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Abstract

This paper extends linear-complexity concatenated cagtthgmes to fountain communication over the discrete-
time memoryless channel. Achievable fountain error exptstor one-level and multi-level concatenated fountain
codes are derived. Several important properties of theatenated coding schemes in multi-user fountain com-

munication scenarios are demonstrated.
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I. INTRODUCTION

Fountain communication [2][3] is a new communication moplelposed for reliable data transmission
over erasure channels. In a point-to-point fountain compation system, the transmitter maps a message
into an infinite sequence of channel symbols, which expedembitrary erasures during transmission.
The receiver decodes the message after the number of récgimebols exceeds certain threshold. With
the help of randomized coding, fountain communication eods the same rate and error performance
over different channel erasure realizations correspantiinan identical number of received symbols.
Under the assumption that the erasure statistics is unkmbwhme transmitter, communication duration in
a fountain system is determined by the receiver, rather Hyathe transmitter.

The first realization of fountain codes was LT codes intraduby Luby [4] for erasure channels. LT
codes can recovdrinformation bits fromk+O (\/Ean(k/é)) encoded symbols with probability—¢ and
a complexity ofO(kIn(k/¢)), for anyé > 0 [4]. Shokrollahi proposed Raptor codes in [5] by combining
appropriate LT codes with a pre-code. Raptor codes can eeéomformation bits fromk (1 + ¢) encoded
symbols at high probability with complexit@ (klog(1/€)). LT codes and Raptor codes can achieve
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optimum rate with close to linear and linear complexity,pedively. However, under a fixed rate, error
probabilities of the two coding schemes do not decreaserexially in the number of received symbols.
Generalization of Raptor codes from erasure channels t@rypsymmetric channels (BSCs) was studied
by Etesami and Shokrollahi in [6]. In [7], Shamai, Telatad a/erdi systematically extended fountain
communication to arbitrary channels and showed that fourdapacity [7] and Shannon capacity take
the same value for stationary memoryless channels. Adbiigyeof fountain capacity was demonstrated
in [7] using a random coding scheme whose error probabilgrelases exponentially in the number of
received symbols. Unfortunately, the random coding scheamsidered in [7] is impractical due to its
exponential complexity. While the question on whether exguial error probability scaling law can be
achieved by linear complexity fountain codes remains offemspecial properties of fountain codes have
attracted many research efforts on applying fountain gpdapractical communication scenarios such
as relay communication [8], OFDM system [9], video broatiogs[10], data collection [11][12], error
protection [13][14], and networking [15][16], etc.

In classical point-to-point communication over a discitge memoryless channel, it is well known
that Shannon capacity can be achieved with an exponential probability scaling law and a linear
encoding/decoding complexity [17][18]. The fact that coomtation error probability can decrease expo-
nentially in the codeword length at any information rateolethe capacity was firstly shown by Feinstein
[19]. The corresponding exponent was defined as the errasnexp. Tight lower and upper bounds on
error exponent were obtained by Gallager [20], and by ShanGallager, Berlekamp [21], respectively.
In [22], Forney proposed a one-level concatenated codihgmse that combines a Hamming-sense error
correction outer code with Shannon-sense random innernehaodes. One-level concatenated codes
can achieve a positive error exponent, known as the Formeysnent, for any rate less than Shannon
capacity with a polynomial complexity [22]. Forney’s coteaated codes were generalized by Blokh and
Zyablov [23] to multi-level concatenated codes, whose maxn achievable error exponent is known as
the Blokh-Zyablov error exponent. In [17], Guruswami andylk introduced a class of linear complexity
near maximum distance separable (MDS) error-correctiaesoBy using Guruswami-Indyk’s codes as
the outer codes in concatenated coding schemes, achigvalbiForney’s and Blokh-Zyablov exponents
with linear coding complexity over general discrete-timemoryless channels was proved in [18].

In this paper, we show that classical concatenated codimgnses can be extended to fountain commu-
nication over the discrete-time memoryless channel toexehpositive fountain error exponent (defined
in Section Il) at any rate below the fountain capacity withneér coding complexity. Note that, given the

success of linear complexity concatenated coding schemeks$sical communication systems [17][18],



the idea of extending the concatenated coding frameworkudathin communication is indeed a natural
one. However, such an extension has not yet been rigoronggstigated in the literature. Part of the
reason is that, with the channel-dependent communicagiogtt in fountain systems, error performance
analysis in the concatenated coding scheme is very chatignghe key contribution of this paper is the
derivation of the achievable error exponents for one-larel multi-level concatenated fountain codes,
as presented in Theorem 2 and Corollary 2. We show that threse exponents are close in value to
(but are not equal to) their upper bounds, which are Fornexfmnent [22] for one-level concatenation
and Blokh-Zyablov exponent [23] for multi-level concatéon, respectively. Furthermore, we show that
concatenated fountain codes possess several importgmerpes useful for network applications. More
specifically, when one or more transmitters send commonmmtion to multiple receivers over discrete-
time memoryless channels, concatenated fountain code®ftam achieve near optimal rate and error
performance simultaneously for all receivers even if theereers have different prior knowledge about
the transmitted message.

The rest of the paper is organized as follows. The fountamroanication model is defined in Section Il.
In Section Ill, we introduce the preliminary results on randfountain codes, which are basic components
of the concatenated coding schemes. One-level and mudti-tencatenated fountain codes are introduced
in Section IV. Special properties of concatenated fountaithes in network communication scenarios are
introduced in Sections V and VI. The conclusions are giveiséation VII. We use natural logarithms

throughout this paper.

[I. FOUNTAIN COMMUNICATION MODEL

Consider the fountain communication system illustratedrigure 1. Assume that the encoder uses
a fountain coding scheme [7] with/ codewords to map the source message {1,2,---,W} into
an infinite channel input symbol sequen¢e, i, z.o,---}. Assume that the channel is discrete-time
memoryless, characterized by the conditional point masstion (PMF) or probability density function
(PDF) py|x(y|z), wherez € X is the channel input symbol witlt’ being the finite channel input
alphabet, ang € ) is channel output symbol witly being the finite channel output alphabet, respectively.
Assume that the channel information is known at both the @aicand the decoderThe channel output
symbols are then passed through an erasure device whichagenearbitrary erasures. Define schedule
N = {i1,is,---,%n} @s a subset of positive integers, wh¢hé| is its cardinality [7]. Assume that the

erasure device generates erasures only at those timedastaat belonging to schedulé. In other words,

1The case when channel information is not available at thedsrcwill be investigated in Section VI.



only the channel output symbols with indicesAf, denoted bWy, ; Yuwi,, - - *s Yuwipy, 1» Are observed by
the receiver. The schedul¥ is arbitrarily chosen and unknown at the encoder.

Rate and error performance variables of the system are defisdollows. We say the fountain rate
of the system isR = (logW)/N, if the decoder, after observingV| = N channel symbols, outputs an
estimatew € {1,2,---,W} of the source message based {0, Yuwiy, ** * » Yuwij, } @nd N. Decoding
error happens whety # w. Define error probability?, (V) as,

P.(N)=max sup Pr{w # wjw,N}. 1)
WONJN|ZN
We say a fountain rat& is achievablef there exists a fountain coding scheme wiittny .., P.(N) =0
at rate R [7]. The exponential rate at which error probability vamishs defined as the fountain error
exponent, denoted b (R),
Er(R) = lim —%logPe(N). 2

N—oo
Define fountain capacit¢ as the supremum of all achievable fountain rates. It was shoW7] thatCr
equals Shannon capacity of the stationary memoryless ehadate that the scaling law here is defined

with respect to the number oéceivedsymbols.

[1l. RANDOM FOUNTAIN CODES

In a random fountain coding scheme [7], encoder and decddee s fountain code librarg = {Cj :
0 € ©}, which is a collection of fountain codebook$ indexed by a se®. All codebooks in the library
have the same number of codewords and each codeword hasraie infimber of channel input symbols.
Let Cyp(w); be thej* codeword symbol in codebodk, corresponding to message for j € {1,2,---}.
To encode the message, the encoder first selects a codebasnbyatingy according to a distribution
¥, such that the random variables, ; : ¢ — Cy(w); are i.i.d. with a pre-determined input distribution
px [7]. Then the encoder uses codebadk to map the message into a codeword. We assume that the
actual realization of) is known to the decoder but is unknown to the erasure devieerefore channel
erasures, although arbitrary, are independent from thelmmuk generation. Maximum likelihood decoding
is assumed at the decoder given the knowledge of the codebob&dule, and channel information [7].
Due to the random codebook selection, without being camd#il ond, the error probability experienced
by each message is identical. Therefore, the error prabalil(/N) defined in (1) can be written as
follows [7],

1
P.(N)=max sup Pr{w#wlwN}= sup — > Pr{w+#wlw, N} (3)
Y NNEN NN N W5



Theorem 1: Consider fountain communication over a discrete-time mgtass channepy|x. Let Cr
be the fountain capacity. For any fountain rate< Cr, random fountain codes achieve the following

random-coding fountain error exponent
Ep.(R) = max Err(R, px), (4)
where Erp (R, px) is defined as

Erp(R,px) = ax {=pR+ Ey(p,px)},

(1+p)
Eo(p, px) 10%2 <ZPX T)Py|x y|$)1+”> . (5)

If the channel is continuous, then summations in (5) shoelddplaced by integrals

Theorem 1 was claimed implicitly in, and can be shown by, ttepof [7, Theorem 2].

Er.(R) given in (4) equals the random-coding exponent of a classimamunication system over
the same channel [20]. For binary symmetric channels (BSSis)e random linear codes simultaneously
achieve the random-coding exponent at high rates and thergagqed exponent at low rates [24], it can
be easily shown that the same fountain error exponent iseable by random linear fountain codes.
However, it is not clear whether there exists an expurgatiperation, such as the one proposed in [20],
that is robust to the observation of any subset of channglutsit Therefore, whether the expurgated
exponent is achievable for fountain communication over @ega discrete-time memoryless channel is

unknown.

IV. CONCATENATED FOUNTAIN CODES

Consider a one-level concatenated fountain coding schins¢rated in Figure 2. Assume that source
messagev can take|exp(NR)| possible values with equiprobability, whefeis the targeted fountain
information rate. Assume that the communication termmaféer N channel output symbols are observed
at the decoder. The one-level concatenated fountain cau®sts of an outer code and several inner codes.
The encoder first encodes the message using the outer codmiuter codewords,, &, - - -, {n, }, With
N, outer symbols, each belonging to a finite field of approprsate. We assume that the outer code is a
linear-time encodable/decodable near MDS error-cooaatbde of rate-, € (0,1]. That is, at a fixed,
and asN, is taken to infinity, the outer code can recover the sourcesagesfrom a received codeword
with dN, symbol erasures antV, symbol errors, so long a& +d < (1 —r, — (y), Where(, > 0
is a positive constant that can be made arbitrarily smale €hcoding and decoding complexities are

linear in the number of outer codeword length. An example of such linear complexity error-correction



code was presented by Guruswami and Indyk in [17]. Each aymbol¢, (k € {1,---, N,}) can take
{exp (Nﬁ TE)J possible values.

We use a set of random fountain codes described in Sectias the inner codes, each wittxp(N; R;) |
codewords, wheréV, = Nﬁ and R, = %. To simplify the notations, we have assumed thatand N,
are both integers. We also assume thgt> N; > 1. The encoder then uses these inner codes to map
each outer symba{, into an inner codeword, which is an infinite sequence of cehmput symbols
{zk1, 1o, - - -}. The inner codewords are regardedNyschannel input symbol queues, as shown in Figure
2. In each time unit, the encoder uses a random switch to piekiner code and sends the first channel
input symbol in the corresponding queue through the chaasehodeled in Section Il. The transmitted
symbol is then removed from the queue. We @ge index the realization of the compounded randomness
of codebook generation and switch selection. Céi)(gk)j be the;* codeword symbol of thé!" inner
code in codebook!", corresponding t@;. Let Z,4 € {1,---, N, } be index of the queue that the random
switch chooses at th&" time unit for/ € {1,2,---}. We assume that indeX is generated according
to a distribution?y such that random variables, ., ; : ¢ — C(gk)(gk)j are i.i.d. with a pre-determined
input distributionpy, random variabled; : 6 — 7,5 are i.i.d. uniform,z, ., ; and I; are independent.
The decoder is assumed to know the outer codebook and theliboalges of the inner codes. We also
assume that the decoder knows the exact codebook used foimese code and the exact order in which
channel input symbols are transmitted.

Decoding starts aftev = N,N; channel output symbols are received. The decoder firstilulists
the received symbols to the corresponding inner codes.madbat, fork € {1,---, N, }, zV; channel
output symbols are received from thé& inner code, where;, > 0 and z;, N; is an integer. We term;,
the “effective codeword length parameter” of th& inner code. By definition, we havEr°, 2z, = N,.
Based orz;, and the received channel output symbélg,, , yxi,, - - - ’y’fizwi}’ the decoder computes the
maximum likelihood estimate; of the outer symbok,, together with an optimized reliability weight
ay € [0,1]. We assume that, given. and {yxi,, Yxi,, - - - ,ymszi}, reliability weight«;, is computed using
Forney’s algorithm presented in [22, Section 4.2]. With} and{«;,} for all k, the decoder then carries
out a generalized minimum distance (GMD) decoding of thewoobde and outputs an estimaieof the
source message. GMD decoding of the outer code here is the aanhat in a classical communication
system, the detail of which can be found in [18].

Due to random codebook selection and random switching,owittbeing conditioned or#, error
probabilities experienced by all messages are equal,A.€lY) satisfies (3). Compared with a classical

concatenated code where all inner codes have the same l@ngtlconcatenated fountain coding scheme,



numbers of received symbols from different inner codes maylifferent. Consequently, error exponent
achievable by one-level concatenated fountain codesngivthe following theorem, is less than Forney’s
exponent.

Theorem 2: Consider fountain communication over a discrete-time ngfass channepy|x with
fountain capacityCr. For any fountain rateR < Cpg, the following fountain error exponent can be
arbitrarily approached by one-level concatenated founntades,

147,

BrR) = max  (1=r)(=p3 + Balpop) [L- 5 Ealppn)]) . ®)

PX e <ro<1,0<p<1 o
where Eqy(p, px) is defined in (5).

Encoding and decoding complexities of the one-level carated codes are linear in the number of
transmitted symbols and the number of received symbolpectisely.m

The proof of Theorem 2 is given in Appendix A.

Corollary 1: Er.(R) is upper-bounded by Forney’s error exponéitR?) given in [22], and is lower-

bounded byEr.(R), defined by

EreR)=  max (1) <—P§ + Bo(p,px) [1 = Bolp.px)]) - @)

LV SP >

The bounds are asymptotically tight in the sense tha_,c,. g;gg =1.m

The proof of Corollary 1 is given in Appendix B.

In Figure 3, we illustrate®r.(R), E.(R), and E.(R) for a BSC with crossover probability.1. We
can see thak.(R) is closely approximated b¥r.(R), especially at rates close to the fountain capacity.

Extending the one-level concatenated fountain codes tanihié-level concatenated fountain codes is
essentially the same as in classical communication sysf28j8] except that random fountain codes
are used as inner codes in a fountain system. For a positiegenn, the achievable error exponent of
an m-level concatenated fountain codes is given in the follgwiieorem.

Theorem 3: Consider fountain communication over a discrete-time mgtass channepy | x with
fountain capacityCr. For any fountain rateR < Cpg, the following fountain error exponent can be

arbitrarily approached by am-level (m € {1,2,---}) concatenated fountain codes,

R R
By (R) = max o —,
% o T () Eop)]
Epr (z,px) = max (—px + Eo(p,px) [1 — Eo(p, px)]) (8)

a.
0<p<1
where Ey(p, px) is defined in (5).

For a givenm, the encoding and decoding complexities of thdevel concatenated codes are linear

in the number of transmitted symbols and the number of redesymbols, respectivelm



Theorem 3 can be proved by following the analysismefevel concatenated codes presented in [23][25]
and replacing the error exponent of code in each concateniatrel with the corresponding error exponent
lower bound given in Corollary 1.

Corollary 2: The following fountain error exponent can be arbitrarilypegached by multi-level con-
catenated fountain codes with linear encoding/decodimgptexity,

R -1
Y= x| (5 -r) [ %} , ©)
where Er;, (z,px) is defined in (8)m

In Figure 4, we iIIustrat@fff)(R) and the Blokh-Zyablov exponeit>(R) for a BSC with crossover

probability 0.1. It can be seen thaE}of)(R) does not deviate significantly from the Blokh-Zyablov

exponent, which is the error exponent upper bound for nkeN#! concatenated fountain codes.

V. RATE COMPATIBLE FOUNTAIN COMMUNICATION

In this section, we consider the fountain communicationnehlee receiver already has partial knowledge
about the transmitted message. Take the application oivamtpatch distribution as an example. When
a significant number of patches are released, the softwargpawy may want to combine the patches
together as a service pack. However, if a user already ha® sdnthe patches, he may only want
to download the new patches, rather than the whole servick. g@@an one hand, for the convenience
of the patch server, all patches of the service pack shouldnoeded jointly. On the other hand, for
the communication efficiency of each particular user, weo al@ant the fountain system to achieve
the same rate and error performance as if only the novel gatthieoservice pack is transmitted. We
require such performance objective to be achieved simetiasly for all users, and define such a fountain
communication model as the rate compatible fountain comeation. We will show next that efficient
rate compatible fountain communication can be achieveagusiclass of extended concatenated fountain
codes with linear complexity.

Assume that a source message which takes|exp(/NR)| possible values, is partitioned intb
sub-messageBu;, wo, - - -, wy], Wwherew; (i € {1,---,L}) can take|exp(Nr;)| possible values with
;7 = R. Consider the following extended one-level concatenateshttin coding scheme. For each
i€ {1,---,L}, the encoder first uses a near MDS outer code with lefgtland rater, to encode sub-
messagey; into an outer codewor¢l¢;,, - - -, &, }, as illustrated in Figure 5. Next, for alle {1,---, N,},
the encoder combines outer codeword symHRels, - - -, £, } into a macro symbofy, = (&g, -+, ). A

random fountain code is then used to nfgpnto an infinite channel input sequengey, zxo, - - - }-



Without loss of generality, we assume that there is only eamoder (receiver) and it already has sub-
message$w; 1, - - -, wr }, wherel € [1, L—1] is an integer. The decoder estimates the source message afte
N, = N% channel output symbols are receiveBrom the decoder’s point of view, since the unknown
messagesw, - - -, w;] can only take|exp(N X._, ;)| possible values, theffectivefountain information
rate of the system i&.; = % = R. According to the known messagés; ., - - -, wy}, the decoder
first strikes out from fountain codebooks all codewordsegponding to the wrong messages. The extended
one-level concatenated fountain code is then decoded tisengame procedure as described in Section
IV. Assume that the average number of symbols received by isaer codewordV; = % = NﬂLﬁr is
large enough to enable asymptotic analysis. By followingralar analysis given in the proof of Theorem
2, it can be seen that error exponéijt.(R) given in (6) can still be arbitrarily approached.

Therefore, given a rate partitioning = [rq,---,r.], the encoder can encode the complete message
irrespective of the sub-messages known at the decoder. dumdain system can achieve the same rate
and error performance as if only the unknown sub-messagesraoded and transmitted. If the system
has multiple receivers with different priori sub-messagége rate and error performance tradeoff as
characterized in Theorem 2 can be achieved simultaneoaslglif receivers. Extending this scheme to

the multi-level concatenated codes is straightforward.

VI. FOUNTAIN COMMUNICATION OVER AN UNKNOWN CHANNEL

In previous sections, we have assumed that concatenatathfiowwodes should be optimized based on
a known discrete-time memoryless channel mggek. However, such an optimization may face various
challenges in practical applications. For example, supplbat a transmitter broadcasts encoded symbols
to multiple receivers simultaneously. Channels expegdrxy different receivers may be different. Even if
the channels are known, the transmitter still needs to eptifountain codes simultaneously for multiple
channels. For another example, suppose that the sourcageegsg., a software patch) is available at
multiple servers. A user may collect encoded symbols fronitiple servers separately over different
channels and use these symbols to jointly decode the mesBagegarding the symbols as received
over a virtual channel, we want the fountain system to aehggod rate and error performance without
requiring the full statistical model of the virtual chanralthe transmitter. We term the communication
model in the latter example the rate combining fountain cemication. In both examples, the research
guestion is whether key coding parameters can be determuitbdut full channel knowledge at the
transmitter. In this section, we show that, even when themélastate is unknown at the transmitter, it is

still possible to achieve near optimal rate and error parérce using concatenated fountain codes.

2Assume thatV, and N;/N, are both integers.
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Consider fountain communication over a discrete-time mgtass channepy x using one-level con-
catenated fountain codes. We assume that the channel isetyitirand hence the optimal input distribu-
tion px is known at the transmitter. Other than channel alphabeatgla symmetry property, we assume
that channel informatiopy | x is unknown at the transmitter, but known at the receivere@jyy, define
I(px) = I(X;Y) as the mutual information between the input and output ofrtfeenoryless channel.
We assume that the transmitter and the receiver agree oevauhia fountain information rate of/ (px)
where~y € [0, 1] is termed the normalized fountain rate, known at the trattemi

Recall from the proof of Theorem 2 that, jif- x is known at the transmitter, the outer code rate

can be predetermined at the transmitter and the followingy exxponent can be arbitrarily approached,

Epe(v,px) = max Erpe(v,px,70),

Eqy(p, 147,
Bru(ovx.r) = s (1= 1) (-2 + BB [ Mgy ] ). 0
To I(pX) 2

0<p<1
Without py|x at the transmitter, the optimal, cannot be derived. However, with the knowledge+of

we can set a suboptimal outer code rate by letting= 7”2;87_7 and define the corresponding error

exponent by

—@ - 7) . (11)

Ech(’VapX) = EFC (771))(7710 =

The following theorem indicates tha&tr..(y, px) approache¥’r.(v, px) asymptotically asy — 1.
Theorem 4: Given the discrete-time memoryless chanpgly and a source distributiopy, the fol-

lowing limit holds,
lim Eres (7,Px) =1. (12)
=1 Epe(7,px)
u
The proof of Theorem 4 is given in Appendix C.
In Figure 6, we plotEr.s(v, px) and Er.(v, px) for BSC with crossover probability.1. It can be seen
that settingr, atr, = @ is near optimal for all normalized fountain rate values.ded, computer
simulations suggest that such optimality conclusion &sptio a wide range of channels over a wide range

of fountain rates. However, further investigation on ttasue is outside the scope of this paper.

VIlI. CONCLUSIONS

We extended linear-complexity concatenated codes to &mrdommunication over a discrete-time
memoryless channel. Fountain error exponents achievgidad-level and multi-level concatenated codes
were derived. It was shown that the fountain error exponamngsiess than but close to Forney’s and

Blokh-Zyablov exponents. In rate compatible communicatidere decoders know part of the transmitted
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message, with the encoder still encoding the complete messancatenated fountain codes can achieve
the same rate and error performance as if only the novel p#reanessage is encoded for each individual
user. For one-level concatenated codes and for certaimelsnt was also shown that near optimal error

exponent can be achieved with an outer code rate indepenfi¢é channel statistics.

APPENDIX
A. Proof of Theorem 2

Proof: We first introduce the basic idea of the proof.

Assume that the decoder starts decoding after receiving N, /NV; symbols, whereV, is the length of
the outer codewordy; is theexpectechumber of received symbols from each inner code. In thevatig
error exponent analysis, we will obtain asymptotic reshitsfirst taking NV, to infinity and then taking
N; to infinity.

Let z be anN,-dimensional vector whosk” elementz;, is the effective codeword length parameter
of the k' inner code, fork € {1,---,N,}. Note thatz is a random vector. Letz > 0 be a small
constant. We defindz,|z, = ndz,n = 0,1,...,} as the set of “grid values” each can be written as
an non-negative integer multiplyingz. Define a point mass function (PME”)édz) as follows. We first
guantize each element cf, for examplez,, to the closest grid value no larger thap. Denote the
quantizedz vector by z@, whose elements are denoted 4§ for i € {1,---, N,}. For any grid value

Zg, WE defineZzg = {7, z; )

= zg} as the set of indices corresponding to which the elements(®f

vector equal the particulat,. Given z, the empirical PMFfédZ) is a function defined for the grid values,

with /5 (z,) = 22!, where|T,, | is the cardinality ofz.,. Since /5" is induced from random vecter,
itself is random. LetPr {f } denote the probability that the received effective innedexeord length
parameter vectog gives a particular PME”(dZ :

Let us now consider a decoding algorithm, calldd-tecoder”, which is the same as the one introduced
in Section IV except that the decoder, after receivi¥ig;, symbols for thek” inner code (for allk €
{1,--+,N,}), only uses the firsWiz,gq) symbols to decode the inner code. Assume that the fountain
information rateR, the outer code rate,, and the input distributiorPy are given. Due to symmetry,
it is easy to see that, without being conditioned on randonmakke ¢ (defined in Section V), different
z vectors corresponding to the sanﬁédz) (which is indeed induced fronz?) give the same error
probability performance. Leb, ( édz)) be the communication error probability of thle-decoder given
fédz). Communication error probability?, of the dz-decodermwithout given fédz) can be written as,

P.=Y P ( (dz) r{fgdz>}. (13)

(dZ)
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For a givenfédz), defineEf(fédz)) = — limp,; 00 limp, 00 ﬁlog P, (fédz)). Consequently, we can

find a constant<y(N;, N,), such that the following inequality holds for af %) and all N;, N,,

P (F59) < Ko(Niy Noexp (~NiNoEy (45)), Jim_ Jim log K]Sfj]\\; No)

=0. (14

Givendz, N;, N,, let K1(N;, N,) be the total number of possible quantized vectors (the quantized
vector of z). K;(NN;, N,) can be upper bounded by

(Pj—] + N, — 1)!
({%D!(NO — 1
42 [+No—1)!

Ly NPT 1)" represents the total number of possible outcomes of asgjgni
dz \AYo™ )

{%W identical balls tolN, distinctive boxes. This is the number of possibl& vectors we can get if the

K1 (N, N,) < 2N (15)

In the above bound, the ter

received symbols are assigned to the inner codes in groupsWuiz (assumed to be an integer) symbols
per group. Let us term the assumption of assigning receiyatbsls in groups the “symbol-grouping”
assumption. To relax the symbol-grouping assumption, we tiwat, if the number of symbols obtained
by an inner code, say the" inner code, is a little less that an integer multiplicatidnMydz, then the
guantization valuez,gq) obtained without the symbol-grouping assumption can bewnmeless than the
corresponding value with the symbol-grouping assumpfidrerefore, the total number of possibdé&”)
vectors we can get without the symbol-grouping assumptonpiper bounded bg"e multiplying the
corresponding number with the symbol-grouping assumptimte that, giveniz, the right hand side of

(15) is not a function ofV;, and it is also an upper bound on the total number of posﬂﬁfé functions.

log K1(N;,No)

N < oo, and hence

Due to Stirling’s approximation [26], (15) implies thAiny, ..

lim log K (N;, N,)
Nllinoo N01£I>100 NZNO

= 0. (16)
Combining (13), (14) and (16), the error exponent afzadecoder is given by

log I = min{Ef (fédz)) — lim lim

3 o fédz) NZ‘—>OO No—>OO NZ o

Er.=— lim lim
N;—o00 No—00

log Pr {fédz)}} . @an

The rest of the proof contains four parts. In Part |, the esgion oflim v, o limy, oo ﬁ log Pr { édz)}
is derived. In Part Il, we derive the expression@f( édz)). In Part lll, we use the results of the first two
parts to obtainim,._,o £r.. Complexity and the achievable error exponent of the cemedéed fountain
code is obtained based on the derived results in Part IV.

Part I: Letz(i) (foralli € {1,---, N,}) be anN,-dimensional vector with only one non-zero element

corresponding to thé” received symbol. If theé’" received symbol belongs to ti#é" inner code, then we
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let the k' element ofz(i) equall and let all other elements equal Since the random switch (illustrated
in Figure 2) picks inner codes uniformly, we have

Elz(i)] = Niol, coviz(i)] = NLOINO - %

wherel is an N,-dimensional vector with all elements being one, dnd is the identity matrix of size

117, (18)

N,. According to the definitions, we havwe= - > z(4). Since the total number of received symbols

equal N;N,, we must havd”z = N,,.

Let w be a real-valuedV,-dimensional vector whose entries satisfy\/N; N, < wy < 7/ N;N,,Vk €

{1,---,N,}. Sincez equals the normalized summation &fN, independently distributed vectorsi),
the characteristic function qy/%(z—l), denoted by, (w) = F [eXp (j % (z — 1))}, can therefore

be written as

pelw) = B e W%qu ~0)] = 11 & [ow (i) e =10 - 50|
— {E exp (j\/ NilNowT(z(i) - Niol)ﬂ} = ll — % H?W]Lify +o0 <||?V2;l‘ ﬂ 0 Z, (19)

where in the last equality? is a real-valuedV, x (N, — 1)-dimensional matrix satisfyin@”Q = Iy, _;
andQ"1 = 0, which imply QQ" = Iy, — 3-117. In other words||Q"w|* = w” (I, — 5-117)w.

Note that, sincez is discrete-valuedy,(w) is similar to a multi-dimensional discrete-time Fourier
transform of the PMF o(/%(z —1). Because/N; N, {\/%(z — 1)} — Y NilNe 2(7) — N;1 takes integer-
valued entries, the,(w) function is periodicw in the sense thap, (w - QW\/WGk) = pz(w), k €
{1,---,N,}, wheree, is an N,-dimensional vector whose" entry is one and all other entries are zeros.
This is why we can focus on “frequency” vectorwith —mv/N; N, < wy < 7/ N;N,,Vk € {1,---, N, }.

Equation (19) implies that

lim {goz(w) — exp (— 2]1VOwTQQTw)} =0. (20)

No—00

Therefore, with large enough, and for anyz, the probabilityPr{z} is upper-bounded by

Priz} < (Wﬁ)]v () e (<2 e = 12 — i), 1)

where the constaritry/N; N, in the denominator of the first term on the right hand side @) (8 due
to the range of-mv/N;N, < wp < 7v/N;N,,Vk € {1,---, N,}. The constant/z||1]|? in the exponent of
(21) is added to ensure the existence of a large endygto satisfy the inequality, as implied by (20).
Inequality (21) further implies that

No—1

N, s '
Pr{z} < <m> (%) exp (—% {||z(‘1) — 1% - 3dz||1||2D : (22)
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wherez@ is the quantized version of. Consequently, the probability ef? is upper-bounded by

N, No—1
1 AN N,
@V < (NN [t <_0> <__2 (@ _ 12 — )
Pr{z@} < [Nid:] <2W MN()) o exp ( — 129 = 1| = 3N,dz]| (23)

The probability of any PMFf** is upper-bounded by

Pr{fédZ)} < Ki(Ni, N, ) Pr {z(q)}

No—1

1 No AN\ T N,
<N 9 (e ) (5) e (g 10 - -ana) 29

where K, (N;, N,) is the total number of possiblel® vectors satisfying (16).

From (24), we can see that for q@dz) the following inequality holds,

(dz
— lim lim —logPr{ }>1 (2 —

N N T NN, —2%: 1)? = 3dz] f57) (), (25)

where ) (z,) is the value of PMFfY"™ at z,.

Note that, becaust’ z = N, for all empirical PMFsf{"”, we havey", z,fS(z,) € [1 — dz, 1].

Part 11: Next, we will derive the expression df, (fZ ) which is the error exponent conditioned
on an empirical PMFF{™).

Let z be a particularN,-dimensional effective inner codeword length parametetorefollowing the
empirical PMFfédz), under a givenlz. Let P.(z) be the error probability gives (or 2(9). Let Pe(fédz))
be the error probability give[fédz). From the definition of the concatenated fountain codes, avesee
that the inner codes are logically equivalent, so do the wod# symbols of the near MDS outer code. In

other words, error probabilities corresponding to alNectors with the same PME(dZ

are equal. This
consequently implies that.(z) = P.(f*). Therefore, when bounding’; (fZ ) instead of assuming
a particularfédz) which corresponds to multiple vectors, we can assume a singievector whose
corresponding empirical PMF i\

Assume that the outer code has rate and is able to recover the source message fiddvy outer
symbol erasures and\V, outer symbol errors so long ast 2t < (1—r,— (), where(, > 0 is a constant
satisfyinglimy, . limy, . ¢o = 0. An example of such near MDS code was introduced in [17]. Assu
that, for all%, the k' outer codeword symbol i&,, and thek inner code reports an estimate of the outer
symbol &, together with a reliability weighty, € [0, 1]. Applying Forney’s GMD decoding to the outer

code [18], the source message can be recovered if the folipimequality holds [22, Theorem 3.1b],

No

Z Qb > (To + CO)Noa (26)

k=1
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where y;, = 1 if & = &, and = —1if & #+ &. Consequently, error probability conditioned on the

given z vector is bounded by

g N N
P — P(x) < Pr {% ot < (rat Co)No} < in E [exp ( SNi > p2y Oék,uk” 27

bt s>0  exp(—sN;(r, + (o)N,)
where the last inequality is due to Chernoff’'s bound.
Given the effective inner codeword length parameter vegtoandom variables;, 1, for different inner

codes are independent. Therefore, (27) can be furtherewrds

(@) _ IV, B [exp (—sNiag)] . oD (S, log E [exp (—sNyaupun)])
Pe(fZ ) - P ( ) < 1’§1>0 exp(—sNZ-<7‘o + CO)NO) - Iglzl(l;l eXp(_SNZ'<TO _'_ C-O)NO) (28)

Now we will derive the expression dbg E [exp (—sN;axuy)] for the k™ inner code.

Assume that the effective codeword length parametey,.i<Given z;,, whose quantized value éq),
depending on the received channel symbols, the decoderajesghe maximum likelihood outer code
estimate;,, and generates;, using Forney’s algorithm presented in [22, Section 4.2i&ean adjusted

error exponent functiot®. (z) as follows.

B.(2) = oax —p=- + 2Eo(p. ). (29)

0<p<1
whereEy(p, px) is defined in (5). By following Forney’s error exponent arsiypresented in [22, Section

4.2], we obtain

—log E [exp (—sN;ap )] > max {min{NiEZ (z,(cq)) N ( ( ) ) N;s}, 0} + K5(N;, N,), (30)

where K5 (N;, N,) is a constant satisfyinm y, o limy, o =22 KoNi-No) _ (.

N;No
Define a functions(z, s) as follows,
—8T, 2, E.(z) < s/2
P(z,8) = 2E.(2) — (14+14)s 2,8/2<E.(2)<s . (31)
(1—r,)s 2z, E.(2) > s

Substitute (30) into (28), and take;, N, to infinity (which implies¢, — 0), we get the following bound

on the conditional error exponeit, ( édz)),

Ey ( (d2) ) > maXZ¢ 2g, 8 (dz)(zg)- (32)
Part 111: According to (17), (25) and (32), we have
—1)? 3
Ere 2 By o5 G =D e (L3
" (dZ) Z G;Eilzr)l (zg)€[1—dz,1] { f(fZ ) T g 2 fZ (Zg) 5 z

> min maxz < 2, S @) fédz)(zg) — gdz. (33)

5., 2t (zg)el=dz1) 320 75
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DefineE}Oc) = limg.0 Er.. Let f; be a probability density function defined fore [0, co). Inequality
(33) implies that

(z—1)°
2

EY > min max/ooo <¢(z, s) + ) fz(2)dz

2] 2fz(2)de=1 520
2

= 1
=max _ min / <¢(z, s)+ (z—1)
20 fz,jooozfz(z)dzzl 0 2

Assume thatf’, is the density function minimizing the last term in (34). lewan find0 < A < 1, and
two density functionsf’, £ with [ zf (2)dz =1, [ 2fP (2)dz = 1, such that

) fz(2)dz. (34)

fr=A + Q= NF, (35)

then it is easy to show that the last term in (34) must be miraahieither byfél) or fg). Since this
contradicts the assumption thg is optimum, a nontrivial decomposition like (35) must notgmessible.
Consequentlyf; can take non-zero values on at most two differentalues. Therefore, we can carry
out the optimization in (34) only over the following class 6f functions, characterized by two variables
0<z<land0 <~y <1,

f2(z) = 8(z = 20) + (1= )3 (z - 11__?) , (36)

whered() is the impulse function.
Let us fix first, and consider the following lower bound (ﬂ‘fc) (7), which is obtained by substituting
(36) into (34),

2
O ) > B 1— 2y 7 (1 2)
Epe(v) 2 jmin maxy$(20, 5) + (1= 7)¢ < ) T (37)

Since givenzy, v¢(zp,s) + (1 — 7)o (%,s) is a linear function ofs, depending on the value of

v, the optimums* that maximizes the right hand side of (37) should satisthegits* = FE.(z,) or

* 1—2
s = B (2).
When~ > =2, we haves* = E. (). This yields
(0) : v (1= 20)° _
When~ < 1‘77" we haves* = E, (ﬂ‘_ij) which gives
0) . v (1= 20)? o 1 —z
Ep. > s [QVEZ(ZO) + [T + (1 —r,—27)E, = /| (39)

By substitutingZ, (z) = maxogpgl[—p£ + 2Ey(p, px)] into (39), we get

(0 : ey 2B _
Bre 2 0, 8225 {(1 ro) [ P EO(p’pX)]

2 - B - R o)
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Nomthmiﬂ1+45ﬂ1—zwﬁngpx)—it§ﬁ<<O,menE£22(1—7@[—p%%<ﬂﬂgpxﬂ\Mﬂlme
right hand side of the inequality equaling Forney’s exparfen given px andr,. This contradicts with
the fact that Forney’s exponent is the maximum achievabimeant for one-level concatenated codes in
a classical system [22]. Therefore, we must have-r,)(1 — z9) Eo(p, px) — % > (. Consequently,
the right hand sides of both (38) and (40) are minimized amntlaegin of v* = 1‘7’” This gives

1—7’0(1—20)2}

147, 2

Eg)) > min {(1 —1,)E,(20) +

¢ 7 0<z<1

L2022 12 4t e

Note that if p is chosen to satisfyl + r,) Ey(p, px) > 1, the last term in (41) is minimized at; = 0,

0<2p<1 0<p<1

R
= min max {(1 —7,) (—pr— + Eo(,O,pX)> +

which gives

R 1—r
EO > {— LA } 42
Fe 2 X~y (Lol (42)

The right hand side of (42) is maximized git = 0. However,p = 0 implies (1 + r,)Ey(p,px) =0 < 1
which contradicts the assumpti¢i-r,) Ey(p, px) > 1. Therefore, we can assume thiat-r,) Ey(p, px) <
1. Consequently, the last term in (41) is minimizedzgt= 1 — (1 + r,) Ey. This gives

" Byfp,px)]). 43)

By optimizing (43) ovempx andr,, it can be seen that the error exponent given in (6) is achiev&

0 < (B _
Epe 2 max (1 —1,) ( P + Eo(p. px) |1

we first takeV, to infinity and then takeV; to infinity.

Part IV: To achieve linear coding complexity, let us assume tNatis fixed at a large constant
while N, is taken to infinity. According to [17], it is easy to see thlaé tencoding complexity is linear
in the number of transmitted symbdlsAt the receiver, we keep at mo8iV; symbols for each inner
code and drop the extra received symbols. Consequentlgftbetive codeword length parameter of any
inner code is upper-bounded Ry Because (38) and (40) are both minimizedyat= I‘T" according
to (36), the empirical density functiofi;(z) that minimizes the error exponent bound takes the form
f2(2) = 526(2 — z9) + 126 (z — %) with 2, 2220="2) < 2 Therefore, upper bounding the
effective codeword length parameter Bydoes not change the error exponent result. However, with
zr < 2, Yk, the decoding complexity of any inner code is upper-bourgle@ constant in the order of
O(exp(2N;)). According to [18], the overall decoding complexity of thencatenated code is therefore
linear in N,, and hence is linear iV. Since fixing/V; causes a reduction @f > 0 in the achievable
error exponent, ang; can be made arbitrarily small as we incredge we conclude that fountain error
exponentEr.(R) given in (6) can bearbitrarily approachedby one-level concatenated fountain codes
with a linear coding complexity. [ |

3In other words, we assume that no encoding complexity istsprertodeword symbols that are not transmitted.
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B. Proof of Corollary 1

Proof: Because) < r, < 1, it is easy to seeEFC(R) < Er.(R) < E.(R). We will next prove

limp e, T2 = 1

Defineg(px,ro,p) = (1 —1,) (—p% + Eo(p, px) [1 — 1+27’°E0(p,px)]), such that

Er.(R) = max 9(Px:Tos P)- (44)

LV SP >

Using Taylor’s expansion to expandpx, ., p) atr, = 1 andp = 0, we get

10 p) = ¥ ey 0 3)(r = 1) (@5)

W , With 7 and j being nonnegative integers. It can be verified that

where 5(17]) = ro=1,p=0

B(i,j) =0if i =0 or j = 0. We also have

_JR  0Eu(p,px) OEy(p, px) _p_
R R TR G 7ot IR
B(2,1) = —2R 40,
__ ) PEo(p.px) 0E(p.px)\’
A(1,2) = _{ 02 _2< 9 ) }pzo#o- (46)

Similarly, defineg(px, 7o, p) = (1 —ro) (—ﬂ% + Eo(p,px) [1 — Eo(PapX)]), such that

Er(R) = max G(px. 70, p)- (47)

Using Taylor’s expansion to expardpx,r,,p) atr, = 1 andp = 0, we get
1 - o

G(px;mor p) = X Ty Bl ) (ro = 1)'0 . (48)

ij (Z + J)!

Q5 a(i+j)gp ;70,0
where . j) = “jiea)

By L'Hospital’s rule, the following equality holds,

BB 5L~ Dt 3B D~ Dt 2B, 2)(r — 1)
A3 Br(B)  mocenvionpo 1AL 1) (ra — Dp+ 1A, D(r,— 10 + 16

- Similarly, we have3(i,j) = 0if i = 0 or j = 0 and 3(1,1) =
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C. Proof of Theorem 4

Proof: Define

700 = (1= 1) (prox) (1= 1) 4 2 [ ZBBLOL - op) ),
To 2 op =0
Erpe(y,px.10) = max §(7,7o, p);
Epe(7,px) = max, Ere(y,px, 7). (50)
We will first prove that
lig Zres(0Px) (51)

=1 Epo(v,px)

I(px)(1-7)

To
92Eg(ppx)
— g p:0+2f2(17x)

Note thatg(~,r,, p) is maximized atp* = , Where we have assumed that<

p* < 1. This assumption is valid when, is also optimized. Consequentlﬁ,pc(%px,ro) is maximized
2 _
) = VP Therefore,

at T: - arg maXOSTOSI(l - TO) (]_ - T’l 2

o

lim Zres(rpx) o g [w _1 (52)
=1 EFc(fyapX) =1 9(%29)(»/0»7’0) p=p* ro=r"%
Following a similar idea as the proof of Corollary 1, it can $feown that
Ep.
lim Zrel1Px) _ (53)
=1 Ep(, px)
Combining (52) and (53), we get
lig Zres0Px) _ gy Fre(ripx) o Ere(ypx) o (54)
=1 EFc(’YapX) =1 EFC(’)/,px) 71 EFC(’%pX)
Becauselr..(7, px) < Er(7,px), (54) implieslim.,_,, % -1
[ |
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Fig. 1. Fountain communication over a memoryless channel.
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Fig. 2. One-level concatenated fountain codes.
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