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Objectives
· Beginning with a general control volume, derive the conservation equations of mass, momentum, energy and individual species.
· Describe each of the terms in the constitutive equations for the pressure tensor, heat flux vector, diffusion velocity and species reaction rate.
· Derive the governing equations and describe each term in the simplified transient-convective-diffusive reactive system.
· Derive and discuss the significance of other useful forms of the governing equations including the coupling function formulation, near-equidiffusion formulation, element conservation formulation and mixture fraction formulation
· Derive the jump conditions across an infinitely thin reaction sheet.
· Develop the governing equations in non-dimensional form and describe the physical significance of the Damköhler number. 
1. Control Volume Derivation of the Conservation Equations
Consider the following arbitrary control volume that is at rest with respect to an inertial reference frame and contains a reacting gas mixture of i = 1 to N species.   The control volume has a volume, V, and a control surface S, with a unit normal vector n.   As shown, a flow element of with velocity v passes through the control surface:
The bulk, mass-weighted velocity, v, is found by summing over the velocity of each component, vi:

(5.1.1)

As defined in the previous set of notes, the diffusion velocity Vi of each species is defined as the velocity of each species with respect to the velocity of the bulk flow, such that:

(5.1.2)

Multiplying equation (5.1.2)  by i and summing over all species shows that iVi=0:

Recalling the definition of mass fraction for each species:

Shows that the bulk average velocity can also be calculated by summing over all mass fractions as follows:

(5.1.1a)

And, since iVi=0, therefore:

(5.1.3a)

1.1 Rate of Change of any Extensive Property within a Control Volume.  Consider any extensive property, , whose magnitude depends on the size of the control volume, V.  Its corresponding intensive property, is therefore the “density” of  per unit volume:
The rate of change of any extensive property within the control volume, V, can be expressed as follows as a “substantial derivative”:
(5.1.4)
The surface flux term, which is a surface integral, can be converted to a volume integral using Gauss’s Divergence Theorem:

(5.1.5) 

Equation 5.1.5 can be used to derive general conservation equations of mass, momentum, energy, individual species in differential form.

1.2 Conservation of Total Mass.  To derive the conservation of mass from (5.1.5), total mass m is the extensive property and  the corresponding intensive property:
(5.1.6)
Since total mass, m, is neither created nor destroyed, Dm/Dt = 0.  And, since the control volume is arbitrary, (5.1.6) implies that:
(5.1.7)

which is the general differential form of the conservation of mass.  In Cartesian coordinates, the definition of the divergence results in the following equation:

(5.1.7a)

1.3 Conservation of Individual Species.  Unlike total mass, m, the mass of each individual species, mi, will in general vary with time in chemically reacting flow systems since individual species are created and destroyed through chemical reaction and are transported via molecular diffusion in the presence of concentration gradients.  Defining the partial density of the ith species in a mixture as i, and invoking equation (5.1.5) yields:

(5.1.8)
The left hand side of equation (5.1.8) includes a term due to chemical reaction and a second term due to molecular diffusion:

(5.1.9)  

where i is the mass rate of production of the ith species (g/cm3-s) and Vi the diffusion velocity of the ith species. The negative sign in the diffusion term is a result of the fact that an outwardly directed diffusion velocity results in a net loss of species i.  Invoking Gauss’s Divergence Theorem for the diffusion term yields:
(5.1.9a)

Equating (5.1.9a) and (5.1.8) yields:

(5.1.10)

which is the general form of the conservation equation for the ith species in a chemically reacting flow mixture.

Equation (5.1.10) can be further developed by recognizing that Yi = i/:
(5.1.11)
1.3 Conservation of Momentum.  For the momentum equation, the extensive property is the momentum vector, M, and the intensive property is the momentum fluxv: 

(5.1.14)

In this case, the left hand side of the equation is the change in momentum, which is caused by external surface forces and body forces:

(5.1.15)

where P is the stress tensor and fi a body force which may act on any individual species.  Equating (5.1.14) and (5.1.15) yields:

(5.1.16)
1.4 Conservation of Energy.  For the energy equation, the extensive property is the total internal energy of the system, E, which includes chemical, sensible and kinetic energy.   The intensive property of interest is therefore e + v2/2 and equation (5.1.5) becomes:

(5.1.18)

In this case, the left hand side of the equation includes 3 terms: heat transfer from a surface heat flux q, a mechanical work from a surface force Fs and a mechanical work term from body forces Fv,i acting on each ith species.
(5.1.19)

(5.1.21) 

(5.1.22)
Equating (5.1.18) with the above 3 equations yields the conservation of energy:

(5.1.23)

(5.1.24)

Note the absence of a chemical reaction term in this form of the conservation of energy because, in this case, the internal energy, e, contains both a chemical enthalpy and a sensible enthalpy.   When we develop the governing equations further, the chemical reaction terms will emerge.
Note also that we have yet to define the diffusion velocity vector Vi, the heat flux vector q and the pressure tensor P in equations (5.1.11), (5.1.16) and (5.1.24).
2.  Conservation Relations Across an Interface
Many practical applications call for development of the conservation equations across an infinitely thin interface.   Examples include the vapor-liquid interface of a liquid droplet or an infinitely thin chemically reaction sheet.  In some cases of interest (e.g. the surface of a vigorously evaporating liquid droplet) the interface might be moving with respect to an inertial reference frame.  
Consider the following infinitesimally thin control volume, with a control surface SI that is moving a velocity of vI:
For an infinitely thin control volume, the unit vector n+ → - n-, the volume V→0, and the control surface area S→SI+ + SI-.  Under these conditions, the conservation of mass across the interface becomes:

(5.1.27)

where the velocity v is replaced by v-vI to account for the possibility of a moving interface.  Also, it should be noted that the density and velocity can change across an interface.   Consider again an evaporating droplet:
In this case, the density changes by a factor of 1000 across the infinitesimally thin vapor-liquid interface.

Similarly, the conservation of species across and interface can be written down as:

(5.1.28)

The conservation of momentum and energy are formulated in a similar manner in Law.

 3.  Governing Equations, Constitutive Relations and Auxiliary Equations
The governing equation of mass, species, momentum and energy developed in section 1 are summarized here.

Mass
(5.1.7)

Species
(5.1.10)

Momentum

(5.1.16)

Energy
(5.1.24)

Note also that we have yet to define the diffusion velocity vector Vi, the heat flux vector q and the pressure tensor P in equations (5.1.10), (5.1.16) and (5.1.24).  These are parameters are defined here, but are not derived.
Diffusion Velocity, Vi:

As discussed in notes01.doc, the diffusion velocity can arise from gradients in species concentrations, temperature, pressure and from body forces acting on individual species:

(5.2.5)

In many cases of interest in combustion, the diffusion velocity due to concentration gradients dominates equation (5.2.5).

Stress Tensor, P:

In full glory, the stress tensor in the conservation of momentum can be written down as follows:

(5.2.6)

where U is the unit tensor, p the pressure,  the viscosity and  the bulk viscosity coefficient, which is frequently neglected but not necessarily negligible in combustion situations.  Without going into full detail on the stress tensor, to interpret the various terms it is easier to consider the stress tensor as it would apply, for example, in Cartesian coordinates:

In most cases of interest the pressure term p dominates in the normal components of the stress tensor.
Heat Flux Vector, q
(5.2.7)

As equation (5.2.7) shows, in situations where in concentration gradients and temperature gradients can produce diffusion velocities, the heat flux vector can get complicated.  
The first term on the RHS is the familiar conduction term, which is energy transport due to a temperature gradient.   The second term is a convective energy transport term that arises from mass diffusion of species in which the individual species have differing specific heats.  The third term is called the Dufour effect, which is the inverse to the Soret effect term in (5.2.5).  Specifically, if temperature gradients result in mass diffusion, the laws of thermodynamics require that concentration gradients must produce a corresponding heat flux.   Typically, we neglect this term.  The last term is the radiative heat transfer term.   This term is extremely complicated since the absorption and emission of thermal radiation in gases is a function of the wavelength of radiation and each gas has its own unique emission and absorption spectra.  Moreover, the radiation heat transfer from solid soot particles is often a substantial portion of the overall heat transfer rate in flames. 
Species Reaction Rate, i
Recall that the reaction rate from a single forward chemical reaction is governed by the law of mass action.  For example, for the forward reaction H+O2→OH+O, the rate of disappearance of H atom from this reaction (mol/cm3-s) is expressed as follows:
Mathematically, we can express any forward chemical reaction as follows.   

(2.1.1)

Where i’ is the molar concentration coefficient for each reactant, i’’ the molar concentration coefficient for each product and Mi the chemical symbol for the ith species.  Using this nomenclature, the rate of change of molar concentration of species i from any forward reaction (2.1.1) can be expressed as:
(2.1.4a)

where ci is the concentration (mol/cm3) for the ith species.  
Given equation (2.1.4a) for each forward chemical reaction, the overall reaction rate (g/cm3-s) for each species I = 1, N in a chemical reaction mechanism consisting of k = 1, K forward reactions can be expressed as follows:

(5.2.8a)
Where Wi is the molecular weight of the ith species. Also recalling from MECH 558 that kf is a function of temperature and can often be expressed as a three parameter fit and that the concentration ci is related to the mass fraction Yi, equation (5.2.8a) becomes:

(5.2.8)

In addition to the conservation equations of mass, momentum, energy and species (along with the flux vector equations and species reaction rates), the following auxiliary equations are necessary to solve the complete set of governing equations:

Ideal Gas Equation of State

(5.2.9)
Energy-Enthalpy Relation

(5.2.10)

The Caloric Equation of State

Assuming that each species in the chemically reacting mixture behaves as an ideal gas, the sensible enthalpy of each species is a function only of temperature.  In this case, the enthalpy for each species can be calculated as follows:

(5.2.11)

Where hio(To) is the heat of formation of each species evaluated at reference temperature To and Cp,i is the specific heat of the ith species, whose variation with temperature and is expressed as a polynomial curve fit of the form Cp,i(T) = a + bT +cT2 + …, which can be readily integrated.

Conversion between Mole Fraction and Mass Fraction

Finally, as noted in the equations above, some phenomena such as chemical reactions, average molecular weight, etc. are functions of mole fraction Xi, whereas the conservation equations of mass, momentum and species contain terms that are governed by mass considerations and are therefore fundamentally related to mass fraction Yi.  Accordingly, in combustion calculations, we often have to convert between mole fraction and mass fraction using the following relationships:

(5.2.13)
4.  The Simplified Transient-Diffusive-Convective-Reactive System
The equations developed thus far can be discretized using finite difference, finite element, spectral element, etc. formulations, which can be solved computationally for many chemically reacting flow systems.  In fact, the only limitation to such computations is the speed at which computers can solve the system of equations.  A full, 3-D, transient computation with full detailed chemistry and transport for most hydrocarbons would take years to complete one computation!   Conversely, a 1-D steady laminar flame calculation for hydrogen air with full detailed chemistry and transport can be completed in less than a minute on a typical PC.    
To proceed further, so that we can develop purely analytical solutions to the governing equations, we must make a series of simplifying assumptions, some of which are realistic assumptions for many chemically reacting systems of interest, some of which are not realistic assumptions by any measure, but still produce useful models that can help facilitate a better understanding of experimental observations.   

4.1 Approximations 

We begin in this section by introducing the assumptions that are typically employed in these analytical solutions.

4.1.1 Approximations for the Diffusion Velocity, Vi:

In many chemically reacting flow systems of interest, we can neglect the contribution to the diffusion velocity caused by the pressure gradient, temperature gradient and Dufour effect terms in equation (5.2.5), resulting in the following equation for diffusion velocity:

(5.2.14)

So, even the absence of the other terms in the equation, the diffusion velocity of each species cannot be solved for explicitly for direct substitution into the governing equations in the general case.  
a. Equidiffusion of Species Assumption.  One assumption that is sometimes employed is to assume that all binary diffusion coefficients Dij are equal:

(5.2.15a)  
Subsituting (5.2.15a) into (5.2.14) yields: 
(5.2.15)

Multiplying through by Yi and summing over i yields:

(5.2.15b)

Substituting (5.2.15b) back into (5.2.15) yields:

( 5.2.16)
Note that the assumption that all binary diffusion coefficients are equal is actually quite a poor assumption, but the ability to represent the diffusion velocity explicitly as a function of a gradient in mass fraction greatly simplifies the governing equations and is required for many of the closed form analytical solutions in combustion theory!

b. Dilute Species Approximation

A much better approximation that also enables the representation of the diffusion velocity explicitly is the assumption that all but one of the N species in the mixture exist in trace quantities.   In this limiting case, the diffusion of all of the other N-1 species can be represented by the following equation:
(5.2.17)

Fortunately, many of the combustion problems of interest on the planet earth take place in air, which contains N2 as its most abundant species.  Therefore, this approximation is actually not too bad.   Di,N can be calculated from equation (4.2.26).
4.1.2 Constant Transport Properties.  Another poor assumption that we often employ in analytical models is that of constant transport properties:
Considering the fact that temperatures vary by 2 orders of magnitude in distances of 1 mm and that molecular weight of can vary from 1 for H atom to several hundred for heavy hydrocarbons.

4.1.3 The Isobaric Assumption
Most combustion phenomena of interest take place at low Mach number.  In these cases, the spatial variation in pressure is greatly simplified.   As an example, consider a 1-dimensional, steady, inviscid, x-momentum equation:
(5.2.18)

Non-dimensionalizing u, P,, with respect to their upstream conditions, uo, Po and o yields:

(5.2.19)

Introducing the upstream Mach number, Mo:

Where, the speed of sound is ao2 = Po/o 

Substituting into 5.2.19 yields:
(5.2.20)
Equation (5.2.20) implies that pressure gradients caused by velocity gradients can be neglected for low Mach number flows.   Accordingly, a major assumption that is often made in chemically reacting flow modeling is the following:
(5.2.25)

This is called the isobaric assumption.   Note, that we d not neglect dP/dx in the momentum equation, since the pressure gradient is actually the source term in the change of momentum.  However, neglecting the dP/dx terms in the energy equation greatly simplifies the governing equations.   And, it is a good assumption in most cases (other than detonations, for example).
Example 2.1.  Use equation 5.2.20 to estimate the pressure gradient caused by freely propagating one-dimensional laminar flame and show that this pressure gradient is negligible.

4.2  Development of the Simplified Transient-Convective-Diffusive-Reactive System of Equations

Having addressed the major approximations, we can now develop the simplified set of governing equations that we will employ for the analytical solutions that we will develop for the remainder of the class.  First, we state the major assumptions that will be employed:

1.

2.

3.

4.

5.

6.
Since the chemical reaction terms do not explicitly appear in the momentum equation, we will develop only species and energy equations here.   The momentum equation formulation would be identical to that which would be employed in a non-reacting system.   

We start with the energy equation (5.1.26):

Given the above assumptions, this equation reduces to the following:

(5.3.1)

with the heat flux vector q, simplified as:

(5.3.2)

having neglected the Dufour effect and radiation.  Also, note that the assumption of negligible viscous heating resulted in a simplification of the pressure tensor term in equation (5.1.26).
Substituting the heat flux vector (5.3.2) into the energy equation (5.3.1) yields:
Recalling that e = h – P/
(5.3.3a)

Recognizing that the enthalpy, h, is obtained by summing over all of the enthalpy of all i species:

(5.3.3)

Note that any heat release from chemical reaction is still embedded in the enthalpy terms, which contain both the sensible enthalpy and heat of formation.

Substituting in h = hio+his into (5.3.3) yields:
(5.3.5a)
We can simplify this equation further by combining it with the species equation. Recall the species equation for this system:

(5.1.11)

We can multiply (5.1.11) by hio and sum over all species:

(5.1.11a)

Subtracting (5.1.11a) from (5.3.5a) yields the following:

(5.3.5b)

Noting that the total sensible enthalpy can be obtained by summing over the individual sensible enthalpies:

(5.3.5)

Equation (5.3.5) is complicated by the 3rd term on the LHS, which is the result of imbalances in the enthalpy flux YiVihis among the various species.  The imbalance in enthalpy flux from mass diffusion is a result of differences in diffusion velocity Vi among species and also differences in specific heat Cp,i among species:

Equation (5.3.5) can therefore be developed further, depending on how one might want to model the mass diffusion enthalpy flux term.  Two such models are developed below.

4.2.1 The Distinct Specific Heat Formulation.  In this formulation of the energy equation, we assume that all species have a unique specific heat, Cp,i, but that all mass diffusivities are equal (Dij = D).  In this case, the diffusion velocity, Vi, can be expressed as (5.2.16):

(5.2.16)
Substituting (5.2.16) into the mass diffusion enthalpy flux term in (5.3.5) results in the following:

(5.3.8a)

Next, we note from the definition of the sensible enthalpy of the mixture:

(5.3.6)

Substituting back in to the (5.3.8a) yields:

(5.3.8b)

Finally, we note that:
(5.3.7)

Substituting  (5.3.7) into (5.3.8b) yields:

(5.3.8c)

Finally, substituting (5.3.8b) back into (5.3.5):

(5.3.8)

where the Lewis number is defined as:

(4.1.13) 
Lastly, we can very readily formulate the species equation for the Distinct Specific Heat Formulation, by simply substituting equation (5.2.16) for the diffusion velocity Vi into equation (5.1.11):
(5.3.10)

Equations (5.3.9) and (5.3.10) represent the simplified transient-convective-diffusive-reactive equations for the model of equal diffusivities but unique specific heats for all species.
4.2.1 The Distinct Diffusivity Formulation.  In this formulation, we use the dilute species approximation for mass diffusivity of each species (Di,j = Di,N) such that each species has its own distinct diffusivity.  However, in this formulation we assume that all species have the same specific heat (Cp,i = Cp).   In this formulation, the species equation is readily formulated by substituting (5.2.17) into (5.1.11):
(5.3.14)

The conservation of energy (5.3.5) greatly simplifies in this case:

(5.3.5)  
Thus, the mass diffusion enthalpy term flux vanishes and the energy equation becomes:
(5.3.12)

HW: Problem 5.1, Law. 



Due Date:
5. Conserved Scalar Formulations
The transient-convective-diffusive-reactive species and energy equations (5.3.8) and (5.3.10), while greatly simplified, are still quite complicated because of the chemical reaction terms:

(5.3.8)
(5.3.10)

The chemical reaction terms are not only non-linear (because of the exp (-Ea/RT) terms, but they also result in the coupling of the two equations.  

In some cases, it is possible to combine the two equations and eliminate the chemical reaction terms.  These formulations, called conserved scalar formulations, are possible because the reactant and product mass fractions Yi are related to each other through the overall stoichiometry of the chemical reaction.

5.1 The Shvab-Zel’dovich Coupling Function Formulation

The coupling function formulation is the most frequently used conserved scalar formulation.  It is typically used for modeling chemically reacting flow systems wherein the chemistry is modeled as single-step overall forward reaction:

(5.4.1)

According to equation (2.1.4a), which was developed for a single forward reaction, the mass rate of production of each species from this reaction can be formulated as follows:

(5.4.3a)

For a single step overall reaction, the only term in (5.4.3a) that differs between all N species in the system is the Mi(i’’ - i’) term.  In other words, the reaction rates of all species in the system are related by this scalar constant.  In fact, we can define a species-independent reaction rate for the system as:

(5.4.3)

We begin development of the Coupling Function Formulation with the distinct Cp species equation (5.3.10), and inserting the species independent reaction rate (5.4.3).

(5.4.4)

Next, we define a stoichiometrically weighted mass fraction as follows:

(5.4.5)

where Yn,B is the mass fraction of a reference species n at a system boundary, for example the fuel or oxidizer mass fraction at the free stream conditions and i,n is the stoichiometric mass ration of species i with respect to the reference species n:
(5.4.5a)

Substituting (5.4.5) into species equation (5.4.4) yields:

This results in a normalized species equation, which is valid for all species in the system:

(5.4.6)

where, since the left hand side of equation (5.4.6) will be seen again in the energy equation, we defined the operator LD( ) as follows, where D represents the fact that the diffusive term is characterized by D:

(5.4.7)

Next, since all i=1,N species equations for this system look identical, we can eliminate the chemical reaction term from wn from N – 1 of these equations by subtracting any jth equation from any ith equation as follows:
(5.4.8)

And, if we can define a species coupling function ij as follows:

(5.4.9)

Resulting in the following equation for the species coupling function:

(5.4.10)

Note, that the only reason that the species coupling function has this form is because we assumed that Dij = D.  

If we make the assumption of unity Lewis number, it is possible to eliminate the chemical reaction term from a species-enthalpy function i.  Recall the definition of Lewis number:

With /cp = D, the energy equation (5.3.8) becomes:

(5.4.11)

Recalling the definition of species independent reaction rate, , equation (5.4.11) becomes:
(5.4.12)

Note that the non-linear term in the reaction rate term has now been pulled out of the summation and the resulting summation term is just a weighted summation of heats of formation, which is directly related to the heat of combustion of the overall reaction as shown below.

Next, we define our non-dimensional enthalpy and temperature as follows:

(5.4.13)

where qc,n is the chemical heat release per unit mass of species n according to the following:

(5.4.13a)

If the reference species, n, is the fuel then (5.4.13a) is the familiar definition of the “heat of combustion” of the fuel.
Substituting the non-dimensional temperature and enthalpy (5.4.13) into (5.4.12) yields:

(5.4.14)

Equation (5.4.14) is of similar form to the species equation (5.4.6), which suggests that a species-enthalpy coupling function can be used to eliminate the chemical reaction term:

(5.4.15)

(5.4.16)

At steady state, or for open flames that occur at constant pressure, the dP/dt term vanishes and the species-enthalpy coupling function satisfies the following equation:
(5.4.18)

5.1.1 Shvab-Zel’dovich Coupling Function Solutions. Note, that the solution of a chemically reacting flow problem with N species, does not completely eliminate the chemically reaction term, but rather simplifies the problem such that the following (N+1) equations can be solved (for an open system):

Finally, it must be noted again that the “conserved” scalars i and ij are always conserved zero-dimensional systems (closed or open homogeneous reactors, for example) since they represent the stoichiometric relationship between species destruction/production and the corresponding change in sensible enthalpy.  In systems in which diffusion of heat and mass is present, then the conserved scalars are only conserved if all species and enthalpy diffuse equally (i.e. Le = 1, and Dij = D).

Lastly, in many cases, we will formulate the coupling functions with respect to an overall reaction between a fuel species F and an oxidizer O, and we will use the fuel as the reference species as follows:

Example 2.2.   Consider the stoiciometric reaction of methane and oxygen in a steady laminar flame, as modeled with an overall 1-step reaction.  Using the fuel mass fraction at the upstream conditions as the reference mass fraction, formulate the N+1 equations necessary to solve the problem.  

6.  Reaction Sheet Formulation

For simplified non-premixed flame models (droplet combustion, Burke-Schumann Flame) it is sometimes possible to collapse the entire flame zone into an infinitesimally thin reaction sheet.   In this model the flame sheet acts as a sink for reactants and a source of products and chemical heat release:
In reaction sheet formulations, we formulate the governing equations outside the reaction sheet as chemically non-reactive, and apply matching conditions at the reaction sheet which are called the jump relations.
6.1. The Jump Relations
Consider a general, thin reaction zone, which might be curved.  If its radius of curvature is much greater than the thickness, we can treat it as locally planar and the governing equations can be formulated in local 1-D Cartesian coordinates with respect to a coordinate n, which is local to the flame surface:

Under these conditions, the distinct diffusivity formulation of the energy (5.3.12) and species (5.3.14) equations become:

(5.5.1) 

(5.5.2)

Note that, in 1-D Cartesian coordinates, the divergence and gradient terms are replaced by d/dn and the velocity vector v is replaced by u, which is the component of the velocity in the n direction.  Equation (5.5.2) can be formulated for any two species i and j, which can be subtracted from each other, thereby eliminating the reaction term:

(5.5.4)

Next, we integrate across the reaction zone from nf- to nf+ as follows:

(5.5.5)
The first term goes to zero as nf- - nf+→0.   The second term also goes to zero because of the conservation of mass and the fact that there cannot be any discontinuities in mass fraction (or temperature, for that matter):

Accordingly, equation (5.5.5) simplifies to the following:

(5.5.7)
Dimensionalizing equation (5.5.7) results in the following:

(5.5.8)

Equation (5.5.8) shows that, in crossing the reaction sheet, the change in diffusive flux of the ith species is proportional to the change in diffusive flux of the jth species.   
Equations (5.5.1) and (5.5.2) can be subtracted from one another, integrated from nf- to nf+ and dimensionalized to yield:

(5.5.9)  

This equation shows that the heat generated in the reaction zone is balanced by the heat conducted away from the reaction zone.   

The above jump relations can be formulated in a more general vector form as follows:

(5.5.10)

(5.5.11)

6.2 Jump Relations for a Premixed Flame

We now consider the jump relations across a flame sheet for the situation wherein species i and j are the fuel (F) and oxidizer (O), respectively.   We start by considering the jump conditions across a premixed flame.   In a premixed flame, the fuel and oxidizer are supplied from the same side as shown below:
The diagram above assumes that the oxygen is the abundant species (i.e. fuel lean).   In this fuel lean case, YF at the flame front goes to zero and the gradient of YF at the downstream side of the flame goes to zero.  In this case, the F-O jump conditions at the flame front become:

(5.5.12)

Similarly, the F-hs jump conditions can be formulated as:

(5.5.13)

It should be noted that if there is no heat loss downstream of the flame front, then the gradient in hs at the downstream side of the flame front vanishes and the first term on the RHS of (5.5.13) goes to zero.

6.3 Jump Relations for a Non-Premixed Flame

For the case of the non-premixed flame, assuming that no leakage of fuel or oxidizer occurs through the flame sheet, then both YF and YO go to zero at the flame front.   And the gradients in YF and YO go to zero on the oxidizer and fuel side of the flame, respectively:
In this case, the F-O jump conditions become:

(5.5.14)  

The F-hs jump conditions are identical to those for the premixed flame (5.5.13).
Note that, although YO an YF go to zero at the flame front, their ratio does not go to zero.  This is an example L’Hopital’s rule.  A Taylor expansion of the YF(n) and YO(n) results in:

(5.5.14a)

Thus, the vanishingly small values of fuel and oxidizer at the flame front does NOT contradict the fact that chemical reaction takes place.  Re-dimensionalizing equation (5.5.14) shows that the fuel to oxidizer ratio at the flame front of a non-premixed flame is equal to the stoichiometric ratio only if DO = DF.  
(5.14b)

Lastly, it should be noted that non-premixed flames will position themselves spatially such that the gradients in fuel and oxidizer match according to (5.5.14).

6.4 Adiabatic Flame Temperature

The reaction sheet concept can also be used as method of calculating a general adiabatic flame temperature for any unsteady, three dimensional reaction sheet (with the assumptions of unity Lewis number and equal diffusivity and dP/dt = 0).  In this case, the governing equations of mass and species for any location outside the reaction sheet become:
(5.5.16)

(5.5.17)

It can be shown that a solution that satisfies equations 5.5.16 and 5.5.17 on each side of the reaction zone is given by:

(5.5.18)

Where ci1 and ci2 are constants.   We consider now both premixed and non-premixed reaction sheets.

6.4.1 Premixed Flames.  Consider the reactant side of a fuel deficient premixed flame below:

For the reactant side of this flame equation (5.5.18) becomes:

(5.5.19)

Equation (5.5.19) can be evaluated at the upstream conditions (YF = YF,u and hs = hsu) and at the flame front (YF = 0 and hs = hsf), resulting in a solution for the constants C1,F and C2,F:
Substituting the constants back in to (5.5.19):

(5.5.20)

Next, we recall YF-hs jump conditions for an adiabatic premixed flame (5.5.13), which under the assumptions above become:
We can integrate the above equations from the upstream conditions to the flame front, resulting in:

(5.5.21)

In dimensional form, equation (5.5.21) becomes:

(5.5.22)

6.4.2. Non-Premixed Flames.  Consider now the adiabatic flame temperature for a non-premixed flame:
In this case, equations (5.5.16) and (5.5.17) are satisfied by separate solutions on the upstream and downstream sides of the non-premixed flame as follows:
(5.5.23)

Constants C1,F and C2,F can be evaluated in the exact same manner as that for the premixed flame, resulting in:

(5.5.24)

Similarly, C1,O and C2,O can be evaluated based on the conditions at the oxidizer freestream, B+:

(5.5.25)

For D=/Cp = constant, equations (5.5.24) and (5.5.25) can be combined with the jump conditions (5.5.13) and (5.5.14) to obtain:

(5.5.26)

In dimensional form, this equation becomes:

(5.5.27)

7.  Further Development of the Simplified Transient Convective Diffusive Reactive System

For the rest of the semester, we will often use the distinct diffusivity formulation, along with a 1-step overall reaction as the starting point for analytical models of premixed and non-premixed flames.  Assuming dp/dt = 0 with YF,B as the reference mass fraction, the governing equations of energy and species will therefore be:

(5.6.1)

(5.6.2)

where wF is:

Recognizing that concentrations co and cF can be converted to mass fractions, and then non-dimensionalized it is possible to express the reaction rate term as:

(5.6.3)

where Bc is:
(5.6.4)

And Ta the activation temperature:
7.1 Non-Dimensionalized Independent Variables and Velocity
Thus far we have non-dimensionalized the dependent variables but have kept the independent variables dimensionalized.  Here, we non-dimensionalized the position x, time t and velocity v in terms of a reference length lo and reference densityo:
(5.6.5)

The governing equations then become:

(5.6.6)

(5.6.7)

Where:

And DaC is defined as the collision Damköhler number:

(5.6.10)

The collision Damköhler number is the ratio of the characteristic diffusion time to the characteristic molecular collision time.  

The concept of a Damköhler number is a very important parameter in combustion because it represents a comparison between a characteristic flow time and a characteristic reaction time.  In other words, it tells you whether there is sufficient time available in a system for the reactants to react.  Recalling from MECH 558 that no all molecular collisions result in a chemical reaction, the reaction Damköhler number is even more relevant:
(5.6.13)

If we define the Arrhenius number as follows:

We can relate the reaction Damköhler number to the collision Damköhler number:
(5.6.12)

Since Da is more relevant than Dac, we can rewrite the reaction term as follows:

(5.6.14)

Note the significance of Damköhler number:
HW:  Problems 5.4 and 5.6, Chapter 5, Law.   Also, complete Example 2.2 on page 23 of the notes.

