

















information in the analysis of exceedance probability and flow
duration curves. Indeed, the exceedance probability of a dis-
charge Q can be directly calculated from (3) and (4)

P(x) = e~ = g0V (15)

given the transform parameters in Table 4. For instance, the
flow discharge in the Chaudire river is given by ¢ =
0.0480Q%* from Table 4. The exceedance probability P(1,000
m’/s) of a daily discharéc Q = 1,000 m?s is approximately
P(1,000) = 70048100001 -0 51, which compares well with
the recorded value (0.008) on the flow-duration curve reported
in Julien (1995, p. 234). Actually, the entire flow-duration
curve for this river is in very good agreement with (15).
Sediment concentration was measured periodically with em-
phasis during the periods of high discharge. The upper portion
of the concentration diagram (Fig. 11) is also quite amenable
to the use of the proposed transforms, for which the exceed-
ance probability of sediment concentration can be calculated
from (15). From the relationship in Table 4 the inverse trans-
form exponent 1 < b < 2 indicates that sediment concentration
varies nonlinearly with the exponential rainfall characteristics.
As a second example, the sediment-rating curve during the
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period of sampling can also be examined with the use of the
transforms. From the method of moments in Table 4, the trans-
form of sediment concentration for the Chaudigre river is ¢ =
0.24C%%., and that of runoff discharge during the same period
is ¢ = 0.048Q?2% (mcs = cubic meters per second). From the
double identity ¢ = 0.24Char. = 0.04802%, the relationship
between C,,,1. and O can be written as Cpgr = 0.032Q 4%, This
is remarkably close to the equation obtained by regression
analysis, Cpg = 0.04QL2,, found in Julien (1995, p. 234). A
similar relationship can be defined for the Colorado river at
Lee’s Ferry from ¢ = 7.5 X 107 €% =525 x 10™* Q242,
or Cgr = 0.67Q 251

The expected value of variable x can be directly estimated
from (9), given the inverse transform parameters 4 and b

1
= (l) r (1 + l) =al(l + b) = a% (16)
a b

For instance, the mean daily flow of the Chaudiére river is
calculated directly from the inverse transform parameters by
the method of moments in Table 4, thus @ = 98.4I'2.52 =
98.411.52 = 132 m%s.

As a third practical example, the transforms enable very
rapid calculations of the sediment discharge of a river once the
inverse transform parameters 4 and b have been determined.
The average sediment load in suspension in the Colorado river
at Lee’s Ferry (shown in Fig. 12) is estimated from the trans-
form parameters 4 and b for Q, in Table 4. The average daily
sediment discharge @, = 120,230!1.70 = 185,700 tons/day cal-
culated from daily measurements over a period of five years
(1955-59) is close to the average measurement of 140,000
tons/day for the period 1912-65 calculated by C. F. Nordin
Jr. (personal communication, 1995). This approximation based
on the transform parameters, circumvents the traditional sed-
iment-load calculations using the combined flow-duration
curve and sediment-rating curve method. It should prove par-
ticularly useful in rivers with significant washload where sed-
iment concentration and discharge are uncorrelated and the
sediment-rating curve is difficult to determine.

As a fourth practical example, the transforms also enable
the user to estimate the daily sediment discharge that will be
exceeded a certain fraction of the time from (15) after solving
for x

1/b
x = [—In P(x)]" (:;) = 4[—In P an

For instance, the daily sediment discharge of the Colorado
river at Lee’s Ferry that is exceeded 1% of the time, or 3.65
days a year, is calculated with 4 = 120,230 and b = 1.7;
P(Q.) = 001, which gives Q, = 120,230(—In 0.01)'” = 1.6 X
10° tons/day. Conversely, one can estimate the percentage of
the time where the daily sediment discharge exceeds a certain
value. For instance, how many days a year can someone
expect the daily sediment discharge to exceed 1 million tons
per day. From (15), one obtains directly P(Q,) = e =
e~ 10ax107X1x10%° = 3,027, or about 10 days per year (0.027 X
365 days).

NONLINEARITY

The inverse transform exponent b is viewed as a measure
of nonlinearity between runoff, or sediment transport, and
point rainfall. It can be seen from Table 4 that point rainfall
is nearly linear with values of 0.85 < b < 1.28. There is a
general increase in nonlinearity as depicted by the inverse
transform exponent b in going from point rainfall to runoff to
chemical/sediment transport. The range of values of b for var-
ious processes is summarized in Table 5. In increasing order
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TABLE 5. Typical Values of b for Different Variables

~

Process b

(1 @)
Point rainfall 0.85-1.28
Upland snowmelt 1.15-1.37
Upland chemical concentration 0.46-1.40
Upland runoff 1.46-1.62
River flow discharge 1.25-1.77
River sediment concentration 1.13-2.14
Upland chemical yield 1.48-2.33
Upland sediment yield 2.20-2.35
River sediment discharge 1.70-2.84

of nonlinearity, one finds point rainfall, surface runoff, chem-
ical and sediment concentration, and chemical and sediment
yield. The importance of & is illustrated with the following
analysis and examples.

Once the magnitude x; and exceedance probability P, of an
event are known, one can determine the unknown magnitude
x, of another event of exceedance probability P, simply as a
function of the inverse transform exponent b. At a given b,
one defines £ = P,/P, to determme the unknown 1 = x,/x,.
From (15), one obtains P, = e *! and &P, = ¢ *™’ to be
solved for § as a function of m and b as

£E= Patad Ui M P(n"—l) 18)
or conversely for 7 as a functlon of § and b
In § In P,
1+ 19
n= [ In Pl] [m P;I (19)

which shows that at any given value of £ and P,, the magni-
tude of m increases with the exponent b.

.As a fifth example, it is known that in the Colorado river
(b = 1.7) the daily sediment discharge of x; = 1 X 10° tons/
day is exceeded 10 days a year (P, = 0.0274). Calculate the
exceedance probability P, of a daily sediment discharge x; =
2 X 10° tons/day. In this first case, & is calculated from (18),
given n = x,/x; = 2 ;}Qnd b = 1/b = 0.59 for the Colorado river,
thus £ = (0.0274)%"™9 = 0.162 or P, = 0.162P, = 4.45 X
107* or 1.62 days per year.

As a sixth example, the magnitude of infrequent events can
be estimated from the mean value ¥ and b. For instance, given
the mean daily sediment discharge of 185,700 tons/day in the
Colorado river (b = 1.7), estimate the magnitude of the daily
sediment discharge x, exceeded one day per year (P, =
0.00274). The exceedance probability of the mean daily sed-
iment discharge of the Colorado river Q, = 185 700 tons/day
is first calculated from (15) given a = 1.04 X 107 and b =
0.59. This yields P, = P(Q,) = ¢ 10¥x107x18570°% _ 563 The
value of m is then calculated from (19) given £ = P,/P, =
0.0104 and b = 1.70 for the Colorado river, thus n=[1+(n
0.0104/In 0.263)]'” = 12.5 or x, = mx; = 12.5 X 185,700 =
2.32 X 1Q° tons/day. This example shows that the higher the
value of b associated with nonlinearity, the higher the value
of m, and subsequently x,.

As a final result, the transforms enable the user to calculate
the magnitude of infrequent events from the mean value of a
variable and the inverse transform parameter b. Considering
the previous example, one demonstrates from (9) and (15) that
the exceedance probability of the mean value is only a func-
tion of b as

—In P(%) = (1h)" (20)

The value of x that has an exceedance probability P(x) is then
directly calculated from (19) as a function of % and b

In P(x) | _ [—In P(x)]
[m P(x)] *= [ b ]x @b

This equation is quite simple and demonstrates the usefulness
of the inverse transform parameter b.

As a last practical example, the mean daily sediment con-
centration in a river is 250 mg/L. Estimate the value of con-
centration that is exceeded 5% of the time [P(x) = 0.05]. With-
out knowing the distribution of daily sediment-concentration
measurements, one can nevertheless find rough estimates from
1.13 < b < 2.14 in Table 5. Hence, one can estimate x assum-
ing b = 1.6 to get from (21), x = [(—In 0.05)"%/1.43] X 250
mg/L == 1,000 mg/L. The brackets obtained from b = 1.13 and
b = 2.14 are, respectively, x = 800 mg/L. and x = 1,150
mg/L. One would thus expect the daily sediment concentra-
tion exceeded 5% of the time to range between 800 and 1,150

mg/L.
SUMMARY AND CONCLUSIONS

This study examines the information contained in rainfall-
runoff-transport variables in terms of expected value, duration
curves, and exceedance probability. Starting from exponential
distribution of rainfall characteristics, the properties of power
transforms and the practical implications of the nonlinearities
of the transform are examined from point characteristics to
runoff and sediment transport in large watersheds.

Transforms are proposed for the analysis of the probability
density functions of rainfall, runoff, sediment, and chemical
transport variables. Two transform parameters are evaluated
either from a graphical method or from the method of mo-
ments. The results enable rapid estimates of expected values
and exceedance probability at a given value of parameters such
as rainfall intensity, duration, depth, flow discharge, chemical
concentration, sediment concentration, sediment yield, and
sediment discharge.

The transforms are particularly valuable in the analysis of
flow and sediment duration curves, as wel as for the definition
of poorly correlated and sediment-rating curves. In the deter-
mination of the mean annual sediment yield in a river, the
method circumvents the tedious combined flow-duration curve
and sediment-rating curve method. Moreover, the sediment-
duration curves can be determined with an assessment of how
frequently a daily sediment discharge, or sediment concentra-
tion level is exceeded. .

The values of the inverse transform exponents b are quite
representative of physical processes. Point rainfall duration,
intensity and depth are nearly exponentially distributed and b
remains close to unity. Surface runoff discharge and volume
per unit area display values of b closer to the flow resistance
exponent 8. The concentration of chemicals in surface runoff
varies with values of 0.7 < < 2.2. Likewise, sediment yield,
sediment concentration, and sediment discharge become
highly nonlinear and 1.1 < b < 2.6. The value of b can be
used to estimate the magnitude of infrequent events.
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APPENDIX ll. NOTATION
The following symbols are used in this paper:

a, b = transform coefficient and exponent;
4, b = inverse transform coefficient and exponent;
C = Chézy coefficient;
Cmgr. = sediment concentration in mg/L;
f = Darcy-Weisbach friction factor;
g = gravitational acceleration;
h = flow depth;
i = rainfall intensity;
K = laminar resistance coefficient;
L = runoff length;
M,, M, = first and second moments of distribution;
n = Manning resistance coefficient;
P(d) = exceedance probability, P(b) = [ p(£) d&;
p(d) = probability density function;
Q = total discharge;
Q. = daily sediment discharge;
q = unit discharge;
§ = friction slope;
t = time;
t, = time to equilibrium,;
t, = rainfall duration;
x, X, y = variables;
X = average value of x;
a, B = coefficient and exponent of resistance relationship;
I'(x + 1) = gamma function, I'(x + 1) = (x);
0 = dimensionless time, 8 = (t — ¢,)/t,;
A = dimensionless time ratio, A = ¢,/1,;
A1, A2 = reciprocal of average rainstorm duration and inten-
sity;
v = kinematic fluid viscosity;
II = double natural logarithm of P(), IT = In[—In P(d)];
¢ = reduced variable;
y = dimensionless discharge, ¥ = ¢/iL; and
1(x) = factorial function of x, 'x = x(x — 1)(x — 2)....
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