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over Compound Channels
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Abstract

Due to the short and bursty incoming messages, channelsaactsities in a wireless random access system
are often fractional. The lack of frequent data support eqosntly makes it difficult for the receiver to estimate
and track the time varying channel states with high prenisithis paper investigates random multiple access
communication over a compound wireless channel where @hagalization is known neither at the transmitters
nor at the receiver. An achievable rate and error probghiiadeoff bound is derived under the non-asymptotic
assumption of a finite codeword length. The results are th&snded to the random multiple access system where

the receiver is only interested in decoding messages froseasubset.

Index Terms

channel coding, compound channel, finite codeword lengtidom access

I. INTRODUCTION

In random multiple access communication, users (tranemjttdetermine their communication rates
individually, without sharing the rate information eith@mong each other or with the receiver [1]. With
the absence of rate coordination among users, reliableagesgcovery is not always possible [2]. The
receiver in this case decodes the transmitted messagesé-@efermined error probability requirement
can be satisfied, or reports a collision otherwise [1].

Information theoretic channel coding in time-slotted ramdmultiple access communication over a
discrete-time memoryless channel was recently investigat [1][3]. Assume that channel coding is
applied only within each time slot (or packet). It was shown[1] that the fundamental performance
limitation of the system can be characterized using an aahle rate region in the following sense.
Asymptotically as the codeword length (or time slot length}aken to infinity, the receiver is able to
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recover the messages reliably if the communication ratéovgevhich includes the rates of all users)
happens to be inside the rate region, and to reliably repadllgsion if the rate vector happens to be
outside the region [1]. The achievable rate region was showpincide with the Shannon information rate
region without a convex hull operation [1]. In [3], the asyioiz coding result was further strengthened
to a rate and error probability tradeoff bound under the mggion of a finite codeword length. A bound
on the achievable error exponent was obtained consequéhtly

Both [1] and [3] assumed that the channel state informatsokniown at the receiver. Unfortunately,
since random access communication deals with bursty shessages, transmission activities of a user
are often fractional. Without frequent data support, aatureal-time channel estimation and tracking
become difficult at the receiver. Understanding the systenfopmance limitation without channel state
information therefore becomes essential [4]. In this paperillustrate how coding theorems developed
in [1][3] can be extended to random multiple access comnatinc over a compound discrete-time
memoryless channel [5][6], consisting of a family (set) binnels over which the communication could
take place. Both the transmitters and the receiver know tathe compound channel set, but not the
actual channel realization. As in [1][3], we assume thagtispartitioned into slots of equal length, and
we focus on channel coding within one time slot. We define tmraunication rate of a user as the
normalized number of information nats encoded in a packea (iime slot).

The compound channel communication problem investigatethis paper is different from a con-
ventional one in the following two key aspects. First, in an@ntional system, information rates are
jointly determined by the transmitters and the receivey \Wtjile communication rates in a random access
system are determined distributively and the rate infoilomats unknown at the receiver [1]. Second,
in a conventional system, in order to achieve reliable compation, the transmitted rate vector should
be supported by all channel realizations in the compound83gt]. In random access communication,
however, even though the receiver needs to guarantee iabilig} of its decoding output, the receiver
also has the additional choice of reporting a collision toidwonfusing the upper layer networking [9].
This therefore allows the transmitted rate vector to be sttpgd only by a subset of channel realizations. If
the actual channel realization belongs to this subset,gbeirer should decode the messages. Otherwise,
the receiver should report a collision. Clearly, the deogdand collision report decisions made at the
receiver are affected jointly by the communication rateshef users and the actual channel realization.

To address these key aspects in the system model, we assatrtbehreceiver chooses an “operation
region”, which is a set of rate vector and channel realirgpairs. If the transmitted rate vector and channel
realization pair is within the operation region, the reeemtendsto decode the messages, otherwise the

receiverintendsto report a collision (or outage). We define the decodingreprobability and the collision



miss detection probability similarly to [3], and define thestem error probability as the maximum of the
two. An upper bound on the achievable system error prolaisliderived under the assumption of a finite
codeword length. We then show how the compound channeltselselp in obtaining error performance
bounds for the random multiple access system where thevezdsionly interested in recovering messages
from a usersubset[1]. This is based on the observation that, conditioned @rdteiver not decoding
messages for the rest of the users, the impact of their coneation activities on the user subset of

interest is equivalent to that of a compound channel.

[I. MULTIPLE RANDOM ACCESSCOMMUNICATION OVER A COMPOUND CHANNEL

Consider aK-user time-slotted random access system over a compoucceigigime memoryless
channel. Time is slotted with each slot equaliNgsymbol durations, which is also the length of a packet
or a codeword. We assume that channel coding is only appligdmnweach time slot or packet. The
compound channel consists of a family of discrete-time mghass channels, characterized by a set of
conditional probabilities{P&)XLW’XK, . --,Py‘{}h%XK} with cardinality /, where, fork € {1,---, K},

X € X is the channel input symbol of usérwith X being the finite input alphabet, and € Y is the
channel output symbol witp) being the finite output alphabet. In each time slot, a chareaization

is randomly generated from this set and remains static gimout the slot duration. We assume that all
users and the receiver know the compound channel set, bubhedactual channel realization. For the
time being, we will assume thal < co. The case when the compound channel set contains an infinite
number of channels will be discussed at the end of this gectio

Assume that at the beginning of a time slot, according to tlessage availability and the MAC
layer protocol, each user, say uderk € {1,---, K'}) chooses an arbitrary communication raje <
{re1, -+, e} IN Nats per symbol, wheréryy,---,rcy} IS @ pre-determined finite rate set of uder
with cardinality M. Neither the other users nor the receiver knows the actualremlization for each
transmission, although they are shared with the rate setniretion. The user then encode$r, | number
of data nats, denoted by a message into a packet (codeword) withy symbols, using a random coding
scheme specified as in [1][10] and also in the following. Fbrkac {1,---, K}, we assume that user
k is equipped with a codebook libraw), = {Cys, : 0 € O} in which codebooks are indexed by a set
©y. Each codebook has/ classes of codewords. Th& (i € {1,---, M}) codeword class hage"" |
codewords with the same length 8f symbols. In contrast to a conventional coding scheme, hach e
codeword in the codebook corresponds to a message and iatewpary) [1][3]. Let Cyo, (wy, 7); be
the j'" symbol of the codeword corresponding to message and ratéwpair;,) in codebookCy,, . Userk

first selects the codebook by generatthgaccording to a distribution?, such that the random variables



Xewpri)j © O = Cro,(wy, 1), are i.i.d. according to an input distributidﬂxml. The codeboolCyy, is
then used to magw;, ;) into a codeword, denoted hy,,, ,,). After encoding, the codewords of all
users are sent to the receiver over the compound channel.

To simplify the notation, we use bold font variable to denthte corresponding variables of all users.
For examplew andr denote the messages and communication rates of all uBgis.denote the input
distributions of all users, etc. Given a vector variablg, sBawe user; to denote its element corresponding
to useri. LetS C {1,---, K} be a user subset, aftibe its complement. We use; to denote the vector
that is extracted fromr with only elements corresponding to usersSnBy using the vector notation of
the channel input symbols, the compound channel set is &soted by{Pﬁ)X, o -,Py‘?{}.

We assume that the receiver is shared with the random cokgjgmeration algorithms and hence knows
the randomly generated codebooks of all users. Before packesmission, the receiver pre-determines
an “operation region’R = {(r, Py|x)}, which is a set of rate vector and channel realization paene
each entry ofr is chosen from the corresponding rate set, i:g.€ {rei, -, memt (K € {1,---, K}),
and Py x € {PS)X, - ,ny))(} Let (r, Pyx) be the actual realization of the transmitted rate vector and
channel pair. We assume that the receimégndsto decode all messages(if, Py|x) € R, andintendsto
report a collision if(r, Py x) ¢ R. Note that the actual rate and channel realizatiornPy| x ) is unknown
at the receiver. Therefore the receiver needs to make dasisvhether to decode messages or to report a
collision only based on the received channel symbols. Mpeeifically, in each time slot, upon receiving
the channel output symbolg, the receiver estimates the rate and channel pair, denqte{é,55y|x),
for all users. The receiver outputs the corresponding estichmessage and rate vector pair, ) if
(%,PY‘X) € R and a pre-determined decoding error probability requirgnie satisfied. Otherwise, the
receiver reports a collision. Also note that, whether theereer should recover the messages or report a
collision not only depends on the rates, but also dependeeanltannel realization. In other words, for the
same transmission rate vector, the receiver may be destgrteéte different actions for different channel
realizations. This is opposed to the conventional compathmhnel communication scenario where, if
a rate is supported by the system, the receiver should aldlegede the messages irrespective of the
channel realization.

Given the operation regiofR, and conditioned on thatw,r) is transmitted over channeby|x,
we define the following three error probabilities. The dengderror probability, for(w,r, Py|x) with

(r, Py)x) € R, is defined as

Petuwrpyy) = Pr{(i,7) # (w,r)|(w,r, Prix)}, Y(w,r, Pyx), (r, Pyx) € R. (1)

1The input distribution is assumed to be a function of the camication rate. In other words, different communicatioresamay correspond

to different input distributions.



The collision miss detection probability, fotw, r, Py x) with (r, Py|x) ¢ R, is defined as

pc(wv"'vPY\X) = ]' - P/r {“COIHSlon"

(w7, Pyx)} = Pr{(i,7) = (w,7)|(w, 7, Prix)},
V(w,’l",Py‘X),(’r‘,Py‘X) gR (2)

Note that in (2), when(r, Py x) ¢ R, we have excluded the correct message and rate pair estimati
from the collision miss detection event.

Let S C {1,---, K} be an arbitrary user subset. Assume that.s v < I(» p, x)(Xs; Y[ Xs) for all
(r, Pyix) € R, where X s denotes the channel input symbols of users in&eand X s denotes the
channel input symbols of users not in set/(, p,, ) is the mutual information function computed using
input distribution corresponding to rate vector(i.e., Px,) and channelPy|x. We define the system

error probabilityP,, as

P, = max max P, , max P. . 3
{(meyx»(nPyx)eR (OB (4,1, Py )P x ) ER (“’”"’P”X’} ®)

The following theorem gives an upper bound on the achievaypéem error probability?,,.

Theorem 1. ConsiderK-user multiple random access communication over a compdisuete-time
memoryless channe{P%?X,- PB(/"LIX}, where H < oo is a positive integer. LetP x|, be the input
distribution for all users and all rates. L& be the operation region. Assume finite codeword length

There exists a decoding algorithm, whose system error pititya P, is upper bounded by,

P,y < max max > Z(%’PY‘X)ER’(FSZTS SPNER(S, 7. 7, Prix, Prix)) )

(r,Py|x)ER Sc{l, K} -+ maX(r/’P{/‘X)ng:S:T.S exp{—NEZ(S, T, ’r"7 PY\X? P§//|X)}

max > > cmax  exp{—NE(S,r,r",Pyix,Pyix)} ¢, (4)
(7 Py 1X)FR Sc (17K} (r, Py x) R s =g TV ERTE=Ts |

WhereEm(S,'l",'f’,Py‘X,Py‘X) andEi(S,r,r’,Py|X,P§|X) are given by
E.(S,r 7 Py|X,Py|X) = max pZTk—F max —logzz H Pxjr (Xk)

<
0<p=l Y XgkeS

% (Z 1] Ple(Xk)PYX(WX)l_S) (Z 11 Pka(Xk)wa(Y\X)%) ,

X k¢S X k¢S
Ei(S,r,r/7Py‘X,P§‘X = max pzm—i— nax _IOgZZHPle (X%)

<1
O<ps kgS s1- Y Xskes

X (Z II PX|rk(Xk)PYX(Y|X)$) (Z I1 PXr;(Xk)P§|x(Y|X)) : (5)

X5 k&S X5 k&S
[ |

The proof of Theorem 1 is given in Appendix A.
When the compound channel is randomly generated at therbegibut remains static afterwards, one

can take codeword length to infinity to obtain the systemregrponent agv, = limy_, —% log P,.,. The



following lower bound on the achievable system error expbiie can be easily derived from Theorem
1.
Corollary 1: The system error exponent offa-user multiple random access system over compound

discrete-time memoryless channels given in Theorem 1 igidn@unded by

Es > min{ min min En(S, 7.7, Prix, Prix),
SC{1l, K} (r, Py x),(7,Py | x )ER,

min~ Ei(S,'I",’f',Pyx,py|X)}, (6)

Scl{qll}gK} (r, Py x)ER, (7 Py | x)¢R,
whereE,,(S,r,#, Pyx, Pyjx) and E;(S, r,#, Pyx, Py|x) are given in (5).

Compared with the error exponent derived in [3, CorollaryviZd can see that, even though the channel
stays static forever, the system still needs to pay a peiraltyror exponent performance for not knowing
the channel at the receiver

In both Theorem 1 and Corollary 1, we have assumed that thererdy a finite number of channels
in the compound set. Next, we will extend the result to theecaken the cardinality of the compound
channel set can be infinity.

We first assume that the the channels in the compound set gaartit@ned intoH classes, denoted by
{]—"(1>, e ,]—“(H)}, whereH < oo is a positive integer. For example, if the compound chaneetsntains
fading channels with continuous channel gains, one coulhtige the channel gains and define the set
of channels with the same quantization outcome as one chal@ss. We next assume that the receiver
should choose an operation regi@nto satisfy the following constraint for any rate vectoand channel
classF e {]—"(1>,-~-,}“(H)}.

C1: For any(r, F), either(r, Py\x) € R VPy)x € F, of (r, Py)x) € R VPyx € F. (7

We say(r, F) € Rif (r,Py)x) € R for all Py|x € F, and we say(r, F) € R otherwise.
For each channel class and for each channel output symBoland input symbol vectoX, we define

the following upper and lower bounds on the conditional piulity values yielded by channels i,

denoted byP’. (V|X) and P7. (Y |X),
F _ F N
Pmax(Y|X> —PS"I}?«}E{}_PY|X(Y‘X), Pmm(Y‘X) - P}{?}irel}-PY|X<Y|X) (8)

The following theorem gives an upper bound on the achievsypséem error probability.
Theorem 2. Consider aK-user multiple random access communication system overnapcond

discrete-time memoryless channel. Assume that the contpsenis partitioned intd{ classes, denoted

2\We assume that such a conclusion should be well known for dheemtional compound channel communication. However, rgenat

able to find a reference that made such a clear statement.
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by {]—“(1>, _ ,]—“(H)}, where H is a finite positive integer. Assume that the operation regRosatisfies

constraint C1 given in (7). The system error probabilty is upper bounded as follows.

P, < max{ max l max exp{—NE;S,r, v F,F)}
(r, F)ER SC{l-K} (r, FNE¢R,r's=rs

+ Z exp{—NEm(S,r,f“,}",f)} ,

(#F)ER,Fs=Ts

max Z max exp{—NE;(S,r,r" F, ]:')}] } ) (9)

(FFER g (1K} [(T,F)ER,TS:'FS (r".F)ER T s=T5

whereE,,(S,r,#, F,F) and E;(S,r, ', F, F') are given by

En(S,r, 7, F,F) = max pZﬁmL max _IOgZZHPle (X3)

0<p<1

k¢S Y XskeS
P
(Z LT P (X) P (V| X) P (VX)) ) (Z T Pxpi, (X) PrfaX(Y|X)§> :
X s keS X 5 keS
E(S,r, v, F,F) = max pZTk—F max logzz H P (Xk)
0<p<1 kS 0<s<1— Y Xahes
st+p 1-s
(Z H PX|7“k Xk Prfax(Y|X) mm(Y|X)é+p) (Z H PX|7~ Xk Prf;X(Y|X)) .
X s kZS X s k¢S

(10)

[ |
The proof of Theorem 2 is given in Appendix B. As shown in thegirthat, in order to make decoding
and collision report decisions, the receiver only needstoch over the finite number of channel classes

using statistics?” and P7._ defined in (8), as opposed to searching among all possibieneta

max min

[1l. INDIVIDUAL USERDECODING IN RANDOM MULTIPLE ACCESSCOMMUNICATION

In Section Il, we have assumed that the receiver either decatkssages or reports collisions &blr
users in the system. In practical applications, even thanghy users compete for the wireless channel, it
is common that the receiver may not be interested in recogenessages for all of them. In this section,
we show that the results obtained in Section Il can help tovelerror probability bounds in a random
multiple access system where the receiver is only intedesterecovering the messages from a user
subset. However, to simplify the notations, we will only s@er a special case when the communication
channel is known at the receiver, and when the receiver ig iotérested in decoding for a single user.
Generalizing the results to decoding for multiple usersr @reompound channel is straightforward.

Let the discrete-time memoryless channel be charactebygeBy | x, which is known at the receiver.

In each time slot, each user chooses a communication ratercates its message using the random



coding scheme described in Section II. The rate informas@hared neither among the users nor with the
receiver. We assume that the receiver is only interestegldovering the message for ugee {1,---, K'}.

We assume that the receiver chooses an operation régjosuch that if the transmitted rate vector
satisfiesr € R, the receiver intends to decode for ugerand if » ¢ R, the receiver intends to report
a collision for userk. It is important to note that, first, whether the receiverl Wi able to decode the
message of usef, not only depends on the rate of ugerbut also depends on the rate of other users.
Therefore, the operation rate regi@should still be defined as a set of rate veatpas opposed to the
rate of userk. Second, even though the receiver only cares about the ges$aiserk, the receiver still
has the option of decoding the messages for some other @igkis helps to improve the communication
performance of uset. This implies that, based upon the received symbols, theiveccwill essentially
need to make a decision on which subset of the messages dfmulelcoded.

Due to the above understandings, we first define an elemedésider, called the(D, Rp)-decoder”.
Given a user subséd C {1,---, K} and an operation rate regidRp, the “(D, Rp)-decoder” intends
to recover messages for usersTnwhile regarding signals from users not Th as interference, if the
communication rate vector is within the operation regidp. We define the following error probabilities
for a (D, Rp)-decoder. Conditioned on users In transmitting (wp, rp) and users not irD choosing
rate 5, let us denote the estimated messages and ratdsvbyrp) and 75 if the decoder does not
report a collision. We define the decoding error probabdityhe (D, Rp)-decoder fof{wyp, rp, r5) with

r € Rp as
Pe(’lUD,T‘D,T‘@) = PT‘{(’lAUD,’IA“D) # (’lUD,T'D)‘(’U)D,T'D,T'@)}, V(’U)D,T‘D,T‘@),T‘ c RD. (11)

We define the collision miss detection probability faop, rp, r5) with » ¢ Rp as

P.(wp,rp,rp5) =1 — Pr{“collision”|(wp, rp,r5)} — Pr{(wp, 7p) = (wp,rp)|(wp, rp,75)},

Y(wp,rp,r5), 7 € Rp. (12)

System error probability of théD, Rp)-decoder is defined by

P.o(D,Rp) = max{ max P.(wp,rp,T5), max P.(wp, rp, rD)} . (13)

(wp,rp,r5),"TERD (wp,rp,r5),r¢Rp
Given a finite codeword lengtly, the following lemma gives an upper bound on the achievajgteem
error probability of a(D, Rp)-decoder.
Lemma 1: The following system error probability bound is achievatde a K-user random multiple



access communication system over a discrete-time menssrglgannelP, x with an (D, Rp)-decoder,

P.y(D,Rp) <max{max » | Y exp{—NE,p(S,7,7)} + max exp{—NEqp(S,r,7")}|,
TERD $p ' ¢ Rp,

T € Rp, ’
T‘S:'I'S

Ts =Ts

Imax >, Y. max exp{~NEp(S,r,7)}¢,
SCcD reRp, :,giv"
s="s

rs =Ts

(14)
whereE,»(S,r,7) and E;p(S, r, ') are given by,

Enp(S,7,7) = max —p } 7+ max —log} > ] Pxp(Xi)

0<p<1
<P kED\S Y XskeS

X (Z II Per(Xk)P(Y\XDﬂ“D)l_S) (Z II Pka(Xk)P(Y\XD,%)%) :

Xp\s keD\S Xp\s k€D\S
Eqp(S,r,7') = 01233;1 —p Y. rp+ max . log > > TI Py (Xk)

0<s<1—
kED\S <= Y Xskhes

X(Z I1 Pxfk<Xk>P<Y\XD,rD>$> (Z I1 PX|T,;<XR>P<Y|XD,7~;5>) ,(15)

Xp\s keD\S Xp\s k€D\S

with P(Y| X p,r5) in the above equations defined as

P(Y|Xp,rp) =D [] Pxir(Xe)Prix (Y]X). (16)

X5 keD

Proof: Since the decoder regards signals from users nbt@s interference, given that users nofin
choose rate;5, the multiple access channel experienced by usefsigcharacterized by (Y| X p, r5) as
specified in (16). The system can therefore be regarded aglammamultiple access system witR| users
communicating over a compound channel characterized bgeheP (Y| X p,r5)|Vrs}. Consequently,
Lemma 1 is implied directly by Theorem 1. [ |

Next, we will come back to the system where the receiver iy amierested in the message of user
k. We assume that for each user suliBeC {1,---, K} with k € D, the receiver assigns an operation
regionRp C R for the (D, Rp)-decoder. That is, if the transmission ratsatisfiesr € Rp, the receiver
intends to use théD, Rp)-decoder to recover the message of uselt is easy to see that we should
have,

R = U Rop. (17)

D:DC{1,, K}, kED

Assume that the receiver (single-user decoder) carriesabbuhe (D, Rp)-decoding operations. The

receiver outputs an estimated messagdor userk if at least ongD, Rp)-decoder outputs an estimated
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message, and all estimation outputs of i Rp)-decoders for usek are identical. Otherwise, the
receiver reports a collision for usér

Let the transmitted rate vector be and the transmitted message of ugebe w,. We define the
decoding error probability?, (w;, ), the collision miss detection probabilit§,(w;,r) and the system

error probability P,, as follows,
Pe(wk, ’l") = Pr {(’LZJk, f’k) 7é (wk, rk)|(wk, T‘)} ,V(wk, ’l"), r e R,

(wg, m)} — Pri{(y, 7r) = (wg, i) (wg, )}, V(wg, 7), 7 ¢ R,

P, = max max P.(wg,r), max P.(w,T)y. 18
{(wk,r),reR ( k )(wk,r),r¢7€ ( k )} ( )

P.(wg,r) =1 — Pr{“collision”

The following theorem gives an upper bound on the achievsygéem error probability of the single-user
decoder.

Theorem 3. Consider akK-user random multiple access system over a discrete-tinmeanydess chan-
nel Py x, with the receiver only interested in recovering the mesdsag userk. Assume the receiver
chooses an operation regi@ Let ¢ be an arbitrary partitioning of the operation regi@nsatisfying

R = U Rop,

D:DC{L,,K},kED

Rp NRp=¢,¥D, D' C{1,---,K},D'#D,ke D,D. (19)
System error probability of the single-user decoder is uoeinded by,
Po<min Y. Pu(D,Rop), (20)
D:DC{1,-- K}, keD
where P.,(D, Rp) is the system error probability bound of thi®, Rp)-decoder, and can be further
bounded by (14)m
Proof: Because gD, Rp)-decoder can always choose to report a collision even if it dacode
the messages, its system error probability can be improyeshlinking the operation regioRp. This
implies that the receiver of the random access system shgastition its operation regiofk into Rp
regions that do not overlap with each other. In other worgislacing (17) by (19) will improve the system
error performance. The rest of the proof is implied by Lemma 1 [ |
Note that the system error probability bound provided in dreen 3 is implicit since the optimal
partitioning schemer that maximize the right hand side of (20) is not specified. Tal fihe optimal
partitioning, one essentially needs to compute every sibgim on the right hand side of (20) and (14)
for all rate options and all user subsets. Because bth(S,r,7) and E;p(S,r,7’) defined in (15)
involve the combinations of two user subsets and two ratéove®cthe computational complexity of

finding the optimal partitioning scheme@((2M)2K).
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I[V. CONCLUSIONS

We investigated the error performance of the random meligicess system over a compound discrete-
time memoryless channel. An achievable bound on the systemn grobability was derived under the
non-asymptotic assumption of a finite codeword length. Wangldl that the results can be extended to
the random multiple access system where the receiver isiotdyested in decoding messages for a user

subset.

APPENDIX
A. Proof of Theorem 1

We assume that the following decoding algorithm is used atréteiver. Given the received channel
output symbolsy, the receiver outputs a message and rate vector (pair) together with a channel
realization Py;x such that(r, Py|x) € R if the following condition is satisfied, for all user subsets
Sc{l,- - K},

1

—NlogPr{ykv (wr), Prix} < —NlogPr{yLr @,7) 5 PY|X}7
for all (@,%,Py‘x), (’lbg,’f's) = (’lUS,T'S), (’(Ijk,fk) # (wk,rk),Vk ¢ S,
and (w, 7, Py x), (w 7, Pyix) € R(s.y), With

{ (w,7, Py x (T7PY|X) €R, —NIOgPT{y@(w,f«),PwX} < T(f,ﬁyx,s)(y)}7 (21)

where 7'(,;,715Y‘X7S)(-) is a per-determined typicality threshold function of theaichel output symbolg,
associated with the rate and channel realization pair’y x) and the user subsei. If there is no
codeword satisfying (21), the receiver reports a collisibm other words, for a givers, the receiver
searches for the subset of codewords with likelihood valaeger than the corresponding typicality
threshold. If the subset is not empty, the receiver outpugsdodeword with the maximum likelihood
value as the estimate for this giveh If the estimates for al§ C {1,---, K'} agree with each other, the
receiver regards this estimate as the decoding decisioroatmlits the corresponding decoded message
and rate pair. Otherwise, the receiver reports a collidiwte that in (21), for giveis and w, r), we only
compare the likelihood value of codeword vectoe, .y with those of the codeword vectors satisfying
(ws,Ts) = (ws, Ts), (Wg, Tr) # (Wi, 1), Vk ¢ S. We will first analyze the error performance for each
user subsef and then derive the overall error performance by taking thieruover allS.

Given a user subs& C {1,---, K}, we define the following probability terms.

First, assumgw, r) is transmitted over channdby x, with (r, Py x) € R. Let Byjr,py x.8] be the

probability that the likelihood value of the transmitteddeavord vector over the channél, x is no
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larger than the corresponding typicality threshold,
Pt[r,Py‘X,S] _ py {P(y|:v(w,r), Py|X) < e—NT(r,Py\x,s)(y)}_ (22)

Define P -5 as the probability that the likelihood value of the transedtcodeword vector
m[(Tv‘PY\X)v(rvPY\X)vS]
over the channel realizatiofy|x is no larger than that of another codewdrd, ) with (ws, 7 s) =

(ws,rs), (Wg, 1) # (wy, 1), Vk ¢ S, over channelPy x with (7, Py;x) € R,

Pm[(r,Py‘X),(iﬂ,ﬁy‘X),S} = Pr {P(y‘w(w,r% Pyix) < P(ylz @, pYIX)}
(w, 7, Pyix), (7, Py|x) € R, (Ws, Ts) = (ws,Ts), (W, %) # (wp, 73,), Yk ¢ S. (23)

Second, assume thab, ) is transmitted over channél x, with (7, Py|x) ¢ R. DefineFy 5, (v pyx0.8
as the probability that the decoder finds a codewfud ) with (ws,rs) = (Wws,Ts), (wg, 1) F#
(g, 7r), Yk & S, over channelPy x with (r, Py|x) € R, such that its likelihood value is larger than the

corresponding typicality threshold,

—NT T, N (y)
Pi[('?’,]-:’y‘x),(r,Py‘X),S] = Pr {P(y|$(w,r)>PY\X) >e s }»

(’LU,T‘, Py|X), (’l", Py|X) c R, (’U)S,T'S) = (11)5,7*5), (wk,rk) # (ﬁ)k,fk),Vk ¢ S. (24)

With the above probability definitions, by applying the umibound over allS, we can upper-bound

the system error probability by

P.. < max MAX (7, Py x)eR 2o8C{1,,K} | Pir,Pyx,8] 1 Z(?,ﬁy‘x)eR,fS:rg Pm[(r,PY‘X),(?',}sy‘X),S]] L (25)
B MAX G f YER 2uSC{L K} 2o(r, Py x)ER, s =irs Li[(#. By x):(r Py x):S]
Next, we will derive individual upper-bounds for each of fx®bability terms on the right hand side of
(25).
Step I: Upper-boundinng[(T,PY‘X)v(ﬂPY‘X%S}
Denote £, as the expectation operator over random varigbkehich is defined in Section Il. Conse-

quently, given(r, Py x), (’f‘,ﬁy‘x) €R, Py s defined in (23) can be rewritten as

T7PY\X)7(7~“7}5Y\X)7
Pm[(r,PY‘X),(?',}}Y‘X),S] = Ly l; P(y|5’5(wm)v PY|X)¢m[(r,PYX),(%,}5YX),S](Zl)} ) (26)

Whereo,, . m. ). .2y x0.5(¥) = Lif P(Y|Z(wr, Prix) < P(y|x @, Prix) for some tripletw, #, Py x)
with ('f‘, py‘x) € R, (’11)5, 77'5) = (’LUS, ’I“S), (’LZJk, fk) 7é (wk, Tk), vk ¢ S. OtherWiseQSm[(T’PY‘X)’(,;,sz‘X)751(y) =
0. We can upper-boundm[(mPY‘X),(,;,py‘x)751 (y) for any constant® > 0 ands > 0 as follows,

S

Prnf(r, P 7Py 1x0).51(Y) < 5
[( ’ Y\X)v( > Y\X)’ } P(y‘w(wﬂ-),PY‘X)p

~ sqP
Zﬁ),(ﬁ)g,fg):(wg,rs),(zbkik);é(wk,rk),Vk¢8 P(y|$(zb,i~)7 PY|X)”] . 27)
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Substituting (27) back into (26) gives,

Pm[(r,Py‘X),('F,Py‘X),S] < Ey [Xy: Pyl @, Prix)

S

P(y|x@wr), Prix)?
= > FEos [Eeg [P(y|m(w,r)>PY|X)1_s}
Yy

~ 2707
qu,(fus7%$)=(w$,7»5)7(wk,fk)¢(wk,rk),v1c¢s P(y‘w(ﬁ),f-% PY\X) ”]

XE@S_

> P(y|z(am, Prix)” ” .(28)

1177(11’:5 7(;‘3):(’“75 77'3)7(u~]k 7Fk)7é(wk 7rk)7Vk¢S

The second step in (28) is due to the independence betweerotiesvords corresponding tavs, r3)

and (ﬁ)g, ’f*g).

With the assumption off < p < 1, we can further boundDm[(T,PY‘X)v(ﬁpy‘X),S} by

1-—s
Pm[(r,Py‘X),(i",ﬁy‘X),S} < ;Ef)s {EGS’ [P(y|m(wm)=PYlX) }

XE@E

P
P(y‘w(ﬂ),ﬁ), PYX)%] ]

1])7(1])57/?'8):(1”877“8)

< 6Np2k¢8 i Z Eog [EOS' [P(y|m(w,r)v PYlX)l_S} EQS' Hp(ykv(’a’i')’ pY‘X)%]pH ’ (29)
Yy

It is easy to verify that the bound in (29) holds for @l p < 1 ands > 0, and becomes trivial for

s > 1. Consequently, (29) gives the following upper bound,

P

ml(r,Py|x),(7,Py| x),5] < exp {_NEm(Su r,T, PY|X7 pY|X)} ) (30)
where E,,(S,r, #, Prx, Pyx) is specified in (5).
Step 11: Upper-bounding?, p, » ]

Given that(r, Py|x) € R, we can rewritePt[r,pY‘X,s}, defined in (22), as follows,
Pyr.py x5 = Eo lz P(Y|Twr), PY|X)¢t[r,Pyx,S](y)] ; (31)
Yy

where ¢t[r’PY‘X’S}(y) = 1if P(y|®wr, Prix) < e_NT“"’PY\X’S)(y), otherwisegbt[,.,pymg](y) = 0. Note
that the value ofr(,,,py‘x,s) (y) will be determined in Step IV. Similarly, we can boumq,,qvpy‘x,s}(y), for

any s; > 0, as follows,

e—NslT(r,PY‘X,S)(y)

(32)

Pt Py x. < _
tlr,Py|x S}(y) P(y|:c(w7r),Py|X)s1
This yields,
—s; —Nsi7(p
Pir.pyixs) < Eo [Zp(y\w(w,rwpyx)l g ’Pyxﬁ)(y)l
Yy

= D _FEos [Eeg [P(’y|$(w,r), PY|X)1_81} e_NS”“’PY\X’S)(y)] : (33)
Y
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Step I11: Upper- BoundlngP [(7, Py x),(r, Py x),S]
Given+ ¢ R andr € R, we rewrlteP[(r Pyix),(r,Pyx),5] @S

P, By x0).r Py ix0).8) = Lo ;P(ykc(ﬂ,;« PY|X)¢[(i~,ﬁy‘x),(r,PY‘X),S](y) ; (34)

where ¢ 1.s(y) = 1 if there exists a tripletw, r, Py|x) with (r, Py|x) € R, (ws,Ts) =

[(%7ﬁY\X)7(r7PY\X ’
(ws,Ts), and (wg,7,) # (W, 7x) for all & ¢ S, such thatP(y|x ., Prix) > Ny W) g
satisfied. Otherwisep; 5, ) (r,ry x).s1(¥) = 0.

For anys, > 0 andp > 0, ¢[(7;7py‘x)7(T,PY‘X)7S](y) can be bounded by,

2P
Yow,(ws,rs)=(ws,Fs),(wk, ri) (1 7y VRES P(Y|T ), Prix)7
gb[(f'vﬁY\X)7(7'7})Y\X)7S](/'y> S 6—N T(r, PY\X S)( ) ’ (35)
Substituting (35) into (34) yields,
Ns T(r, 8 ()
F;
52
X [ Z P(y|x@w,r), Pyix) P] . (36)
w,(ws,rs)=(Ws,Fs)
The independence betweéwgs, rs) and (wg, 75) allows us to rewrite the above bound as
5 NsaT(r, 5 ()
PZ'[('F,}SY\X)y(rvPY\X),S} S ;E@S |:E9§ {P(y‘w(@’f)7py‘x>:| e 27( PY\X S)
p
52
X Eig > P(y|®@w,r), Pyix)7 ] : (37)
w,(ws,rs)=(Ws,7s)
With the assumption off < g < 1, the inequality in (37) becomes
LGN NNC RPN, I Zy:Ees | Eos | P(ylzam, Prix)]
% F, {[ (y|:vwr Py|X) ”P Ns2T(r, Py | x.5)(¥) NP hgsTh
< Eo. |Eo. |P(yl@ i w1, P}
- P)’,;r)lg%mfszrsg Os [ 0s [ (y|m( ) Y‘X)}
xEog {[ (Y] o), Prix) 7 ”p Nt rx 9 WNP Lugs ™| - (38)

Note that the upper bound in (38) is no longer a functiori7ef, J5Y|X).

Step 1V: Choosingr, p, x.5)(Y)

The value Of’T(mPY‘X’S)(y) can be determined by jointly optimizing the bounds in (33§ 4B8).
Consequently, giverir, Py|x) € R, y and auxiliary variables; > 0, s, > 0, 0 < p < 1, we choose

TPy ix.5)(Y) such that the following equality is satisfied,
—s —Ns17(p
EBS- |:P(y|m('wﬂ")7 PY|X>1 1:| e L va‘X,S)('!/)

= Eeg {P(y‘w('zb*,fl*),P;;‘X)} X EOS {[ (y\w(wr Py‘X)_]}peNSQT(" Py x-S) Y NkaQES . (39)
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where (7", Py, x) is defined a%

(%*,P{ﬁx) = argmax ZEQS [Egg {P(y\m(w/,rz),P{/‘Xﬂ

(r' P ERTs=rs g

X Fg { [P(y|$(w,r)7 Py|X)872} }ﬁ NPT Py S W) NOY s ’"k} . (40)
Finding a solution for (39) is always possible since that kb hand side of (39) decreases with
T(.Pyix.5)(¥), While the right hand side of (39) increases with p, . s)(y). This yields the desired

typicality threshold, denoted by, ( ), which gives

o Pt B} 5 [l P

{Eeg {P(mw(wm)» PY\X)l_sl} }ﬁ
<N R (41)

_NT(*"'A,Py‘X A,S)(y) —

Substituting (41) into (33), we get

S1

Prrvixs) < 2 Fos {EOS [P<y‘w(w”")’Py‘X)l_81};T2w {EOS [P('y|$(ﬂ:*,f"*)vP;IX)}}SH%
Yy

.51+62 6N51+32 Zke{s ] (42)
55

x Eg {[P(ylw(w,rw Prix) 7|}

—S2

— 2 and then do a variable change W]dih: L ~_ 5o ands =1 — p_(l_p)SQ.

Let s, < pands; =
Consequently, inequality (42) becomes,

max eNpZWS " {ZZ H Pxip, (X&)

Pt[7'7PY\X 78} S

(v, P}’,‘X)iR,?"ig:?"s Y XakeS
s+p 1-s) NV
X (Z IT Pire (Xi) Prix (Y |X>ﬁ) (Z [T P, <Xk>P{/|X<Y|X>) } (43)
X5 keS X5 keS

Similarly, we can obtain the same upper bound}Fg(ﬁpy‘x)vmpy‘x),s} as given at the right hand side of

(43). Since (43) holds for ald < p <1 and0 < s <1 — p, we have

max eXp{—NEi(S,T,r’,PwX,P{qX)}, (44)

Pt[T’PY\X’S}’ Pi[(';'vPY\X)v("'vPY\X)vS] S (v, P! )gR,T/S:T'S

Y|X

WhereE,-(S,r,r’,PY|X,P{/|X) is given in (5).
By substituting (30) and (44) into (25), we get the desireslilte

3Although the notation ofiv* is used in (39), the result is actually invariant to any chaié the message vector.
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B. Proof of Theorem 2

We assume that the following decoding algorithm is used atréteiver. Given the channel output
sequencey, the receiver outputs a message and rate vector(pair) together with a channel class

such that(r, ) € R if for all user subsetS C {1, ---, K}, the following condition is satisfied,

1 1 -
_NlogPr {y\w(wr ,Pmm} < —NlogPr {y\w (ib,7) Pmax},
for all (’lb,’f‘,ﬁ) (’lbg,’f's) = (’lUS,T'S), (’(Ijk,fk) # (wk,rk),Vk ¢ S,

and (w,r, P ), (w, 7, rr ) € R(s,y), With

Risy) = {(w’ﬁ’P]:”(,f.’JT_') €R, —%Pr {y|w('&m‘)>Pﬁ} < T(%,Pf;',S)(y)}v (45)
Wherer PP 5)( ) is the typicality threshold function. Again, we will first alyze the error performance
for each individualS and then derive the overall error performance by taking theruover allS.
For a given user subsé& C {1,---, K}, the following probability terms are defined.
First, assume thatw, r) is transmitted over channél x € F, with (r, ) € R. Let Pyr 7.Py x.8] be
the probability that the likelihood value of the transmitteodeword vector calculated usirgy,, is no

larger than the corresponding typicality threshold,

Pt[r,}',PY\x75] =Pr {P(y|w(w,r)> Pmln) < c e £ S)(y)} ’ (46)
Define P, 7) .7).p, x,5) @S the probability that the likelihood value of the transedtcodeword vector
calculated using?’.

min

(wg, 1), Vk ¢ S, calculated using?”, . with (7, F) € R,

max

Pm[(r,]—'),(f",f),Py‘X,S} = Pr {P(y|m(’w,?“)7 Pmln) < P(y|m(’w"' Prfax)}
(w, 7, F), (7, F) € R, (ws, 7s) = (ws, rs), (W, i) # (Wi, 11,),Vk ¢ S. (47)

is no larger than that of another codewetd, ») with (ws, 7s) = (ws, rs), (Wk, T) #

Second, assume th@b, #) is transmitted over channék x € F, with (#, F) ¢ R. DefineP B3 7),(r 7). Py 1x,5]
as the probability that the decoder finds a codewgud ) with (ws,rs) = (Wws,Ts), (wg, 7%) F#
(wg, ™), Vk ¢ S, over channel clasg with (r, 7) € R, such that its likelihood value calculated using
PZ. is larger than the corresponding typicality threshold,

(Pfs

By 2),007), Py o8] = LT {P (Yl Paw) > T )(y)}v
(w,r,F),(r,F) € R, (ws,rs) = (Ws, Ts), (Wi, ) # (W, ™), Vk & S. (48)
Consequently, the system error probabiliy, can be upper-bounded using the above probabilities
terms as follows,

MaX(r, Py x):Py | x €F,(r,F)ER ZSC{L"',K} [Pt["’f,PY\x,S}

P.. < max (49)

+ 25 Ferismrs b m[(r,f),(?-,]}),Py‘X,S]} ;

MaX (5 By x):Py | x €F,(7,F)gR 28 {1, K} [Z(r,F)eRmszv‘s Pi[(?‘,]:'),(r,F),Py‘X,S]}
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Note that we have used the union bound over all user sulSseisobtain the probability bound in (49).
Next, we will derive individual bound for each of the prodagiterms on the right hand side of (49).

A derivation similar to (26)-(30) in Appendix A gives the uppbound onP, . r i 7 Pyixss) 8Ss
Paiirr) 0.7 < e S Bog [Bog [Pl Pri) Pyl Pl ]
m[(r,F),(7,F), Py x,S] = 0s |05 YT (w,r); LY X ) T\Y|[L(w,r)) Lmin

x |Eos [P (ylmﬁ,; Pn];—ax)éﬂp}
< exp{=NE.(S,r,# F, F)}, (50)

where E,,(S,r,#, F, F) is given in (10). Note that the second inequality in (50) i® da the fact that
P(y|x@wr), Prix) < P(Y|T @, PZ ), and the right hand side of (50) is not a functionaf x .

Similarly, by using the same bounding techniques as in (33)-and (34)-(38) in Appendix A, we can
upper boundPt[,.f,pY‘X,S] for any s; > 0 by,

min

s —Ns Tir, (v)
Pirrpvixs) < ZE@S |:E08 {P(y\w(w,r),Py‘X) (Y] () PI )™ 1} P CH ) }
Yy

< ZEOS {Eos [Py 19> Pos) Pyl o s Pi) ™| o Ve pE, s>(y)}7 (51)
and upper bound ;. 7 (. =) Py ix:S] for any s, > 0,0 < p <1 by,

Pi[(i',f),(r,f),ﬁy‘x,s} < ;Ees [EQS [ (y|m w,7)) PY|X)}

erg{{P(y|w(wm),P£n)%”ﬁ 6N527< PF 5 NP s e

< max > FEag, [Ees [ (Y] ), Prfz;x)}

(r', FNER,rs="rs "

XEOE { [P(y\w(wm), Prin>s%} }P 6N82T(T’P£in’s)(y)eNﬁ Zkgs | (52)

Note that the upper bound given in (51) is not a functionfx. Similarly, the bound in (52) is not a

function of Py|x.
Optimization of the typicality threshold, »» s can be carried out using the similar technique as

min’

introduced in (39)-(41) in Appendix A. By substituting thptonal T(w.P%, .S) into (51) and (52), we get

Pt[r’f’PY‘X’S}’ Pi[(';'vﬁ)v('f',.r)vPY\X,S} S (7'/7]:/)1,;17%7}5"{5:?"3 eXp {—NEZ (87 r’ Tl? F’ ‘F,)} ) (53)

where E;(S,r,r', F, F') is given in (10).
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Combining (50), (53) and (49), we obtain

P, < max max max exp{—NE;(S,r,7 F,F
- (r,Py|x):Py|x €F,(r,F)ER SC{lX,-;-,K} [(r’,f’)&R,ré:rs p{ ( )}

+ Y e {-NES,r7F P},

(7 F)ER Fs=Ts

i ‘max i max exp{—NE;(S,r,v, F,F)}| ; (54)
(%,Py‘x)ZPy‘XG_F,(’T",f)¢R SC{;,K} (r7f)€;,1‘8:’?'8 (7'-’7]:/)¢R,T‘ZS:7'$

Since the upper bounds given in (50) and (53) are not funstadnndividual channels (but functions of
channel classes), the right hand side of (54) can be sinmplifiehe right hand side of (9).
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