


PREDICTING MEAN SOIL EROSION LOSSES DURING GIVEN PERIOD OF TIME 

Before deriving an expression for the expected soil erosion during a 
given period of time, the erosion for a single event of given intensity, 
i, and duration, tr, must be considered. 

Single Event.—Soil erosion by overland flow during a single event, 
shown in Figs. 4(a-c), is obtained by combining Eq. 19 with the flow 
characteristics corresponding to the runoff hydrograph [Figs. 3(a-c)]. In 
a dimensionless form, the total erosion or mass eroded per unit width, 
<j>, is obtained by integrating the sediment discharge, qjpeve, over the 
dimensionless runoff period, Â  t: 

i> = | -2=-d(x,t) = — 
Jo PeVe peVe 

qsdt (23) 

The erosion potential obtained when TC reduces to zero in Eq. 20 is 

i> = — I CLS*q<ibdt 1 (24) 
PeVe Jo 

For a given constant rainfall intensity i over a plane surface of slope 
S, Julien (8) integrated Eq. 24 for the complete hydrograph <J>C and the 
partial duration hydrograph 4>P 
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FIG. 4.—Soil Erosion for Single Event: (a) Hyetograph; (h) Hydrograph; (c) Sedl-
mentograph 
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PeVe 

_9 
1 " x V972 37 -2 , 

Peve 

aS^UP^U 
37 + 1 

X3^ + 
3 7 - 2 . 

X > 1 

X 3 7 - X < 1 

(25) 

(26) 

From Table 2, 7 normally varies between 1 and 3. When tr » te (or 
X -» 00), the term in brackets of Eq. 25 (valid for X > 1) reduces to unity. 
In Eq. 26 (for X § 1), the soil erosion $p remains generally small since 
for partial duration hydrograph, X is raised to the power 37. 

Expected Value of Soil Erosion for One Rainfall Event.—The ex­
pected value of soil erosion is determined using the probability density 
functions of rainfall duration and intensity. These independent expo­
nential distributions were previously described and the expected value 
of soil erosion by one storm $ is given by 

4> = <t>p(Mr) p(\2i) rf(Mr)rf(X20 _ (27) 

From Eqs. 4 and 7, Eq. 27 becomes 

* = I I ())e"^e-Md(X1fr)(f(X20. 
Jo Jo 

(28) 

This integral must be divided in two parts, as indicated by Eqs. 25 
and 26, which are valid when tr > te and trSte, respectively. One thus 
obtains 

d> = 
MU 

fype^'e-^'dfatr) d(X2i) 

fae'^'e^2' dikiQ d(K2i) (29) 

The boundary value, Xa te, is a function of i (Eq. 10), while 4>p and <j>c 
are given by Eqs. 25 and 26. The exact analytical solution to Eq. 29 in­
cluding the variation of the friction factor K with rainfall intensity (Eq. 
9) has been obtained using hypergeometric series. The complete solution 
is written in terms of a series of incomplete gamma functions, which 
converges very rapidly, and the reader is referred to Julien (8) for the 
derivation. Experience with field data showed that a constant value of 
the friction coefficient can be assumed for the evaluation of soil erosion. 
The representative value of the friction coefficient, K,„, can be computed 
by substituting 1 tot i in Eq. 9 (Km .= K0 + Aib). This simplification gives 
the following approximate solution of Eq. 29. 

$== 
TTjTft + 5 + 1) 

x?xrs+l 
8gS 

V 3 r ^ + 8 + 3 

W H6+1/3 
. (30) 
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"-1 ^2 o 
in which TTJ = aSpU (31) 

PeVe 

9y2 - 97 

9y2 - 37 - 2 ^ = ; T T " Z — ^ • • (32) 

T(x) = I C l g ?rf|; gamma function (33) 
Jo 

Expected Soil Erosion during Given Period of Time.—The average 
amount of soil eroded during a given period of time is equal to the prod­
uct of the expected value of soil erosion for one rainfall event, $ , and 
the mean number of events, v, dur ing that period. 

<l = v<J> (34) 

PRACTICAL APPLICATIONS 

This development has been applied to predict rainfall erosion and sed­
iment yield from the Chaudiere Watershed near Quebec City, Canada. 
A detailed description of the methodology including data collection and 
analysis, discretization of the watershed and computer programs is be­
yond the scope of this paper. However, the interested reader might refer 
to previous work (7-9). The writers wish to outline the approach used 
to cope with practical applications of this theoretical derivation and to 
provide some of the results obtained. 

The significant parameters used to describe the watershed and the 
monthly rainfall parameters are listed in Table 1. The basin geometry is 
simplified, and the following parameters are considered: At = 6.27 X 
1010 ft2 (5.83 x 109 m2); S = 0.0156; and L = 300 ft (91.5 m) . The expected 
value of soil erosion during one rainfall event is computed using nu­
merical integration of the exact formulation (Eq. 29) and the results are 
compared with the series approximation given by Eq. 30. The exact for­
mulation has been integrated numerically in two different ways: (1) Sim­
ple first-order open Newton-Cotes formula (two-dimensional) with 2,500 
points; and (2) Gauss quadrature formula (two-dimensional) with 25 
points. The results in columns 2 and 3 of Table 3 show that the nu­
merical methods used to solve Eq. 29 give nearly identical results, as 
one might expect. The results of the series approximation (Eq. 30) are 
presented in columns 4 and 5 in Table 3 and indicate a very rapid con­
vergence. In this example, the first term of the series can be used to 
estimate the rate of soil erosion if a 5% error is acceptable. Otherwise, 
better accuracy is achieved w h e n both terms are considered. Higher or­
der terms in the series were shown to be negligible for the cases inves­
tigated. In this example, the expected value of soil erosion after v storms 
can be estimated from: 

JE. -,*. - 1'"1 I"(-y+8+l) , „ _ , 

*= v* s vw^ (35) 

A preliminary sensitivity analysis was conducted to account for water 
losses due to interception, evapotranspiration, and infiltration. Three cases 
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TABLE 3.—Expected Value of Soil Erosion by One Rainfall on Chaudlere Wa­
tershed 

Month 
(1) 

June 
July 
August 
September 
October 
November 

SOIL EROSION IN METRIC TONS 

Numerical Methods (Eq. 29) 

Newton-Cotes 
(2) 

48.59 
62.11 
49.56 
57.33 
30.88 
34.98 

Gauss 
(3) 

48.15 
61.54 
49.12 
56.32 
30.60 
34.67 

Series Expansion (Eq. 30) 

1 term 
(4) 

51.01 
65.30 
51.78 
59.87 
32.39 
36.43 

2 terms 
(5) 

48.81 
62.38 
49.80 
57.60 
31.02 
35.15 

have been studied: (1) No water losses (hyp. A); (2) the water losses 
reduce the rainfall duration such that the equivalent rainfall duration 
parameter is \lb = X1/Cr, in which Cr is the runoff coefficient (hyp. B); 
and (3) the water losses reduce the rainfall intensity and the equivalent 
rainfall intensity parameter is given by X2c

 = WO- (nvP- Q- The specific 
erosion rates based on Eq. 2Gb in Table 2 have been computed as a func­
tion of surface slope for these three hypotheses and the results are shown 
in Fig. 5. These curves represent the potential erosion losses for bare 
soil. The curve obtained by the empirical Universal Soil-Loss Equation 
(USLE) under the same conditions (7) is also shown on the same figure. 
The shape of the quadratic expression for slope in the USLE is very sim­
ilar to power formulas with an exponent value near 1.7. 

0 0u05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 
SLOPE, f t / f t 

FIG. 5.—Specific Erosion versus Slope on Chaudiere Watershed 
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FIG. 6.—Observed and Computed Sediment Yields from Chaudiere Watershed 

The theoretically derived method has been applied to the Chaudiere 
watershed during the rainfall period (June-November). The cropping 
management factor of the USLE and the monthly values of the runoff 
coefficient, Cr, were evaluated to account for vegetation and water losses 
on the watershed. An average sediment-delivery ratio was estimated from 
Boyce's data (1,7) to compute monthly sediment yield. These results 
during the rainfall period are shown in Fig. 6 and compared to the ob­
served suspended load, which is mainly wash load, from 1968-1976 at 
St-Lambert-de-Levis near the mouth of the river. 

Though the observed values fluctuate, the observed load is in good 
agreement with the computed sediment yield (hyp. B). The peak in the 
observed sediment yield for the month of August is related to the oc­
currence of a severe flood in 1971. The question as to whether hyp. B 
can be consistently assumed has not yet been fully clarified. However, 
three other watersheds in Canada were investigated by the writers (9) 
and the analysis showed that hyp. B gives the best results. In a more 
detailed analysis of soil erosion and wash load on four northern wa­
tersheds (8), this approach to rainfall erosion was extended to soil ero­
sion during snowmelt with excellent results. 

SUMMARY AND CONCLUSIONS 

This paper describes a theoretical development in soil erosion mod­
eling based on: (1) The exponential distribution of rainfall duration and 
intensity; (2) the hydrographs obtained by solving the kinematic wave 
approximation for the case of a rainfall of constant intensity over an im­
pervious surface; and (3) a general sediment discharge equation for over­
land flow suggested from dimensional analysis. Two equations for the 
total soil erosion losses during one rainfall event were derived, respec­
tively, for the complete hydrograph and the partial equilibrium hydro-
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graph. The expected value of the quantity of sediment eroded by a storm 
has been derived using hypergeometric series and a particular solution 
(Eq. 30) is determined for the case where the friction factor, K, does not 
dependent on the rainfall intensity. 

It can be concluded that although the general equation (Eq. 29) can 
be solved analytically in terms of a series of incomplete gamma func­
tions, a very simple first-order approximation (Eq. 35) has been derived 
from hypergeometric series. This equation has been applied on the 
Chaudiere watershed and gives less than 5% difference with an elabo­
rate numerical evaluation of Eq. 29. Better accuracy can also be obtained 
by taking the first two terms of the series as shown in Table 3. With the 
use of the runoff coefficient (hyp. B) and the sediment-delivery ratio, 
the computed sediment yield compares very well with the observed sus­
pended load in the Chaudiere River. The method demonstrated herein 
has been used to analyze complex watershed configurations and appears 
to be efficient for studying rainfall erosion and sediment yield from large 
watersheds. 
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APPENDIX II.—NOTATION 

The following symbols are used in this paper: 

A,b = friction coefficients of rainfall intensity; 
Cr = runoff coefficient; 
ds = sediment size; 
Es = specific erosion; 

F(i),F(tr) = distribution function of rainfall intensi ty and durat ion; 
/ = Darcy-Weisbach friction factor; 
g = gravitational acceleration; 
h = flow depth; 
i = rainfall intensity; 
t = average s torm intensity; 

K = friction coefficient including rainfall effect; 
K0 = friction coefficient wi thout rainfall effect; 
Km = representat ive constant friction coefficient; 

L = runoff length; 
m,n,p = coefficients of existing sediment discharge equations; 

p(i),p(tr) = probability densi ty function of rainfall intensity and du­
ration; 

p(v/t) = probability to observe v s torms dur ing the t ime t; 
q = uni t water discharge; 

q* , qs = uni t sediment discharge by weigh t and by mass ; 
R = Reynolds number ; 
5 = land surface slope; 
t = t ime; 
te = equilibrium time; 
tr = storm duration; 
ir = average storm duration; 
M = depth-integrated flow velocity; 

a, a, (3, 
7,8, e, in = coefficients of the general sediment discharge equation; 

T(x) = gamma function; 
ye = specific weight of water and sediment; 
6 = dimensionless t ime variable; 
A. = ratio of rainfall dura t ion time to equilibrium time; 

\0 = average arrival rate of s torm events; 
^i A2 = rainfall dura t ion and intensi ty parameters ; 

Xib, X2c = equivalent rainfall dura t ion a n d intensity parameters ; 
v = n u m b e r of rainfall events; 
v = average n u m b e r of rainfall events; 
ve = kinematic viscosity of water; 
I = d u m m y variable; 

TTI , TTC = g roup of variables; 
p c , pe = density of water and sediments; 
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T„ = bed shear stress; 
TC = critical bed shear stress; 
<f> = expected value of soil erosion for one storm; 
$ = expected value of soil erosion during a given period of 

time; 
(J> = total soil erosion for one storm; 

<$>c,<i>p = total soil erosion during complete and partial equilibrium 
hydrographs; and 

vp = dimensionless flow discharge. 
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