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ABSTRACT: A physically based quadratic rheological model for hyperconcentrated 
flows is tested with experimental data sets. The model includes components de
scribing: (1) Cohesion between particles; (2) viscous friction between fluid and 
sediment particles; (3) impact of particles; and (4) turbulence. The resulting qua
dratic formulation of the shear stress is shown to be in excellent agreement with 
the experimental data sets of Bagnold, Savage and McKeown, and Govier et al. 
When the quadratic model is written in a linearized dimensionless form, the ratio 
D* of dispersive to viscous stresses is shown to play a dominant role in the rheol
ogy of hyperconcentrations. The quadratic model is best suited when (30 < D* < 
400). At low values of D*, the quadratic model reduces to the simple Bingham 
plastic model (D* < 30), and at large values of D*, a turbulent-dispersive model 
is indicated (D* > 400). 

INTRODUCTION 

The rheology of highly concentrated sediment mixtures has been studied 
by various researchers including Bagnold (1954), Jeffrey and Acrivos (1976), 
Takahashi (1980), and Savage and McKeown (1983). Under high rates of 
shear, Bagnold proposed that the dominant shear stress can be attributed to 
interparticle friction and collisions. In this grain inertia region, both the nor
mal and shear stresses depend on the second power of the shear rate. These 
results contrast with observations under low rates of shear (O'Brien and Ju
lien 1988) because in the viscous region, the shear stress in excess of the 
yield stress increases linearly with the shear rate. 

This study describes the rheological properties of hyperconcentrated sed
iment mixtures at shear rates ranging from the viscous region to the inertial 
region. It is proposed to test the quadratic rheological model suggested by 
O'Brien and Julien (1985) with existing data sets from Govier et al. (1957), 
Savage and McKeown (1983), and Bagnold (1954). This analysis points at 
the similarities and differences between these three data sets, which give 
quite different results when analyzed separately. As a second objective, the 
relative magnitude of the terms in the quadratic model is examined to define 
the conditions under which simplified rheological formulations can be ap
plied. 

RHEOLOGICAL MODEL FORMULATION 

The shear stress encountered in fluids with large concentrations of sedi
ments should include components to describe: (1) Cohesion between parti
cles; (2) viscous interaction between sediment particles and the surrounding 
fluid; (3) impact of sediment particles; and (4) turbulence. After considering 
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that both turbulence and inertial impact of particles increase with the second 
power of the shear rate, O'Brien and Mien (1985) proposed the following 
quadratic rheological model: 

du (du\ T = T' + ,,* + £U (1) 
where T = the shear stress; 7y = the yield shear stress, T) = the dynamic 
viscosity, £ = the turbulent-dispersive parameter; and du/dy = the velocity 
gradient normal to the flow direction. The physical reasoning behind this 
quadratic formulation (Eq. 1) is briefly summarized. The first term, Ty, de
scribes the yield stress due to cohesion between fine sediment particles. The 
yield strength is assumed to be a property of the material that does not de
pend on the rate of deformation. The second term describes the viscous stress 
of the fluid interacting with sediment particles. The third term referred to as 
the turbulent-dispersive stress combines the effects of turbulence and the 
effects of dispersive stress induced by the collisions between sediment par
ticles. The conventional expression for the turbulent stress in sediment-laden 
flows merges with Bagnold's dispersive stress relationship because both stresses 
are proportional to the second power of the rate of shear. The purpose of 
combining these two terms stems from the concept that at large concentra
tions of coarse particles, the dispersive stress will be dominant, whereas at 
large concentrations of fine particles, the yield strength and the viscous stress 
will overcome the turbulent stress. 

The combined turbulent-dispersive parameter £ can be written as: 

I = pJi + axps\
2d] (2) 

where pm and lm = the density and mixing length of the mixture, respectively; 
ds = the diameter of sediment particles; ax = the empirical constant defined 
by Bagnold; and p„ = the density of sediment particles. The linear concen
tration X. defined by Bagnold depends on the volumetric sediment concen
tration C„ and the maximum volumetric sediment concentration C* (C* ~ 
0.615): 

1/3 

X = c 1 " ' (3) 

The density pm of the mixture in Eq. 2 is calculated as follows from the 
volumetric sediment concentration C„ and the mass densities of the fluid, p, 
and of the solid particles, ps: 

pm = p(l - C„) + PsCv (4) 

It can be seen from Eq. 2 that both sediment concentration and particle size 
play an important role in determining the magnitude of the turbulent-dis
persive parameter £. 

EXPERIMENTAL TEST OF THE QUADRATIC MODEL 

Three data sets from Govier et al. (1957), Savage and McKeown (1983), 
and Bagnold (1954) are examined to test the validity of the rheological model 
proposed in Eq. 1. 
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TABLE 1. Coefficients T„ -n, and i for Three Data Sets 

d, (mm) 
(1) 

C„ (%) 
(2) 

Ty (dynes/cm2) 
(3) 

if) poises 
(4) 

£ (g/cm) 
(5) 

(a) Govier et al. (1957) 
0.0218 
0.0218 
0.0218 
0.0218 
0.0218 
0.0218 

39.7 
34.1 
30.3 
24.9 
21.8 
16.8 

78.4 
20.7 

9.84 
5.0 
3.2 
2.61 

0.351 
0.29 
0.137 
0.093 
0.0670 
0.0315 

3.15 X HT3 

2.4 x 10"4 

1.28 x 10"4 

3.10 x 10"5 

3.8 x 10"5 

6.34 x 10"5 

(V) Savage and McKeown (1983) 
0.97 
0.97 
1.78 
1.78 
1.24 

42.9 
53.0 
53.0 
42.9 
53.4 

1.96 
1.75 
3.59 
0.14 
6.61 

0.715 
0.975 
1.34 
0.882 
0.983 

5.8 x KT3 

2.55 x 10"3 

1.88 x 10~2 

2.72 x 10"3 

2.63 x 10"2 

(c) Bagnold (1954) 
1.32 
1.32 
1.32 
1.32 
1.32 
1.32 
1.32 

60.6 
55.5 
49.5 
44.5 
37.3 
30.8 
22.2 

8.15 
6.72 
3.0 
4.2 
2.93 
2.18 
0.0 

0.75 
0.485 
0.3 
0.185 
0.126 
0.083 
0.067 

0.0342 
0.0224 
0.0088 
0.0048 
0.0025 
0.00144 
0.00064 

In Govier's experiments, the gap size AR of the rotational viscometer was 
small (Aft = 1.17 mm), and fine galena particles of medium silt size (ds = 
0.0218 mm) were sheared at rates varying from 5 s_1 to 1,000 s_1. In both 
Bagnold, and Savage and McKeown's experiments, neutrally buoyant par
ticles of coarse sand size (ds = 0.5 ~ 2 mm) were sheared in rotational 
viscometers with about the same gap size (AR = 1.08 cm and 1.43 cm, 
respectively). Two types of coaxial rotational viscometers have been used 
for the rheological measurements: (1) Bagnold and Govier et al. rotated the 
outer cylinder; and (2) Savage and McKeown rotated the inner cylinder. The 
shear rates in Bagnold's experiments (5 s~'-250 s_1) were larger than those 
of Savage and McKeown (10 s~'-60 s_1). Therefore, larger turbulent-dis
persive stresses are expected in Bagnold's experiments. 

In spite of the similarities in sediment sizes and rates of shear, the ex
perimental measurements from all three data sets (Fig. 1) yield fairly dif
ferent results. For example, in Govier et al. (1957) data set, the values of 
shear stress remain relatively constant at rates of shear smaller than about 
70 s_1. Beyond this value, shear stress increases by about one order of mag
nitude as the rate of shear increases from 100 s_1 to 1,000 s_1. Under similar 
rates of shear, the results of Bagnold, and Savage and McKeown are strik
ingly different. For example, the shear stress increases by about two orders 
of magnitude in Bagnold's experiment as the rate of shear varies from 10 
s~' to 250 s"1. 

The best-fitted quadratic curves obtained by regression analysis are com-
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pared with the experimental data points in Fig. 1, and the parameters T,,, TJ, 
and '(, for each data set are compiled in Table 1. Yield stress values from 
Table 1 are plotted against sediment concentration in Fig. 2(a) for compar
ison with measurements for natural mudflow matrices from O'Brien and Ju-
lien (1988). It is found that Govier's measurements for silt size galena par
ticles compare with mudflow matrices comprising silt and clay particles, 
whereas, the neutrally buoyant sand size particles of Bagnold, and Savage 
and McKeown give lower values of yield stress. For all three data sets, the 
dynamic viscosity measurements shown in Fig. 2(b) range between those of 
clear water (r\ = 0.01 poise) and the mudflow matrices (silt and clay mix
tures). The interesting Fig. 2(c) shows reasonable agreement among all val
ues of the combined turbulent-dispersive parameter, £. For the three data 
sets, the values of £ are found to increase very rapidly with volumetric sed
iment concentration. 

DlMENSIONLESS FORMULATION OF THE RHEOLOGICAL MODEL 

The relative magnitude of the terms in Eq. 1 is examined to seek possible 
reduction of the three data sets into a dimensionless rheological model, and 
also to better define the conditions under which simplified models can be 
applied. 

A dimensionless rheological model can be obtained after rewriting Eqs. 1 
and 2 in the following form: 

T* = 1 + (1 + rJ)o,D* (5) 

in which the three dimensionless parameters are defined as: 

1. Dimensionless excess shear stress 

T - Tv 

du 

dy 

(6) 

2. Dimensionless dispersive-viscous ratio 

„. psk
2d2

s (du\ 
D* = - '- — (7) 

il \dy/ 

3. Dimensionless turbulent-dispersive ratio 

?? = - % (8) 

This linearized formulation of the rheological model (Eq. 5) for hyper-
concentrated water-sediment mixtures has three major advantages over pre
vious formulations: 

1. It involves three dimensionless parameters T*, D*, and T%. 
2. The second term on the right-hand side of Eq. 5 reflects the deviation from 

the Bingham plastic model. 
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FIG. 3. Comparison of Dimensionless Model with Experimental Data 

3. Newtonian and non-Newtonian fluids can be modeled depending on the 
relative magnitude of the parameters D*, T*, and ty. 

The usefulness of the dimensionless rheological model is demonstrated in 
Fig. 3 where T* is plotted versus D*. When Eq. 5 is fitted to the experimental 
data sets of Govier et al. (1957), Savage and McKeown (1983), and Bagnold 
(1954), it is found that a,(l + T^) = 0.0087. It has not been possible to 
evaluate the parameter T* because the mixing length lm from existing ex
periments is not available. It is interesting to notice, however, that the value 
a{ = 0.01 suggested by Bagnold is comparable to the value ax (1 + Tf) = 
0.0087 obtained from Eq. 5 when assuming that the turbulent stress is neg
ligible compared to the dispersive stress (T* « 1). 

It is found in this analysis that not only the linearized dimensionless model 
(Eq. 5) is applicable to all three data sets, but the parameter D* can be used 
to delineate particular cases of the quadratic model. The results shown in 
Fig. 3 indicate that T* is sufficiently close to unity when D* < 30 to justify 
the use of a Bingham plastic model. On the other hand, T* exceeds 4 when 
D* is roughly larger than 400, which indicates that in this region the tur
bulent-dispersive stress is dominant. 

SUMMARY AND CONCLUSION 

We concur with Savage and McKeown's (1983) conclusion that the rheol
ogy of hyperconcentrations is somewhat more complex than originally pic
tured by Bagnold (1954). The quadratic model describing the rheology of 
hyperconcentrated sediment flows is well suited to the experimental data sets 
of Govier et al. (1957), Savage and McKeown (1983), and Bagnold (1954). 
This analysis illustrates the benefits of combining the turbulent stress with 
the dispersive stress. When the quadratic model is written in a linearized 
dimensionless form (Eq. 5), the ratio of dispersive to viscous stresses D* 
becomes of foremost importance in selecting appropriate rheological models. 

It can be concluded that the quadratic model is valid for all values of the 
parameter D*, and reduces to the Bingham plastic model when D* < 30. 
Turbulent-dispersive formulations may be useful in the inertial region when 
D* > 400. 

-Bingham-Plastic Modflt 
-Quadratic Model 

A Govier 9t al. (1957) 
o Bagnold (1954) 
a Savage and McKeown (1983) 
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APPENDIX II. NOTATION 

The following symbols are used in this paper: 

fll 

cv 
c* 
D* 
ds 

*-m 

AR 

c 
•n 
A. 

p.p»pm 

T 

T y 
T * 

= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 

= 
= 
= 

dispersive stress coefficient; 
volumetric sediment concentration; 
maximum volumetric sediment concentration (C* ~ 0.615); 
dimensionless dispersive-viscous ratio; 
average diameter of sediment particles; 
mixing length of mixture; 
dimensionless turbulent-dispersive ratio; 
gap size of viscometer; 
turbulent-dispersive parameter; 
dynamic viscosity of mixture; 
linear concentration of sediments; 
densities of fluid, particles, and sediment-water mixture, re
spectively; 
shear stress; 
yield shear stress; and 
dimensionless excess shear stress. 
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