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Abstract—The theory of compressed sensing suggests that suc-
cessful inversion of an image of the physical world (broadly defined
to include speech signals, radar/sonar returns, vibration records,
sensor array snapshot vectors, 2-D images, and so on) for its source
modes and amplitudes can be achieved at measurement dimensions
far lower than what might be expected from the classical theories
of spectrum or modal analysis, provided that the image is sparse in
an apriori known basis. For imaging problems in spectrum analysis,
and passive and active radar/sonar, this basis is usually taken to be
a DFT basis. However, in reality no physical field is sparse in the
DFT basis or in any apriori known basis. No matter how finely we
grid the parameter space the sources may not lie in the center of the
grid cells and consequently there is mismatch between the assumed
and the actual bases for sparsity. In this paper, we study the sen-
sitivity of compressed sensing to mismatch between the assumed
and the actual sparsity bases. We start by analyzing the effect of
basis mismatch on the best %-term approximation error, which is
central to providing exact sparse recovery guarantees. We estab-
lish achievable bounds for the ¢, error of the best .-term approx-
imation and show that these bounds grow linearly with the image
(or grid) dimension and the mismatch level between the assumed
and actual bases for sparsity. We then derive bounds, with similar
growth behavior, for the basis pursuit /| recovery error, indicating
that the sparse recovery may suffer large errors in the presence of
basis mismatch. Although, we present our results in the context of
basis pursuit, our analysis applies to any sparse recovery principle
that relies on the accuracy of best .-term approximations for its
performance guarantees. We particularly highlight the problem-
atic nature of basis mismatch in Fourier imaging, where spillage
from off-grid DFT components turns a sparse representation into
an incompressible one. We substantiate our mathematical analysis
by numerical examples that demonstrate a considerable perfor-
mance degradation for image inversion from compressed sensing
measurements in the presence of basis mismatch, for problem sizes
common to radar and sonar.

Index Terms—Compressed sensing, image inversion, modal
analysis, sensitivity to basis mismatch, sparse recovery.
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1. INTRODUCTION

A. Motivation

N a great number of fields of engineering and applied sci-
I ence the problem confronting the designer is to invert an
image, acquired from a sensor suite, for the underlying field that
produced the image. And typically the desired resolution for the
underlying field exceeds the temporal or spatial resolution of the
image itself. Here we give image its most general meaning to
encompass a times series, a space series, a space-time series, a
2-D image, and so on. Similarly, we give field its most general
meaning to encompass complex-exponential modes, radiating
modes, coded modulations, multipath components, and the like.
Certainly this interpretation includes the problem of identifying
field elements from electromagnetic and acoustic images, multi-
path components in wireless communication, radiating sources
in radar and sonar, and light sources in optical imaging and spec-
trometry.

Broadly speaking there are two main (classical) principles
for inverting the kinds of images that are measured in speech,
communication, radar, sonar, and optics. The first principle is
one of matched filtering, wherein a sequence of test images
is matched to the measured image. The test images are gen-
erated by scanning a prototype image (e.g., a waveform or
a steering vector) through frequency, wavenumber, doppler,
and/or delay. In time series analysis, this amounts to classical
spectrum analysis to identify the frequency modes, and the cor-
responding mode amplitudes or powers, of the signal [1], [2]. In
phased-array processing, it amounts to spectrum analysis in fre-
quency and wavenumber to identify the frequency-wavenumber
coordinates of source radiations impinging on the array [3]-[6].
In Space-Time Adaptive Processing (STAP) for radar and
sonar, it amounts to spectrum analysis in delay, frequency, and
wavenumber to reconstruct the radar/sonar field [7], [8]. The
second principle is one of parameter estimation in a separable
linear model, wherein a sparse modal representation for the
field is posited and estimates of linear parameters (complex am-
plitudes of modes) and nonlinear mode parameters (frequency,
wavenumber, delay, and/or doppler) are extracted, usually
based on maximum likelihood, or some variation on linear
prediction, using ¢ minimization (see, e.g., [2], [9], [10]).
There is a comprehensive literature in electrical engineering,
physics, and chemistry on the performance and limitations of
these two classical principles (see, e.g., [1]-[13]). One impor-
tant limitation is that any subsampling of the measured image
has consequences for resolution (or bias) and for variability (or
variance).

The recent advent of compressed sensing theory has rev-
olutionized our view of imaging, as it demonstrates that
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subsampling (actually subrecording!) has manageable con-
sequences for image inversion, provided that the image is
sparse in an apriori known basis (see, e.g., [14]-[30]). For
imaging problems in spectrum analysis (estimating complex
exponential modes), and passive and active radar/sonar (esti-
mating Doppler and angle of arrival), this basis is usually faken
to be a Fourier basis (actually a DFT basis) constructed for
resolution of 27 /N, with N a window length, array length,
or pulse-to-pulse processing length. Several articles (see, e.g.,
[31]-[37]) consider the use of compressed sensing theory for
discrete radar/sonar imaging, and sensor array processing, when
the targets are taken to be on a regular grid in delay, Doppler,
and wavenumber, and study this theory as a new high resolution
imaging principle. But no matter how large the size N of the
grid is, the actual field will not place its sources on the center
of the grid points {27n/N} in frequency or wavenumber, or
on the center of the grid points in delay-Doppler-wavenumber.
This means the image is actually not sparse in the DFT basis
or the basis defined by the grid. In fact any target that lies
between two cells of a discretely-resolved range-doppler plane
or frequency-wavenumber plane will spill non-zero values into
all cells, with the amplitude of the spillage following a Dirichlet
kernel, decaying as 1/ f, where f is frequency or wavenumber.
This spillage turns a sparse representation into an incompress-
ible one in the DFT basis. Grid misalignment problems also
arise in many other applications including channel estimation
[38]-[41]. These observations raise the following question:
What is the sensitivity of compressed sensing for image inver-
sion to mismatch between the assumed basis for sparsity and
the actual basis in which the image is sparse? In this paper, we
aim to answer this question and examine its consequences for
problems in spectrum analysis, beamforming, modal analysis,
and radar/sonar imaging.

B. Basis Mismatch

In order to frame our question more precisely, let us begin
with two models for a measured image s € C”. In the math-
ematical model to be assumed in the compressed sensing pro-
cedure, the image is composed as s = Wyx, where the basis
W, € CNV*N is known, and is typically a gridded imaging ma-
trix (e.g., the N-point DFT matrix), and x € C" is a sparse or
compressible vector? of field parameters that compose the image
as a linear combination of columns of ¥,. But, as a matter of
fact, the image s is composed by the physics as s = ¥4 6, where
the basis ¥; € CV*¥ is determined by a point spread func-
tion, a Green’s function, or an impulse response, and the field
parameter vector 8 is sparse. Typically ¥, is determined by fre-
quency, wavenumber, delay, and/or doppler parameters that are

I A single measurement in compressed sensing is an inner product between the
high-dimensional signal vector and a sensing (recording) vector that typically
consists of i.i.d. Gaussian or Bernoulli entries. Computing this inner product
still requires access to all elements (typically obtained by sampling a full field
of view imaging system) in the high-dimensional vector. But we only record a
small number of such inner products as samples.

2If x is sparse, then the cardinality of its support Ty = {k : xx # 0} is
assumed to be small. If x is compressible, then its entries obey a power law i.e.
the kth largest entry of absolute values satisfies |1’|(k) <Ch-k7mr > 1
and C,. is a constant depending only on 7 (see, e.g., [22]). Then ||x — x,||, <
\/ECL - k~7t1, where x, is the best k-term approximation of x.
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unknown apriori. More importantly, these parameters do not lie
exactly on the gridding points of ¥, e.g., a DFT matrix or an
identity matrix. So ¥y # W,. We call this basis mismatch, and
note that it is present in all imaging problems, no matter how
large N is, or equivalently no matter how fine-grained the grid-
ding procedure is.

Each of the hypothesized models for the image s may be in-
verted for its field parameters:

x=U;'s and 6=1U]'s. (1)

These inversions determine the coordinate transformation

x=¥f and =0 'x 2)

where ¥ = ¥ 'W, ¢ CV*N,

If s is sparse in ¥4, then the field parameters 8 will be sparse
in the identity basis, denoted by I. The field parameters x = U6
in the model s = ¥x will be sparse in the ¥ basis, but not in
the identity basis. So the question is, “what is the consequence
of assuming that x is sparse in I, when in fact it is only sparse
in an unknown basis ¥, which is determined by the mismatch
between ¥, and ¥;?”

We answer this question by deriving bounds on the ¢;-norm
(and also the ¢2-norm) of the error in approximating the pre-
sumably sparse parameter vector x from its compressed sensing
measurements. We start by analyzing the effect of basis mis-
match on the best k-term approximation error x — Xy, which
is central to arguing for the accuracy of the basis pursuit so-
lution. Here, we derive bounds for ||x — x;||; in terms of the
mismatch level between W and I and the image dimension N.
More specifically, we find a tight upper bound for ||x — xx]|,
and show that this bound grows as (N — k)3||0||,, where 3
upper bounds the degree of mismatch between the rows of ¥
and I, and ¢ > 1. We also establish a tight lower bound on the
worst-case ¢ error in the best k-term approximation x — X
and show that it grows as (N — k)n||@||,, with n representing
the lower bound on the degree of mismatch between the rows
of ¥ and I. Subsequently, we derive bounds on the #; and /5
norms of the errors in estimating the parameter vector x and
the image s = Wox using basis pursuit. We refer to the former
error as image inversion error, which speaks to how well the
basis pursuit solution approximates the presumably sparse pa-
rameter vector x in the mathematical model s = Wyx, when
in fact the representation x in the the basis ¥q is non-sparse
or incompressible. The latter error is the image reconstruction
error, which speaks to how well the basis pursuit approximation
to x recomposes the image s in the apriori selected basis ¥y.
All these bounds exhibit similar growth behavior as those for
the best k-term approximation error, but they are not tight. Our
analysis shows that, in the presence of basis mismatch, exact
or near-exact (within noise levels) recovery cannot be guaran-
teed from bounds that involve best k-term approximation errors
and suggests that the basis pursuit recovery may suffer large er-
rors. Our numerical examples demonstrate a considerable per-
formance degradation in recovering x from compressed sensing
measurements, when the assumed basis for sparsity is a DFT
basis but the actual sparsity basis does not align with the DFT
basis. The inaccuracy in field reconstruction persists even when
the number of compressed sensing measurements is increased
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to the full image dimension. Comparisons show that classical
image inversion approaches, such as reduced rank linear pre-
diction, can provide more reliable reconstructions of the field
than basis pursuit with a similar number of measurements in the
presence of basis mismatch.

We note that although we present our results in the con-
text of basis pursuit, our mathematical analysis is applicable
to any sparse recovery principle that relies on the accuracy
of best k-term approximations for performance guarantees.
These include greedy recovery algorithms, such as Regularized
Orthogonal Matching Pursuit (ROMP) [42] and Compressive
Sampling Matching Pursuit (CoSaMP) [43]. The implication of
our results is that, at least for problem sizes typical of speech
processing, communication, spectrum analysis, and radar/sonar
imaging, extra care may be needed to account for the effects of
basis mismatch.

C. Related Work

A parallel and equally fundamental study of perturbation ef-
fects in compressed sensing is presented in [44] and [45] (see
also [46] and [47]), where the authors consider the following
model mismatch problem. Suppose the low-dimensional com-
pressed sensing measurements are made according to the model

y=A0+b 3)

where 0 is a k-sparse vector, A is a compressed measurement
matrix that produces the measurement vector y, and b is a noise
vector. The sparse recovery algorithm, however, presumes the
measurements y are produced from a different model?

y=Ax+b (4)

in which A = A + P differs from the actual, but unknown,
measurement matrix A in a perturbation matrix P. Under cer-
tain assumptions on the perturbation matrix P, [44] and [45]
show that the solution x* to

x* = argmin|lx|l; st |y - Axllz < capao (S

will satisfy
[}
vk

if the noise level €A 1 a¢ is properly set. The proper value of
€A, k,A¢ depends on the restricted isometry constant (RIC) and
the 2-norm of the true measurement matrix A. Cy and C are
constants for a given A. We refer the reader to [44] and [45] for
more details and simply focus on contrasting their analysis to
ours in the context of basis mismatch.

The perturbed compressed sensing problem considered in
[44] and [45] can reflect basis mismatch. In such a case, the
actual measurement matrix A may be viewed as the product
A = @V, of a compressed sensing matrix & € RM*V,
where M < N, and the unknown basis ¥y in which the image
s = W40 is sparse. The measurement matrix A inthe presumed

" = 8)l2 < =216 — O1l; + Chea.p.a0 (6)

3In [44], [45], the models (3) and (4) also differ in the additive noise term b,
but since this is not important for contrasting our analysis to that of [44], [45]
we take them to be the same here.
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model (4) is related to A through the transformation A = A\Il,
where ¥ = ¥ 'W, . This can easily be verified by combining
(2) and (4). Without loss of generality, we can express ¥ as a
perturbation term plus the identity matrix, in which case the
additive perturbation matrix P that relates A to A reflects basis
mismatch. Equation (6) then provides a comparison (in 2-norm
of the difference) between the estimated coordinate vector X* in
the basis ¥ and the coordinate vector # in the unknown basis
;. If the mismatch between ¥y and Wy is relatively modest
(as defined in [44] and [45]) then the analysis of [44] and [45]
shows that the coordinates 6 in the unknown basis ¥; can be
estimated by x*, by solving the compressed sensing problem
(5) in the nearby basis ¥y.

Our analysis, on the other hand, compares the compressed
sensing solution x* obtained using the a priori selected basis
W, with the actual representation vector x in ¥q. We wish to in-
vestigate the consequences of assuming that s = Wyx is sparse
in ¥\ on estimating x, when in fact s is sparse in the model
s = W10. We consider an #; minimization problem of the form
(5), with A = ®¥, and some noise level ¢, but unlike [44]
and [45], we analyze ||x* — x||,, p = 1, 2, not ||x* — 6]|,. We
show that bounds on ||x* — x||,, grow linearly with the image
dimension N and the degree of mismatch between ¥y and ;.
This suggests that even a small mismatch may result in a large
error in estimating x. Our numerical examples demonstrate that
this can indeed happen. The numerical examples presented in
Section V-B for modal analysis adds another new aspect to our
paper by providing comparisons between the true modal struc-
ture (¥,6) and the modal structure (¥o,x*) obtained from
compressed sensing. Comparisons with conventional DFT pro-
cessing and reduced-rank linear prediction are also provided.
These examples demonstrate the effect of basis mismatch on de-
termining both the modes and mode amplitudes, which cannot
be observed from bounds on ||x* — x||,, or ||x* — 8]|,.

Another relevant study is presented in [48]. The authors con-
sider the problem of recovering a frequency sparse signal, i.e., a
signal that can be expressed as a sparse linear combination of si-
nusoids, but the sinusoid frequencies are not necessarily aligned
withDFT frequencies. However, the focus of [48] is ondeveloping
new algorithms for recovering frequency sparse signals rather
than basis mismatch analysis. The assumption in [48] is that the
signal is sparse in an oversampled DFT frame, which again gives
rise to off-grid mismatch problems. However, the authors assume
aso-called “inhibition model” for the signal to ensure that closely
spaced columns from the oversampled DFT matrix are not simul-
taneously presentin the signal representation. Under this assump-
tion, they develop algorithms for recovering frequency sparse sig-
nals from compressed sensing measurements. These algorithms
areobtained by integrating classical methods from parameter esti-
mation (e.g., MUSIC) with model-based compressed sensing and
greedy recovery algorithms. The developed methods outperform
the compressed sensing algorithms that rely on signal recovery
in the DFT basis.

II. PROBLEM FORMULATION

There are two steps in compressed sensing, namely com-
pressed recording and inversion (or recovery) for parameters
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(see, e.g., [14]-[18]). In recording, we make linear measure-
ments of s as in (1), with possible additive noise b, so the low-di-
mensional observation y is assumed to be

y:@s—i—b:((I)\Iio)x—l—béAx—l—b @)

where @ € CM*V is the compressed sensing matrix (typically
a matrix with i.i.d. Gaussian or i.i.d Bernoulli entries), M is
the number of measurements, and ¥ is the assumed basis that
sparsely composes s as s = ¥yx. We define A = ®¥, €
CM*N as the measurement matrix. Without loss of generality,
we need only deal with A and W in the following discussions.
In inversion, we seek the sparsest solution to x given the ob-
servation y. For the noise-free case (b = 0), we wish to solve

x* = argmin||x|lp s.t. y=Ax. 8)

This is in general an NP-hard problem. However, if the measure-
ment matrix A satisfies the so-called Restricted Isometry Prop-
erty (RIP) [22], [26] the solution to (8) can be obtained using
linear programming by solving the following #; minimization
problem:

x* = argmin||x||; st y=Ax. )

This is referred to as Basis Pursuit (BP). In the noisy case, the
problem is modified as
x* =argmin (x| st |y —Ax|2<e (10)
where ||b||2 < € is the bounded noise.
From [22], [23], [26], when the RIC of the measurement ma-
trix A satisfies 65‘% < /2 — 1, that is, for any 2k-sparse vector
u,

(1= 85%) lull3 < [|Aull3 < (1+8) full3,  AD
the solution x* to (9) approximates x as
e ="l < Collx — x|, (12)
and
Il = x*[|2 < Cok ™2l — x|, (13)

where xj, is the best k-term approximation of x. That is,

Xj = argmin ||x — z||;
z€EX)

where ¥, = {z € CV : |T,| < k} and 7, is the support of z.
For the noisy case (10), we have [23], [26]

[x — x*[|2 < Cok™Y2|x — x|, + Che. (14)
The constants Cy and C; are given by
2(1 2
oy = 20t a) e = 2 (15)
1-— (6%)) 1-— (67

2185
where
/ A
\/565‘% 24/14 03,
= —= anda; = ———F—. 16
Qg 1_52),,2&11 Qi oA (16)

In the matched case where the hypothesized basis ¥, co-
incides with the actual basis ¥;, the mismatched basis ¥ =
W, W, reduces to I and x = # is sparse in the identity basis I.
Then, for k-sparse 8 the bound ||x — X||; is zero in (12) and
the solution x* is an exact recovery of x in the noise-free case.

However, in the mismatched case where ¥y # ¥, x = Ul
is actually sparse in the ¥ basis, rather than the I basis. The
question is, “what is the consequence of minimizing ||x||; under
the constraint y = Ax, when in fact the correct problem is to
minimize ||@||; under the constrainty = AW = ®¥,6?”

Remark 1: ROMP [42] and CoSaMP [43] have similar uni-
versal performance bounds as BP. For example, under the RIP
of the measurement matrix, ROMP can approximately recover
any compressible signal from noisy observations. Given noisy
observations y = Ax + b with ||b||2 < ¢, ROMP produces a
2k-sparse signal approximation x* that satisfies the bound

1
|lx — x*||l2 < C+/log 2k <ﬁ||x— Xk, + e) )

where C' = 160 [42]. Similarly, for a given precision parameter
¢, CoSaMP produces a 2k-sparse signal approximation x* that
satisfies

7)

||x—x*||2SCmaX{Q\/%_kHX—XkHl—I—E}. (18)

where C' = 3.42 [43]. Therefore, our analysis of the best k-term
approximation error is also relevant to these algorithms.

III. MAIN RESULTS

A. Degeneration of the Best k-Term Approximation

Let us express the mismatched basis ¥ = ¥ '¥; € CVN*N
as ¥ = I+ E, where E is a perturbation matrix with respect to
the identity basis and x = Wl. Let x;, and 6}, denote the best
k-term approximations to x and @, respectively. We have the
following theorem.

Theorem 1 (Best k-Term Approximation Error): Let ¥ =
I+Eandx = ¥0. Let1l < p,g < occand1l/p+1/q = 1.
If the rows el € C'*" of E are bounded as lemll, < B for
1 <m < N, then

lIx = xkll; = 116 = Bkl | < (N = E)B1I0llg.  (19)
The bound is achieved when the entries of E satisfy
emn = £ - e E8E)=ars@0) (16, 1/160]l)7"  (20)

formn € Tgpand1 < m < N.
Proof: See Appendix A.
When 0 is k-sparse in 1, i.e., 8 = 0y, then (19) reduces to

lIx = xxll, < (N —F)50lly, 2D
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Fig. 1. Confidence ¢, balls for x; when n < ||em||p < 3 and @ is k-sparse.

which shows that the upper bound on the ¢, error ||x — x|, is
linearly increasing in N, 3 and ||@||,, and linearly decreasing in
k.

Remark 2: When p = oo and g = 1, (19) corresponds to the
case where the entries themselves of the perturbation matrix E
are upper bounded, that is, when |e,,,| < 3 for n € Ty. When
p = q = 2, (19) corresponds to the case where the row 2-norms
of E are bounded as ||e,, ||, < £.

Remark 3: Theorem 1 can be easily generalized to have /5
norms on the left-hand side (LHS) of (19), i.e.

1 = xelly = 16 = Oillol < (N —B)28)00l,.  (22)
This follows by taking similar steps as in the proof of Theorem
1, but using the Minkowski inequality instead of the triangle
inequality.

Corollary 1 (Normalized {1 Error): Let ¥ = I+ E and
x =Wh.Letl < p,q <ooandl/p+ 1/q = 1.If the rows
el € CY*¥ of E are bounded as lemll, <Bforl <m <N,
then the /; norm of x is bounded as

(L= NpB)[6l[x < lx[lx < (1 +NB)[|]]x (23)

and the normalized ¢; error for approximating x by xj is
bounded as

L 8-y _ (N B
1+ N3 |01 1+ Ng
< Ix=xll
E
L 18- 8ull,  (N-)p
24
ST-wp qen Ci-wg Y

where the upper bound in (24) is valid if N3 < 1.

Proof: The inequalities in (23) follow from Theorem 1 by
setting £ = 0 and ¢ = 1, and (24) follows by combining (19)
and (23).

Remark 4: In Theorem 1, we have characterized the mis-
match between the assumed basis ¥ and the actual basis ¥
by considering bounds on the p-norm of the rows of perturba-
tion matrix E = W3 ' (¥, — @) that captures the deviation of
v =y '¥, from the identity matrix I. But we may think of
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the incoherence p(¥o, 1) between ¥ and ¥, as another way
of characterizing the degree of mismatch between ¥, and ¥;.
And in fact (¥, ¥y) and the “max norm” of ||E|| are related,
as we now show. Let 4,(j) denote the jth column of the basis
W,, 1 = 0, 1. The incoherence between the bases ¥ and ¥, is
defined as

p(Wo, W) = max (4o (i), %1 (7)) - (25)

Let ||M||pmax = max |M; ;| denote the max-norm of a matrix
i

M. Then, we can e;(press w(Wo, Uy) as
1(¥o, ¥q) = H‘I’OH‘IH‘

max

- H\Ilf\Ilo\Ilgl\Ill‘

max

< @ wol| 1€ (26)

a
where ¥ = \1151\111. When ¥, is unitary, we have u(¥q, ¥;) =
||¥|| max. Substituting ¥ = I 4+ E and applying the triangular
inequality gives

p(R0, 00) < ||| (U [Blna) . @D

Theorem 1 establishes an upper bound for the ¢; error ||x —
Xp||1 in the best k-term approximation of x for the case where
the degree of mismatch is upper bounded. The following the-
orem considers the case where the level of mismatch between
the bases ¥ and ¥ is lower bounded and establishes a lower
bound for the worst-case ¢; error ||x — Xg||1.

Theorem 2 (Worst-Case Best k-Term Approximation Error):
LetW =I+Eandx = W0.Let1 < p,q<ocoand1/p+1/q=
L. If the rows of E are lower bounded as [|e;, |, > 7, then

max _||x = xg|l; 2 (10 = Okll, + (N = K)nllf]]g- (28)

E:llenll»2n

Proof: See Appendix B.

Theorem 1 shows that the ¢; norm ||x — x|, of the best-k
term approximation error will be no worse than the upper bound
deduced from (19) if the mismatch level between ¥o and ¥,
(measured by ||e,,|,) is upper bounded by f3. In contrast, The-
orem 2 shows that if the mismatch level is lower bounded by
7 then there exists a mismatch scenario where ||x — xx||, is no
better than the bound in (28). Both bounds grow linearly with
the grid size IV and the mismatch levels. Fig. 1 illustrates the
interplay between Theorems 1 and 2 when 6 is k-sparse, i.e.,
when ||@ — 61|, = 0. The outer ball has radius A(/3)||6||,, with
A(B) = (N — k) and ¢ > 1, and corresponds to the upper
bound in Theorem 1. The inner ball, with radius A(7)||8||,, cor-
responds to Theorem 2. The figure illustrates that there always
exists a mismatched basis ¥ = I + E, with mismatch level
n < |lem||, < B, for which the best k-term approximation x,
lies between the two balls, away from zero, and thus no guar-
antee can be provided for the performance of basis pursuit.

B. Confidence Bounds for Image Inversion

We now derive bounds for the ¢; and {5 norms of the image
inversion error x — x*. Here we invert the image s = ¥px
for its field parameter vector x, using basis pursuit, under the
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sin(N6/2)/Nsin(6/2)

Fig. 2. The function (1/N)(sin(N8/2)/sin(8/2)) versus 8/(2x /N).
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Fig. 3. (a) ||x — x¢||,/||x||: versus A8/(27/N) for various k. (b) Left
column: the actual tone (blue) superimposed on the closest DFT tone; Right
column: the reconstructed tone (red) superimposed on the actual tone (blue).
The frequency mismatch A8/ (27 /N) is 0.05 for the plots in the top row, 0.25
for the plots in the middle row, and 0.5 for the plots in the bottom row.

assumption that s has a sparse representation in ¥y, when in
fact this representation is non-sparse or incompressible. These
bounds can then be used to find bounds on the ¢; and /5 norms
of the image reconstruction error s — s*, which speaks to how
well the image s can be recomposed in the basis ¥ using the
mismatched basis pursuit approximation x*.

Theorem 3 (Image Inversion Error): Let A be fixed and sat-
isfy 625 < /2—1 atthe assumed sparsity level k. Let 1 < p, ¢ <
oo and 1/p + 1/q = 1. If the rows of E satisty |le,,[|, < 3
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then the image inversion error ||x — x*||; is bounded as
[[x = x7[[1 < Coll6 = Okll, + Co(N = E)B[IBll,-  (29)
For noisy recovery (10), with ||b||2 < ¢, we have
I — x*[|2 < Cok /(|8 — 8],
+Co(N — k)k™'/?B)16]|, + C1e  (30)

where Cy and C are given in (15).
Proof: This follows easily by combining Theorem 1 and

the performance bounds of basis pursuit.

Remark 5: Theorem 3 is a direct consequence of Theorem
1 and therefore the discussion about the connection between
the max-norm of the perturbation matrix E and the incoherence
measure 1(Wo, ¥q) also applies here.

Remark 6: The /7 and ¢5 norms of the image reconstruction
error s — s* are bounded as

ls—5%1h.2 = [ ¥ox—Tox"|l.2 < [Tolls 2llx—x"[|1.2. B1)

A simple application of Theorem 3 will then yield an upper
bound for ||s — s*||1,2 in terms of N, k, 3, and ||6]|,.

Theorem 3 shows that the upper bound on ||x — x*||; is lin-
early increasing in the image dimension N and in the mismatch
level 3, and linearly decreasing in k. The upper bound on the
{1 error in image reconstruction has similar growth behavior
following Remark 6. The maximum allowable value for &, for
which the basis pursuit bounds still hold, depends on the mea-
surement matrix A. For A € RM*¥ to be RIP with constant

6% < /2 — 1 we typically require M = O(klog(N/k)).

IV. FOURIER IMAGING AND DFT GRID MISMATCH

A mismatch case of particular interest arises in Fourier
imaging when a sparse signal with arbitrary frequency com-
ponents is taken to be sparse in a DFT basis. Our objective in
this section is to highlight the particularly problematic nature
of basis mismatch in this application.

Suppose the sparsity basis Wg in the mathematical
model s = Wox, assumed by the compressed sensing
procedure, is the unitary N-point DFT basis. Then the
fth column of Wy is a Vandermonde vector of the form

1/1ng =1, eI2mN L eﬂﬂ(N—l)/N]T and the basis ¥ is
1 1 .. 1
1 1 ed2m /N ei2m(N—=1)/N
Vo= —|. (32)

1 ei2n(N-1)/N (i2m(N=1)?/N

Without loss of generality, let us assume that the £th column ¢, ,
of the actual sparsity basis ¥ is mismatched to the £th column
of ¥y by Af, in (normalized) frequency, where 0 < Af, <
(2w /N). Then, ¥, is given by (33), shown at the bottom of the
next page.

The mismatched basis ¥ = ¥ W, can be written as (34),
shown at the bottom of the next page, where L(#) is the Dirichlet
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kernel given by

_ 1 jev-y sin(dN/2)
=5 sin(0/2) (35)

ejn&

L(h) =

||P12

1
N

where L(0) = 1. The (m,f)th element of the mis-
matched basis ¥ is a sample of the Dirichlet kernel L(f)
atd = Ay — (2r/N)(m — £), where m = 0,1,...,N — 1
and/ =0,1,...,N — 1.

The Dirichlet kernel L(6), shown in Fig. 2 (ignoring the
unimodular phasing term) for N = 64, decays slowly as
|L(0)] < (N@/2m)~! for || < m, with L(0) = 1. This decay
behavior follows from the fact that |sin(6/2)| > 2|6/2x| for
|] < m, where the equality holds when |#| = . This means
that (N6/27)~1 is in fact the envelope of |L(8)|. Therefore,
every mismatch between a physical frequency 6, and the
corresponding DFT frequency 27¢/N produces a column in
the mismatched basis ¥ for which the entries vanish slowly
as each column is traversed. The consequence of this is that
the parameter vector x in the mathematical model s = ¥yx,
for which the compressed sensing procedure is seeking a
sparse solution, is in fact incompressible. This follows from
the coordinate transformation x = W6 between the true sparse
parameter vector # and the presumed sparse vector x. The few
nonzero elements of @ leak in to all locations through ¥ and the
slow decay of elements of ¥ makes x incompressible.

Remark 7: Even if only a single physical frequency, say 6y,
is not on the DFT grid the matrix ¥ will have a column whose
entries vanish slowly when traversed and the mismatch problem
remains.

Remark 8: In addition, to frequency mismatch, the columns
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Fig. 4. (a) Normalized image inversior(l grror [|x — x*||1/||x]||1 versus the
number of measurements M for different frequency mismatch levels A¢ =
0.005 - 2x/N, 0.05 - 27/N and 0.1 - 27/N, with N = 512. (b) ||x —
x*||1/|lx||1 versus the frequency mismatch level A8/(2x/N) for different
(M, N) pairs.

of ¥; may also be mismatched to those of ¥ by damping fac- basis ¥ is N_1
tors A¢ < 0. In such a case, the basis ¥ is given by (36), shown Ve = 1 e /\H‘J NI 14))] ) (37)
at the bottom of the page. The (m, £)th element of the mismatch TN~
1 1 1
1 eJAbo ej(QTTr‘i’Ael) ej(w-l—AGN—l)
U == 33
1 \/N ) ’ 27 (N—1 : ( )
QI DB (N=1) (3 +A61)(N-1) ej(%JrAeN,l)(N_n
L(Ag-0)  L(as - 2E) L(Abx_, — Z)
Ay — 2= L(A6; — 0 L(AGy_ — 272
vowutw, = | FA0F) ( ! ) ( A 214w (34)
L (a8, - W) L (a6 - 202 L(Afx_y —0)
1 1 1
1 e[>\0+jA90] [A1+]( +A91)] e[AN71+j(w+A9N,1)]
U, = — 36
N (36)

ePo+indo](N-1)

M Hi(ZF+A6)|(N-1)

[AN 1+J(LI)+A9N 1)] (N-1)
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Fig. 5. Comparison of DFT, CS, and LP inversions in the absence of basis mismatch (a) M = N/4 = 16. (b)) M = N/2 =32.(c) M = N/1 = 64.

In general, the basis mismatch problem exists in almost all
applications and is not limited to Fourier imaging. However, we
emphasize Fourier imaging in this paper as a ubiquitous imaging
problem, where basis mismatch seems to have a particularly de-
structive effect.

V. NUMERICAL EXAMPLES

‘We now present three simple numerical examples to demon-
strate the effect of basis mismatch on the performance of com-
pressed sensing. The first example considers single tone mis-
match to the DFT grid, the second considers both frequency
and damping mismatch, and the third example considers a syn-
thetic mismatch where the bound established in Theorem 1 is
achieved.

A. Example 1: Tone Reconstruction With Basis Pursuit

Here we assume that the image s is a single tone (a 1-sparse
signal) with an unknown frequency. The actual sparsity basis ¥
is a matrix, in which the /th column is mismatched in frequency
by 0 < Af < (27/N) with respect to the {th column of the
N-point DFT matrix, which the compressed sensing procedure
takes as the sparsity basis ¥q. The rest of the columns of ¥y
and ¥q are assumed to be identical. Damping mismatch is not
considered in this example.

Fig. 3(a) shows the normalized ¢; error ||x — Xg||, /||x]|1 for
different frequency mismatch levels Af and different values of
k, when the single tone is located off the (£ = 10)th DFT fre-
quency in the (N = 512)-point DFT grid. The plot shows that
the normalized best k-term approximation error is considerable
even at moderate mismatch levels, and speaks to the fact that,
even for a slight mismatch with respect to the DFT mode, the
presumably sparse representation is in fact incompressible due
to the slow decay of the Dirichlet kernel.

Fig. 3(b) compares the reconstructed tone to the actual tone
for different mismatch levels. In the left column, the blue plots
show the actual tone and the red plots show the closest tone
on the DFT grid to the actual tone, for the corresponding mis-
match level. On the right-hand side (RHS), the red plots show
the reconstructed tone s* = Wyx*, where ¥ is the DFT basis,
and the blue plots again show the actual tone. The number of
compressed sensing measurements used for reconstruction is

M = 64. The frequency mismatch A#/(2w /N) is 0.05 for the
plots in the top row, 0.25 for the plots in the middle row, and 0.5
for the plots in the bottom row. The inaccuracy in reconstruc-
tion is noticeable for 25% (i.e., A8 = 0.25(2w/N)) and 50%
frequency mismatch.

Fig. 4(a) shows how the normalized image inversion error
|lx — x*||1/]|x||1 varies with the number of measurements M
in N = 512 dimensions for different mismatch levels A =
0.005 - 27 /N, 0.05 - 2w /N and 0.1 - 2 /N. The measurement
matrix A is generated with random Gaussian entries satisfying
RIP conditions, and the experiment takes 50 runs and returns the
average error. We observe that without increasing the number
of measurements beyond what is required in the mismatch-free
case the normalized error can be large, even for a small fre-
quency mismatch A§ = 0.005 - 2w /N. This threshold is ap-
proximately 3klog N/k = 27 in this example. For measure-
ment dimensions smaller than 27 the normalized error is large,
but it decreases relatively fast as the number of measurements
increases. However, after this threshold the normalized error de-
cays slowly and only when the number of measurements is in-
creased to N the error goes to zero. Fig. 4(b) shows the nor-
malized image inversion error ||x — x*||1/||x||1 versus the fre-
quency mismatch level A8/(2x/N) for several (M, N) pairs,
where M is the number of compressed sensing measurements
and N is the grid dimension.

B. Example 2: Modal Analysis

We now give examples to demonstrate the effect of DFT
grid mismatch on modal analysis based on compressed sensing
measurements and compare the results with those obtained
using classical image inversion principles, namely standard
DFT imaging and linear prediction (LP). The reader is referred
to [2], [9], [10] for a description of linear prediction. In all the
experiments, the dimension of the image/signal is N = 64.
The number of recordings or measurements M used for in-
version is the same for all methods and we report results for
M=N/4=16to M = N/2=32to M = N/1 = 64.

We first consider the case where the field we wish to in-
vert for contains only modes that are aligned with the DFT fre-
quencies. This is to demonstrate that CS and LP both provide
perfect field recovery when there is no mismatch, as shown in
Fig. 5(a)—(c). In each subfigure (a) through (c) there are four
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panels. In the top-left panel the true underlying modes are illus-
trated with stems whose locations on the unit disc indicate the
frequencies of the modes, and whose heights illustrate the mode
amplitudes. The phases of the modes are randomly chosen, and
not indicated on the figures. The frequencies at which modes are
placed, and their amplitudes, are (27 - 9/N, 1), (27 - 10/N, 1),
(27 -20/N,.5), and (27 - 45/N, .2). These frequencies are per-
fectly aligned with the DFT frequencies. No noise is considered
for now. We observe that both CS and LP provide perfect re-
covery. The DFT processing however has leakage according to
the Dirichlet kernel unless the measurement dimension is in-
creased to the full dimension N = 64. This was of course ex-
pected.

But what is the connection between the circular plots in
Fig. 5(a)—(c) and the models ¥ox and ¥160? The top-left panel
(actual modes) in each subplot is an “illustration” of (¥y,8),
with the locations of the bars on the unit disc corresponding to
active modes from ¥, and the heights of the bars corresponding
to the values of nonzero entries in . The top-right panel (con-
ventional FFT) illustrates (¥, %), where x is the estimate
of x obtained by DFT processing the measurement vector y.
The bottom-left (compressed sensing) illustrates (¥o,x*),
where x* is the solution to (9) (or to (10) in the nAoisX cases to
follow). The bottom-right panel (LP) illustrates (U4,8), where
W, and @ are, respectively, estimates of ¥; and 6 obtained
by LP (or reduced-rank LP). When there is no mismatch and
noise, (Wo,x*) and (¥;,0) match (¥;,6). However, they
significantly differ when mismatch is introduced.

We now introduce basis mismatch either by moving some of
the modes off the DFT grid or by damping them. For frequency
mismatch, the first two modes are moved to (27 - 9.25/N, 1)
and (27 - 9.75/N, 1). For damping mismatch the mode at (27 -
9/N,1) is drawn off the unit circle to radius 0.95, so that the
mode is damped as (0.95)". The rest of the modes are the same
as in the mismatch free case. Fig. 6(a)—(f) shows the inversion
results for DFT, CS, and LP (order 8) for M = N/4 = 16 to
M = N/2 = 32to M = N/1 = 64. In all cases, DFT and
CS result in erroneous inversion. The inaccuracy in inversion
persists even when the number of measurements is increased
to the full dimension. However, we observe that LP is always
exact. These are all noise free cases.

But can the mismatch effect be compensated for by replacing
the observation constraint y = Ax in basis pursuit with a
quadratic constraint ||y — Ax||s < €? The plots in Fig. 7 sug-
gest that this is not the case. These plots show CS inversions for
three different values of €. The matched vs. mismatched modes
and mode amplitudes in these plots are exactly the same as those
in Fig. 6 and the number of measurements is M = 16. These
results are not an artifact of the quadratic constraint allowed or
the choice of rows in the compressed recording matrix, as we
have experimented with many values and reported typical plots.
For large values of ¢ the inversion returns a zero vector, as seen
in the fourth subplot in Fig. 7(a), (b). The reason is that when
€ > |lyl|2 the sparsest solution satisfying ||y — Ax|ls < eis
x = 0.

Finally, we consider noisy observations for both mismatched
and mismatch-free cases. In the mismatch-free case, the fre-
quencies at which modes are placed, and their amplitudes, are
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(2w-9/N, 1), (2w-11/N, 1), (27-20/N,.5), and (27-45/N, .2).
For frequency mismatch, the first two modes are moved to (27 -
9.25/N, 1) and (27 - 10.75/N,1). For damping mismatch the
mode at (27 - 9/N, 1) is drawn off the unit circle to radius 0.95.
The number of measurements is M = N/2 = 32. The LP order
is changed to 16, but rank reduction [9], [10] is applied to reduce
the order back to 8 as is typical in noisy cases. The inversion re-
sults are shown in Fig. 8.

C. Example 3: A Synthetic Worst-Case Example

Let Wy = I be the sparsity basis assumed in the compressed
sensing procedure and let ¥; = I+ 3117 be the actual sparsity
basis, where 1 = [1,1,...,1]% is an N-dimensional vector of
ones. Then, the mismatched basis is ¥ = \Ilal\lll =1+p117.
Assume that the true parameter vector # is a sparse vector in
which all nonzero entries are equal to one and the positions of
the nonzero entries are uniformly distributed. The coordinate
transformation x = W@ has a simple form in this example and
is given by

x = (I+p117)0 = 6 + k1. (38)
Thus, a nonzero entry of 1 in @ results in a 1 4+ k£ entry in x
and a zero entry in 6 produces a k(3 entry in x. This example
amounts to the worst case mismatch scenario in Theorem 1,
with ¢ = 1, where the upper bound is achieved. In this case,
lIx|lx = (1 + N3)||0||4, and the normalized error bound can be
written as

llx — x*[|1 Co
Ix[i ~ 1+Np

10 — Bl
16111

Figs. 9(a)—(f) show the image inversion error x — x* for three
different values § = 0.001, 0.01, 0.1 of the mismatch param-
eter. The plots in (a)—(c) correspond to one realization of the
(k = 10)-sparse vector 8 and the plots in (d)—(f) to another.
The bars with solid circles show the value of error at an index
where @ has a nonzero entry, which means the corresponding
entry in x is 1 + k3. The bars with cross signs correspond to the
zero elements in @ and their heights show the error in approxi-
mating entries in x that have value k(3.

Fig. 10(a)—(c) shows the histograms of the elements of (x* —
x)/kf3, averaged over all indices of x and over 50 independent
realizations of @, for each of 3 = 0.001, 0.01, 0.1. The mean
value for each histogram is approximately one. Since we have
normalized the errors by kf3, this means that the mean value
of an element-wise error is approximately k(. Evidently, the
realizations in Fig. 9(a)—(f) is typical error realization, where
the majority of the element-wise errors are close to the mean
value k3. The much larger values of error populate the tails of
the histograms.

Fig. 11(a) and (b), respectively, shows the /1 error ||x —x*||;
and the normalized ¢; error ||x — x*||1/||x]||1 as a function of
the mismatch parameter 3 for dimensions N = 512, M = 64.
We notice that the ¢4 error ||x — x*||; grows linearly with the
increase in the mismatched level 3, which agrees with Theorem
3. We also observe that even for moderate amounts of mismatch
the normalized ¢; error is considerable. When the mismatch
level 3 goes to infinity, the normalized error bound converges

(N - k)3

+C°1+Nﬁ'

(39)
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Fig. 6. Comparison of DFT, CS, and LP inversions in the presence of basis mismatch. Moving from the top to middle to bottom row, the number of measurements
changes from M = N/4 =16to M = N/2 = 32to M = N/1 = 64. (a) Frequency mismatch. (b) Damping mismatch. (¢) Frequency mismatch. (d) Damping

mismatch. (e) Frequency mismatch. (f) Damping mismatch.

to Co((N — k)/N). In Fig. 11(b), the normalized error curve sparse in the DFT basis or in any apriori known basis defined by
becomes flat when (3 is above O(1072). aregular grid in delay, doppler, frequency, and/or wavenumber,
and there is always mismatch between the mathematical model

VI. CONCLUSIONS for sparsity and the physical model for sparsity.

The theory of compressed sensing suggests that com- In this paper, we have investigated the sensitivity of com-
pressed recording has manageable consequences for image pressed sensing (specifically basis pursuit) to mismatch between
inversion, provided the image is sparse in an apriori the assumed basis for sparsity and the actual sparsity basis. Our
known basis, e.g., a DFT basis or a basis associated with mathematical analysis and numerical examples indicate that the
a range-Doppler-wavenumber grid. But no physical field is performance of compressed sensing for approximating a sparse
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Fig. 7. Compressed sensing performance as the quadratic constraint ||y — Ax||> < eis relaxed frome = 0.1 to e = 0.5 to e = 0.8; (a) with frequency mismatch

(b) with damping mismatch.
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Fig. 8. Comparison of DFT, CS, and LP inversions with noisy observations: (a) no mismatch, (b) frequency mismatch, and (c) damping mismatch.

physical field may degrade considerably in the presence of basis
mismatch, even when the assumed basis corresponds to a fine-
grained discretization of the parameter space. Our analysis sug-
gests that for high resolution spectrum analysis, DOA estima-
tion, or delay-doppler imaging, where the problem is to identify
a small number of modal parameters, extra care may be needed
to account for the effects of basis mismatch.

APPENDIX

A. Proof of Theorem 1

Without loss of generality, let |f1] > [f2] > --- > |On]|. We
have

01 + e1T0

T
x=Wh=(1+E)f=06+Fp= | 02720

(A.1)
On + e%Q
By the triangle inequality and Holder’s inequality we have

N
lenf] <D lemntnl < llewll, 18l < AlI6Il,

n=1

(A2)

forall 1 < m < N. Also, by the triangle inequality we have

0| — |€5.0] < |6 +€L8] < 6] + [€16].  (A3)

By combining the above two inequalities, we obtain
8,] = BlIBll, < 60+ €L6] < 16,] + 516l (Ad)

Let X denote any subset of {1,---, N} with cardinality
(N — k). To get the upper bound, we can write

I = xx[l; = min > Jaml (A.5)
RERETYSSIV
— mi T
= E1{1\[1_nA Z |0m + em0| (A.6)
mEXN_k
<[|6 = Okll, + (N = k)Bl6ll, (A7)

where (A.7) follows from (A.4). The upper bound is
achieved when (20) holds with the positive sign, as shown
in (A.8)—(A.11).

i Om + €], 0 A.
min 37 | +erf| (A8)
meXN_i
— mi 0. 4 e ae(en)
gin 35 o0

MmEX N _}

N |9n| q/p
; <||9||q>

x =3 218(0n) . 9") ‘ (&.3)
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= zr:nin Z 16,1, ] To get the lower bound, note that
Nk e S fawml= > |fm +elf] (A.12)
Nk N |9n| a/p 0 mEXN_i meEXN_i

0 -09 (3 (g, ) > Y ol - (V- Rl (A1)

n=1

S 1Bl o
= ||0—9k||1+(N—k)ﬂW (A.10) 210 —0kll, — (N —K)BlI6ll;  (A.14)
q for all X _p. Then,
=16 — bxll, + (N — k)86l (A.11) .
Ix = xill; = min > Jwml (A.15)
where in writing (A.10) and (A.11) we have used the fact that T meSn_ i
1p+1/q = 1. > 1160~ 0ull, — (N — K)BI6ll,,  (A.16)
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and it is easy to see that the bound is achieved when (20) holds
with the negative sign.

B. Proof of Theorem 2

By taking # = 7 in Theorem 1 and letting E be the perturba-
tion matrix with ||e,, ||, = 3 = 7, we have

[[x = xll, = 116 — Bill, + (N = F)nlléll, (B.1)
forx = (I+ E)#. Since E € {E : €], > n}, then

_max [[x = xglly > [0 = Oklly + (N = E)nl|6]ly- (B.2)
E:fl&:]lp2n
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