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Abstract�In this paper we will examine the effect of different
parameters in the quality of real compressively sampled images
in the compressed sensing framework. We will select a variety
of different real images of different types and test the quality of
the recovered images, the recovery time, and required resources
when different measurement methods with different parameters
are used or when different recovering methods are applied. Then
we will propose an algorithm to reduce the noise in the recovered
images and sharpen them simultaneously. The algorithm exploits
a well-known bilateral �ltering in order to increase the con�dence
in margins and edges, and then uses an adaptive unsharp mask
method to sharpen the images. The adaptive unsharp mask
method extends the ordinary unsharp mask method and uses
machine learning square loss minimization and regression in
order to learn the optimal unsharping parameters. We will argue
why both bilateral �ltering and unsharp mask methods should
be used in the algorithm simultaneously. Finally, we will show
the results of applying the algorithm on real images that are
recovered using the compressed sensing method and we will
interpret the experimental results.

I. I NTRODUCTION

REcently, a novel way of sampling signals has been
proposed capable of bypassing the Nyquist’s sampling

limits for a variety of signals [9], [10], [11]. One class of
signals for which the compressed sensing approach works
is the images, which are two dimensional piecewise-smooth
signals, with only a few large coef�cients in the wavelet
domain. Furthermore a recent brand of cameras called the
single pixel cameras [16] has been produced that can perform
the compressed sensing measurements very ef�ciently. How-
ever, it is very important to choose the parameters in�uencing
the measurement and recovery wisely. Good parameters will
lead to high quality images that can be recovered ef�ciently
and need cheap resources such as memories and processors;
on the other hand, if the parameters are set inappropriately,
the result may be even worse than the traditional sampling-
compressing method. Most of the experimental results in
compressed sensing are done on arti�cially made data sets or
on a very speci�c set of images and not on different real im-
ages of different types. Furthermore, most of the experiments
were only concerning one particular aspect of the recovering
problem alone. Among the papers with a more general and
practical experimental approach are [7] [9]. Following their
work in this paper, several compressed sensing experiments
has been done and the effect of different approaches and

Fig. 1. Single Pixel Camera from [12]

parameters on the quality and ef�ciency of the recovered
images has been investigated.

The other bene�t of using several real images of different
kinds will be the ability to train the parameters of an adaptive
unsharp mask method in order to increase the quality of
the recovered images. Generally, the recovered images are
noisy, also the recovered image will be too smooth. In this
paper we will propose an algorithm that eliminates the noise
and adaptively sharpens the image simultaneously. The algo-
rithm exploits both a bilateral �ltering method [18], [17] that
enhances the marginal con�dence images and one adaptive
generalization of the unsharp mask method [20] that uses the
square loss minimization and regression which are machine
learning techniques [21] in order to eliminate the noise and
sharpen the image so that the image does not lose its natural
look. We will argue why both parts are needed in the quality
enhancement algorithm and why none of them can enhance
the quality of the recovered image very much solely. We will
train our algorithm with various images which are the results
of compressed sensing recovery method and then we will use
the optimal parameters in order to increase the quality of a
recovered test image.

The structure of the paper will be as follow: In the next
subsections we will de�ne the compressed sensing precisely.
Next, we will show why compressed sensing is very appropri-
ate in image sampling and compression. Experimental results
about choosing good parameters in compressed sensing go
next. Then will describe the bilateral �ltering and adaptive
unsharp mask methods. Finally, we will use these two methods
to propose our image quality improvement algorithm; further-
more, we will show the result of applying the algorithm on
real images which directly recovered using the compressed
sensing methods.
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II. W HAT IS COMPRESSED SENSING?

The goal ofcompressive samplingor compressed sensing
[9], [10], [11], is to replace the common pointwise signal
sampling methods with a new different sampling approach in
order to increase the sampling rate to more than what the
Nyquist’s theorem [12] says and still be able to recover the
signal from the samples. From the classic signal processing
theorems it is well known that the Nyquist’s theorem states
that generally this task is impossible. However, if the signals
are sparse, one can come over the Nyquist’s limitations using
a different sampling framework [13], [14]. In order to make
it simper, we will show the sampling approach by a game
between two players Alice and Bob. For now, we assume that
the signal is a discrete signal withn components. So the signal
x can be seen as an arbitrary vector inRn . Before describing
the game we need to de�ne thek-sparseness and almost-k-
sparseness:

De�nition 1 (k-sparseness):A signal x 2 Rn is k-sparse
iff there exists a basis in which the signal has at mostk non-
zero elements.

De�nition 2 (almost-k-sparseness):A signal x 2 Rn is
almost-k-sparse iff there exists a basis in which except at most
k elements ofx, all the other elements have norm very close
to zero.
Now the compressed sensing problem, the game between Alice
and Bob, is as follow: Suppose Bob has an almostk-sparse
signal x. Alice’s task is to ask as few questions of a certain
kind, known as samples fromx, as possible from Bob and
then she should come up with a signalx̂ as close tox as
possible. In compressed sensing these samplings are done by
linear measurements instead of pointwise sampling. Meaning
that at each roundt Alice gives a vectorhA t j and then receives
the inner producthA i jx i as the measurement result. So her
task is to �nd a m � n matrix A such that m , the number
of measurements, becomes as small as possible andx can be
approximately recovered ef�ciently fromy = Ax . It is obvious
that generally it is impossible, but the sparsity ofx gives a
chance that by choosing a proper measurement matrixA one
may be able to recoverx from y.

The framework above suggests a way of compressing the
image during the process of sampling. In the usual approaches
�rst a signal is totally sampled usingn pointwise samplings,
then it is transformed to the basis in which it is sparse, then
it is compressed by writing down the value and position of
non-zero elements (and typically ignoring the small value
elements if the signal is almost-k-sparse). So the compressed
image will have sizeO(k logn). However, this process needs
additional intermediate time and space resources. In contrast,
in compressed sensing mode, as we will show later one can
�nd good measurement matrices such thatm = O(k logn)
samplings are enough in order to be able to recover the signalx
from the measurementsy ef�ciently. So by using compressed
sensing instead of usual sampling-compression method one
can bypass the traditional Nyquist’s sampling rate and reduce

the unnecessary intermediate steps in compressing a signal1.
Before introducing good measurement and recovery meth-

ods, we will de�ne a few terminologies which we will use
more often later:

De�nition 3: SupposeAm � n is used as the measurement
matrix in compressed sensing, thenm is called the sketch
size,A is called the sketch matrix and the rationm

n is called
the compression rate.

In this paper, we will focus on the geometric approach in
recovering sparse signals. This approach uses the common
convex programming techniques [9], [10] and is based on the
following theorem2.

Theorem 1 (l1-minimization recovering algorithm):
Supposex is an k-sparse signal inRn and Am � n is a
matrix satisfying someNull-Space-Property [13]. Then
given y = Ax the following linear optimization problem will
always recoverx:

[l1minimization] min jx0j1 such that Ax 0 = y:

Also, if x is almost-k-sparse, the program 1 will recover a
k-sparse signal̂x such that for any otherk-sparse signalx0

we have :
jx � x̂ j2 � Cjx � x0j2

for some constant C.
Theorem 1 gives a very general recovering algorithm in
compressed sensing. However, for a particular subclass of
piecewise smooth signals there is a slightly different model
which yields better results. The two dimensional piecewise
smooth signals are almost sparse in the wavelet domain, so
instead of usingl1-minimization in the wavelet domain a
sparse approximation of the image gradient is recovered using
a quadratic programming method calledmin TV . This method
is described in more detail in [9], [7], [10] and we only explain
it here brie�y.

De�nition 4 (Total variance norm of a signal):Supposex
is a two dimensional piecewise smooth signal, thetotal vari-
ance (TV)norm of the signal is de�ned as :

jx jT V =
X

i;j

q
(x i +1 ;j � x i;j )2 + ( x i;j +1 � x i;j )2

Then the following theorem states that for this class of signals
one can use theTV normminimization program instead of the
general Manhattan norm minimization:

Theorem 2 (min TV recovering algorithm):Suppose x is
an almostk-sparse signal inRn where n is a square of an
integer, andAm � n is a matrix satisfying someNull-Space-
Property [13]. Then giveny = Ax , the following convex
optimization problem:

[min TV] min jx0jT V such that Ax 0 = y:

1please note that ifn becomes too large, the intermediate step in the
traditional method may take a very longO(poly(n)) time

2We will not go through the null space property, we will just mention it
here and later show some matrices satisfying this property
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(a) m=1000 (b) m=2000 (c) m=5000

(d) m=1000
spectrum

(e) m=2000 spec-
trum

(f) m=5000 spec-
trum

(g) m=10000 (h) m=20000 (i) Original Im-
age

(j) m=10000
spectrum

(k) m=20000
spectrum

(l) Original Im-
age

Fig. 2. Recovered images from a256 � 256 Scene photo using random
Fourier Ensemble and their wavelet spectrum.

will recover a piecewise smooth signalx̂ 3 that approximates
the original signal with a high precision.

So far, we showed that the Null-Space-Property (NSP) of
the measurement matrix allows the recovering of the sparse
signals to be done using convex programming methods. In
order to show matrices that satisfy this property we need a set
of de�nitions and lemmas:

De�nition 5 (Real-valued Random Fourier Ensemble):
Suppose
 m � m is the discrete Fourier transform matrix [10],
[7]. The Real-valued Random Fourier MatrixAm � n is a
matrix which is obtained by randomly permuting the columns
of 
 , selecting a random subset of sizen

2 of the rows , and
separating the real and complex values of each element into
two real values. [9]
The following norm preservation property for random Fourier
ensembles has its origin from the dimensionality reduction
techniques and is a direct consequence of the well-known
Johnson-Lindenstrausslemma in machine learning [15].

De�nition 6 (Restricted Isometry Property forl2 Norm):
Matrix Am � n satis�es the Restricted Isometry Property
(RIP-2) for Euclidean Norm with RIP-value equal tol , iff
9� > 0 such that with very high probability8 l-sparse signal
x the following condition holds:

(1 � � )jx j2 � j Ax j2 � (1 + � )jx j2

3with sparse gradient

(a) m=1000 (b) m=2000 (c) m=5000

(d) m=1000 spectrum (e) m=2000 spectrum

(f) m=5000 spectrum

(g) m=10000 (h) m=20000 (i) Original Image

(j) m=10000 spectrum (k) m=20000 spectrum

(l) Original Image

Fig. 3. Recovered images from a 256*256 Portrait photo using random
Fourier Ensemble and their wavelet spectrum.
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In other words, the RIP-2 property states that the projection
preserves the Euclidean norm of anyl-sparse vector [12].

Lemma 1:Let m = � (k logn) and let Am � n be a real-
valued random Fourier ensemble4. ThenA satis�es the norm-2
RIP property with RIP-value3k.

Lemma 2: If matrix A satis�es the norm-2 RIP property
with RIP-value3k thenA satis�es the Null Space Property.

Corollary 1: If m = � (k logn) then the real-valued Fourier
ensembleAm � n satis�es the Null Space Property.
Remark: Although other random projection-based matrices
such as Gaussian matrices also satisfy the Null Space Con-
dition, we will use the real-values random Fourier scramble.
The reason is that we can use this ensemble withO(n) space
usage andO(n logn) multiplication time, making this matrix
feasible for experiments with large signals [7].

De�nition 7 (Expander Graphs, informally [2]):An
expander graphE is a d regular graph withv vertices, such
that:

1) E is sparse (ideallyd is much smaller thanv).
2) E is � well connected�.
De�nition 8 ((k; 1 � � ) lossless unbalanced expander graph):

A (l; 1� � )-unbalanced bipartite expander graphis a bipartite
graphE = ( A; B ); jA j = n; jB j = m, whereA is the set of
variable nodes andB is the set of parity nodes, with regular
left degreed such that for anyX � A, if jX j � l then the
set of neighborsN (X ) of X has sizeN (X ) > (1 � � )djX j.

Lemma 3: for any n
2 � l � 1 , � > 0 there exists a(l; 1� � )

expander with left degree:

d = O
�

log( n
l )

�

�

and right set size:

m = O
�

l log( n
l )

� 2

�
:

Furthermore, any left-regular random graph with very high
probability satis�es the expansion property [3], and also it
is possible to explicitly construct the adjacency matrix of a
(k; 1 � � ) expander graphs withm = O(poly(log n)) [8].

De�nition 9 (Restricted Isometry Property forl1 Norms [7]):
Let Am � n be given. We say thatA satis�es the Restricted
Isometry Property for Manhattan Norms (RIP-1) with RIP-
value equal tol , if for any l-sparse vectorx 2 R n we
have:

(1 � 2� ) d jjx jj1 � jj Ax jj1 � d jjx jj1

In other words, the RIP-1 property states that the projection
preserves the Manhattan norm of anyl-sparse vectors.

Lemma 4:Let Am � n be the adjacency matrix of a(3k; 1�
� ) expander graphE , thenA satis�es the Restricted Isometry
Property for Manhattan norms with RIP-value equal to3k.

Lemma 5: If matrix A satis�es the RIP-1 property with
RIP-value equal to3k thenA satis�es the Null Space Property.

4Other random projection matrices such as Random Gaussian Ensemble
and Random Bernoulli matrices are also appropriate.

(a) m=1000 (b) m=2000 (c) m=5000

(d) m=1000
spectrum

(e) m=2000 spec-
trum

(f) m=5000 spec-
trum

(g) m=10000 (h) m=20000 (i) Original Im-
age

(j) m=10000
spectrum

(k) m=20000
spectrum

(l) Original Im-
age

Fig. 4. Recovered images from a 256*256 Night Picture using random
Fourier Ensemble and their wavelet spectrum.

Corollary 2: With very high probability the adjacency ma-
trix of any (n; O(k logn) bipartite, left regular random graph
with left degree d = O(log n) satis�es the Null Space
Property. Also explicit sparse matrices satisfying the Null
Space Property exists [7].

III. E FFICIENT COMPRESSEDSAMPLING OF IMAGES AND
RECOVERING

One direct application of compressed sensing is in image
compression. Recently a new generation of cameras calledsin-
gle pixel cameras[16] have been designed that are capable of
performing compressed sensing measurements very ef�ciently
[12]. These brand of cameras let us overcome the Nyquist’s
limits and eliminate the intermediate traditional compression
method. Furthermore, these cameras work more precise and
are inexpensive for infrared wavelength. So using these brand
of cameras instead of the original cameras will have superior
bene�ts. Moreover, the images are sparse in the wavelet
domain, so theoretically the generall1-minimization recov-
ering works for them. Also the images are two-dimensional
piecewise-smooth signals so the min TV recovering algorithm
also �nds a very good approximation of these signals.

In the next section we will examine many different real
images from different classes5, and try to �nd good re-

5also these images will be used as the training set for learning the
parameters in the enhancing the quality of the recovered images in the next
sections
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