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[1] Analysis of Next Generation Weather Radar rainfall data indicates that for the central
United States, rainfall exhibits a composite behavior with respect to its spatial and
temporal scaling characteristics. Our data analysis shows that rainfall fluctuations at spatial
scales smaller than a reference scale exhibit self‐similarity and that at scales larger than
the reference scale, rainfall fluctuations are scale dependent. Accordingly, we present a
new methodology for downscaling large‐scale rainfall consistent with this composite
character of rainfall variability. The new downscaling model is a composite of a stochastic
space‐time submodel that preserves the spatial and temporal dependency characteristics at
scales larger than the reference scale and an intermittent random cascade submodel that
preserves the statistical self‐similarity and spatial intermittency at scales smaller than the
reference scale. The new model is applied to downscale summer daily rainfall for the
central United States from a scale of 256 km to a scale of 2 km. We show that the new
model reproduces quite well the intermittency and self‐similarity features and the
interscale and across‐scale correlation structures of observed rainfall with a relatively low
computational burden.

Citation: Kang, B., and J. A. Ramírez (2010), A coupled stochastic space‐time intermittent random cascade model for rainfall
downscaling, Water Resour. Res., 46, W10534, doi:10.1029/2008WR007692.

1. Introduction

[2] Rainfall is of paramount importance in water and
energy budgets at the land surface‐atmosphere interface and
its accurate representation in hydrologic and atmospheric
models is critical. Physically, rainfall is the result of intri-
cately interrelated atmospheric processes and exhibits
complex spatial and temporal variability. Rainfall phenom-
ena have a wide range of frequency‐content features and
extreme variability over timescales from seconds or less to
years and length scales from meters or less to hundreds of
kilometers. This space‐time heterogeneity has a significant
impact on the magnitude and distribution of upscale, and
downscale fluxes. Several authors have examined the sen-
sitivity of hydrologic response to scale showing the
importance of subgridscale variability [e.g., Kang, 2003;
Seyfried and Wilcox, 1995; Wood et al., 1988]. The sensi-
tivity of hydrologic response to the variability of rainfall is
the result of nonlinear interactions at the land surface‐
atmosphere interface. Therefore, accounting for this space‐
time heterogeneity is critical for hydrologic modeling and
for appropriately describing land surface‐atmosphere inter-
actions [e.g., Wood et al., 2004; Ramírez and Senarath,
2000; Ramírez and Finnerty, 1996a, 1996b; Pielke and
Avissar, 1990]. For hydrologic applications [e.g., Kang

and Ramírez, 2007], high‐resolution rainfall fields are
required that preserve the statistical characteristics of rainfall
variability at all temporal and spatial scales of interest,
including the first‐ and second‐order moments as a function
of scale, and the spatial and temporal intermittency.
[3] Recent advances in the development of climate fore-

casting models have allowed hydrologic modelers to
incorporate the results of climate models into hydrologic
simulation and forecasting models. However, the rainfall
output of climate and/or mesoscale atmospheric models
(e.g., CSU’s Regional Atmospheric Modeling System,
NCAR’s MM5) or the available rainfall observations like
those from the NEXRAD network are usually at grid sizes
[e.g., O(103–105 m)] that are larger than those associated
with distributed hydrologic models [e.g., O(102–103 m)].
Consequently, in order to evaluate the local and regional
effects of short‐ and long‐term climatic variability, a method-
ology must be devised to scale down hydroclimatic infor-
mation, including rainfall, from numerical global‐ and
mesoscale atmospheric models or from observations. These
methods are alternatively referred to as climate inversion
schemes or climate downscaling/disaggregation schemes
[e.g., Kim et al., 1984; Wilks, 1989; Karl et al., 1990;
Lettenmaier and Gan, 1990; Wigley et al., 1990; Hay et al.,
1992; Epstein and Ramírez, 1993, 1994; Paulson and
Baxter, 2007; Rupp et al., 2009].
[4] In general, downscaling schemes can be grouped in

two broad categories, dynamical and statistical [Schmidli
et al., 2006; Murphy, 1999]. In dynamical downscaling
schemes, climate and land use change scenarios at regional
and local scales are developed using sophisticated regional
and local physically based atmospheric models. These
models are driven by boundary conditions derived from
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observations and from the output of larger scale global
atmospheric models. In this way, the atmospheric model acts
as a physically based dynamic interpolator. Thus, dynamical
schemes encode multiple, nonlinear and complex local and
regional interactions and feedbacks explicitly [e.g., Pielke
et al., 1992; Walko et al., 2000]. However, trying to resolve
processes at ever decreasing scales by use of physically based
models rapidly leads to computational inefficiencies and is
limited by our lack of understanding of physical process
behavior at small scales.
[5] In statistical downscaling schemes, subgrid (temporal

and spatial) scale details of the variability of hydroclimatic
processes, in particular, rainfall, are obtained by using sta-
tistical climate inversion techniques in which the statistical
characteristics of the spatial and temporal variability are
preserved as a function of scale. Statistical techniques are
commonly based on methods from regression analysis, sto-
chastic processes, nonlinear dynamics, artificial neural net-
works, Markov processes, multiplicative random cascades,
etc. [e.g.,Widmann et al., 2003; Epstein and Ramírez, 1994].
[6] Regression‐based schemes attempt to establish

relationships between large‐scale and local‐scale climatic
fields and are useful when the nature of the space‐time
variability is scale‐dependent. The most direct and straight-
forward way of downscaling (in the broad sense) is the direct
interpolation method. The direct interpolation method is easy
to apply and effective for smoothly varying fields, such as
sea level pressure or temperature, but not appropriate for
intermittent fields such as rainfall [Cohen and Allsopp, 1988;
Smith, 1991]. Methods based on these techniques include
works by Karl et al. [1990], Kim et al. [1984], Lettenmaier
and Gan [1990], Wigley et al. [1990], Wilks [1989], and
others. Epstein and Ramírez [1994] developed a multiscale,
linear regression, statistical climate inversion scheme based
on spatial disaggregation models and applied it in hydrologic
impact assessment studies associated with global climate
variability. The power of this particular scheme rests in the
fact that the parameter estimation procedure ensures preser-
vation of first‐ and second‐order moments (spatial mean and
variance, spatial and temporal correlation, and spatial cross‐
correlation structure) at successive scales or downscaling
levels.
[7] Multiplicative random cascade models are useful

when the nature of the space‐time variability is scale‐
invariant and intermittent. Using the specific tools of scaling
analysis, many authors have determined that the spatial and
temporal distribution of rainfall exhibits scale‐invariant
behavior over a certain range of scales [e.g., Schertzer and
Lovejoy, 1987; Gupta and Waymire, 1993; Tessier et al.,
1993; Carsteanu et al., 1999]. Models based on multipli-
cative random cascades have been used to generate scale‐
invariant fields that reproduce the spectra of the scaling
exponents observed in rainfall, including the universal
multifractals model [Schertzer and Lovejoy, 1987], the b
model [Gupta and Waymire, 1993], the log‐Poisson model
[She and Waymire, 1995], and others. Extensions to describe
temporal scaling have been proposed by Olsson [1998],
Carsteanu et al. [1999], Jothiyangkoon et al. [2000], and
others. Olsson [1998] modeled the small‐scale temporal
structure of rainfall by use of a microcanonical cascade
conserving rainfall mass exactly between successive cascade
levels. Carsteanu et al. [1999] suggested that introducing
dependence among cascade generators based on the “oscillation

coefficients” is adequate for temporal rainfall. Jothiyangkoon
et al. [2000] constructed a nonhomogeneous random cascade
model that incorporates the spatial gradient of scaling fac-
tors. Finally, Vuruputur [1999] and others considered the
simultaneous spatial and temporal variability of rainfall with
the random cascade. Vuruputur [1999] introduced the con-
cept of “dynamic scaling” to construct a space‐time corre-
lated structure that improved the preservation of the
covariance function of the simulated rainfall field. Random
cascades are powerful tools to simulate and describe atmo-
spheric complexity including the scale invariance of rainfall
variability in space and time [e.g., Lovejoy et al., 2009].
Multiplicative random cascade models have the advantage
of being able to reproduce the scale invariance, the clus-
tering, and the intermittency that are characteristic of rainfall
fields in space and time, but, at the same time, they impose a
relatively modest computational burden.
[8] Using wavelet analysis to segregate the large‐ and

small‐scale features from rainfall data, Kumar and Foufoula‐
Georgiou [1993a] noted that the small‐scale fluctuations
(high frequencies and short wavelength) exhibit self‐
similarity and that, at large scales, the self‐similarity
behavior breaks down reflecting the effects of external fac-
tors governing the particular rain‐producing mechanism. In
other words, in the small‐scale field, fluctuations are domi-
nated by the small‐scale turbulent behavior whereas, in the
large‐scale field, they are mainly affected by the large‐scale
climatic forcing. Unlike the large‐scale forcing, the self‐
similarity observed in the small‐scale fluctuations is inde-
pendent of the scale of description of the process [Kumar and
Foufoula‐Georgiou, 1993b]. Therefore, as the grid scale
grows, the description of rainfall variability must rely
increasingly on the large‐scale governing physical process.
The implication is that the large‐scale features represent the
large‐scale forcing specific to the particular physical rain‐
producing mechanisms and are scale‐dependent, whereas,
when this effect is subtracted, the resulting deviations exhibit
properties associated with turbulence or scale‐invariant self‐
similarity. Kumar and Foufoula‐Georgiou [1993b] showed
that for the squall line in Norman, Oklahoma, that they
analyzed, rainfall fluctuations exhibited self‐similarity up to
a spatial scale of 25–30 km. Therefore, if the downscaling
process involves a range of scales that includes both beha-
viors, the scale that demarks the transition from scale‐
invariant to scale‐dependent behavior must be determined,
and downscaling schemes must be devised that account for
the composite behavior across scales.
[9] In this paper a statistical downscaling methodology is

developed for downscaling daily rainfall from the spatial
scales associated with GCM output (256 km scale) to those
scales required for hydrologic modeling (2 km scale). This
downscaling methodology accounts for the composite
behavior of the rainfall variability; that is, it accounts for the
self‐similar behavior at small scales and for the scale‐
dependent behavior of the variability at large scales.

2. Data Description

[10] The Global Hydrology Resource Center (GHRC)
generates 2 × 2 km daily rainfall data for the Continental
United States (CONUS) based on composites of the radar
reflectivity data obtained from Weather Services Interna-
tional Corporation (WSI). The radar reflectivity data pro-
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vided by WSI is created from the NWS 5 cm and 10 cm
next‐generation (NEXRAD) radars that are currently oper-
ational over CONUS (i.e., WSR‐57S, WSR‐74C, and
WSR‐88D). The WSI daily radar reflectivity data are in the
form of images with a size of 1887 rows by 3661 columns

and a cell size of 2 × 2 km. Its coverage of the original
scan for CONUS extends from latitude 20°N to 53°N and
longitude 130°W to 60°W. These images are quality
controlled by WSI in real time before they are received at
the GHRC.

Figure 1. Location of the study region.

Figure 2. NEXRAD observations for the study area plotted on different scales (6 July 1997).
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[11] The real‐time manually quality‐controlled radar data
image is received in the form of snapshots at NASA/MSFC
every 15 min. These 15 min radar data comprise 16 levels of
reflectivity every 5 dBZ. The GHRC converts this reflectivity
data into a composite daily rainfall total, expressed in inches
per day, and organizes it into 13 classes of rainfall accu-
mulations. In this study, the focus is the central United
States corresponding to the region between latitudes 33.8°N
to 43.0°N and longitudes 105.7°W to 95.9°W (from east of
the Rocky Mountains to the lower Missouri and Arkansas
river basins), which comprises the front range of the Rockies
and the central plains of the United States (Figure 1). The
data used for this study are daily rainfall from 1 June to
31 August 1997. Each radar rainfall field used for this
study is composed of 512 × 512 pixels of high‐resolution
data (2 km scale). A set of rainfall fields spanning the range
of scales from 2 km scale to 256 km scale in powers of 2 can
be obtained by resampling the original rain fields, as shown
in Figure 2.

2.1. Multiscale Local Fluctuations and Correlation
Structure

[12] The high‐resolution gridded rainfall data provided by
radar contain considerable statistical information of the
spatial and temporal distribution of rainfall and their
dependence on spatial and temporal scales. The basic sta-
tistics of daily rainfall for the study region in the central
United States are summarized in Table 1 for 1997. The
scaling analysis and the new downscaling model presented

below are developed based on analysis of rainfall data for the
summer months of 1997 (June, July, and August).
[13] In the study area, the mean and standard deviation of

rainfall are lowest in winter and highest in summer. The
rainfall field is more positively skewed during winter than
during the summer season. The kurtosis, which is a measure
of peakedness of the distribution, also is relatively higher
during winter than during summer. These trends in the
mean, skewness, and kurtosis are consistent with the fact
that in winter rainfall is commonly of stratiform nature (i.e.,
low‐intensity rainfall spread over large areas); while in
summer the dominant rainfall mechanism is convection (i.e.,
high intensities over relatively smaller areas).
[14] Considering rainfall at consecutive spatial scales

(e.g., 64 km and 32 km), the rainfall ratio is defined as
the ratio of small‐scale rainfall, r0i (e.g., at 32 km scale),
to rainfall at the next larger scale (also referred to as the
large‐scale “local forcing”), r0 (e.g., at 64 km scale). The
standard deviation of the rainfall ratio, r0i/r0, is shown in
Figure 3 for several scales. Our analysis showed that, for
the period of analysis, such relationship is not seasonally
variable; therefore, only the plot for July is shown. As can be
observed, the envelope of the standard deviation of r0i/r0 is
negative‐exponentially proportional to r0, the rainfall at the
larger scale. Because the standard deviation of the rainfall
ratio r0i/r0 is a parameter of the downscaling model, the
distributions shown in Figure 3 are used for the estimation of
the parameters of the model later in the paper.
[15] The spatial correlograms of NEXRAD rainfall at

different scales for a few days of July 1997 are shown in
Figure 4a. For any given scale, it is observed that the
magnitude and the rate of decrease of the spatial correlations
depend on spatial scale and time (i.e., specific date) there-
fore indicating that the spatial correlation is related to the
larger‐scale atmospheric forcing. Figure 5a shows that the
lag‐1 (Dx = 1 pixel) spatial correlation for the rainy portion
of the domain is an increasing function of the background
rainfall at the immediately larger scale; and that for a
given background rainfall, the lag‐1 spatial correlation is
a decreasing function of spatial scale. Figure 6 shows the
lag‐1 (Dt = 1 day) temporal correlation of rainfall plotted
against the spatial scale for NEXRAD observations from
June to August 1997. It shows that for scales smaller than
32 km, the lag‐1 (Dt = 1 day) temporal correlation is
negligible and that it increases rapidly and monotonically
with scale for scales larger than 32 km. Figure 6 provides
information for the estimation of the temporal correlation
parameters of the stochastic space‐time submodel.

Table 1. Basic Statistics of Next Generation Weather Radar
Precipitation in the Study Region in 1997

Mean
(mm/d)

Standard Deviation
(mm/day) Skewness Kurtosis

Jan 0.4007 0.8144 4.2288 27.7202
Feb 0.7281 1.6141 3.6610 14.9690
Mar 0.5825 1.4908 4.5283 21.0953
Apr 0.9885 1.8931 3.3378 11.0510
May 1.1262 2.1597 2.7743 7.4641
Jun 1.2513 2.3942 2.6719 6.2412
Jul 1.0091 2.0891 2.8305 8.2071
Aug 1.1160 2.1511 2.8446 7.4966
Sep 0.9651 1.8926 3.1989 10.0681
Oct 0.8030 1.7761 3.6308 12.9215
Nov 0.5349 1.2211 4.6302 23.8617
Dec 0.5495 1.3289 3.9488 17.8667

Figure 3. Standard deviation of the precipitation ratio r0i/r0 (July 1997).
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2.2. Scaling Features

[16] Statistical self‐similarity or statistical scale invari-
ance of the rainfall intensity field R(·) is a kind of symmetry
characterized by the following property:

R �Að Þ ¼dist ���R Að Þ; ð1Þ

where A is the underlying area and the symbol ¼dist indicates
that the probability density function of the rescaled variable
R(lA) is equal to that of the original variable R(A) except for

a factor that is a function of the length scale ratio l and of a
scaling exponent t. The scaling exponent t characterizes the
scaling features of the underlying field. Equation (1) implies
log‐log linearity between statistical moments of order q and
length scale l; that is,

log Rq
�

� � ¼ �� qð Þ � log�þ log Rq
0

� �
; ð2Þ

where hRl
qi is the ensemble moment of order q of field

R(lA) and R0 is the rainfall intensity at the original scale.

Figure 4. Spatial correlograms for the precipitation fields at different scales.
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[17] If the scaling exponent, t, varies linearly with the
moment order, q, such that,

d� qð Þ
dq

¼ aqþ c ð3Þ

the structure of the field is regarded to as monofractal;
otherwise, it is said to be multifractal.
[18] Figure 7 plots the ensemble moments of rainfall for

the study area as a function of scale. In addition, it also plots
the best linear fit to each one of the moment functions,
showing that, for a range of scales, the NEXRAD rainfall
data in the study area exhibit log‐log linearity between
ensemble moments and spatial scales (as in equation (2)). As

observed in Figure 7, the range of scales for which the log‐
log linearity holds varies from day to day. In addition, for
any given day, the linearity breaks down at different scales
for different order moments. Repeating this analysis for
all dates, the lowest value of the upper bound of the
range of scales for which log‐log linearity holds is found
to be 32 km. Therefore, 32 km will be used hereafter as
the reference scale marking the switch from scale‐invariant
to scale‐dependent behavior of rainfall for the study region
and for the period of study. Furthermore, for the study area
and the period of study, the above analysis shows that, for the
range of scales for which log‐log linearity holds, a nonlinear
functional relationship exists between the slope of t(q) and

Figure 5. Lag‐1 (Dx = 1 pixel) spatial correlation of the rainy fraction of domain.
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the order of the moment, q, for a range of moment orders.
The nonlinearity of the t(q) function indicates that the spatial
distribution of daily NEXRAD rainfall for the study region
exhibits multifractal features for scales smaller than the ref-
erence scale. Table 2 presents the values of the coefficient of
determination of the least‐squares fits to the t(q) functions
for the NEXRAD observations for a few days in July. As can
be seen, the coefficients of determination for the quadratic
fits are always larger than the corresponding coefficients for

the linear fit. However, the degree of nonlinearity of the t(q)
function is not high. The low degree of nonlinearity of the
t(q) function is also emphasized by the small magnitude of
the coefficient of the quadratic term in the least‐squares fit,
as shown in Table 2. Therefore, for modeling purposes, the
assumption of monofractality would be also warranted.
[19] Using NEXRAD precipitation data, we have pre-

sented observational evidence that, for the central United
States during the period of analysis, rainfall exhibits a com-
posite behavior with respect to its spatial and temporal cor-
relation structure. We have shown that rainfall fluctuations at
spatial scales smaller than a reference scale exhibit self‐
similarity; and that, at scales larger than the reference scale,
rainfall fluctuations are scale‐dependent. These findings are
consistent with those of Kumar and Foufoula‐Georgiou
[1993a, 1993b] and Perica and Foufoula‐Georgiou [1996].
The above data analysis indicates that for the central United
States the transition from the small‐scale to the large‐scale
behavior occurs at a reference scale of 32 km.
[20] In order to account for this composite behavior, this

paper develops the stochastic space‐time random cascade
model (SST‐RCM), shown schematically in Figure 8 and
composed of two coupled submodels. The SSTsM (see
Figure 9) models the spatial and temporal correlation
structure of rainfall observed at scales greater than the refer-
ence scale, while the IRCsM (see Figure 10) models the self‐
similar scaling structure of rainfall observed at scales smaller
than the reference scale. The SSTsM is applicable at scales
larger than the reference scale and it downscales rainfall
between consecutive scales in such a way that the spatial
correlation structure is preserved at every scale and between
consecutive scales (also referred to as disaggregation levels),
while at the same time preserving the temporal correlation.
The IRCsM is applicable at scales smaller than the reference
scale for which self‐similarity is dominant. On the basis of the
specific observations used in this study, the SSTsM proceeds
from 256 km scale (zeroth downscaling level) down to 32 km
scale (third downscaling level). The IRCsM proceeds from
32 km scale (0th cascade level) down to the 2 km scale (fourth
cascade level). The SSTsM and IRCsM are coupled by using
the output of the SSTsM as the input to the IRCsM.

3. Downscaling Model

[21] The downscaling procedure distributes rainfall on
successive regular subdivisions of a 2‐D field. A schematic
of this process is shown in Figures 9 and 10. Any pixel, with
length scale li, is subdivided at each disaggregation level
into b equal subpixels, where b = 2d, and d is the dimension,
that is, d = 2; b is called the branching number. The length
scale of any pixel at the nth disaggregation level is denoted
as ln, and the corresponding spatial scaling ratio is defined as
ln = ln/l0 = b−n/d, where l0 is the length scale of the original
large‐scale field.

3.1. Stochastic Space‐Time Submodel

[22] Our data analysis has shown that in the study region
the rainfall field is temporally and spatially correlated at
scales larger than the reference scale (section 2.1). The tem-
poral and spatial correlations depend on the associated local
background rainfall and scale. Therefore, for scales larger
than the reference scale, a stochastic space‐time disaggre-
gation model is developed below such that the spatial‐

Figure 6. Lag‐1 (Dt = 1 day) temporal correlation as a
function of scale for observations and downscaled fields.
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Figure 7. Ensemble moments versus scales.
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correlation structure is preserved at every level of disaggre-
gation, while the temporal correlation structure is preserved
between any consecutive days. Denoting rainfall at the
largest scale as r0(t), there will be four rainfall amounts
(denoted as r01(t), r02(t), r03(t), and r04(t)) at the cells of the
next smaller scale that can be obtained by disaggregating
r0(t). This is also true of every cell at each of the scales
considered in the downscaling process. Based on the gridded
NEXRAD rainfall fields, the data analysis indicated that the
distribution of log(r0i/r0) is well approximated as Gaussian.
Therefore, the proposed stochastic model is constructed as
follows (see Figure 9):

ln
r0i1 tð Þ
r0ðtÞ ¼ a ln

r0i1 t � 1ð Þ
r0 t � 1ð Þ þ b ln

r0 tð Þ
E r0 tð Þ½ � þ c�0i1 tð Þ þ d;

i1 ¼ 1; . . . ; 4 ð4Þ
where x0i1(t) denotes uncorrelated Gaussian random noise
with zero mean and unit variance, and E[r0(t)] is the expected
value of r0(t). The first two terms on the right‐hand side of
equation (4) account for the temporal dependence of rainfall
at a given spatial scale (e.g., between r0i1(t) and r0i1(t − 1))
and for the dependence of rainfall across spatial scales
(e.g., between r0i1(t) and r0(t)), respectively. The model of
equation (4) may be thought of as an extended first‐order
autoregressive (AR) model for the logarithm of the rainfall
ratios at each pair of consecutive spatial scales.
[23] It can be shown that for log‐normally distributed rainfall

ratio r0i1(t)/r0(t), the mean and variance of ln r0i1(t)/r0(t)
are as follows:

E ln
r0i1 tð Þ
r0 tð Þ

� �
¼ � s21

2

Var ln
r0i1 tð Þ
r0 tð Þ

� �
¼ ln 1þ s21

� � ¼ �2
1;

where s1 is the standard deviation of r0i1(t) and r0(t) at the
first disaggregation level [e.g., Ang and Tang, 1975].
[24] If we introduce the dimensionless variable m0i1 and

m0 defined as

�0i1 ¼ ln
r0i1 tð Þ
r0 tð Þ þ s21

2

�0 ¼ ln
r0 tð Þ

E r0 tð Þ½ � þ
s20
2
;

then, m0i1 will be distributed as N(0, s1
2) and equation (4) can

be rewritten as

�0i1 tð Þ ¼ a�0i1 t � 1ð Þ þ b�0 tð Þ þ c�0i1 tð Þ þ d
0
; i1 ¼ 1; . . . ; 4

ð5Þ
where

d
0 ¼ d þ 1� að Þ s

2
1

2
� b

s20
2
:

The parameter c in equation (5) is a scaling factor for the
random component x0i1(t) and in general depends on r0,
scale, and season.
[25] Generalizing equation (5) for all cells and scales, it

can be rewritten in matrix form as follows:

Z ¼ AXþ BYþ CW: ð6Þ

In equation (6) and for each pixel of every disaggregation
level, Z, X and Y are vectors of the log‐transformed rainfall
at times t and t − 1. At the first disaggregation level,

Z ¼
�01 tð Þ
�02 tð Þ
�03 tð Þ
�04 tð Þ

2
664

3
775;X ¼

�01 t � 1ð Þ
�02 t � 1ð Þ
�03 t � 1ð Þ
�04 t � 1ð Þ

2
664

3
775;Y ¼ �0 tð Þ½ �;W ¼

�01 tð Þ
�02 tð Þ
�03 tð Þ
�04 tð Þ

2
664

3
775;

and at the nth disaggregation level,

Z ¼

�0i1:::in�11 tð Þ
�0i1:::in�12 tð Þ
�0i1:::in�13 tð Þ
�0i1:::in�14 tð Þ

2
6664

3
7775; X ¼

�0i1 :::in�11 t � 1ð Þ
�0i1 :::in�12 t � 1ð Þ
�0i1 :::in�13 t � 1ð Þ
�0i1 :::in�14 t � 1ð Þ

2
6664

3
7775;

Y ¼ �0i1:::in�1 tð Þ½ �; W ¼

�0i1:::in�11 tð Þ
�0i1:::in�12 tð Þ
�0i1:::in�13 tð Þ
�0i1:::in�14 tð Þ

2
6664

3
7775;

where

�0i1:::in tð Þ � ln
r0i1:::in tð Þ
r0i1 :::in�1 tð Þ

� 	
þ s2n

2
;

such that m0i1…in is distributed as N(0, sn
2), and ln(1 + sn

2) = sn
2.

Table 2. Function t(q) for the Next Generation Weather Radar
Observations

Date
Quadratric
Coefficient

Coefficient of Determination (R2)

Quadratic Fit Linear Fit

3 Jul 0.005 0.99986 0.99314
4 Jul 0.0025 0.99977 0.9959
5 Jul 0.0045 0.99873 0.99321
6 Jul 0.009 0.99937 0.9799
7 Jul 0.0021 0.99727 0.99649
8 Jul 0.0007 0.9994 0.99921
9 Jul 0.0023 0.99909 0.99608
10 Jul 0.0025 0.9993 0.99608

Figure 8. General structure of downscaling model.
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[26] Each of the indices i1,…,in has integer values ranging
from 1 to b, the branching number (i.e., in = 1,…,4 for all n,
and n is the disaggregation level). The parameter matrices
A, B, and C can be obtained as a function of the variances
and covariances of Z, X, Y, and W, as described in
Appendix.

3.2. Intermittent Random Cascade Submodel

[27] The brief discussion of the random cascade model
presented below follows closely those presented by Gupta
and Waymire [1993], Over [1995], Over and Gupta [1996],
Molnár [2000], Kang and Ramírez [2001], and Kang [2003].
Random cascade models like the IRCsM distribute mass
on successive regular subdivisions of a d‐dimensional
cube conserving statistical self‐similarity. A schematic of this

process is shown in Figure 10. The ith subpixel at the nth
cascade level is denoted by Dn

i (there are i = 1, …, bn sub-
pixels at level n).
[28] Let r0 (=r(D0)) [LT

−1] be the rainfall intensity on the
initial single pixel at the largest scale level. The subpixels
D1

i , i = 1, …, b, at the first cascade level are assigned the
intensity r0W1(i), where the Ws are independent and iden-
tically distributed random variables called cascade gen-
erators, whose expected values are unity. Similarly, the
rainfall intensity on the ith subpixel at the second cascade
level is r0W1(i)W2(i). This multiplicative process continues
through all cascade levels, and eventually, at the nth cascade
level, the rainfall intensity in subpixel Dn

i is

r Di
n

� � ¼ r0
Yn

j¼1
Wj ið Þ i ¼ 1; . . . . . . ; bn: ð7Þ

Figure 9. Conceptual diagram of SSTsM.

KANG AND RAMÍREZ: STOCHASTIC SPACE‐TIME AND RANDOM CASCADE W10534W10534

10 of 17



If the distribution of W is nonnegative with hWi = 1, then
equation (7) ensures that rainfall intensity is conserved, on
average, at all levels in the random cascade; that is, the
average of the rainfall intensities of the b subpixels in pixel
Dn

i converges to r(Dn
i ).

[29] It can be shown that for the above random cascade
the logarithm of the qth ensemble moment is [e.g., Over,
1995]

logb Mn qð Þh i ¼ d logb Wqh i � q� 1ð Þð Þ logb �
�1
n þ q logb r0l

d
0

� �
;

ð8Þ

where l0 is the grid length at the original scale. Equation (8)
indicates that there is a linear relationship between the log of
the ensemble moment hMn(q)i and the log of the inverse of
the scaling ratio ln. The slope of this relationship is defined
by the so‐called t function:

� qð Þ ¼ d logb Wqh i � q� 1ð Þð Þ: ð9Þ

[30] For intermittent rainfall data it is desirable that the
probability that W = 0 be positive. For this purpose, fol-
lowing Over [1995], we use an intermittent model using a
composite cascade generator W of the form

W ¼ BY ;

where B is an intermittency generator of the so‐called b
model, and Y is a strictly positive lognormal random vari-
able of the form Y = bg+"X, where X is a standardized
Gaussian random variable, " is a scaling factor, and g is
defined as [see Over, 1995]

� ¼ � "2 ln b

2
:

Figure 10. Schematic of intermittent random cascade
submodel.

Figure 11. Variable b versus background rainfall: (a) June,
(b) July, (c) August.
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By composing the independent generators B and Y on the
cascade of scales, the spatial intermittency characteristics
can be preserved. The final form of the random cascade
model is then

P W ¼ 0ð Þ ¼ 1� b�� P W ¼ b�Y ¼ b��
"2 ln b

2 þ"X

 �

¼ b�� :

ð10Þ

[31] The parameter b characterizes the spatial intermit-
tency of the rainfall distribution and it is related to the rainy
fraction, fr, defined as the fraction of the field that is rainy.
The rainy fraction, fr, is an estimate of the probability that
any given pixel is rainy and therefore, as can be seen from
equation (10), it is equal to b−b.
[32] For the above log‐normal random cascade model, the

t function is [Over, 1995]

� qð Þ ¼ d � � 1ð Þ q� 1ð Þ þ q2"2d ln b

2
ð11Þ

On the basis of on equation (11), " can be estimated either
from the second derivative of t(q) or from the values of the
quadratic coefficient of the least‐squares fits to the observed
t(q) functions (see Table 2). Analysis of the NEXRAD data
for the study area and the study period showed that the

second derivative of t(q) converges to 0.018. Both of these
methods lead to a value of " = 0.08. Observe that mono-
fractal behavior, that is, a linear t(q) function, implies a
value of " equal to zero.
[33] Finally, the parameter b can also be estimated from

the t function of equation (11) as follows:

� ¼ 1� � 0ð Þ
d

: ð12Þ

For the data under study, the intermittency parameter b
exhibits a piecewise semilog relationship with the back-
ground rainfall as shown in Figure 11. The b associated with
the specific background rainfall is estimated from the for-
mulas in Figure 11.

4. Application and Model Verification

[34] The proposed model was tested on the original and
resampled NEXRAD rainfall fields for June, July, and
August 1997. The geographical area included the Front
Range of the Rocky Mountains and the Great Plains of the
central United States in eastern Colorado, Nebraska, Kansas,
Oklahoma, and parts of Wyoming, New Mexico, and Texas.
By means of our proposed downscaling procedure, our
objective was to simulate observation‐scale rainfall fields
from the large‐scale rainfall field in such a manner that the
simulated fields would be statistically indistinguishable

Figure 12. Resampled, downscaled, and observed precipitation fields.
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from the observations, including their scaling characteristics
in both space and time.
[35] The NEXRAD observation field was resampled to

256 km scale and the resulting field was used as the input to
the downscaling procedure. Therefore, the SSTsM was
applied first from the 256 km scale down to the reference
scale of 32 km. Then the IRCsM was applied from the
32 km scale down to the 2 km scale. The SSTsM has three
parameters, all of which were revealed to be dependent on
scale: (1) the standard deviation of the logarithms of the
rainfall ratio sn, which depends only on scale (see Figure 3
for sn); (2) the lag‐1 spatial correlation that was found to be
scale‐dependent and to depend also on the large scale
forcing (see Figures 4 and 5); and (3) the lag‐1 temporal
correlation of the log‐transformed rainfall observations (e.g.,
Figure 6). The IRCsM has two parameters: (1) the inter-
mittency parameter b and (2) the parameter ".
[36] For illustrative purposes, Figure 12 shows the rainfall

field for 2 days at the 256 km scale (which was the input to
the downscaling procedure), together with the corresponding
downscaled and observed fields at the 2 km scale. The
downscaled field shows the blockiness that is characteristic
of random cascade models, which compute the rainfall at a
specific grid from the rainfall at the grid of the immediately

larger scale using a multiplicative cascade generator. How-
ever, our model is a composite model. Above the reference
scale, the SSTsM actually connects neighboring subblocks
as the downscaling proceeds and imposes strict preservation
of the spatial correlation structure within subblocks. There-
fore, the blockiness is actually diminished compared with a
pure random cascade model.
[37] Figure 13 compares the mean and the coefficient of

variation of the observed and simulated fields. As observed
in Figure 13a, the downscaling procedure conserves mass
very well throughout the entire set of scales and throughout
the entire period. Figure 13b shows that the overall behavior
of the spatial fluctuation is also reproduced quite well.
[38] As indicated earlier, the intermittency parameter b of

the IRCsM is a measure of the rainy fraction of the under-
lying field. The b values for the original NEXRAD and
downscaled fields at the 2 km scale are compared in
Figure 14, showing excellent preservation of the intermit-
tency of observed rainfall.
[39] The observed and simulated lag‐1 (Dt = 1 day)

temporal correlations for June, July, and August are pre-
sented in Figure 6, showing that the lag‐1 temporal corre-
lation is well preserved over scales equal to or greater than
the reference scale, and even down to scales below the
reference scale. However, the structure of the composite
model ensures preservation of the lag‐1 temporal correlation
only down to the reference scale, i.e., down to 32 km. This
is because the SSTsM model applies only to scales down to
the reference scale. Despite an anomalous increase of the
downscaled temporal correlation in going from a scale of
8 km to a scale of 4 km, the temporal correlation preserved
by the SSTsM is manifested well even for scales lower than
the reference scale.
[40] Figure 4 compares the spatial correlation structure of

the original NEXRAD and downscaled fields for several
days in July and for different spatial scales. As observed in
Figure 4, the magnitude and rate of decay of the observed
spatial correlation are very well preserved by the SST‐RCM
downscaling model, both at a given spatial scale and across
scales. Finally, Figure 5 compares the lag‐1 (Dx = 1 pixel)
spatial correlation of rainfall at a given scale as a function of
the background rainfall at the immediately larger spatial

Figure 13. Comparison of mean and coefficient of varia-
tion of observed and downscaled precipitation: (a) spatial
mean precipitation and (b) coefficient of variation of the
spatial distribution of precipitation.

Figure 14. Comparison of b of the entire field.
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scale. Figure 5 shows that the SST‐RCM model preserves
very well not only the magnitude of these correlations, but
also the observed increase of the correlation with the
background rainfall for any given scale, and the decrease of
the correlation with increasing scale for a fixed value of
background rainfall.
[41] Finally, Figure 15 compares the moment scaling

functions of NEXRAD and downscaled fields for a selected
set of dates. Table 3 presents a quantitative comparison in
terms of the slopes of the moment scaling functions. As can

be seen, both graphically and quantitatively, the comparison
indicates that the composite model does a good job also
in preserving the characteristics of the moment scaling
functions.

5. Summary

[42] Analysis of NEXRAD rainfall data indicates that, for
the central United States, summer rainfall exhibits a com-
posite behavior with respect to its spatial and temporal

Figure 15. Comparison of moment scaling functions.
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scaling characteristics. Our data analysis shows that rainfall
fluctuations at spatial scales smaller than a reference scale
exhibit self‐similarity and that at scales larger than the ref-
erence scale, rainfall fluctuations are scale‐dependent. This
result is consistent with results of previous investigators
[e.g., Kumar and Foufoula‐Georgiou, 1993a; Perica and
Foufoula Georgiou, 1996]. On the basis of an objective
analysis of the moment scaling functions, the transition from
the scale‐invariant to the scale‐dependent behavior of
summer rainfall over the central United States occurs at a
reference scale of 32 km. Although this magnitude of the
reference scale depends on the magnitude of the smallest
scale of our data (i.e., 2 km) and on the branching number
used in the scaling analysis, the magnitude that we have
determined is consistent with that of Kumar and Foufoula‐
Georgiou [1993a] (i.e., ∼30 km).
[43] Consistent with this composite character of rainfall

variability, we present a new model for downscaling large‐
scale rainfall, the SST‐RCM. The new downscaling model
is a composite of a SSTsM that preserves the spatial and
temporal dependency characteristics at scales larger than the
reference scale and an IRCsM that preserves the statistical
self‐similarity and spatial intermittency at scales smaller
than the reference scale. Each of these two submodels is
thus applied over specific, nonoverlapping scale ranges
separated by the reference scale.
[44] The downscaling procedure was applied to down-

scale daily rainfall from a spatial scale of 256 × 256 km
to spatial scale of 2 × 2 km. The verification of the
proposed downscaling procedure was performed by
inversely disaggregating daily NEXRAD rainfall for the
central United States for June, July, and August of 1997.
The new SST‐RCM reproduces quite well the intermittency
and self‐similarity features, the scaling of the ensemble
moments, and the interscale and intrascale correlation
structure of observed rainfall with a relatively low compu-
tational burden.
[45] The main objective of the paper was to develop a

new downscaling model that accounts for the composite
behavior of the spatial variability of rainfall while preserv-
ing the most important statistical properties of rainfall useful
for hydrologic applications. One such successful application
of this new downscaling model to explore the impacts of
climate variability on the hydrologic response of the head-
waters basin of the South Platte River in Colorado is pre-
sented by Kang and Ramírez [2007]. However, the results of
the data analysis and model verification reported in this
paper point to several interesting directions for more basic
research, including the following. First, the magnitude of

the reference scale is the same as that found by Kumar
and Foufoula‐Georgiou [1993b]. Whether this similarity
represents merely a coincidence or a more fundamental
property of rainfall associated with thermodynamic and
dynamical characteristics of large‐scale and small‐scale
processes warrants further research. Second, an examination
of whether this composite behavior is also present for
rainfall during different seasons and over different geo-
graphic areas should be examined. Finally, several methods
to deal with the blockiness associated with random cascade
models have been proposed in the literature, including the
so‐called dressing method [e.g., Paulson and Baxter, 2007]
and spatial filtering [e.g., Watson and Hodges, 2005] (see
http:://www.rainmap.rl.ac.uk/pdfs/sept2005_workshop/
Watson.pdf). Because the SSTsM component of our com-
posite model explicitly preserves the spatial correlation
structure at every scale down to the reference scale, it has as
an added benefit a reduction in the anomalous effects of the
blockiness associated with models based purely on random
cascades. Therefore, our composite model may be thought
of as a new method to deal with the blockiness issue.
Potential enhancement of this reduction of blockiness
should be further examined.

Appendix A

A1. Estimation of Parameter Matrices A and B

[46] Postmultiply equation (6) by the transpose of vector
X, XT, to obtain

ZXT ¼ AXXT þ BYXT þ CWXT: ðA1Þ

Postmultiply equation (6) by the transpose of vector Y, YT,
to obtain

ZYT ¼ AXYT þ BYYT þ CWYT: ðA2Þ

[47] In order to obtain the values of parameters A
and B, apply the expectation operator on both sides of
equations (A1) and (A2):

SZX ¼ ASXX þ BSYX þ CSWX ðA3Þ

SZY ¼ ASXY þ BSYY þ CSWY; ðA4Þ

Table 3. Slope of the Moment Scaling Functionsa

Moment Order (q)

4 Jul 1997 6 Jul 1997 8 Jul 1997 10 Jul 1997

NEXRAD SST‐RCM NEXRAD SST‐RCM NEXRAD SST‐RCM NEXRAD SST‐RCM

0.5 0.587 0.593 0.589 0.597 0.583 0.594 0.583 0.596
1.0 0.602 0.602 0.602 0.602 0.602 0.602 0.602 0.602
1.5 0.616 0.603 0.623 0.604 0.624 0.603 0.624 0.604
2.0 0.633 0.604 0.65 0.606 0.647 0.605 0.644 0.605
2.5 0.651 0.606 0.681 0.608 0.668 0.607 0.663 0.607
3.0 0.671 0.609 0.715 0.611 0.688 0.61 0.68 0.61
3.5 0.69 0.611 0.751 0.615 0.707 0.614 0.694 0.612

aAbbreviations are as follows: NEXRAD, Next Generation Weather Radar; SST‐RCM, stochastic space‐time random cascade model.
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where SZX, SZY, SXX, SXY, SYX, SYY, SWX, and SWY are
covariance matrices whose elements are covariances
between the corresponding index variables. Because W is
independent of X and Y, SWX = SWY = 0, and equation (A3)
can be rewritten for A as

A ¼ SZXS
�1
XX � BSYXS

�1
XX: ðA5Þ

[48] Substituting equation (A3) into (A4) and solving for
B yields

SZY ¼ SZXS
�1
XXSXY � BSYXS

�1
XXSXY þ BSYY:

Therefore,

B ¼ SZY � SZXS
�1
XXSXY

� �
SYY � SYXS

�1
XXSXY

� ��1
: ðA6Þ

Substituting equation (A6) into (A5) yields

A ¼ SZX � SZY � SZXS
�1
XXSXY

� �
SYY � SYXS

�1
XXSXY

� ��1
SYX

h i
S�1
XX:

ðA7Þ

Equations (A6) and (A7) can be used to estimate the
parameter matrices A and B as a function of the covariance
matrices SZX, SZY, SXX, SXY, SYX, SYY, SWX, and SWY.

A2. Estimation of Parameter Matrix C

[49] Parameter matrix C is estimated as follows. Post-
multiply equation (A2) by the vector ZT to obtain

ZZT ¼ AXþ BYþ CWð Þ AXþ BYþ CWð ÞT: ðA8Þ

W is a vector of zero mean, unit variance, uncorrelated
random variables, and covariance matrix SWW is an identity
matrix. SinceW is independent of X and Y, SWX = SWY = 0.
Therefore, taking expectations on both sides of equation (A8)
yields

SZZ ¼ ASXXA
T þ ASXYB

T þ BSYXA
T þ BSYYB

T þ CSWWCT

ðA9Þ

CCT ¼ SZZ � ASXXA
T � ASXYB

T � BSYXA
T � BSYYB

T:

ðA10Þ

[50] Parameter matrix C can be obtained from the product
CCT if and only if CCT is decomposable. For CCT to be
decomposable, it must be a positive definite matrix. A
matrix is positive definite if all of its eigenvalues are positive.
In the case of symmetric matrices such as covariance or
correlation matrices, positive definiteness will only hold if the
matrix and every “principal submatrix” has a positive deter-
minant. “Principal submatrices” are formed by removing
row‐column pairs from the original symmetric matrix.
[51] Finally, if we are not interested in explicitly pre-

serving the lag‐1‐day autocorrelation between m(t) and
m(t − 1) at all scales, i.e., if A is zero, equations (A6), (A7),

and (A10) reduce to the well‐known parameter estimation
equations of the temporal disaggregation model of Valencia
and Schaake [1973], which was used for spatial downscal-
ing in the context of climate change impact analysis by
Epstein and Ramírez [1994]. Valencia and Schaake’s model
was developed originally for multisite, multiseason stream-
flow and was revised to include linkages with the immedi-
ately previous season by Mejia and Rousselle [1976].
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