
The simulated patterns were generated using CST software

packages, while the measurement were taken in an anechoic

chamber using a calibrated EMCO type 3115 broadband horn as

a reference antenna. As can be seen, the antenna gives a nearly

omnidirectional and consistent radiation pattern across the oper-

ating frequency band.

The measured peak gains for the band-rejected (with capaci-

tor of 0.75 pF) and standard UWB (without capacitor) antennas

are plotted in Figure 6. The standard UWB antenna has an aver-

age peak gain of 3 dBi across the band. As for the band-rejected

antenna, the fluctuation of the average peak gain is similar to

the standard UWB antenna except the at the band-notched fre-

quency band (5.15–5.75 GHz), where a gain suppression of

�6.3 dB can be seen.

4. CONCLUSIONS

An UWB antenna with band-notched behavior has been imple-

mented by loading the PIFLA antenna with different capacitance

values. In practice, a varactor diode would be used to enable

electronic tuning. By means of a control signal, the notch band

center frequency could then easily be tuned from 3.2 to 6 GHz,

while experimental results show the fabricated antenna has a

nearly omnidirectional radiation pattern with good gain suppres-

sion. By balancing the size and bandwidth constraints, the pro-

posed antenna occupies a compact envelope dimension of 30 �
15 � 5 mm3, while covering the required UWB operating fre-

quency bands with a targeted rejection band.
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ABSTRACT: A higher order large-domain finite element technique for

three-dimensional modeling of electromagnetic structures involving
general anisotropic inhomogeneous materials is presented. The examples
demonstrate efficient and accurate simulations of scattering and

waveguide structures using large (a couple of wavelengths across)
anisotropic continuously inhomogeneous curved finite elements with

p-refined (high-order) field distributions. VC 2012 Wiley Periodicals, Inc.
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1. INTRODUCTION

The finite element method (FEM) is one of the most powerful

and versatile general numerical tools for solving both open-

region (e.g., antenna/scattering) and closed-region (e.g., wave-

guide/cavity) problems in electromagnetics [1–4]. It has been

especially effectively used in three-dimensional (3D) frequency-

domain modeling and analysis of electromagnetic structures that

contain geometrical and material complexities. In terms of the

particulars of the numerical discretization, conversely, traditional

FEM tools are low-order (also referred to as small-domain or

subdomain) techniques – the electromagnetic structure is mod-

eled by volume geometrical elements that are electrically very

small and with planar sides, and the fields within the elements

Figure 6 Measured peak gain for slotted antenna with 0.75 pF load-

ing capacitor and reference antenna

1644 MICROWAVE AND OPTICAL TECHNOLOGY LETTERS / Vol. 54, No. 7, July 2012 DOI 10.1002/mop



are approximated by low-order basis functions, which results in

very large requirements in computational resources. An alterna-

tive which can greatly reduce the number of unknowns for a

given problem and enhance the accuracy and efficiency of the

FEM analysis is the higher order (also known as the large-do-

main or entire-domain) computational approach, which uses

higher order basis functions defined in large-curved geometrical

elements [5]. However, although higher order FEM modeling

has, since relatively recently, been constantly gaining popularity

among FEM developers and practitioners and is definitely

becoming a mainstream activity in FEM research and practice,

there seems to be a lack of investigations and reported results

on the actual higher order and large-domain modeling of mate-

rial complexities and a full exploitation of modeling flexibility

and efficiency of large curved finite elements with p-refined
high-order field approximations when applied in the presence of

arbitrary material anisotropy and inhomogeneity.

This article presents a novel higher order large-domain FEM

technique for efficient and accurate 3D analysis in the frequency

domain of open- and closed-region electromagnetic structures

involving general anisotropic inhomogeneous materials, as an

extension and generalization of works in [6–9]. The technique

implements Lagrange-type generalized curved parametric hexa-

hedral finite elements of arbitrary geometrical-mapping orders,

filled with anisotropic inhomogeneous materials with continuous

spatial variations of complex relative permittivity and permeabil-

ity tensors described by Lagrange interpolation polynomials of

arbitrary material-representation orders, and curl-conforming

hierarchical polynomial vector basis functions of arbitrary field-

expansion orders for the approximation of the electric field vec-

tor within the elements. The technique is applied to the analysis

of open-region scattering structures, with a truncation of the

FEM domain by a hybridization with a higher order method of

moments (MoM) within the surface integral equation (SIE)

approach [10, 8], and to the analysis of closed-region microwave

waveguide structures, with a simple single-mode boundary con-

dition introduced across the waveguide ports and a large buffer

finite element at each port to ensure relaxation of higher modes

[7]. To the best of our knowledge, this is the first demonstration

of large (extending a couple of wavelengths in each dimension)

anisotropic inhomogeneous curved finite elements with p-refined
field distributions of high (e.g., seventh) approximation orders in

high-frequency electromagnetics. Our current and future related

work includes applications of these new elements in analysis

and design of anisotropic inhomogeneous dielectric and mag-

netic material structures aimed for (i) electromagnetic cloaking

[13], (ii) perfectly matched layers (PMLs) [2], and (iii) wave-

guide components.

2. THEORY AND IMPLEMENTATION

Consider an electromagnetic structure that contains some aniso-

tropic continuously inhomogeneous material regions. In our

analysis method, the computational domain is first tessellated

using higher order geometrical elements, and the electric field

intensity vector within the eth element is approximated by the

following sum:

Ee ¼
XNe

l¼1

cel f
e
l ; (1)

where fl are higher order vector basis functions with a total of

Ne unknown field-distribution coefficients cl in the element. Ele-

ments are adopted in the form of Lagrange-type generalized

curved parametric hexahedra of arbitrary geometrical orders Ke
u,

Ke
v, and Ke

w (Ke
u, K

e
v, K

e
w � 1), shown in Figure 1 and analyti-

cally described as [6]

reðu; v;wÞ ¼
XKe

u

i¼0

XKe
v

j¼0

XKe
w

k¼0

reijkL
Ke
u

i ðuÞLKe
v

j ðvÞLKe
w

k ðwÞ;

� 1 � u; v;w � 1; ð2Þ

where reijk ¼ r(ui, vj, wk) are position vectors of interpolation

nodes and L
Ke
u

i represent Lagrange interpolation polynomials,

L
Ke
u

i ðuÞ ¼
YKe

u

h¼0
h 6¼i

u� uh
ui � uh

; (3)

and similarly for L
Ke
v

j ðvÞ and L
Ke
w

k ðwÞ. Eqs. (2) and (3) define a

mapping from a cubical parent domain to the generalized

hexahedron.

The same polynomials in (3) are used to describe the contin-

uous spatial variations of both the complex relative permittivity

and permeability tensors, ��er and ��lr, of an anisotropic inhomoge-

neous material filling the generalized hexahedral element in Fig-

ure 1 (eth element in the model) as follows:

��eer ðu; v;wÞ ¼
eer;xxðu; v;wÞ eer;xyðu; v;wÞ eer;xzðu; v;wÞ
eer;yxðu; v;wÞ eer;yyðu; v;wÞ eer;yzðu; v;wÞ
eer;zxðu; v;wÞ eer;zyðu; v;wÞ eer;zzðu; v;wÞ

2
64

3
75

¼
XMe

u

m¼0

XMe
v

n¼0

XMe
w

p¼0

��eer;mnpL
Me

u
m ðuÞLMe

v
n ðvÞLMe

w
p ðwÞ;

� 1 � u; v;w � 1; ð4Þ

where ��eer;mnp ¼ ��eer ðum; vn;wpÞ are the relative permittivity values

at the points defined by position vectors of spatial interpolation

nodes, remnp, and similarly for ��ler ðu; v;wÞ, with Me
u, M

e
v, and Me

w

(Me
u, M

e
v, M

e
w � 1) standing for arbitrary material-representation

polynomial orders within the element.

Figure 1 Generalized curved parametric hexahedron defined by (2),

with continuous spatial variations of complex relative permittivity and

permeability tensors of the material given by (4)
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Basis functions are curl-conforming hierarchical polynomials

of arbitrary field-approximation orders Ne
u, N

e
v, and Ne

w (Ne
u, N

e
v,

Ne
w � 1) in the eth element, in Figure 1, which, for the recipro-

cal u-component of the field vector, are given by [6]

feuqst ¼ uqPsðvÞPtðwÞ a
e
v � aew
=e

; PsðvÞ ¼
1� v; n ¼ 0

vþ 1; n ¼ 1

vs � 1; s � 2; even
vs � v; s � 3; odd

8>><
>>:

;

=e ¼ ðaeu � aevÞ � aew; aeu ¼
@re

@u
;

aev ¼
@re

@v
; aew ¼ @re

@w
; �1� u; v;w � 1; q ¼ 0; 1;…;Ne

u � 1;

s ¼ 0; 1;…;Ne
v ; t ¼ 0; 1;…;Ne

w; ð5Þ

where =e is the Jacobian of the covariant transformation, and

aeu, a
e
v, and aew are the unitary vectors along the parametric coor-

dinates of the element. Higher order hierarchical basis functions

with improved orthogonality and conditioning properties con-

structed from Legendre and other standard orthogonal polyno-

mials [11, 12] may also be implemented.

Geometrical-mapping orders (Ke
u, Ke

v, Ke
w) in (2), material-

representation orders (Me
u, M

e
v, M

e
w) in (4), and field-expansion

orders (Ne
u, N

e
v, N

e
w) in (5) are entirely independent from each

other, and the three sets of parameters of a higher order

model can be combined independently for the best overall

performance of the method. Furthermore, because the basis

functions in (5) are hierarchical (each lower-order set of func-

tions is a subset of all higher-order sets), all of the parame-

ters can be adopted anisotropically in different directions

within an element, and nonuniformly from element to element

in a model.

To solve for the field coefficients, cl, we substitute the field

expansion (1) in the curl-curl electric field vector wave equation

[6], which for the eth element reads

r� ��le
�1

r ðu; v;wÞr � Eeðu; v;wÞ
h i

� k20��e
e
r ðu; v;wÞEeðu; v;wÞ ¼ 0;

(6)

with k0 ¼ x
ffiffiffiffiffiffiffiffiffi
e0l0

p
being for the free-space wave number. A

standard Galerkin weak-form discretization of (6) yields

Z
Ve

r� fet ðu; v;wÞ
� � � ��le

�1

r ðu; v;wÞr � Eeðu; v;wÞ
h i

dV

� k20

Z
Ve

fet ðu; v;wÞ � ��eer ðu; v;wÞEeðu; v;wÞ� �
dV

¼ jk0g0

I
Se

fet ðu; v;wÞ � n�Heðu; v;wÞ½ �dS;

(7)

where Ve is the volume of the eth element, bounded by the sur-

face Se, n is the outward unit normal on Se, ft are testing func-

tions [the same as basis functions in (1) and (5)], and g0 is the

free-space intrinsic impedance. Because of the continuity of the

tangential component of the magnetic field intensity vector, n �
He, in (7) across the interface between any two finite elements

in the FEM model, the right-hand side term in (7) contains the

surface integral over the overall boundary surface, S, of the

entire FEM domain, and not over the internal boundary surfaces

between the individual hexahedra in the model.

For open-region scattering structures, the FEM domain is trun-

cated at the surface S by means of unknown equivalent surface

electric and magnetic currents, of densities JS and MS, respec-

tively, defined on MoM curved quadrilateral patches representing

external (on S) faces of the FEM hexahedra, and expanded using

a divergence-conforming 2D version of basis functions in (5)

[10]. The electric field in the FEM domain, EFEM, given by (1) in

individual finite elements, is coupled to the scattered electric and

magnetic fields due to JS and MS, EMoM and HMoM, and the inci-

dent fields, Einc and Hinc, through boundary conditions for the

tangential field components on S as follows:

n� EFEM ¼ n� EMoMðJS;MSÞ þ n� Einc;

n�HFEM ¼ JS ¼ n�HMoMðJS;MSÞ þ n�Hinc; ð8Þ

thus, providing the computational interface between the FEM

and MoM regions, with EFEM, JS, and MS as unknowns, and

giving rise to a hybrid higher order FEM-MoM solution [8].

For closed-region microwave waveguide structures, the right-

hand side term in (7) reduces to the surface integral across the

artificially introduced planar surfaces (waveguide ports). If,

moreover, the waveguide operates in the single-mode regime

(which is a standard assumption for practical microwave appli-

cations) and the ports are moved away from all discontinuities

(by placing a single large finite element with a high field-

approximation order in the longitudinal direction as a buffer

zone), the boundary condition at the ports is expressed as [1, 7]

n� ðr � EFEMÞ þ jkz10n� ðn� EFEMÞ

¼ �2jkz10Einc;Einc ¼ E0 expð�jkz10zÞ
0

� ðexcitation portÞ
ðreceiving portsÞ ; ð9Þ

where, for a rectangular waveguide, kz10 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k20 � ðp=aÞ2

q
is the

wave number of the dominant mode (a is the larger dimension

of the waveguide cross section).

3. NUMERICAL RESULTS AND DISCUSSION

As the first example of the application of the novel higher order

large-domain general FEM technique, aimed at demonstrating

the accuracy and efficiency of the technique when curved large

Figure 2 Bistatic RCS in the x–y plane of an anisotropic dielectric

spherical scatterer with the relative permittivity tensor given by (10),

normalized to k20, k0 being the free-space wavelength, for the plane

wave incidence from the direction defined by h ¼ 90� and / ¼ 90� or

/ ¼ 0�; higher order FEM–MoM model of the scatterer, with a single

finite element, is shown in the figure inset
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anisotropic finite elements with p-refined field distributions are

used, consider an anisotropic dielectric (nonmagnetic and loss-

less) spherical scatterer, of radius a ¼ 1m and relative permittiv-

ity given by the tensor

��er ¼
4 0 0

0 4 0

0 0 1

2
4

3
5; (10)

illuminated by an incident time-harmonic plane wave of fre-

quency f ¼ 150 MHz. Shown in the inset of Figure 2 is the

higher order FEM–MoM model of the scatterer, which consists

of a single curved hexahedral FEM element and six MoM

curved quadrilaterals, all of geometrical-mapping orders K ¼ 2.

The orders of the polynomial expansion are NFEM ¼ 7 and

NMOM ¼ 6 for the fields in the FEM domain and for the surface

currents in the MoM domain, respectively. In Figure 2, the

bistatic radar cross section (RCS) of the scatterer computed

using the higher order FEM–MoM is compared with the results

obtained by HFSS, and an excellent agreement of the two sets

of results is observed. The described FEM–MoM model results

in 1344 FEM and 864 MoM unknowns, while the HFSS simula-

tion, which converges to 0.1 delta energy in six adaptive passes,

uses 412,592 first-order tetrahedral finite elements (the number

of unknowns is of the same order of magnitude).

As an example of an accurate and efficient higher order

large-domain FEM–MoM scattering analysis of continuously in-

homogeneous anisotropic structures, we next consider a dielec-

tric cubical scatterer, of side length a ¼ 1m, with relative per-

mittivity described by the tensor

��erðuÞ ¼
9� 8u2 0 0

0 1 0

0 0 1

2
4

3
5; �1 � u � 1; (11)

as shown in Figure 3(a). The scatterer is excited by an inci-

dent /-polarized plane wave from different directions in the x–
y plane (h ¼ 90�) at a frequency of f ¼ 300 MHz. The FEM–

MoM model, in Figure 3(a), consists of a single FEM element

of the geometrical order K ¼ 1, with the permittivity erxx rep-

resented as a Lagrange polynomial function of material-repre-

sentation order M ¼ 2, and six MoM quadrilaterals. The orders

of the FEM and MoM field/current polynomial expansions are

the same as in the first example. The reference HFSS solutions

for validation and comparison are obtained using piecewise ho-

mogeneous anisotropic layered approximations of the dielectric

profile, with the original structure subdivided into several

equally thick anisotropic layers with individual permittivities

calculated as the average of the corresponding permittivity

functions for the layer, as depicted in Figure 3(b) for the

model with seven layers. From the results for the monostatic

RCS of the scatterer shown in Figure 4, we see that models

with three and five layers provide an inadequate approximation

of the continuous permittivity profile of the cube, giving rather

inaccurate RCS values, and that seven (and more) layers are

necessary to obtain a satisfactory approximation of the profile

yielding a quite accurate RCS characterization and a very

good agreement of the results obtained by the higher order

continuously inhomogeneous anisotropic FEM model and the

approximate layered HFSS model.

Figure 3 Analysis of a continuously inhomogeneous anisotropic dielectric cubical scatterer with the relative permittivity tensor given by (11): (a)

exact higher order FEM–MoM model with a single finite element and (b) approximate piecewise homogeneous anisotropic model, with averaged permit-

tivities of layers, for HFSS simulation

Figure 4 Normalized monostatic RCS (RCS/k20) in the x–y plane of

the scatterer in Figure 3
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Finally, to demonstrate an accurate and efficient higher order

large-domain FEM analysis of waveguide structures with aniso-

tropic continuously inhomogeneous materials, that also include

curvature, the last example is an H-plane waveguide T-junction

with a ‘‘partial-height’’ cylindrical dielectric post, shown in Fig-

ure 5(a), with the relative permittivity tensor defined as

��erðvÞ ¼
1 0 0

0 1þ 7
ðvþ1Þ2

4
0

0 0 1

2
4

3
5; �1 � v � 1; (12)

and the eryy component being represented as the second-order

(M ¼ 2) Lagrange polynomial. For the reference HFSS simula-

tion, the post is modeled using six layers as depicted in Figure

5(b). A higher order FEM model of the junction and discontinu-

ity consists of three trilinear (K ¼ 1) and six triquadratic (K ¼
2) hexahedral finite elements, as portrayed in Figure 5(a), with

polynomial field-expansion orders (Ne
u, N

e
v, and Ne

w) in the FEM

simulation ranging from 2 to 7 in different elements and differ-

ent directions. In Figure 6, we observe an excellent agreement

Figure 5 H-plane WR-75 waveguide T-junction with a ‘‘partial-height’’ continuously inhomogeneous anisotropic cylindrical dielectric post whose rel-

ative permittivity tensor is given by (12): (a) structure geometry (r ¼ 5 mm, h ¼ 6 mm, a ¼ 19.05 mm, b ¼ 9.525 mm, and c ¼ 30 mm) and higher

order large-domain FEM mesh and (b) approximate six-layer model of the post used in HFSS simulations

Figure 6 Magnitudes of S-parameters of the waveguide structure in

Figure 5
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of higher order continuous isotropic FEM and layered aniso-

tropic HFSS results for the S-parameters of the structure.

4. CONCLUSION

This article has presented a novel higher order large-domain

FEM technique for 3D analysis of open- and closed-region elec-

tromagnetic structures involving general anisotropic inhomoge-

neous materials. The technique features Lagrange generalized

curved parametric hexahedral finite elements with anisotropic

continuously inhomogeneous materials in conjunction with curl-

conforming hierarchical polynomial vector basis functions for

field expansions. The examples have demonstrated efficient and

accurate simulations of anisotropic continuously inhomogeneous

scattering and waveguide structures. In the analysis of scatterers,

the FEM domain is truncated by a hybridization with a higher

order MoM–SIE technique. For multiport waveguide discontinu-

ities, a simple single-mode boundary condition is introduced

across the waveguide ports. This appears to be the first demon-

stration of large (up to a couple of wavelengths across) aniso-

tropic inhomogeneous curved finite elements with p-refined
high-order (e.g., seventh-order) field distributions for electro-

magnetic modeling. Our current and future work includes appli-

cations of the new elements in electromagnetic cloaking, PMLs,

and waveguide component designs.
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11. M.M. Ilić and B.M. Notaroš, Higher order large-domain hierarchi-

cal FEM technique for electromagnetic modeling using Legendre

basis functions on generalized hexahedra, Electromagnetics 26

(2006) 517–529.
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ABSTRACT: This article presents the design of Fermi antenna array
with improved gain for radar respiration measurement. A six-element

Fermi antenna array working at 5.8 GHz is optimally designed and
integrated with the respiration radar system. Specifically, to easily feed

the antenna array as well as reduce the total size of the array system, a
feeding network based on 0-degree phase shifters is used along with
suitable impedance transformers. The whole system is proposed to

function as a radar sensor for respiration rate measurement, which is
known as a promising noncontact and noninvasive approach for lung
cancer radiotherapy. The measurement results verify the improved

performance of the proposed system for radar respiration measurement
in motion-adaptive lung cancer radiotherapy. VC 2012 Wiley Periodicals,

Inc. Microwave Opt Technol Lett 54:1649–1654, 2012; View this article

online at wileyonlinelibrary.com. DOI 10.1002/mop.26871
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1. INTRODUCTION

Radar technologies have been widely used in both civil and

military applications including remote sensing [1, 2], search

and rescue [3], and imaging [4]. Recently, it has become

attractive to apply radar techniques in the clinical sectors, as it

will enable noninvasive and noncontact detections of many

useful parameters for medical diagnosis and treatment. Follow-

ing this observation, several radar systems for medical purpose

have been developed [5–7]. Among them, one interesting

application is for lung cancer treatment. It is known that lung

cancer is the leading cause of cancer death in the United

States among every ethnic group. It accounts for about 12% of

all newly diagnosed cancers, and 28% of all cancer deaths.

Currently, radiotherapy is one of the major modalities for lung

cancer treatment. However, as lung tumors can move signifi-

cantly (2–3 cm) with respiration motion, it is very difficult, if

not impossible, for existing radiotherapy techniques to deliver

sufficient radiation dose without damaging the surrounding

healthy lung tissues. To address this issue, radar systems can

be used to realize motion-adaptive radiotherapy. In this way,

the respiration is dynamically measured and correlated with the

radiation beam, allowing a reduction in the volume of healthy

tissue exposed to a high dose. A typical schematic of such

system is shown in Figure 1. The devised radar is integrated
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