT_lHul + k(i) =
©(S2), according to (9), we have Ly (pty, py) > La(pty, py)- ]

Theorem 1 implies that the Lagrangian optimization problem (4) can be solved via iterative updates
of A and (u, p) pair, where each update of (u, p) pair only involves an incremental revision, as opposed

to a direct construction, of the transmission schedule.

IV. CONSTRAINT THE NUMBER OF HYPERARC LINKS

From the proof of Theorem 1, we can see that, in the incremental revision of the transmission
schedule, the key task is to find a communication realization C(j) with p(j) = p(C(j)) and fa(j) =
w(C(4)), such that updating (p, p) in the direction of (f(j), p(j)) improves the Lagrangian utility. If
such a task needs to be accomplished by exhaustive search of the communication realizations, then
its complexity is exponential in the number of feasible links, and in principle, the number of feasible
links is exponential in the number of nodes.

In this section, we show that the link throughput region supported by an arbitrary communication
realization possesses a hyper-coordinate-convexity property. With the help of this property, for the
class of multicast utility optimization problems given in Example 1, optimal utility can be achieved
by searching a number of links that is only polynomial in the number of nodes.

Definition 2: Let v be a vector whose elements correspond to all feasible links. Denote the element

of v corresponding to hyperarc link e;; by v;;. We say v is a throughput degrading vector if there



exists a user 7, two user subsets .J, J C J, and a constant § > 0, such that v;; = =0, v,7 = 0, and all
other elements of v equal 0.

Let py, p be two link throughput vectors. We say u,; is a degraded version of p if p; — p equals
the summation of some throughput degrading vectors.

Definition 3: A link throughput vector region I' is hyper-coordinate convez if for all thoughput
vectors 1, we have fi € I' so long as there exists two throughput vectors p, p,, such that p € I') p,
is a degraded version of p, and ft < p.

Lemma 1: The union of link throughput vectors supported by an arbitrary communication real-
ization forms a hyper-coordinate convex throughput vector region.

Proof: Because multicasting common information from node ¢ to a node set J can be achieved
using any hyperarc link e, ; so long as J D J, p being supported by communication realization C
implies that p, is also supported by communication realization C' if p, is a degraded version of p.

|

Theorem 2: Consider the class of multicast networks given in Example 1. Assume that optimal
network coding is used at the network layer once a transmission schedule and a configuration graph
are given. If there exists a transmission schedule to support multicast throughput of R, with a
transmission power vector p, then there must also exist a transmission schedule S to support the
same multicast throughput Rer with the same transmission power vector p(S) = p, together with a
throughput rate vector p = p(S) satistying u,; = 0, Vi, J, |J| > |T).

Proof:- According to the assumption, there exists a transmission schedule S with transmission
power p = p(g), and a configuration graph G(V, E) constructed from S, such that the max-flow of

the minimum s — 7" cut of G(V, E) equals Ryp. Let the configuration rate vector be fr = p(S). From

the proof of [6, Thoerem 2], we know that there exists a set of link rates :zﬁf,)j to satisfy

iy >3 30, Y@, J),es € BiteT,

JjeJ
> Y E) - S @ =ovievierT,
{J1G,J),ei €L} GEJS {51G,0).ejr€E €T}
o = Ry, o = —Ryr, and o), =0. (10)

Next, we will show that, by applying a recursive throughput degrading algorithm, throughput
vector i can be degraded to another vector g which possesses the following properties.
1. piy =0, Vi, J, |J| > |T|.
2. There exists a set of virtual link throughput zgf,)] > 0 such that the degraded configuration rate
vector p and the set of virtual link throughput xg,)] satisfy the same inequality given in (10).

The throughput degrading algorithm is described below.



Initialization:  Initialize the algorithm by p = f1 and :zl J] = xz J], Vi, J, j,t. Note that the initial

condition satisfies (10).

Step 1:  Find a link e;; with |J| > |T'| and p;; > 0. The algorithm stops if such a link does not

exist.

Step 2:  Ifforallt €T and j € J, SL’Z(?] = 0, we choose an arbitrary j € J. Define a throughput
degrading vector v by v;; = —p;, vij = iy, and set all other elements of v at zero. We degrade p

by p = p + v. Note that (10) remain satisfied by pu and {:c }. Go to Step 1.

iJj

Step 3: Assume we can find ¢t € T and j € J, such that Ith)j > 0. Define a positive constant
For every t € T, we define a node index j; as follows. If SL’Z(?] = 0 for all
j € J, we let j; = NULL. Otherwise, j; = argminjGMZ(_?J_>0 :)sg,)]

Define node subset J as the collection of the j, indices, J = {j;|t € T,j; # NULL}. Define a

o (t)
by 0 = mlnjEJ,tET,xl(.?j>0 Lijj

throughput degrading vector v by v;; = —0, v,; = 0, and set all other elements of v at zero. We

degrade p by pu = p+v. For each t € T', we also revise zgt} and 932?) as follows. If j; # NULL, we

J

let :cz(.?jt ng + 0 and Iszt xEJ)]t — 0.

®) wehavex() >0, :E( >0forallteT,

It can be verified that, after degrading p and revising z;;,

j € J, and (10) still holds for p and {zm»}.

Go to Step 1.

The above algorithm reduces p;; monotonically for all links e;; with |J| > |D|. The degraded
throughput is allocated to link e,; in Steps 2 and 3 with |J| < |T|. Therefore, when the algorithm
stops, we must have p;; = 0 for all |J| > |T|, and p is a degraded version of fi. Because (10) is
satisfied in every step, it remains satisfied when the algorithm stops. The validity of (10) implies that
Rgr is no larger than the max-flow of the minimum s — 7' cut of configuration graph G(V, E). In
other words, Ry is achievable on G(V, E') with optimal network coding. [

Theorem 2 implies that, for the class of multicast utility optimization problems considered in
Example 1, in terms of achieving optimal utility, one only needs to consider links e;; with [.J]| < |T|.

In other words, (3) can be equivalently written as

max U(RsT,p(S)), st.p® —P<o. (11)
S, Ror (009,183 =0 Ve, ywith |J|>|T)|

The maximum number of links involved in an exhaustive search algorithm to solve (11) is only
polynomial in the number of nodes |V (but is still exponential in |T|). It is straightforward to
extend this conclusion to utility optimization problems with a more general set of constraints. It
is also straightforward to extend the conclusion to networks with multiple multicast sessions and

optimal intra-session network coding.



V. FURTHER COMPLEXITY REDUCTION

Consider the class of multicast utility optimization problems in Example 1. Assume the network
contains |V| nodes with one multicast session from 1 source to |T| destinations. The number of
feasible links in this case equals |V/| ) < ‘V‘i_ ") x O(|V|IT*1). For instance, for a network with
V| = 5 and |T'| = 2 in an open wireless environment, the total number of feasible links is 5(4 +
6) = 50. Since the total number of link activation combinations is exponential in the total number
of links, the complexity of an exhaustive search of link activation combinations is in the oder of
250 which is still prohibitive for computer simulations. In this section, we show that by exploiting
fundamental properties of wireless communication and network coding, the practical complexity of
link combination search can be significantly reduced, and this consequently enables the simulations
of optimal utility maximization in some moderate-sized networks.

A well known property of wireless communication is that a wireless node cannot simultaneously
transmit and receive information in the same channel. Consequently, link activations involving the
transmission-reception conflict at any node should not be considered in the communication realization
construction. Moreover, a key property of optimal network coding is that, given a configuration graph,
throughput of a multicast session is bottlenecked by the maximum flow of the minimum s — T’ cut,
shown in (10). Therefore, when search for a communication realization to incrementally update the
transmission schedule, the communication realization should not involve links that do not contribute
to any of the minimum s—T cuts. To introduce the principle of exploiting this property for complexity
reduction, we will first present the detailed iterative utility optimization algorithm in the following.

Given a configuration graph G (V, E) constructed base upon transmission schedule S. For any
destination ¢ € T, we define v,(G) as a cut that separates source s from t. Without causing any
confusion, the cut value is also denoted by ~;(G). According to the network coding property, utility

optimization problem (3) can be equivalently written as

U( inmin,(G), <G>>, t.p 9 —-P<o. 12
I min min 7y, (G), p s.t. p < (12)

Since network utility is nondecreasing with multicast throughput, this problem can be further trans-

formed to
min min min max U A A G),p D) — T p® —P), (13
EE20 0,203, 1 M=12, 20,3 Ay =1 S,GO)(V,E)=G(S) (tez; t ; %'Yt( ), P §(p ), (13)

where we have introduced several sets of auxiliary variables, &, {\;,Vt € T'}, and {\,,, Vy;} for each
tel.
Consequently, we can obtain the optimal solution of the problem using the following iterative

algorithm.



10

Initialization:  Construct an arbitrary transmission schedule and the corresponding configuration

graph. Initialize A\; and A, for all v, and t € T', and £ = 0.

Step 1:  Update \; as
)\t - )\t - 51 8U ST’p g )\% t , vt € T, (14)
aRST

Yt
where 0; > 0 is a small step size parameter. Then normalize A; to satisfy A\, > 0 for all £ € T and

ZteT )\t =1.

Step 2:  For each t € T, update \,, as

a[](RsTa p)
aRST

where d > 0 is a small step size parameter. Then normalize A, to satisfy A,, > 0 and 3>, A,, =1

foreach t € T.

)\'Yt = )\'Yt - 52 )\t’}/t(G)a vt € T> (15)

Step 3:  Update & as
§=€+0(p— P), (16)

where 03 > 0 is a small step size parameter. Then set all negative-valued elements of & at zero.

Step 4:  Construct a communication realization C' with throughput vector pu(C) and power p(C).
Let 74(C) be the sum throughput of links in C' that cross cut ;. Communication realization C' should

be constructed to maximize

aU sTap aU(RSTap) ’
B 0 () + | G B ] (e, (17

Carry out an incremental update of the transmission schedule S using communication realization C'.

Go to Step 1 till convergence.

We say a cut 7, is “effective” if A\,, # 0. The key idea of complexity reduction is to maintain a
small list of effective cuts in the iterative algorithm, such that, when constructing the communication
realization C' in Step 3, hyperarc link e;; with at least one arm e;;; not crossing any effective cut
should not be considered.

Assume for each ¢t € T, the system maintains a list of effective s — t cuts, denoted by I';. The list
is initially empty. Let € > 0 be a small threshold parameter (e.g. ¢ = 0.3). We add an extra step,
Step 1.5, into the iterative algorithm.

Step 1.5:  For each ¢t € T, find a minimum s — ¢ cut 7} in the configuration graph G(V, E) and
add 7 into the cut list I'; (with a small \,, value). For all v, € T';, let the cut value be denoted by
1%(G). If %(G) > (14 €)y;(G), remove the cut v, from the list. After that, normalize \,, to satisfy
Ay > 0and 3, A\, =1 foreacht €T
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Note that Step 1.5 corresponds to an aggressive update of the \,, variables. The revised iterative

algorithm is still optimal.

VI. SUBOPTIMAL NETWORK UTILITY OPTIMIZATION

With the complexity reduction techniques proposed in Section V, simulations of the optimal
network utility optimization algorithm for some moderate-sized networks, such as a network with
|V| = 16 nodes and a single multicast session with |T| = 3, become feasible. Unfortunately, none
of the proposed techniques can change the fundamental scaling law that the total number of link
activation combinations is exponential in the number of nodes!. Due to this exponential scaling
law, most optimal utility maximization algorithms for networks of size |[V| > 30 are still overly
complex for simulation. In this section, we introduce a class of suboptimal algorithms that guarantee
a polynomial complexity in the number of nodes. Even though the performance of these algorithms
can be significantly suboptimal, they represent a typical idea on avoiding combinatorial search in
network utility optimization. In order to simplify the presentation, we will make several assumptions
to the system model. Note that extending the basic idea of the suboptimal algorithms to a general
system model is straightforward.

We consider the utility optimization problem in a wireless network presented in (4). Assume that
the wireless channels are memoryless. Assume that each node can transmit over at most one active
link in a time slot. For each communication realization C, we associate a probability parameter F,,,
with each link e;;. We assume that a node 7 will transmit over a link e;; with probability F,,,. Node i
is receiving signal with probability 1 -3, P, ;, where we have imposed the constraint >-., P, <1
for any node 7. Suppose that each node makes transmission decisions independently. Let p; denote
the transmission power of node 7. Let h;; denote the channel gain from node ¢ to node j. Given that
link e;; is active and a node j € J is receiving, we compute the signal to noise ratio (SNR) at node
g for link e;; by
pilhi; |
No + Zeﬁj;ﬁi,j Pr;jp%|h%j|2’

The achieved link rate of e;; is then computed by

,uZJ = mH(l—ZP ) (mmSNRZJ])

SNR,; = (18)

jeJ

= min P11 (1 — ZP ) R (Z fiJjSNRiJj) (19)

giijgiszovzjeJ §igj= jeJ jeJ

Note that, without the help of Theorem 2, the total number of link activation combinations is double exponential in the

number of nodes.
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where R(SNR) is a rate function of SNR, e.g., the Shannon capacity function R(SNR) = 1log(1 +
SNR). In (19), P, I1jes ( — Zejj Prﬂ.) represents the probability that node ¢ is transmitting over
link e;; and all nodes in J are receiving.

We use expected transmission power to represent the power vector of the communication realization,
(©)

i.e., for each node 7, p;

is computed by

=D Z TiJg* (20)

€iJ

The detailed suboptimal iterative optimization algorithm is given below.

Initialization:  Construct an arbitrary transmission schedule and the corresponding configuration

graph. Initialize A > 0, where A is the Lagrangian vector introduced in (4).

Step 1:  Update A by
A=X—6Hp'Y p9), (21)

where ; > 0 is a small step size parameter. Set all negative-valued elements of A at zero.

Step 2:  Initialize a communication realization C' with all the probability parameters F,,, set at zero.
Initialize all &;;; > 0 where {&;;;} is the set of variables introduced in (19). Define the instantaneous

objective function as

UO (), p@) = 3 laU( P(G)) _ rOH(p ,p( ))] (©)

o
iy 8,u 8,u~ !
U (p' D, pl9) L OH (p! p(G)) ©
+ Z l PG - PG pi (22)

where ,ug? and pgc) are defined in (19) and (20), respectively.

Step 3:  Update the set of {£;;;} variables in their gradient directions of U (u(©), p(©)). Normalize
the {&;7;} variables to satisfy &;; > 0 and >5;c; &5 = 1 for all e;;.

Step 4:  For every node i, update p; in the gradient direction of U (u(©) p(©)). Set p; = 0 if the

updated p; has a negative value.

Step 5:  For every link e, ;, update its associated probability parameter P,,, in the gradient direction
of U (@) p(@). Normalize the probability parameters to satisfy 0 < P,,, < 1 for all e;;, and for
all 4, >, P, < 1.

Step 6:  Find a link e;; whose associated probability parameter P, , is close to one, ie., P,,, > 1—¢
where € > 0 is a pre-determined small constant. If such a link exists, set e;; to be active with
probability one, and set other links that have transmission-reception conflicts with e;; to be inactive

with probability one. Fix these probability parameters for the communication realization permanently.
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Step 7: Go to Step 3 till all associated probability parameters are either set at one or zero. The

communication realization C' is then successfully constructed.

Step 8: Carry out an incremental update of the transmission schedule S using communication
realization C.

Go to Step 1 till convergence.

The key idea of the suboptimal algorithm is that, in the communication realization construction,
instead of searching for link activation combinations, the suboptimal algorithm assumes that all links
are active with certain probabilities. By associating with each node a link activation probability
vector, SNR experienced at each node for a particular link is replaced by the expected value, and
the link rate is replaced by the expected link throughput. Objective functions such as (22) can
therefore be written as functions of the node transmission powers and the link activation probabilities.
Consequently, instantaneous utility optimization can be carried out via iteratively updating the power
and probability parameters. Upon convergence, if the link activation probabilities are close to zero
or one, then the corresponding link activation combination can be identified naturally. Note that the
idea of using probabilistic data association to avoid combinatorial search was originally proposed in

11].

VII. SIMULATION RESULTS

In this section, we use computer simulations to illustrate the performances of the optimal and
suboptimal algorithms proposed in the previous sections. We consider a wireless network with N = 16
nodes located on a grid. Positions of the grid points are (2z, 2y) where z,y € {0, 1,2, 3}, as illustrated
in Figure 3. We consider a single multicast session where the source node located at (0,0) wants to
send common information to three destination nodes located at (0,6), (6,0), (6,6). The wireless

channels are assumed to be memoryless with additive Gaussian noise of zero mean and unit variance.

The channel gain between node 7 and node j is set at h;; = d,-_jg/ % where d;; is the distance between
the two nodes. In order to avoid the complication of power optimization, we assume that, in any
time slot, each node can transmit over at most one active link, with a fixed transmission power of
100. We use the capacity function r = %log(l + SNR) to calculate the rate of a link whose signal to
noise ratio is SNR. The objective is to maximize the multicast throughput from the source node to
the three destination nodes.

In this example, the iterative algorithm proposed in Section V is strictly optimal. We adopts an
adaptive step size adjustment approach whose detail is skipped in the paper. We also set ¢ = 2

in Step 1.5 in the algorithm introduced in Section V. In other words, any cut with a value larger
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than 3 times the minimum s — 7" cut is removed from the cut list in the algorithm. Note that
according to Theorem 2, we only need to consider wireless hyper-arc links with at most 3 destinations.
Figure 4 illustrates the performances of the optimal and the suboptimal algorithms, as well as the
performance of the constrained optimal algorithm that only considers point-to-point links. Because
the iterative optimization algorithms involves many step-size parameters, obtaining a fast and smooth
utility convergence is generally difficult. Nevertheless, it can be clearly seen from the results that
either excluding the hyper-arc links or avoiding the search of link activation combinations can lead
to significant multicast throughput degradation. The low complexity optimal algorithm is therefore
important in the sense of providing performance reference for the development of efficient suboptimal

algorithms.

VIII. CONCLUSIONS

We showed under certain conditions that the impact of physical, data-link layer configurations of
a wireless network can be characterized using a configuration graph. Network utility optimization
can consequently be carried out via iterations that optimize network layer algorithms over the
configuration graph and revise physical, data-link layer configurations to improve the configuration
graph. For a class of wireless multicast networks with intra-session network coding, we showed that
the number of links involved in network utility optimization is only polynomial, as opposed to
exponential, in the number of nodes. Low complexity optimal algorithms are developed to enable

computer simulations of multicast utility optimization in moderate-sized networks.
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Fig. 1. An illustration of links, communication realizations and transmission schedule.
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#(0)=[3,0,0] u(1)=[0,3,0] u(2)=[0,0,3] ps=[1,1,1]

Fig. 2. An illustration of configuration graph construction.
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Fig. 3. A grid network with 16 nodes and one multicast session.
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Fig. 4. Multicast throughputs of the optimal algorithm, the suboptimal algorithm, and the constrained optimal algorithm with

only point-to-point links.



