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Climate, Soil, and Vegetation
2. The Distribution of Annual Precipitation Derived
From Observed Storm Sequences
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Point precipitation is represented by Poisson arrivals of rectangular intensity puises that have random
depth and duration. By assuming the storm depths to be independent and identically gamma distributed.
the cumulative distribution function for normalized annual precipitation is derived in terms of two
parameters of the storm sequence, the mean number of storms per year and the order of the gamma
distribution. In comparison with long-term observations in a subhumid and an arid climate it is
demonstrated that when working with only 5 years of storm observations this method tends to improve
the estimate of the variance of the distribution of the normalized annual values over that obtained by
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conventional hydrologic methods which utilize only the observed annual totals.

INTRODUCTION

Point precipitation is a random time series of discrete storm
events which under certain restrictions may be assumed to be
mutually independent and in which the average time between
events is large with respect to the average duration of the
events themselves,

For reasons of physical validity an engineering model of this
process must retain those natural features which are important
to the problem at hand, whiie for economy of computation
and for clarity of behavior it should omit those features
deemed unessential. Maximum understanding of hydrologic
variability would be achieved with a model of the precipitation
process which incorporates the geophysical dynamics through
which atmospheric disturbances are generated and propagated
and produce local precipitation. Unfortunately, the base of
scientific knowiedge does not yet exist for this model. Instead
we will take the phenomenological approach, which represents
the essential observed features of the precipitation time series
by a stationary stochastic generating process that is analyti-
cally tractabie.

The essential features of precipitation in terms of a phys-
ically oriented model of water balance processes are (1) the
time between storms, since this is the ‘window’ for evapotrans-
piration, (2) the duration of the storms, since this starts and
stops the infiltration process, and (3) the storm depths, since
these determine the water availability for infiltration.

Various models have been used for this process (see the
reviews by Grace and Eagleson [1966] and Gupta [1973]), but
the Poisson process [Benjamin and Cornell, 1970, pp. 236-249]
seems to provide the best compromise between the conflicting
demands of simplicity and generality.

Perhaps the most general development of the Poisson pre-
cipitation models is that of Todorovic [1968], in which he
considers the individual storm depths to be distributed ex-
ponentially with 2 mean depth which is annually periodic. The
Poisson arrival rate of these events is also considered to be
annually periodic. In a subsequent summary of this work,
Todorovic and Yevjevich [1969] apply it with some success to
the description of the probability density functions of seasonal
precipitation.

Benjamin and Cornell [1970, p. 310] simplify this approach
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by considering the processes to be stationary rather than peri-
odic. )

In this work we wiil continue the simplifving assumption of
stationarity but will replace the exponential distribution of
individual storm depths by the more generai two-parameter
gamma distribution, as was done carlier by Todorovic and
Yevjevich [1967] and more recently by Ison et al. [1971]. We
will extend these developments to the case of a randomly
variable length of the rainy season and will demonstrate the
value of the technique to the derivation of the frequency of
annual rainfall from only a few years of storm observations.

THE Po1SSON ARRIVAL PROCESS

The classical derivation of the Poisson distribution of storm
arrivals at a point assumes successive events to be independ-
ent. The probability of one arrival in time interval At is p and
that of more than one arrival in this interval is negligible. This
leads to the binomial distribution for the probability pg(r) of
having § = » storms in total time ¢t = mArt:

pev) = Cp"(1 — p)™™* (1)
which has mean
E[6] = mp (2)
and variance
Var [6] = mp(1 - p) (3)

It should be noted that the independence assumption is
strictly applicable only for instantaneous arrivals—in this case,
storms of zero duration. A storm of finite duration occurring
in interval Az, may overlap into the subsequent interval Az,
thereby decreasing the effective length of that interval and
hence the probability of obtaining another storm arrival
therein. A measure of the validity of this assumption in appli-
cation to an idealized storm series such as is shown in Figure 1
will be the ‘smallness’ of the ratio of the average storm dura-
tion to the average time between storms, m, /m,,. If we let At
— 0 without otherwise changing this stationary process, p — 0
and m — =, thus giving

@)

where w is the average arrival rate of the storm events and ¢ is

mp = wt
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Fig. 1. Model of precipitation event series.

the time period of interest. Equation (1) becomes the Poisson
distribution

(w’)ve~wl
!

Polv) = v=01,2,- (5)

for the probability of obtaining exactly v events in time ¢.
From this distribution we can find the mean

Eflt] =m, = wr (6)
and the variance
Var [0]1] = 0, = wt M
INTERARRIVAL TIMES

If T is a random variable representing the time unti] the first
storm arrives,

Prob [T > 1] = | = Fr(ta) = ps.0) (8)
By using (5) this becomes
Frtz) =1 — e ¥ 9)

which is the probability that the first storm will arrive after
elapsed time #,. Since the Poisson process is assumed to be
stationary, the origin of the time interval ¢, is arbitrary and
may be thought of as coinciding with one of the instantaneous
oecurrences shown in Figure 1b. Fr(1,) then becomes the cu-
mulative distribution function (cdf) of the continuous ran-
dom variable: ¢, is the interarrival time. Differentiating (9)
gives the exponential distribution for interarrival times of the
Poisson process:

fr(ts) = we % (10)
which has mean and variance
m, = w! (n
and
o= w? 12)
TOTAL PRECIPITATION IN A GIVEN TIME
The total precipitation delivered by v events is
Pu)= 3 B, (13)

J-3
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where 4 is the total precipitation (depth) from a single storm.
We define fp,,(y) as the probability density function of P(v).

The probability density of the total precipitation £ in time ¢
is then given by summing the probability densities fp,,(y) for
each of the (mutually exclusive and collectively exhaustive)
number of storms v which could deliver y precipitation in this
time, each weighted by the discrete probability Py .(v) that
exactly that number of storms will occur. Analytically, this
gives a compound distribution composed of the continuous
density function

me(}') = ;]‘P(w(y)Pﬂvt(”) y>0 (14a)
plus the impulse
Pu(0) =€ p=0 (146)

To complete this derivation, we need the density function
fru{y). where P(v) is the sum of random variables 4,.

We will assume these #, to be independent, and, although.in
many natural cases, seasonal differences are present, we will
assume the A4, to be identically distributed. This assumption
may be removed (at considerable computational cost, how-
ever) should the circumstances so dictate.

Having made the independence assumption, we will select a
distribution for the storm depths which meets the following
criteria: (1) it provides a good fit with observations over a
range of climatic types and yet (2) it is simple enough to be
analvtically tractable. Both of these conditions are met by the
gamma distribution,

futh) = G, 3y = MR (1s)
which has mean and variance given by
my = /A (16)
and
ou? = k/(A)V amn
Defining the mean storm depth alternatively as
my =q°7! (18)
we have
A=« (19)

Another advantage of the gamma distribution is that it is
‘self-preserving,” or ‘regenerative.’” This means in our case
[Benjamin and Cornell, 1970, p. 292] that the sum of » inde-
pendent G(x, A) gamma variables with common A and « is also
gamma distributed, with

(20)
and

(21
Thus considering (13) and assuming independence and

identical distribution for the #,, we have from (15),

_ AOyyeieh

me(y) = G(vx, A) T(ox)

(22)

which is the density function of total precipitation from v
storms. The mean and variance of this distribution are
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Mp,, = vk/A 23)
and

vi/N? (24)
* Substituting (5) and (22) in (14) and using (19), we have the

(compound) distribution of cumulative point precipitation:

2 -
Opw)” =

_ = m(pey)yelem™  (wr)eme’
fed) Zl T(x) ! y>0
25
Pay(0) = e~ y=0 @)

where 7 is the length of the rainy season.

Equation (25) assumes a constant value for the length of the
rainy season, which is reasonable for humid regions where 7 is
often 365 days. In arid regions, however, r will be a random
variable, and (25) gives the (conditional) distribution of an-
nual rainfall given the season length. That is,

fP(r)U') - fP.'r(y!T)

We find the desired marginal distribution of annual rainfalil
depth fp(y) by integrating the joint distribution of this depth
and the season length over all values of the latter variable:

foly) = ["’ foaly ) dr = f foalyi)feir) dr

Although this integration is readily performed for simple
fH{(r) (such as the uniform distribution), we will omit this
refinement here, assuming the coefficient of variation of 7 to be
small. We will thus replace the random variable 7 in (25) by its
mean vaiue m,,

Taking the expected value of (13) gives

L]
E[Psl=mp, = E [JZ; h,jl = E[fmy) = mpmy  (26)

If we use (6) and (11), this gives the mean annual precipitation
as

mp, = Elotlmy = wmmy (27)
The variance can be written
Var [P] = 0,2 = E[P,7] — E¥[P,] (28)
which can be reduced, in the manner of (26), to
op’ = may’ + my'e) (29)

By using (6), (7), (16), (17), and (19) the variance of the mean

annual precipitation becomes
op,’ = (mp /wm X1 + x71)

(30)

The cumulative distribution function of the annual point
precipitation is of primary interest here. This is defined by

o) = Prob [P <= [ inmdx G

By using (25), letting z equal n«x, and replacing 7 by its mean
value m,,

= g-wmy s~ (wm. ) R— )
Fr(p)=e (1 + Zl Tl ), © 7 ldz 32)
The integral is [Gradshteyn and Ryzhik, 1965, p. 317]
[ evszmer e = yion, wey (33)
0
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where y[a, x] is the incomplete gamma function. Equation (32)
is now

Fe(y) = Prob [P, <y]=eom

-{1 + Z‘: (“’”L,) P[vx,nxy]} (34)

where Plvx, nky] is Pearson's incomplete gamma function; that
is,

Pla, x] = y[a. x}/T(a) (35)

It will be convenient to have (34) in dimensionless form. The
natural choice for a normalizing parameter is the climatic
variable mp,. By using (18) and (27) and letting = equal y/m5,,

Prob [’:A < zJ: e-wmr
P4

s ¥
N ym 1

This gives the cdf for annual point precipitation under the
following simplifying assumptions: (1) The point storm precip-
itation is a (stationary) Poisson arrival process, (2) individual
storm depths are identically distributed according to G(x, A),
and (3) the coefficient of variation of the season length is small.
Note that the normalized distribution is specified in terms of
only two parameters, the mean number of independent storms
per year wm, and the order x of the gamma distribution of
storm depths.

We will now verify (36), using storm observations from both
moist and dry climates.

(wm,)”
v!

Plux, wm,x:]} (36)

OBSERVED DISTRIBUTIONS OF STORM PROPERTIES

To assembie observed distributions of storm properties, we
first need a criterion for separating the time series into inde-
pendent events. Grace and Eagleson [1966] used the rank corre-
lation coefficient to test for linear dependence among succes-
sive 10-min rainfall depths. They found for two locations in
New England that linear dependence was insignificant (at the
5% level) between two rainy 10-min periods separated by 2 h
or more. Although this test does not assure independence in
any but the linear sense, a dry interval of 1, = 2 h was adopted
here as the criterion for distinguishing independent con-
secutive events at Boston.

From an analysis of 5 years of hourly precipitation data at
Boston, Massachusetts, Grayman and Eagleson [1969] found
the following to be true.

1. Storm duration is distributed exponentially at Boston
according to

frit;) = 8e® 1,20 (37

where’

(38)

éo=m !

The observed and fitted distributions are shown in Figure 2.
2. The time between storms 1, is distributed exponentially
at Boston according to
frity) = BeB4mto f 21
Since 81, << 1, we will use the approximation
fr,(1y) = Be~Ps

620 (39)
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where

g=m,

3

(40)

The observed and fitted distributions are shown in Figure 3.
3. Storm intensity i is distributed exponentially at Boston
according to

fi(0) = ae iz0 (41)

where

a=m!

42)

The observed and fitted distributions are shown in Figure 4.
4. The storm interarrival time may be written (see Figure
16) =~

o =1 + I (43)

Assuming that 1, and 1, are independent (this has been found
to be true by Grace and Eagleson [1966]), we can write their
joint distribution,

Jror(te 1n) = [t )fr () (44)
which, using (37) and (39), is
frorfte, 1) = Boe~Bt-b, (45)

We can now derive the cdf of storm interarrival times ¢,
according to
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Iy [P
“““=ffhﬁyhuwR=f‘mf BoeBh-b dr, (46)
0 [

Integrating

and differentiating. we get the density function,

Frita) = 1 +

(48)

frita) = “Bk”%—rml

o —

8+ 8
m,n=< 36 >=w"

For Boston we have found that

B/6 << 1

from which
(49)

thus for large ¢, the distribution of interarrival times ap-
proaches the exponential, as is required for a Poisson protess.
This exponential approximation is given by (10), w being de-
fined by (49).

5. The storm depth A is related functionally to the storm

duration and average intensity by
h =i, (50)

and its cdf is thus given by

Fuh) = ffﬂ“”f(l', 1) di di, (51)

What is the joint distribution f(i, 1,)? Are / and ¢, independ-
ent? Assuming for the moment that they are independent, we
can write

1, 1) = f(OHf(r,) = abde %, (52)
whereupon (51) can be integrated to yield
Fulh) = | — 2(adh) 2K, [2(abh)'?] (53)

where K,[ ] is the modified Besse! function of the first order.
Equation (53) is compared with Boston observations in Figure
5. In spite of its consistency with the chosen marginal distribu-

030 ———TTT T T T T T T 3°
KW
OBSERVED RELATIVE
0.25}f FREQUENCY —{25 =
SAMPLE SIZE =
> _—

546 EVENTS -
2 0.20 5 YEARS d20
= @
3 2
c w
w =)

@ - -
x 0.15 5 -
W FITTED EXPONENTIAL =
> DISTRIBUTION =
= 0.10p o @
< f1 (i) =30e 73 <
_1 )
W Q
@ o
0.05— 5 O

[o)
o} | 2 3 4 5 6 7 8 9 10 H

i =POINT STORM INTENSITY x IO2 (INCHES/HOUR)

Fig. 4. Distribution of point storm intensities at Boston, Massachu-
setts.




EAGLESON: CLIMATE, SOIL, AND VEGETATION

[=Fy(h)
0.0l 0. !

\ {f,,(h)=2asxc(2,/a5h)
j \':" Fulh) =i-2./a8h K (2/a8R)
| ah \

43}
-
y S S

@ < 30 HOURS/ INCH

T flh e’ } \ . y
= 0 Femsree™ N 8 =043 HOURS
F oL 7+ 2.94 INCHES ™' 5 i
o4 N
z AN
< Cime Aanfe™M ]
= 3 " Tie) )/ .
3 - NN
] i y L. An] i : 147 INCHES N
2+ Rty = —3 i x:050 o ~
N2
A
| - © GROUPED OBSERVATIONS - AN _f
; 1956, 1957, 1962, 1964, 1965, 546 EVENTS ~Q
-
o} ; :
N
10 ! 10 100
% GREATER THAN
Fig. 5. Point storm precipitation at Boston, Massachusetts.

tions for intensity and duration, (53) is unsatisfactory for our
purposes. Its density function is not self-preserving, as we
required in deriving (22). We thus will fit the observed storm
depths with the gamma distribution of (15) by the method of
moments, acknowledging that this distribution is inconsistent
with (37) and (41).

In Figure 5 the grouped observations are also compared
with (15) and with the special x = | case of (15), which gives
the exponential distribution having A = 5. Of the three alterna-
tives presented, it seems clear that the gamma function pro-
vides the best fit to the observations.

A similar 5-yr analysis of storm data was made for Pasa-
dena, California, and for Santa Paula, California (in Ventura
County about 75 mi northwest of Pasadena). In both of these
cases, only daily rainfall records were available, and the crite-
rion for independence of successive storm events was taken to
be their separation by at least | day that has no recorded
rainfall. The fitting of (15) to the observed storm depths is
shown in Figures 6 and 7. The values found for my and «, as
well as for the other storm properties determined, are given in
Table L.

Notice in Figures 6 and 7 that for large storm depths the
chosen gamma distribution does not fit the observations well.
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Fig. 6. Point storm precipitation at Pasadena, California.
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(at Ferndale Ranch).

It is believed that this is due to southern California precipi-
tation being composed of two distinct storm types rather than
a single homogeneous population, as was assumed.

OBSERVED NUMBER OF STORMS PER YEAR

The monthly average precipitation for Boston, Massachu-
setts, and for Santa Paula. California, is shown in Figure 8 for
5 years of observation. From this it is seen that the average
length of the Boston rainy season is m, = 365 d. For Santa
Paula it is not so clear, but from these monthly totals we can
pick the nominal value m, = 212 d. Using this as a guide, we
can count the number of storms per season and average this
number to obtain for Santa Paula,

h, = wm, = 15.7

If we use m, = 212 d, the minimal storm arrival rate is defined
to be

w=157/212 = 0.074 d**

which will differ somewhat from that calculated by using (49),
as is shown in Table 1. This problem can be eliminated by
using an actual (i.e., first storm to last storm) season length
rather than a nominal (i.e., calendar) one when computing w.
It does not arise, of course, when the season is a full year.

TABLE 1. Five-Year Average Properties of Storm Series
Properties Boston Santa Paula  Pasadena
m, ,d 0.32 1.43
my,,d . 2.98 10.42
rity, cm 0.86 341 2.37
K 0.50 0.25 0.33
m_,d 365 212 212
m, 109 15.7 17.2
m,, cm/d 2.03
my = ry/m, , cm/d 2.69 2.38
w, d-'* 0.30 0.084
w=nm,/m_d- 0.30 0.074 0.081
mp,, cmt 102.6 54.4 51.5
me,, cm 94.1 53.6 40.8
*From (49).

tFull station record.
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ANNUAL PRECIPITATION

~ Humid climates. In Figure 9 the total annual point precipi-
tation at Boston for each of the 5 years for which the individ-
ual storms were studied is presented in the form of the cumula-
tive distribution function. The probability was calculated from
an ordered ranking of the five observations according to the
Thomas [1948] relation,

< J =
i

Prob [ Pa

mPA

where m, is the rank order of observation of magnitude z and

N is the number of years of record. The five values are shown
by the solid symbols in Figure 9.

In a humid climate such as that of Boston it is generally
accepted [Linsley et al., 1975, p. 356] that annual precipitation
is distributed normally. It is conventional therefore to fit such
an a priori distribution to small data sets. The dashed line of
Figure 9 represents the normal distribution fitted by the
method of moments to the five annual precipitation totals.

Shown as circles on Figure 9 are the annual precipitation

(54)
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totals for the period 1886-1974 at Boston. (Earlier observations
were discarded when a cumulative precipitation curve showed
an apparent abrupt change in slope in about 1886.) We may
consider these observations to define the true statistics of Py,
which we are attempting to estimate from a short 5-yr period
of observation.

The solid curve in Figure 9 represents the cdf of P,/mp, as
derived by (36) by using values of the parameters m, = wm,
and « estimated from the same 5 years of individual storm
observations. Notice the close agreement between this predic-
tion and the ‘population’ cdf (given by the circles). Use of
the commonly neglected (although not always availabie) storm
properties appears to provide, through the Poisson model. an
estimate of the variance of the annual precipitation, which is
considerably more accurate than that obtained through use of
the annual totals alone. One might intuitively expect this kind
of ‘leverage’ due to the larger sample size for the parameters to
be estimated provided, of course, that the Poisson model is a
true representation of the process. -

Clinton, Massachusetts, is in the Nashua River basin about
50 mi northwest of Boston. It seems safe to assume that the
storm properties will be homogeneous over this short distance.
By using the storm parameters m, and « determined from the 5
years of Boston record the cdf of normalized annual point
precipitation was calculated for Clinton (since the parameters
are identical, the cdf are identical) and is presented as the
solid line in Figure [0. Here it is compared with the total
available record of annual point totals at Clinton, as is shown
by the circles plotted according to {54). Once again the agree-
ment is remarkable.

Arid climares.  In arid climates it is generally accepted [Lin-
sley er al., 1975, p. 356] that annual precipitation is distributed
log normally. In Figures Il and 12 we present the cdf of
annual precipitation for Pasadena and Santa Paula, Califor-
nia. The comparisons are similar to those for Boston and
Clinton, Massachusetts, except that log probability paper is
used. Here the divergence of the observed and the calculated
distributions in both tails may be due to the apparent dual
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storm population mentioned earlier or to the assumption of
constant 7.
SUMMARY
By using a Poisson distribution of point rainstorm arrivals
and a gamma distribution of point rainstorm depths the cu-
mulative distribution function of annual point precipitation is
derived.

This distribution allows the generation of the frequency
curve of annual precipitation, given short-period observations
of storm characteristics, and is shown through comparisons
with observations in both arid and subhumid climates to pro-
vide a better estimate of the variance of the annual precipi-

- tation than do conventional hydrologic techniques which uti-

lize the observed annual totals.

% LESS THAN

99.99 99 90 70 50 20 5 ! o1 0ol
10 T P [T A O I D I B 7T T T T TTT
81— ]
6 |— Pa com it {wm, ! y[ux,um,xz] 1
—— PROB | —— <z |:3¥“"r 1+Z NRA St
mp, & vt Fwve)
M a
My =wm =17.2
\ wITH 4 Y T
x 20,33
2 _—
FROM 5 YEARS OF STORM DATA
N
E 10— —
~
& 8 -
T szoo a
O o
94— @ ANNUAL TOTALS (968-1972 { =
—-— LOG- NORMAL DISTRIBUTION, 5 YEARS
O ANNUAL TOTALS 1883 -1972
2 —
0.1 I T O T O O [ T O L1 | |
1.01 125 2 5 10 20 50 100 1000
RECURRENCE INTERVAL - YEARS

Fig. 11. Seasonal point precipitation at Pasadena, California.

e e o

PR




720

my

EAGLESON: CLIMATE, SOIL, AND VEGETATION

% LESS THAN

99.99 99 90 70 50 20 5 ! ol 00!
+o T 11T 1 T 1 1 rrr T T T T T
8 —
6 }— @ v 1
Pa —wmy {wme) y[ux.wmmz]
—— PROB | = <zJ=e I+Z T T
4 b— N T v! %74 ]
FROM 5 YEARS OF STORM DATA
\\O
2 yrwm =157 -
x =025
Q.d
E
~ [ -
<
a
08— -
0.6 f— —
—-— LOG-NORMAL DISTRIBUTION, 5 YEARS
0.9 — @ ANNUAL TOTALS 1970 -1974 —
O ANNUAL TOTALS (957 -1975
0.2 — —
0.t O N [ T N S I I [ N N
1.O1 1.25 2 5 10 20 50 100 1000
RECURRENCE INTERVAL - YEARS
Fig. 12. Seasonal point precipitation at Santa Pauia Canyon, California (at Ferndale Ranch).
NOTATION n reciprocal of mean storm depth, equal to my ",
. : -1
storm depth, centimeters. centimeters™’.
precipitation rate, centimeters per second. 6 number of storms in wet season.
counting variable. x  parameter of gamma distribution of storm depth.
number of time intervals. A parameter of gamma distribution of storm depths,
. : 1
mean storm depth, centimeters. equal to x/my, centimeters™".
mean storm intensity, centimeters per second. v counting variable for number of storms.

o, standard deviation of x.
variance of x.
7 length of rainy season, days.

average annual precipitation, centimeters.
mean storm interarrival time, days.
mean time between storms, days.

mean storm duration, days w average arrival rate of storms, days~*.
rank order of observation of magnitude z. E[ ] expected value of [ ], )

mean number of storms per year. F[ ] cumulative distribution function.
mean length of rainy season, days. fC ) probability density function of ( ).
number of years of record. G(,) gamma d‘Stf‘b“['O"'

precipitation, centimeters. Ki[ ] Bessel function of order 1.

annual precipitation, centimeters. P[,] Pearson’s incomplete gamma function.
probability value. Var[ ] variance of [ ].

time to arrival of first storm, days. I'( ) gamma function. ,

time. seconds. vla,x] incomplete gamma function.

storm interarrival time, days. () estimate of ().

time between storms, days.
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