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Abstract— In this letter, we apply energy detection based time-
of-arrival (ToA) estimation to multi-band orthogonal frequency-
division multiplexing signals. We analyze the mistiming per-
formance of the ToA estimator in the Nakagami-m channel.
Analysis shows that the slope of the probability of mistiming
curve increases with the number of subbands and the Nakagami-
m parameter. This is known in communications as diversity.
Simulations are carried out in various channels to corroborate
our theoretical analysis.

I. INTRODUCTION

In recent years, multi-band orthogonal frequency-division
multiplexing (MB-OFDM) has attracted wide interest since it
was proposed as one of the candidate technologies for the
ultra-wideband (UWB) system [1], [2]. With the large band-
width, MB-OFDM can achieve a high data rate. In addition,
due to the huge bandwidth, MB-OFDM signals can provide
orders of magnitude improvement on the timing precision
compared to conventional narrowband signals. In this letter,
we will investigate the time-of-arrival (ToA) estimation with
MB-OFDM signals.

Usually, ToA estimation is carried out by a channel esti-
mator. This means that the channel impulse response (CIR) is
first recovered and then the delay of the first path automatically
becomes the ToA estimate. As the MB-OFDM signal consists
of several subbands each only containing part of the channel
information, these subband signals need to be combined at
the receiver to obtain full knowledge of the channel. Generally,
two strategies can be taken to combine the multi-band channel
information. Under the first strategy, the channel information
from all subbands is jointly utilized for channel and ToA
estimation, which is often termed as the coherent combining
(see, e.g., [3], [4]). With the second strategy, the CIR is first
estimated for each subband and then channel estimates from
all subbands are averaged for a better final ToA estimate [5],
which is called the noncoherent combining.

The coherent combining can usually provide a better timing
resolution than the noncoherent combining at the price of a
higher computational complexity (see, e.g., [3], [4]). However,
there are scenarios where one has to adopt the noncoherent
combining. For example, the channel information can not
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be coherently combined when random phase rotations are
present after carrier demodulation. Even worse is that the
channel itself may be independent across subbands due to
the frequency dependent fading as the channel fading and
dispersion statistics vary with the frequency [6]1. For these
reasons, we apply the noncoherent combining or the energy
detection method for ToA estimation with MB-OFDM signals.

As the analysis of such a problem is very complicated for
general channel environments, we will confine our discussion
to the Nakagami-m fading channel. A series of channel cam-
paigns have shown that the Nakagami-m distribution can fit
the channel measurement results very well [7]. In addition,
the Nakagami-m distribution is a general fading model, para-
meters of which can be adjusted to incorporate several fading
environments, such as the Rayleigh distribution (m = 1) and
the one-sided Gaussian distribution (m = 0.5). Therefore, the
analysis and results of this letter are applicable to a wide range
of channel fading environments.

Based on the analysis of the pairwise mistiming probability,
we will prove that the timing performance can be improved
with MB signals by exploiting the diversity across subbands.
Although [5] touches upon a similar issue, it assumes a
Rayleigh fading channel with independent multipath com-
ponents and a uniform power delay profile (PDP). Instead
of these limiting constraints, we consider in this letter the
Nakagami-m fading channel with arbitrary multipath corre-
lation and arbitrary PDP.

Following the method in [8, Ch. 12], we calculate the pair-
wise mistiming probability based on the moment generating
functions (MGF) of the probability density function (PDF)
of the instantaneous signal to noise ratio (SNR). With the
union bound analysis, we can derive the diversity order of
the mistiming probability curve.

II. ENERGY DETECTION BASED TOA ESTIMATOR

In this section, we will first introduce the MB-OFDM
system that is investigated in this letter. Architectures of the
MB-OFDM transmitter and receiver are illustrated in Fig.
1 (a) and (b) as specified in [2]. Different from the basic
OFDM system, for MB-OFDM, the baseband signal is carrier
modulated on one of the B frequency bands at the transmitter
according to the frequency hopping pattern, and the received
waveform is carrier demodulated accordingly at the receiver.

1Note that the independent channel across subbands can also be induced
by the dense multipath. However, this type of independency will not prevent
one from coherently combining subband channel information.
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Fig. 1. MB-OFDM transceiver block diagrams (a) Transmitter; (b) Receiver.

Let sb(t) denote the baseband signal transmitted on the bth
subband. The noise-free baseband received signal rb(t) can be
expressed as

rb(t) = sb(t) ∗ gb(t) ∗ cb(t), b ∈ [1, B] (1)

where ∗ denotes the convolution operation, gb(t) is a linear
time invariant filter including possible transmit and receive
filters as well as the bandlimiting effect of transmitting a finite
bandwith signal, and cb(t) is the baseband channel for the bth
subband

cb(t) =
Lc∑

l=1

Ab,lδ(t− τb,l), b ∈ [1, B] (2)

where {Ab,l}Lc

l=1 and {τb,l}Lc

l=1 are amplitudes and delays of
the Lc channel paths. Note that due to the frequency dependent
fading [6], cb(t) can be independent across subbands.

The baseband received signal rb(t) is sampled at the rate of
1/Ts which is essentially the bandwidth of the transmitted
signal sb(t). The noise-free discrete time samples rb,n =
rb(t)|t=nTs

can be expressed as

rb,n = sb,n ∗ hb,n, b ∈ [1, B] (3)

where sb,n is the nth sample transmitted on the bth subband
and hb,n is the equivalent discrete time channel

hb,n = [cb(τ) ∗ gb(τ)] |τ=nTs
, b ∈ [1, B] , n ∈ [0, L− 1] (4)

with L being the number of channel taps. Representing the
delay spread of the channel, L is assumed to be known at the
receiver.

In order to facilitate the ToA estimation, the discrete time
channel (4) is first estimated for all B subbands. The nth tap
of the estimated channel for the bth subband can be expressed
as follows:

h̄b,n =





hb,n−L1 + ηb,n, n ∈ [L1, L1 + L− 1]
ηb,n, n ∈ [0, L1 − 1]

and n ∈ [L1 + L,L1 + L + L2 − 1]
, b ∈ [1, B]

(5)
with L1 < L and L2 < L. Due to the lack of timing informa-
tion, the channel is estimated with a larger number of taps than
L. Among the (L1 + L2 + L) taps in (5), L consecutive taps

contain the noise-contaminated channel information and the
rest (L1 +L2) taps only contain noise. Following [5], we also
assume that the noise ηb,n is independent zero mean circularly
symmetric complex Gaussian with unit variance.

In [5], the following assumptions are made: 1) channel
taps are independent within each subband; 2) the channel is
uncorrelated over all B subbands; 3) channel taps are Gaussian
random variables, and the channel has a uniform PDP. In this
letter, we will consider the correlation among channel taps
both inside each subband and over all subbands. This is more
realistic since subbands always share some common channel
information. In addition, the analysis is performed when the
channel tap hb,n has a Nakagami-m distribution with arbitrary
PDP.

After the channel is estimated, a simple energy detection
based synchronizer can be adopted for ToA estimation. In
particular, for a single band, this estimator detects the start of
the channel by seeking the maximum total energy of a length
L segment in the channel estimate sequence given by (5).
With the availability of multiple subbands, this ToA estimator
simply combines the energy from all subbands. Then, the
index of the first channel tap can be estimated by

k̄ = arg max
p

(
B∑

b=1

p+L−1∑
n=p

|h̄b,n|2
)

. (6)

According to the synchronization criterion (6), mistiming
occurs when the following inequality holds for any l ∈ [1, L2]
or l ∈ [−L1,−1]:

B∑

b=1

L1+L+l−1∑

n=L1+l

|h̄b,n|2 >

B∑

b=1

L1+L−1∑

n=L1

|h̄b,n|2 . (7)

After the common terms are canceled in (7), the inequality
becomes

B∑

b=1

L1+L+l−1∑

n=L1+L

|ηb,n|2 >
B∑

b=1

L1+l−1∑

n=L1

|hb,n−L1 + ηb,n|2 ,

for l ∈ [1, L2]

(8)

and

B∑

b=1

L1−1∑

n=L1+l

|ηb,n|2 >
B∑

b=1

L1+L−1∑

n=L1+L+l

|hb,n−L1 + ηb,n|2 ,

for l ∈ [−L1,−1] .

(9)

III. ANALYSIS OF MISTIMING PROBABILITY

In this section, we will analyze the mistiming probability of
the energy detection based ToA estimator. We will first derive
the pairwise probability of mistiming by an arbitrary number
of l taps. Then we use the union bound to obtain an upper
bound of the mistiming probability of the ToA estimator. The
high SNR approximation of the upper bound will clearly reveal
the relationship between the channel parameters and the timing
performance. In the following, we will focus on the l > 0 case.
The analysis can be directly applied to the l < 0 case.



IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS 3

Let vl =
∑B

b=1

∑L1+l−1
n=L1

|hb,n−L1 + ηb,n|2 and yl =∑B
b=1

∑L1+L+l−1
n=L1+L |ηb,n|2, l ∈ [1, L2]. The pairwise proba-

bility of mistiming by l taps is

Pl = Pr(yl > vl), l ∈ [1, L2] (10)

which can be further expressed as

Pl =
∫ ∞

0

fV (vl)
∫ ∞

vl

fY (yl)dyldvl (11)

where fV (vl) and fY (yl) are PDFs of vl and yl, respectively.
Since variance of the noise is unity, i.e., E{η2

b,n} = 1, ∀b and
n, the random variable yl has a chi-square distribution with
2Bl degrees of freedom

fY (yl) =
1

(Bl − 1)!
yBl−1

l exp(−yl) . (12)

Using the result in [9], we have the pairwise probability of
mistiming by l taps

Pl =
Bl−1∑
n=0

1
n!

∫ ∞

0

fV (vl)vn
l exp(−vl)dvl . (13)

Before deriving Pl, we first calculate the conditional pair-
wise probability of mistiming, given the channel fading co-
efficients. For certain λl =

∑B
b=1

∑l−1
n=0 |hb,n|2, the random

variable vl obeys a noncentral chi-square distribution with PDF
[8, Ch. 10]

fV (vl;λl) =
(

vl

λl

)Bl−1
2

exp (−(vl + λl)) IBl−1

(
2
√

vlλl

)

(14)
where Ia(x) is the modified Bessel function of the first kind.

Using (13) and property of the Laplace transform:
L{vn

l fV (vl;λl)} = (−1)nF
(n)
V (s;λl), the conditional pair-

wise probability of mistiming Pl(λl) can be expressed as

Pl(λl) =
Bl−1∑
n=0

1
n!

∫ ∞

0

fV (vl;λl)vn
l exp(−vl)dvl

=
Bl−1∑
n=0

(−1)n

n!
F

(n)
V (1;λl)

(15)

where FV (s;λl) is the Laplace transform of fV (vl;λl). From
the MGF, the Laplace transform of fV (vl;λl) can be expressed
as (see [8, Ch. 9])

FV (s;λl) = L{fV (vl;λl)} = E{e−svl ;λl} =
exp

(
−sλl

1+s

)

(1 + s)Bl
.

(16)
The nth order derivative of FV (s;λl) can be expressed as

F
(n)
V (s;λl) =

n∑
p=0

(
n

p

)
f

(p)
1 (s;λl)f

(n−p)
2 (s) (17)

where f1(s;λl) = exp
(
−sλl

1+s

)
and f2(s) = (1 + s)−Bl.

According to the Faà di Bruno’s formula [10], the pth order
derivative of f1(s;λl) can be expressed as

f
(p)
1 (s;λl) =f1(s;λl)

p∑

k=0

λk
l

×Bp,k

(
g′(s), g′′(s), . . . , g(p−k+1)(s)

) (18)

with Bp,k being the Bell polynomial and g(s) = −s
1+s .

Applying (18) to (17) and combining terms with the same
order of λl, we have

F
(n)
V (s;λl) = exp

(−sλl

1 + s

) n∑

k=0

λk
l fn,k(s) (19)

with fn,k(s) being a function of s

fn,k(s) =
n∑

p=k

(
n

p

)
f

(n−p)
2 (s)

×Bp,k

(
g′(s), g′′(s), . . . , g(p−k+1)(s)

)
.

(20)

The conditional pairwise probability of mistiming can then
be simplified using (15) and (19)

Pl(λl) = exp
(
−λl

2

) Bl−1∑

k=0

cB,l,kλk
l (21)

where cB,l,k =
∑Bl−1

n=k
(−1)n

n! fn,k(1). The pairwise mistiming
probability Pl is the expectation of Pl(λl)

Pl =
∫ ∞

0

fΛ(λl)Pl(λl)dλl (22)

where fΛ(λl) is the PDF of the random variable λl. Same as
Eq. (21), the integral of (22) can also be obtained with the aid
of MGF.

The channel taps undergo Nakagami-m fading with PDF
[8]

f(γb,n;m) =
mmγm−1

b,n

(Ab,nγ̄)m Γ(m)
exp

(
−mγb,n

Ab,nγ̄

)
(23)

where γb,n = |hb,n|2, b ∈ [1, B], n ∈ [0, L − 1], Ab,n

represents the PDP effect of the nth channel tap in the bth
frequency band, γ̄ is the average SNR and Γ(x) is the Gamma
function.

For correlated Nakagami-m distributed random variables
γb,n, a simple form PDF can not be found for λl =∑B

b=1

∑l−1
n=0 γb,n [11], but the Laplace transform of λl can

be written as [12] where ρi,j is the power correlation between
γb1,n1 and γb2,n2 with i = (b1−1)l+n1 and j = (b2−1)l+n2.
Using property of the Laplace transform, we can obtain the
pairwise mistiming probability Pl [cf. (21) and (22)]

Pl =
Bl−1∑

k=0

(−1)kcB,l,kF
(k)
Λ

(
1
2

)
(25)

where cB,l,k is defined after Eq. (21).
At high SNR as γ̄ →∞, the Laplace transform FΛ(s) can

be approximated by [12]

FΛ(s) ≈ (DB,l)
−m

B∏

b=1

l−1∏
n=0

(
sAb,nγ̄

m

)−m

(26)

where DB,l denotes the determinant term in (24) when γ̄ →
∞. Then Pl can be approximated at high SNR by

Pl =
( γ̄

2m

)−mBl

(DB,l)
−m

B∏

b=1

l−1∏
n=0

A−m
b,n

×
Bl−1∑

k=0

cB,l,k(−2)k (mBl)!
(mBl − k)!

.

(27)
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FΛ(s) =
B∏

b=1

l−1∏
n=0

(
1 +

sAb,nγ̄

m

)−m




det




1 √
ρ0,1

(
1 + m

sA1,1γ̄

)−1

. . .
√

ρ0,Bl−1

(
1 + m

sAB,l−1γ̄

)−1

√
ρ0,1

(
1 + m

sA1,0γ̄

)−1

1 . . .
√

ρ1,Bl−1

(
1 + m

sAB,l−1γ̄

)−1

...
...

...
...

√
ρ0,Bl−1

(
1 + m

sA1,0γ̄

)−1 √
ρ1,Bl−1

(
1 + m

sA1,1γ̄

)−1

. . . 1







−m

(24)

From (27), the pairwise probability of mistiming by l taps can
be approximated at high SNR by

Pl = CB,m,l (γ̄)−mBl
, l ∈ [1, L2] (28)

where CB,m,l = (2m)mBl (DB,l)
−m ∏B

b=1

∏l−1
n=0 A−m

b,n ·∑Bl−1
k=0 cB,l,k(−2)k (mBl)!

(mBl−k)! is a constant independent of γ̄.
For l ∈ [−L1,−1], the pairwise probability of mistiming
can be derived in the same way which has the form of
Pl = CB,m,l (γ̄)mBl

, l ∈ [−L1,−1].
From the union bound, the probability of mistiming Pmt is

upper bounded by the summation of the pairwise probability
of mistiming. This means that

Pmt <

L2∑

l=1

CB,m,l (γ̄)−mBl +
−1∑

l=−L1

CB,m,l (γ̄)mBl
. (29)

When the SNR γ̄ is high, the right hand side of (29) ap-
proximates (CB,m,1 + CB,m,−1) (γ̄)−mB . As a result, the
slope of the probability of mistiming curves is Gd = mB
in log-log scale. In the field of communications, this slope is
often defined as the diversity of the system error performance.
Eq. (29) implies that the diversity gain of the estimator is
Gd = mB which increases with both the subband number
and the Nakagami-m parameter. This shows that by use of
the noncoherent combining, the energy detection based ToA
algorithm can achieve a higher diversity gain, proportional to
the number of subbands and the diversity achieved in each
channel.

IV. SIMULATIONS

Simulations are first carried out for the discrete time channel
with L = 12 independent Nakagami-m distributed taps. The
channel has an exponentially decaying PDP with the last tap
being 20 dB weaker than the first tap. The average power
of the first channel tap is normalized. Assume that due to
the lack of timing information, L1 = L2 = 5 pure noise
terms are involved in the estimated channel at the front and
rear parts. The probability of mistiming is simulated for the
energy detection based ToA estimator when the channel is
independent for different subbands.

Analysis has shown that by using B subbands, the energy
detection based ToA estimation can obtain a diversity gain of
mB in the Nakagami-m channel. This is verified by simu-
lations, as the probability of mistiming curves with the same
mB are roughly parallel to each other (see Fig. 2). In addition,
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Fig. 2. The probability of mistiming with energy detection for Bm = 6. The
parameter B is the number of subbands and m is the Nakagami-m fading
parameter.
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given mB, the parallel curves have different horizontal shifts.
In the literature of communications, this shift is defined as
the coding gain of the probability of mistiming curves. The
simulation result is reasonable since a higher coding gain can
be obtained when more signal energy is collected from more
subbands. Union bounds are also plotted in Fig. 2 by using
Eq. (29), which confirms that these bounds are tight at high
SNR.

We then simulate the ToA estimator in the more realistic
Saleh-Valenzuela (S-V) channel model [13]. The channel has
a cluster structure with the cluster arrival rate of Λ = 1/200
ns−1 and the ray arrival rate of λ = 1/20 ns−1. The clusters
and rays inside each cluster decay exponentially with time
constants Γ = 60 ns and γ = 20 ns, respectively. The channel
rays are generated as random variables with independent
Rayleigh distributed amplitudes and independent uniformly
distributed phases. Note that in addition to the random and
irregular PDP, closely spaced multipath arrivals will also give
rise to correlations among the discrete time equivalent channel
taps.

MB-OFDM signals with the bandwidth of 100 MHz are
modulated to different subbands around the 1.5 GHz center
frequency and passed through the channel. For each subband,
the discrete time channel is generated by sampling the subband
channel at the rate of 1/Ts = 100 MHz. Since each subband
only contains part of the entire channel information, the equiv-
alent discrete time channels differ across subbands but are
correlated. Numerical analysis shows that given these channel
parameters, the correlation coefficient between subbands can
be up to about 0.5. As shown by Fig. 3, given the Nakagami-
m parameter (m = 1), the diversity gain increases linearly
with the number of subbands available (B). This again verifies
the diversity gain analysis of the energy detection based ToA
estimator.

V. CONCLUSIONS

In this letter, we analyzed the probability of mistiming
performance for an energy detection based ToA estimator
for MB-OFDM systems in Nakagami-m channels. Theoretical
analysis shows that a higher diversity gain can be achieved
by using more subbands in channels with a lower amount
of fading (larger m). Simulations in both the Nakagami-
m discrete time channel and the S-V channel model have
corroborated our theoretical analysis.
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