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Abstract—In this paper, we compare the battery power effi-
ciencies of various pulse-based modulations widely adopted for
their low complexity. Taking into account circuit modules and
battery imperfectness, we establish simple closed-form analytical
formulas which can be used to conveniently determine the relative
preference between arbitrary pulse-based modulation pairs in
terms of their actual average battery energy consumption.

Index Terms—Battery power efficiency (BPE), pulse-based
modulations, nonlinear battery model.

I. INTRODUCTION

BATTERY power efficiency (BPE) is a critical factor in
modern wireless communication systems, especially for

wireless sensor networks (WSNs) driven by nodes with non-
renewable batteries [1]. Most literature on improving system
power efficiency treats the batteries as ideal and linear, by
assuming that all the battery’s capacity can be fully utilized
(see e.g., [2], [4], [6]). However, the empirically extracted
battery models show that the actual battery discharge is a
nonlinear process [5], [9]. Accordingly, using those nonlinear
battery models has the potential to significantly improve the
system lifetime [3].

The power efficiencies of modulations are already widely
studied and well understood [7, Chapter 5]. However, these
analyses often neglect the circuit system and battery ineffi-
ciency and the results are all based on the spectral efficiency
rather than the battery power efficiency. In [11], a more
realistic model for the transceiver nodes is proposed to study
the BPEs of pulse-position modulation (PPM) and frequency-
shift keying (FSK). In this model, circuit power consumptions,
inefficiencies of power amplifier (PA) and DC/DC converter
and nonlinear property of the battery power dissipation are
considered. Under these more realistic considerations, [11]
shows that, though considered to have the same spectral
efficiency [7], the BPEs of PPM and FSK are actually very
different and their relative BPE heavily relies upon the com-
munication range and the system design criterion. Later, this
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same model is also adopted in [8] to analyze the BPEs of
PPM and on-off keying (OOK) with imperfect channel state
information. However, all these works heavily rely on the
numerical analysis and no closed-form relationship has been
established between the BPE comparison results and various
system and modulation parameters. Moreover, these results are
also limited to certain modulations and lack generality.

In this paper, we develop a general analytical framework
to compare the BPEs between any pair of pulse-based mod-
ulations in explicit closed form. To do that, we take the
difference between the actual average battery energy consump-
tion (AABEC) per bit of different modulations. We show
that the excessive battery energy consumption due to the
nonlinear discharge process can be expressed explicitly as a
function of the pulse shape and energy strength. In addition,
we prove that this function is quadratic in the 𝐾-th power
of the communication range, where 𝐾 is the channel path-
loss exponent. Based on properties of quadratic functions, we
also exhaustively discuss all possible comparison outcomes.
Specific comparison examples are also presented to validate
our analysis and to illustrate our general result.

II. SYSTEM MODEL

A. Comparison Metric

In this paper, our metric of interest is battery power effi-
ciency which we will simply call efficiency. Hence, we utilize
the average actual battery energy consumption per bit as an
indicator. The smaller it is, the more efficient the modulation
is; and vice versa.

B. General Pulse-based Modulation Model

In this category of modulation schemes, the information bits
are encoded in various characteristics of the transmitted pulse,
such as the pulse presence, position, and shape etc. Here, we
define a general model for the pulse-based modulation with
the following parameters: 1) the pulse shape 𝑝(𝑡); 2) the pulse
energy ℰ𝑝; 3) pulse duration 𝑇𝑝; 4) demodulation duration 𝑇𝑑
depending on the modulation scheme; and 5) symbol duration
𝑇𝑠.

C. Path-Loss Channel Gain

The channel can be either deterministic or Rayleigh fading
with additive white Gaussian noise (AWGN). In either case,
the channel gain factor 𝐺(𝑑) depends on the transceiver
distance 𝑑 and is given by [10, Chapter 4]: 𝐺(𝑑) = 𝒫𝑠/𝒫𝑟 =
𝑀𝑙𝐺1𝑑

𝐾 , where 𝒫𝑠 and 𝒫𝑟 are the transmitted and received
power of the signal, and the remaining parameters are defined
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in Table I. Accordingly, the relationship between the energy
at the transmitter ℰ and the energy at the receiver ℰ𝑟 is:

ℰ/ℰ𝑟 = 𝒫𝑠/𝒫𝑟 = 𝐺(𝑑) = 𝑀𝑙𝐺1𝑑
𝐾 . (1)

D. Nonlinear Battery Model

As introduced in [11], the nonlinear behavior of the battery
discharge process can be captured by 𝒫0 =

∫ 𝐼max

𝐼min

𝑉 𝑖
𝜇(𝑖)𝑓(𝑖)𝑑𝑖,

where 𝒫0 is the average power consumption of the battery
over a battery discharge process, 𝑉 is the battery voltage,
𝑓(𝑖) is the density function of the battery discharge current
profile during time period of interest [𝑡min, 𝑡𝑚𝑎𝑥], 𝜇(𝑖) is the
battery efficiency factor [5] and 𝐼max and 𝐼min are respectively
the maximum and minimum affordable discharge currents. To
facilitate our ensuing analysis, we define the instantaneous
power consumption at time 𝑡 as 𝒫0(𝑡) = 𝑉 𝑖(𝑡)/𝜇(𝑖(𝑡)).
Then, the average power consumption of the battery over the
discharge interval [𝑡min, 𝑡max] can be alternatively expressed
as:

𝒫0 =

∫ 𝑡max

𝑡min

𝒫0(𝑡)𝑑𝑡 =

∫ 𝑡max

𝑡min

𝑉 𝑖(𝑡)

𝜇(𝑖(𝑡))
𝑑𝑡 , (2)

where 𝜔 is a positive parameter.
To describe the relationship between the battery efficiency

factor 𝜇(𝑖) and the discharge current 𝑖, we adopt the empirical
formula obtained in [5]:

𝜇(𝑖) = 1− 𝜔𝑖 . (3)

III. AVERAGE ACTUAL BATTERY ENERGY CONSUMPTION

ANALYSIS

A. Transmitter Battery Energy Consumption

We obtain the actual battery energy consumption for trans-
mitting a single pulse as the following lemma:

Lemma 1 The total battery energy consumption for trans-
mitting a single pulse 𝑝(𝑡) with duration 𝑇𝑝 and energy ℰ𝑝 is
approximately:

ℰ0𝑡 = 𝜔𝛾𝑝(1 + 𝛼)2

𝑉 𝜂2
ℰ2
𝑝 +

1 + 𝛼

𝜂
ℰ𝑝 + 𝒫𝑐𝑡

𝜂
𝑇𝑝 , (4)

with parameters defined in Table I.

Proof: See Appendix A.
In (4), 𝜂 and 𝛼 terms reflect the influence of the inefficiency

of DC/DC converter1 and the extra PA power loss on the
battery energy consumption, respectively. Lemma 1 shows that
the total battery energy consumption can be decomposed into
three parts:

1) The first term in (4) refers to the excess power loss due
to the nonlinear battery discharge process. This term is
proportional to the square of the energy of the transmitted
signal. In addition, this term is only affected by the pulse
shape through a scaling factor 𝛾𝑝. Notice that, though
𝛾𝑝 can be mathematically interpreted as the “energy”
of 𝑝0(𝑡), it is not the actual energy consumption of a
DC battery with a constant voltage 𝑉 . As detailed in

1DC/DC converter matches the voltage level of the battery and the system
circuit. If not used, 𝜂 = 1, otherwise 𝜂 < 1.

TABLE I
NOTATIONS

𝑀𝑙 channel link margin

𝐺1 gain factor at 𝑑 = 1

𝐾 path-loss exponent

𝜇(𝑖) battery efficiency factor 𝜇(𝑖) = 1− 𝜔𝑖

𝜂 transfer efficiency of the DC/DC converter

𝛼 extra power loss factor of the PA

𝑝(𝑡) transmitted pulse

𝛾𝑝
∫ 𝑇𝑝

0

(
𝑝(𝑡)∫ 𝑇𝑝

0 ∣𝑝(𝑡)∣𝑑𝑡

)2

𝑑𝑡

ℰ𝑝 pulse energy

ℰ0 average actual battery energy consumption (AABEC) per bit

𝒫𝑐𝑡 transmitter circuit power

𝒫𝑐𝑟 receiver circuit power

𝑘2
𝑀2

𝑙 𝐺2
1𝜔(1+𝛼)2

𝑉 𝜂2𝑀 log2 𝑀

(∑
𝑚 𝛾𝑝,𝑚ℰ2

𝑝𝑟,𝑚

)

𝑘1
𝑀𝑙𝐺1(1+𝛼)
𝜂𝑀 log2 𝑀

(∑
𝑚 ℰ𝑝𝑟,𝑚

)

𝑘0
𝒫𝑐𝑡

∑
𝑚 𝑇𝑝,𝑚+𝒫𝑐𝑟

∑
𝑚 𝑇𝑑,𝑚

𝜂𝑀 log2 𝑀

△ (
𝑘2v1
1

)2 − 4𝑘2v1
2 𝑘2v1

0

𝑟1
−𝑘2v1

1 +
√
(𝑘2v1

1 )2−4𝑘2v1
2 𝑘2v1

0

2𝑘2v1
2

𝑟2
−𝑘2v1

1 −
√
(𝑘2v1

1 )2−4𝑘2v1
2 𝑘2v1

0

2𝑘2v1
2

Appendix A, the scaling factor 𝛾𝑝 is the result of normal-
ization of the un-amplified pulse waveform 𝑝0(𝑡) in order
to ensure a constant pure (without any circuit energy
consumption) and ideal (without any battery nonlinearity)
battery energy consumption independent of the actual
shape the pulse takes. Finally, this term also depends on
the battery parameter 𝜔, which captures the nonlinear
feature of the battery.

2) The second term in (4) refers to the energy carried by the
transmitted signal. If there were not effects of the DC/DC
converter (via 𝜂) and the PA (via 𝛼), it would be exactly
the energy of the transmitted pulse.

3) The third term in (4) refers to the circuit energy con-
sumption. It depends on the power of the circuit and the
pulse duration 𝑇𝑝.

B. Receiver Battery Energy Consumption

At the receiving node, there is no PA but a low noise
amplifier (LNA) with nearly constant power consumption.
Thus, the current 𝐼𝑟 = 𝒫𝑐𝑟/(𝜂𝑉 ) where 𝒫𝑐𝑟 is the circuit
power consumption at the receiver. In general, 𝐼𝑟 is very
small, so 𝜇(𝐼𝑟) = 1 − 𝜔𝐼𝑟 ≈ 𝜇max = 1 [11]. The receiving
circuit needs to be turned on for the demodulation duration 𝑇𝑑.
Hence, the total battery energy consumption of the receiving



DUAN et al.: MODULATION SELECTION FROM A BATTERY POWER EFFICIENCY PERSPECTIVE 1909

node is:

ℰ0𝑟 = 𝒫𝑐𝑟

𝜂
𝑇𝑑 . (5)

C. Average Actual Battery Energy Consumption of Modula-
tion Schemes

Taking into account the path-loss effect of the channel
in Section II-C, we establish the relationship between the
AABEC of the modulation scheme and the transmission
distance as follows:

Theorem 1 The AABEC per bit for a modulation scheme is a
quadratic function of 𝑑𝐾 , where d is the transmission distance
and 𝐾 is the path loss exponent, i.e.:

ℰ0(𝑑) = 𝑘2
(
𝑑𝐾

)2
+ 𝑘1𝑑

𝐾 + 𝑘0 (6)

with parameters defined in Table I.

Proof: See Appendix B.

IV. GENERAL COMPARISON RESULT

With Theorem 1, we will now look at the energy consump-
tion difference for different modulation schemes to see how
their energy consumptions compare when transmitting at the
same rates while achieving identical system performance. The
AABEC difference between any two pulse-based modulations
is given by:

ℰ2v1
𝐷 (𝑑) = (𝑘2

2 − 𝑘1
2)

(
𝑑𝐾

)2
+ (𝑘2

1 − 𝑘1
1)𝑑

𝐾 + (𝑘2
0 − 𝑘1

0)

= 𝑘2v1
2

(
𝑑𝐾

)2
+ 𝑘2v1

1 𝑑𝐾 + 𝑘2v1
0 ,

(7)

where the subscript 𝐷 means “difference” and the superscripts
1 and 2 each refers to a modulation scheme in comparison.

It is evident according to Theorem 1 that the AABEC
difference is in a simple quadratic form in 𝑑𝐾 and the sign of
a quadratic function can be determined by the discriminant
△ =

(
𝑘2v1
1

)2 − 4𝑘2v1
2 𝑘2v1

0 and the roots (when △ > 0)

𝑟1 =

(
−𝑘2v1

1 +

√(
𝑘2v1
1

)2 − 4𝑘2v1
2 𝑘2v1

0

)
/
(
2𝑘2v1

2

)
and 𝑟2 =(

−𝑘2v1
1 −

√(
𝑘2v1
1

)2 − 4𝑘2v1
2 𝑘2v1

0

)
/
(
2𝑘2v1

2

)
. From the prop-

erties of quadratic functions, we can obtain the following
result:

Result 1 The relative efficiency between two modulation
schemes must follow one and only one of the following cases:

C1 One modulation scheme is always more efficient than the
other. This occurs when 𝑟1 and 𝑟2 are both negative.

C2 One modulation scheme is more efficient when 𝑑 < 𝑑2v1
𝑐

and the other is more efficient when 𝑑 > 𝑑2v1
𝑐 , where

𝑑2v1
𝑐 = max(𝑟1, 𝑟2). This occurs when △ > 0 with

𝑟1𝑟2 < 0.
C3 One modulation scheme is more efficient when 𝑑 ∈

(𝑑2v1
𝑐1 , 𝑑

2v1
𝑐2 ), and the other is more efficient otherwise,

where 𝑑2v1
𝑐1 = min(𝑟1, 𝑟2) and 𝑑2v1

𝑐2 = max(𝑟1, 𝑟2). This
occurs when △ > 0 with 𝑟1 and 𝑟2 both positive.

Here, 𝑑∗𝑐∗s refer to critical distances at which the relative
battery efficiency of modulations changes sign.

TABLE II
SIMULATION PARAMETERS

𝜔 = 0.05 𝑇𝑝 = 1.33× 10−4s 𝛼 = 0.33 𝜇min = 0.5

𝐾 = 3 𝑁0/2 = −171dBm/Hz 𝐺1 = 27dB 𝑀𝑙 = 40dB

𝑉 = 3.7V 𝒫𝑐𝑟 = 52.5mW 𝒫𝑐𝑡 = 105.8mW 𝜂 = 0.8
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Fig. 1. Comparison results of M-PPM and OOK under deterministic AWGN
channel as a function of PPM modulation size 𝑀 and BER requirement.
Below the surface: OOK-advantageous region; above the surface: PPM-
advantageous region.

V. NUMERICAL ANALYSIS WITH SPECIFIC COMPARISON

PAIRS

From Section IV, we see that all possible forms of BPE
comparison result in an explicit closed form. In this section,
the numerical analysis for specific comparison pairs are ob-
tained through Result 1. The parameters used in the numerical
plots are listed in Table II [2], [11]. For fair comparisons,
we ensure that each modulation pair has identical bandwidth
occupancy and bandwidth efficiency while achieving the same
bit error rate (BER) performance.

A. OOK and M-PPM under Deterministic AWGN Channel

As discussed in [8], OOK and M-PPM need to use the
same pulse 𝑝(𝑡) with duration 𝑇𝑝 for same bandwidth occu-
pancy and OOK needs to be duty cycled to guarantee the
same bandwidth efficiency. When compared with M-PPM,
the OOK duty cycling factor is log2 𝑀

𝑀 and thus for OOK,
𝑇𝑂
𝑑 = 𝑇𝑝 = log2 𝑀

𝑀 𝑇𝑂
𝑠 . For M-PPM, 𝑇𝑃

𝑑 = 𝑇𝑃
𝑠 = 𝑀𝑇𝑝.

Without loss of generality, we use the rectangular pulse in
base band. Hence, 𝛾𝑂𝑝𝑟,0 = 0 and 𝛾𝑂𝑝𝑟,1 = 𝛾𝑃𝑝𝑟,𝑚 = 1/𝑇𝑝 for
any 𝑚.

In AWGN channels, the symbol energies ℰ𝑂𝑏 and ℰ𝑃𝑏
to achieve certain prescribed BER 𝑃𝑒 are readily available
through existing formulas [7]. Plugging in all the parameters
in Table I, we will find that the comparison results falls under
C2 in Result 1. Accordingly, the preference region is plotted
in Fig. 1.

The closed-form expressions for the critical transmission
distances are neat and convenient to use in real applications.
However, in the derivation process, we used the approximation
𝜔𝑖(𝑡) ≪ 1, where 𝑖(𝑡) is the instantaneous current drawn
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Fig. 2. Comparison of 𝑑𝑐 obtained by our closed form expression and via
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Fig. 3. Comparison results of M-FSK and M-PPM under Rayleigh fading
channel as a function of modulation size 𝑀 and BER requirement. Below
the surface: PPM-advantageous region; above the surface: FSK-advantageous
region.

from the battery. To verify the validity of this approximation,
from Fig. 2, we see that our results with approximation
(solid line with circle) are quite accurate when compared
with the results obtained by numerical search without any
approximation (dotted line with star).

B. M-FSK and M-PPM under Rayleigh Fading Channel

Treating the carriers with different frequencies as pulse
shapers, we can consider M-FSK as a pulse-based modulation
scheme with information embedded in the shape of the pulse.
The signal pulse transmitted for symbol 𝑚 ∈ {0, 1, . . . ,𝑀 −
1} is 𝑝𝐹𝑚(𝑡) = sin(2𝜋(𝑓𝑐+(2𝑚− 1)△𝑓)𝑡), 𝑡 ∈ [0, 𝑇𝑠], where
𝑓𝑐 is the central carrier frequency and △𝑓 is the frequency
spacing.

For M-PPM, all possible signals utilize the same pulse
shaper and the information is conveyed by the signal position.
To compare with M-FSK, we take the pulse in pass band,
then the basic pulse is 𝑝𝑃 (𝑡) = sin 2𝜋𝑓𝑐𝑡 with 𝑡 ∈ [0, 𝑇𝑠/𝑀 ],

where 𝑓𝑐 is the carrier frequency. Correspondingly, the pulse
transmitted for symbol 𝑚 is 𝑝𝑃𝑚(𝑡) = 𝑝𝑃

(
𝑡−𝑚𝑇𝑠

𝑀

)
.

It is shown in [11] that with △𝑓 = 1/𝑇𝑠, M-FSK and M-
PPM have identical bandwidth occupancy and bandwidth effi-
ciency. Hence, no duty cycling is needed. For both modulation
schemes, 𝑇𝐹

𝑑 = 𝑇𝑃
𝑑 = 𝑇𝑠.

To compare these two modulation schemes, we need to
first obtain the pulse shape factors 𝛾𝐹𝑝 and 𝛾𝑃𝑝 . Accord-
ing to Section II-B and Lemma 1, for M-FSK:𝛾𝐹𝑝,𝑚 =∫ 𝑇𝑠

0
[sin(2𝜋(𝑓𝑐+(2𝑚−1)△𝑓)𝑡)]2𝑑𝑡

[
∫ 𝑇𝑠
0

∣sin[2𝜋(𝑓𝑐+(2𝑚−1)△𝑓)𝑡]∣𝑑𝑡]2
= 𝑇𝑠

2 /
(
𝑇𝑠

2𝜋

)2
= 2𝜋2

𝑇𝑠
. Simi-

larly, for M-PPM, we have 𝛾𝑃𝑝,𝑚 = 2𝜋2

𝑇𝑠/𝑀
= 𝑀 2𝜋2

𝑇𝑠
= 𝑀𝛾𝐹𝑝,𝑚.

PPM and FSK have the same required energy at the receiver,
i.e., ℰ𝐹𝑝𝑟 = ℰ𝑃𝑝𝑟 = ℰ𝑠𝑟, where ℰ𝑠𝑟 is the required average
symbol energy to get the objective BER performance 𝑃𝑒. In
Rayleigh fading channels, this value can be obtained from the
formula given in [11].

Substituting all these parameters into Table I, we obtain
𝑘FvP
2 = (1 − 𝑀)

2𝜋2𝑀2
𝑙 𝐺

2
1𝜔(1+𝛼)2

𝑇𝑠𝑉 𝜂2 log2 𝑀
ℰ2
𝑠𝑟 < 0, 𝑘FvP

1 = 0, 𝑘FvP
0 =

𝑀−1
𝑀2

𝒫𝑐𝑡𝑇𝑠

𝜂 log2 𝑀
> 0. Accordingly, the comparison between PPM

and FSK also falls under C2 in Result 1 and the preference
region is plotted in Fig. 3.

Interestingly, although 𝜔𝑖(𝑡) ≪ 1 as used in our analysis
and verified in Section V-A, the comparison between M-PPM
and M-FSK here shows that this slight nonlinearity of the
battery is actually not negligible. If no battery nonlinearity
were considered, then we would expect that M-PPM is al-
ways preferred since it costs less transmitter circuit power
consumption. However, comparison result shows that M-FSK
is preferred when transmission distance is sufficiently large.

In addition, for most communication systems in real ap-
plications, the critical transmission distances given by Fig.
1 and Fig. 3 are within the typical transmission distance
(for example, typical transmission distance of wireless sensor
networks is around 10 to 1000 meters). This confirms that
our neat analytical formulas have practical values in real
applications.

VI. CONCLUSIONS

In this paper, we compared pulse-based modulations from
the battery power efficiency perspective. First, we adopted
the realistic nonlinear battery model and took into account
all common power consumption factors in the system model.
Then, we analyzed the battery power efficiency between
arbitrary modulation pairs and found that the comparison
results can be characterized by the transmission distances in an
explicit closed form. The numerical comparison examples are
presented to validate our analysis and to illustrate our result.

APPENDIX A
PROOF OF LEMMA 1

Denote the output current as 𝑝(𝑡).2. Then, at the output
stage, the total energy consumption ℰ𝑜 can be obtained as
ℰ𝑜 =

∫ 𝑇𝑝

0
𝑉 ∣𝑝(𝑡)∣ 𝑑𝑡. Due to the inefficiency of the DC/DC

2In this paper, we assume PA of type AB is used. Thus the output current
has the same shape as the pulse 𝑝(𝑡). If PA of other type is used, the current
may take a distorted shape 𝑝′(𝑡). Accordingly, the 𝛾𝑝 in this lemma should
be replaced by 𝛾𝑝′ calculated by the distorted pulse shape 𝑝′(𝑡).
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converter and the extra power loss of the power amplifier, the
output pulse energy is ℰ𝑝 = 𝜂ℰ𝑜/(1 + 𝛼). Define 𝑝0(𝑡) =

𝑝(𝑡)/
∫ 𝑇𝑝

0 ∣𝑝(𝑡)∣ 𝑑𝑡, then 𝑝(𝑡) =
(1+𝛼)ℰ𝑝

𝜂𝑉 𝑝0(𝑡). In addition to
the current induced by the transmitted waveform, the circuit
power consumption will also induce a current 𝐼𝑐𝑡 = 𝒫𝑐𝑡/(𝜂𝑉 ).
Thus, the instantaneous current running through the battery is
𝑖(𝑡) = ∣𝑝(𝑡)∣ + 𝐼𝑐𝑡. From (2), we can obtain the total battery
energy consumption in one pulse duration as follows:

ℰ0𝑡 =

∫ 𝑇𝑝

0

𝒫0(𝑡)𝑑𝑡 =

∫ 𝑇𝑝

0

𝑉 𝑖(𝑡)

𝜇(𝑖(𝑡))
𝑑𝑡

= 𝑉

∫ 𝑇𝑝

0

𝑖(𝑡)

1− 𝜔𝑖(𝑡)
𝑑𝑡 ≈ 𝑉

∫ 𝑇𝑝

0

𝑖(𝑡)(1 + 𝜔𝑖(𝑡))𝑑𝑡

= 𝑉

∫ 𝑇𝑝

0

(∣𝑝(𝑡)∣+ 𝐼𝑐𝑡) [1+𝜔(∣𝑝(𝑡)∣+𝐼𝑐𝑡)] 𝑑𝑡

= 𝑉

[
(1+2𝜔𝐼𝑐𝑡)

∫ 𝑇𝑝

0

∣𝑝(𝑡)∣𝑑𝑡+(1+𝜔𝐼𝑐𝑡)

∫ 𝑇𝑝

0

𝐼𝑐𝑡𝑑𝑡+𝜔

∫ 𝑇𝑝

0

(𝑝(𝑡))2𝑑𝑡

]

≈ 𝑉

[∫ 𝑇𝑝

0

∣𝑝(𝑡)∣𝑑𝑡+
∫ 𝑇𝑝

0

𝐼𝑐𝑡𝑑𝑡+ 𝜔

∫ 𝑇𝑝

0

(𝑝(𝑡))2𝑑𝑡

]

= 𝑉

[
(1 + 𝛼)ℰ𝑝

𝜂𝑉
+

𝒫𝑐𝑡

𝜂𝑉
𝑇𝑝 + 𝜔

(1 + 𝛼)2ℰ2
𝑝

𝜂2𝑉 2
𝛾𝑝

]

=
𝜔𝛾𝑝(1 + 𝛼)2

𝜂2𝑉
ℰ2
𝑝 +

1 + 𝛼

𝜂
ℰ𝑝 +

𝒫𝑐𝑡

𝜂
𝑇𝑝 ,

where substitution 𝛾𝑝 :=
∫ 𝑇𝑝

0 (𝑝0(𝑡))
2𝑑𝑡 is used. In the above

derivation, the first approximation comes from the fact that
practically 𝜔𝑖(𝑡) ≪ 1, and thus 1/(1 − 𝜔𝑖(𝑡)) ≈ 1 + 𝜔𝑖(𝑡),
and the second approximation follows from 𝜔𝐼𝑐𝑡 ≪ 1.

APPENDIX B
PROOF OF THEOREM 1

From (4) and (5), we see that the total battery energy
consumption for one pulse communication is:

ℰ0𝑝=ℰ0𝑡+ℰ0𝑟= 𝜔𝛾𝑝(1 + 𝛼)2

𝑉 𝜂2
ℰ2
𝑝+

1 + 𝛼

𝜂
ℰ𝑝+𝒫𝑐𝑡𝑇𝑝+𝒫𝑐𝑟𝑇𝑑

𝜂

As introduced in Section II-B, a modulation scheme with
size 𝑀 will choose from 𝑀 pulses to transmit log2 𝑀 bits of
information, so the average actual battery energy consumption
per bit transmission is:

ℰ0 =
1

log2 𝑀

1

𝑀

∑
𝑚

ℰ0𝑝,𝑚

=
1

𝑀 log2𝑀

∑
𝑚[

𝜔𝛾𝑝,𝑚(1+𝛼)2

𝑉 𝜂2
ℰ2
𝑝,𝑚+

1+𝛼

𝜂
ℰ𝑝,𝑚+𝒫𝑐𝑡𝑇𝑝,𝑚+𝒫𝑐𝑟𝑇𝑑,𝑚

𝜂

]

where the subscript 𝑚 ∈ {0, 1, . . . ,𝑀 − 1} refers to the
symbol transmitted.

Notice that from (1), ℰ𝑝,𝑚 = 𝑀𝑙𝐺1𝑑
𝐾ℰ𝑝𝑟,𝑚, thus:

ℰ0=

[
𝑀2

𝑙 𝐺
2
1𝜔(1+𝛼)2

𝑉 𝜂2𝑀 log2𝑀

(∑
𝑚

𝛾𝑝,𝑚ℰ2
𝑝𝑟,𝑚

)]
𝑑2𝐾

+

[
𝑀𝑙𝐺1(1+𝛼)

𝜂𝑀 log2𝑀

(∑
𝑚

ℰ𝑝𝑟,𝑚

)]
𝑑𝐾

+
𝒫𝑐𝑡

∑
𝑚𝑇𝑝,𝑚+𝒫𝑐𝑟

∑
𝑚𝑇𝑑,𝑚

𝜂𝑀 log2 𝑀
.

This is a quadratic function of 𝑑𝐾 and the coefficients are as
stated in Theorem 1.
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