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 A B S T R A C T

Anomalous diffusion describes processes where the mean squared displacement scales non-
linearly with time, E(𝑋2(𝑡)) ∼ 𝑡𝛽 , where 𝛽 is termed the anomalous exponent. This behavior, seen 
in complex systems like biological cells, often defies standard diffusion models. Classical models 
such as fractional Brownian motion (FBM) and scaled Brownian motion (SBM) assume constant 
exponents, failing to capture dynamics with varying anomalous parameters. To address this 
limitations, models like FBM with random exponents (FBMRE) and SBM with random exponents 
(SBMRE) were introduced. This work proposes an universal procedure based on statistical 
testing framework that distinguishes between anomalous diffusion models with constant and 
random anomalous exponents using time-averaged statistics and their ratio-based counterparts. 
A novel procedure for optimizing time lag selection via divergence measure (here the Hellinger 
distance) is also proposed. The introduced methodology applies broadly to constant vs. random 
anomalous diffusion scenarios, with effectiveness depending on statistic selection, time lags, 
and process properties, as shown in simulations (with the two-point distribution of anomalous 
exponent) and real-world data analysis.

1. Introduction

Diffusion is a fundamental transport mechanism essential for the evolution of systems toward equilibrium. It describes the process 
by which particles migrate from regions of high concentration to regions of low concentration. This mechanism plays important roles 
across various disciplines, including biology, physics, environmental science, and geology; see [1–5]. The classical description of 
diffusion, called normal diffusion – studied by Einstein [6] and Smoluchowski [7] – is characterized by a linear relation between 
the mean square displacement of particles and time. For the process {𝑋(𝑡)}, it is mathematically described as E(𝑋2(𝑡)) ∼ 𝑡. However, 
in many complex systems, deviations from this linear behavior are observed, leading to so-called anomalous diffusion [8–13]. This 
type of diffusion is characterized by a power-law scaling of the mean squared displacement in time, that is, E(𝑋2(𝑡)) ∼ 𝑡𝛽 , where 𝛽
is called the anomalous exponent or the anomalous diffusion parameter. When 𝛽 > 1, indicating faster-than-normal motion at large 
time points, the process is referred to as superdiffusion. Conversely, when 𝛽 < 1, reflecting slower motion at large time points, the 
process is named as subdiffusion.

There are several mathematical models that describe stochastic processes exhibiting anomalous diffusion. Two widely studied 
models can be seen as the generalizations of the classical Brownian motion: fractional Brownian motion (FBM) and scaled Brownian 
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motion (SBM). FBM introduces the short- or long-time correlation by allowing dependent increments - the displacement at a given 
time depends on past increments. FBM is characterized by a Hurst exponent 0 < 𝐻 < 1, which controls the degree of correlation: for 
𝐻 < 0.5, the process shows subdiffusive behavior, and for 𝐻 > 0.5, it exhibits superdiffusion, [14–16]. The memory effect of FBM 
leads to the above-mentioned anomalous diffusion with the anomalous exponent equal to 2𝐻 . SBM, on the other hand, modifies the 
classical Brownian motion by directly scaling the time by an exponent 𝛼 > 0, [17,18]. Unlike FBM, SBM does not involve dependence 
between increments. Although the mentioned stochastic models may have different properties, leading to various forms of anomalous 
diffusion (such as FBM accounting for memory through dependent increments, or SBM introducing time scaling without memory 
effects), they share the characteristic of a power-law scaling of the second moment in time, which is a key feature for this type of 
models.

In the literature, various statistical methods have been explored to identify and characterize different types of diffusion behaviors. 
Specifically, researchers focus on statistics that capture unique properties of anomalous diffusion, such as the sample autocovariance 
function (ACVF) [16,19–21], time average mean-squared displacement (TAMSD) [22–24], empirical anomaly measure (EAM) [25], 
detrended moving average (DMA) [26]. The above-mentioned statistics can be represented in quadratic form, which allows for the 
identification of the underlying probability distributions and their key probabilistic properties, particularly in the case of Gaussian 
processes [27]. Apart from the mentioned techniques, there are also other methods used for anomalous diffusion analysis, such as 
power spectral density (PSD) [28]. All mentioned statistics are effective in analyzing anomalous diffusion, as they are sensitive to 
the non-linear scaling of the mean square displacement over time. This feature makes them widely applied in numerous studies for 
anomalous exponent estimation and statistical testing for anomalous diffusion models, e.g. [25,26,29–31]. The mentioned statistics 
were also used as the basis for machine learning techniques applied in the analysis of anomalous diffusion phenomenon, [32,33].

However, recent studies highlight that classical anomalous diffusion models may be inadequate for certain complex systems. 
For example, one may mention the dynamics within the biological cell – often exhibiting anomalous diffusion – since in numerous 
studies the research indicates that the exponent is randomly evaluated across different trajectories [34–37]. One way to address 
this phenomenon is to generalize the classical anomalous models by introducing randomness in the anomalous exponents. For FBM, 
in [38] the constant 𝐻 is replaced by a random variable defined on the interval (0, 1), introducing the so-called fractional Brownian 
motion with random Hurst exponent (FBMRE). In [39] the authors analyze the basic properties of the scaled Brownian motion with 
random parameter (SBMRE).

The problem of distinguishing between models with constant and random anomalous exponents was considered in [40], where 
the authors discussed FBM versus FBMRE suggesting EAM statistics-based approach. In this paper, we build on these results by 
presenting a general method that can be applied to such problems. The procedure is demonstrated for FBM versus FBMRE and SBM 
vs SBMRE scenarios and relies on the TAMSD, EAM, and DMA statistics. Alongside classical statistics we also analyze their ratio 
counterparts, which have been suggested in the literature as alternatives to address issues arising from constant diffusion terms in 
theoretical formulas [41]. The procedure we propose requires determining optimal time lags, which may vary depending on the 
process and the statistics used. To identify these optimal values, we introduce a method based on analyzing the distances between 
the distributions of processes with constant and random coefficients, using Hellinger divergence measure as a guiding principle for 
optimization [42,43]. In the simulation study, as an example, we limit the analysis of FBMRE and SBMRE to the case of a two-point 
distribution of the anomalous exponent. Our method is easy adaptable: it can be used with any time-averaged statistics and may 
address any scenario involving constant versus random anomalous diffusion by following the steps proposed here. However, as we 
emphasize in the paper, the effectiveness of the proposed approach depends on the choice of statistics, the time lags used for these 
statistics, and the key properties of the underlying process.

The simulation results are supported by real data analysis. We consider two datasets coming from different areas. The first 
dataset corresponds to the motion of individual polystyrene microspheres in agarose hydrogels. This motion has previously been 
characterized as FBM [31,44]. However, here the results on FBMRE give new light for the analysis. These results exemplify a 
simple system in which it is important to understand the homogeneity (or lack thereof) of the environment and of the particles 
from a technological perspective. The second dataset represents the daily closing prices of Bitcoin and was discussed in the 
literature [40,45], where FBM was proposed as an appropriate model. The methodology proposed in this paper clearly supports 
this conclusion.

The remainder of the paper is organized as follows. Section 2 introduces two classical models of anomalous diffusion, FBM and 
SBM, along with their counterparts FBMRE and SBMRE. Section 3 presents the selected time-averaged statistics used to differentiate 
processes with random and constant anomalous exponents, along with their properties. Section 4 outlines the methodology for 
distinguishing processes and proposes a method for identifying the optimal time lags for the used statistics to ensure maximum 
classification efficiency. Section 5 provides simulation results. Section 6 showcases the analysis of real-world datasets. Section 7 
concludes with a summary of findings and final remarks.

2. Anomalous diffusion models with constant and random anomalous exponents

In this part, we present definitions and selected properties of the processes that will be discussed in the subsequent sections. 
Our focus is on two classical processes that describe anomalous diffusion: fractional Brownian motion and scaled Brownian motion, 
along with their counterparts featuring random anomalous exponents. Please note that the definitions and properties presented in 
this section are well-established in the literature. As the classical reference on FBM, we refer readers to [46], where the process was 
introduced, and for SBM, to [47]. For the randomly anomalous exponents counterparts, we refer to [38] for FBMRE and [39] for 
SBMRE, where these processes are presented and described in detail.
2 
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2.1. Fractional Brownian motion

Fractional Brownian motion (FBM) {𝑋𝐻 (𝑡), 𝑡 ≥ 0} is a continuous centered Gaussian process defined as follows 

𝑋𝐻 (𝑡) =
√

2𝐷

[

∫

𝑡

0
(𝑡 − 𝑢)𝐻−1∕2𝑑𝐵̃(𝑢) + ∫

0

−∞

(

(𝑡 − 𝑢)𝐻−1∕2 − (−𝑢)𝐻−1∕2𝑑𝐵̃(𝑢)
)

]

, (1)

see e.g. [46,48], where 0 < 𝐻 < 1 is the Hurst exponent and {𝐵̃(𝑡), 𝑡 ∈ R} is the extension of the Brownian motion (BM) to the 
negative time axis. Namely, the process {𝐵̃(𝑡), 𝑡 ∈ R} is defined as 

𝐵̃(𝑡) =

{

𝐵1(𝑡) for 𝑡 > 0
𝐵2(−𝑡) for 𝑡 ≤ 0,

(2)

where {𝐵1(𝑡), 𝑡 ≥ 0} and {𝐵2(𝑡), 𝑡 ≥ 0} are two independent Brownian motions. The diffusion coefficient 𝐷 > 0 is chosen in such 
way that for any 𝑡 ≥ 0, {𝑋𝐻 (𝑡)} is a continuous and zero-mean Gaussian process with variance equal to E(𝑋2

𝐻 (𝑡)) = 𝑡2𝐻 , see for 
instance [29]. FBM is a self-similar process with stationary increments, zero mean, and autocovariance function (ACVF) given by 
the following formula 

ACVF(𝑋𝐻 (𝑡), 𝑋𝐻 (𝑠)) = E[𝑋𝐻 (𝑡)𝑋𝐻 (𝑠)] = 1
2
(𝑡2𝐻 + 𝑠2𝐻 − |𝑡 − 𝑠|2𝐻 ), (3)

where 𝑡, 𝑠 ≥ 0. For a given 𝑡 ≥ 0 the random variable 𝑋𝐻 (𝑡) is normally distributed with zero mean and variance equal to 𝑡2𝐻 .
It is worth noting that for 𝐻 = 1∕2, FBM becomes classical Brownian motion. In contrast, for 𝐻 < 1∕2, the process exhibits 

subdiffusive behavior with negatively correlated increments, while for 𝐻 > 1∕2, it demonstrates superdiffusive behavior with 
positively correlated increments.

2.2. Fractional Brownian motion with random hurst exponent

The fractional Brownian motion with a random Hurst exponent {𝑋 (𝑡), 𝑡 ≥ 0} is a process defined as a generalization of FBM 
described in the previous section. This is formulated by replacing the constant Hurst exponent 𝐻 in the integral representation 
given in Eq. (1) with a random variable  [38]. The random variable  is defined on the interval (0, 1), with the probability 
density function (PDF) 𝑓 (ℎ), and it is assumed to be independent of the process {𝐵̃(𝑡)}. The increments of FBMRE are stationary, 
and the PDF of 𝑋 (𝑡) for a given 𝑡 > 0 is given by [38] 

𝑓𝑋 (𝑡)(𝑥) = ∫

1

0

1
√

2𝜋𝑡2ℎ
exp

{

−𝑥2

2𝑡2ℎ

}

𝑓 (ℎ)𝑑ℎ (4)

for 𝑥 ∈ R. Moreover, the autocovariance function of FBMRE is as follows [38] 

ACVF(𝑋 (𝑡), 𝑋 (𝑠)) = E[𝑋 (𝑡)𝑋 (𝑠)] = 1
2
(

𝑀 (2 log(𝑡)) +𝑀 (2 log(𝑠)) −𝑀 (2 log(|𝑡 − 𝑠|))
)

(5)

for 𝑡, 𝑠 ≥ 0, where 𝑀 (𝑥) = E (exp{𝑥}) denotes the moment generating function of the random variable .
In this paper, we focus on a specific example of the distribution of the Hurst exponent , namely the two-point ( ) distribution. 

As recalled from [40], the two-point distribution is concentrated at points 0 < 𝐻1 < 𝐻2 < 1, with probability masses 𝑝 and 1 − 𝑝
(where 𝑝 ∈ [0, 1]). The PDF of this distribution is given by 

𝑓 (ℎ) = 𝑝𝛿(ℎ −𝐻1) + (1 − 𝑝)𝛿(ℎ −𝐻2), (6)

where 𝛿(⋅) is the Dirac delta function. We denote this distribution as  (𝐻1,𝐻2, 𝑝).

2.3. Scaled Brownian motion

The scaled Brownian motion {𝐵𝛼(𝑡), 𝑡 ≥ 0} is a continuous centered Gaussian process defined as follows [47] 
𝐵𝛼(𝑡) = 𝐵(𝑡𝛼), (7)

where {𝐵(𝑡)} is the standard Brownian motion, and 𝛼 > 0 is the anomalous exponent. SBM is a zero-mean self-similar process, and 
its autocovariance function is defined as 

ACVF(𝐵𝛼(𝑠), 𝐵𝛼(𝑡)) = E[𝐵𝛼(𝑡)𝐵𝛼(𝑠)] = min{𝑡𝛼 , 𝑠𝛼} (8)

for 𝑡, 𝑠 ≥ 0. For a given 𝑡 ≥ 0, the random variable 𝐵𝛼(𝑡) is Gaussian distributed with zero mean and variance equal to 𝑡𝛼 . It is worth 
noting that the increments of SBM are independent, similar to those of Brownian motion. Although the general definition assumes 
𝛼 > 0, in our work, we constrain the parameter 𝛼 by assuming 𝛼 ∈ (0, 2). This restriction allows for a comparison of results in the 
FBM case.

The SBM process is considered a generalization of Brownian motion, since, for 𝛼 = 1, SBM becomes equivalent to BM. When 
𝛼 < 1, the process is subdiffusive, whereas for 𝛼 > 1, it exhibits superdiffusive behavior. For further information regarding this 
process, we refer to [49–52].
3 
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2.4. Scaled Brownian motion with random anomalous exponent

The scaled Brownian motion with random anomalous diffusion {𝐵(𝑡)} is defined as a generalization of the scaled Brownian 
motion described in the previous subsection. Similarly to how FBMRE arises from FBM, SBMRE is formulated by replacing the 
parameter 𝛼 in Eq. (7) with a random variable . Here,  is a positive random variable that takes values from the interval (0, 2)
and it is assumed to be independent of the process {𝐵(𝑡)} [39]. The SBMRE process has independent increments, and the PDF of 
𝐵(𝑡) for a given 𝑡 > 0 has the following form 

𝑓𝐵(𝑡)(𝑥) = ∫

2

0

1
√

2𝜋𝑡𝛼
exp

{

−𝑥2
2𝑡𝛼

}

𝑓(𝛼)𝑑𝛼 (9)

for 𝑥 ∈ R. The ACVF of SBMRE is given by the following formula 
ACVF(𝐵(𝑠), 𝐵(𝑡)) = E[𝐵(𝑡)𝐵(𝑠)] = 𝑀(log(min{𝑡, 𝑠})) (10)

for 𝑡, 𝑠 ≥ 0, where 𝑀(⋅) denotes the moment-generating function of the random variable .
In the following sections, similar to the FBMRE case, we assume that  is a random variable from the two-point distribution 

 (𝛼1, 𝛼2, 𝑝). In this case, the distribution is concentrated at points 0 < 𝛼1 < 𝛼2 < 2, with probability masses 𝑝 and 1 − 𝑝 (where 
𝑝 ∈ [0, 1]), i.e., with the following PDF 

𝑓(ℎ) = 𝑝𝛿(ℎ − 𝛼1) + (1 − 𝑝)𝛿(ℎ − 𝛼2), (11)

where 𝛿(⋅) is the Dirac delta function.

3. Time-averaged statistics

In this section, we review the definitions of three statistics that can be used to differentiate between processes with random and 
constant anomalous diffusion parameters: the time-averaged mean squared displacement, empirical anomaly measure, and detrended 
moving average statistic. In the following discussion, let us denote a sample trajectory of length 𝑛 of a stochastic process {𝑋(𝑡)} as 
X𝑛 = {𝑋(1), 𝑋(2),… , 𝑋(𝑛)}.

3.1. Time-averaged mean squared displacement

For the trajectory X𝑛, the time-averaged mean squared displacement statistic is defined as follows 

TAMSD(X𝑛, 𝜏) =
1

𝑛 − 𝜏

𝑛−𝜏
∑

𝑖=1
(𝑋(𝑖 + 𝜏) −𝑋(𝑖))2, (12)

for any time lag 𝜏 = 1, 2,… , 𝑛 − 1. For the finite trajectory of a zero-mean stochastic process the statistic given in Eq. (12) can be 
expressed using the so-called quadratic form representation via the following formula 

TAMSD(X𝑛, 𝜏) =
1
2
X𝑛A(𝜏)X𝑇

𝑛 , (13)

where the symbol 𝑉 𝑇  denotes vector transposition of the vector 𝑉 , and A(𝜏) is the 𝑛 × 𝑛 tridiagonal symmetric matrix A(𝜏) =
{𝑎(𝜏; 𝑖, 𝑗)}𝑛𝑖,𝑗=1. The elements of matrix A(𝜏) are given by the expression 

𝑎(𝜏; 𝑖, 𝑗) = 2
𝑛 − 𝜏

(

𝑚𝑖I(𝑖 = 𝑗) − I(|𝑖 − 𝑗| = 𝜏)
)

, (14)

where

𝑚𝑖 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

{

1, 𝑖 ≤ 𝜏 or 𝑖 ≥ 𝑛 − 𝜏
2, 𝜏 < 𝑖 < 𝑛 − 𝜏,

𝜏 ≤ 𝑛∕2,
{

1, 𝑖 ≥ 𝜏 or 𝑖 ≤ 𝑛 − 𝜏
0, 𝑛 − 𝜏 < 𝑖 < 𝜏,

𝜏 > 𝑛∕2

and I(𝑥 ∈ 𝐵) is the indicator function that is equal to 1 if 𝑥 ∈ 𝐵 and 0 otherwise. As a result of the representation given in Eq. (13), 
the distribution of TAMSD for FBM and other general Gaussian processes is well-established and thoroughly discussed, according to 
the theory of quadratic forms for Gaussian processes [53]. We also note that TAMSD is one of the most classical statistics used in the 
characterization of anomalous diffusion, see for instance [54–57]. Below, we provide the formulas for expected values of TAMSD 
for all processes considered in this paper. Please note that the results presented in Fact  1 are well-established in the literature, as 
TAMSD has been previously studied for the considered processes. The relevant references are provided within the statement.

Fact 1. 
1. Let X𝑛 denote a trajectory of FBM process defined in Eq. (1), then the expected value for TAMSD is given by the following formula [55] 

E(TAMSD(X , 𝜏)) = 𝜏2𝐻 . (15)
𝑛

4 
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2. Let X𝑛 denote a trajectory of SBM process defined in Eq. (7), then the expected value for TAMSD is given by the following formula [58] 

E(TAMSD(X𝑛, 𝜏)) =
𝑛𝛼+1 − 𝜏𝛼+1 − (𝑛 − 𝜏)𝛼+1

(𝛼 + 1)(𝑛 − 𝜏)
. (16)

3. Let X𝑛 denote a trajectory of FBMRE process defined in Section 2.2, then the expected value for TAMSD is given by the following 
formula [38] 

E(TAMSD(X𝑛, 𝜏)) = M (2 log(𝜏)), (17)

where M (⋅) denotes the moment generating function of the random Hurst exponent .
4. Let X𝑛 denote a trajectory of SBMRE process defined in Section 2.4, then the expected value for TAMSD is given by the following 
formula  [39] 

E(TAMSD(X𝑛, 𝜏)) =
1

𝑛 − 𝜏

𝑛−𝜏
∑

𝑖=1
(M(log(𝑖 + 𝜏)) − M(log(𝑖))), (18)

where M(⋅) denotes the moment generating function of the random scaling parameter .
In Appendix  A, we present the formulas for the expected values of TAMSD for FBMRE and SBMRE with two-point distributed 

anomalous exponents, see Fact  4, which are determined based on Eqs. (17) and (18) and follow from the form of the moment 
generating function.

3.2. Empirical anomaly measure

For the trajectory X𝑛 the empirical anomaly measure, introduced in [25], is given by the following formula 

EAM(X𝑛, 𝜏) = 2
𝜏−1
∑

𝑖=1
(𝜏 − 𝑖)𝛾̂Y(𝑖), (19)

for any time lag 𝜏 = 1, 2,… , 𝑛 − 1. In above equation 𝛾̂Y(𝑖) is the empirical ACVF of the increments’ process denoted as Y𝑛−1 =
{𝑌 (1), 𝑌 (2),… , 𝑌 (𝑛 − 1)}, where 𝑌 (𝑗) = 𝑋(𝑗 + 1) −𝑋(𝑗) for 𝑗 = 1, 2,… , 𝑛 − 1, given as follows 

𝛾̂Y(𝑖) =
1

𝑛 − 1

𝑛−𝑖
∑

𝑗=1
𝑌 (𝑗)𝑌 (𝑗 + 1), 𝑖 = 1, 2,… , 𝑛 − 1. (20)

For the finite trajectory X𝑛 of the zero-mean stochastic process with stationary increments, the EAM can be represented as the 
quadratic form of the increments’ vector Y𝑛−1, namely 

EAM(X𝑛, 𝜏) = Y⊺
𝑛−1T(𝜏)Y𝑛−1, (21)

where T(𝜏) =
[

𝑡
|𝑖−𝑗|

]

, 𝑖, 𝑗 = 1, 2,… , 𝑛 − 1 is the indefinite symmetric Toeplitz matrix of the bandwidth 𝜏 − 1 (𝜏 > 1) with 
𝑡
|𝑖−𝑗| =

𝜏−|𝑖−𝑗|
𝑛−1−|𝑖−𝑗| I(0 < |𝑖 − 𝑗| < 𝜏).

As mentioned, the EAM was introduced in [25], where it was discussed as an estimator of the anomaly measure (AM). The 
quantity called AM for the process {𝑋(𝑡)} of stationary increments is defined as follows 

𝐴𝑀(𝜏) = 2
𝜏−1
∑

𝑖=1
(𝜏 − 𝑖)𝛾̂𝑌 (𝑖), (22)

where {𝑌 (𝑡)} is the increment process of {𝑋(𝑡)} and 𝛾𝑌  is its ACVF. In addition, we have [25] 

E(𝑋2(𝜏)) = 𝜏𝛾𝑌 (0) + 2
𝜏−1
∑

𝑖=1
(𝜏 − 𝑖)𝛾𝑌 (𝑖). (23)

Thus, the quantity given in Eq. (23) can be represented as 

𝐴𝑀(𝜏) = E(𝑋2(𝜏)) − 𝜏𝛾𝑌 (0). (24)

Therefore, the AM provides information about the deviation of E[𝑋2(𝜏)] from the linear function of time 𝜏𝛾𝑌 (0). Thus, AM is a 
measure that assesses the anomalous diffusive behavior of the process {𝑋(𝑡)}, and its estimator, the EAM, can be considered a 
natural statistic for this assessment. More details about the physical interpretation of the EAM are discussed in [25].

Given the quadratic form representation, the probabilistic properties of EAM for Gaussian processes are studied in [31]. Below, 
we provide the formulas for expected values of EAM for FBM and FBMRE processes. Please note that the results given in Fact  2 are 
well-known in the literature, with the relevant references included in the statement. Let us emphasize that, since the increments of 
5 



K. Maraj-Zygmąt et al. Journal of Computational and Applied Mathematics 472 (2026) 116801 
SBM and SBMRE are independent, we omit the presentation of the EAM in these cases, as it relies on the ACVF of the increments, 
which is zero for all 𝜏 ≥ 1.

Fact 2. 
1. Let X𝑛 denote a trajectory of FBM process defined in Eq. (1), then the expected value for EAM is given by the following formula [25] 

E(EAM(X𝑛, 𝜏)) = 𝜏2𝐻 − 𝜏. (25)

2. Let X𝑛 denote a trajectory of FBMRE process defined in Section 2.2, then the expected value for EAM is given by the following 
formula [40] 

E(EAM(X𝑛, 𝜏)) = M (2 log(𝜏)) − 𝜏, (26)

where M (⋅) denotes the moment generating function of the random Hurst exponent .
In Appendix  A, we present the formula for the expected values of EAM for FBMRE with two-point distributed anomalous 

exponents, see Fact  5, which is determined based on Eq. (26) and follows from the form of the moment generating function.

3.3. Detrended moving average statistic

For the trajectory X𝑛 the detrended moving average statistic established in [59] is defined as follows 

DMA(𝜏) = 1
𝑛 − 𝜏

𝑛
∑

𝑗=𝜏

(

𝑋(𝑗) − 𝑋̄𝜏 (𝑗)
)2 , (27)

for any time lag 𝜏 = 2, 3,… , 𝑛 − 1. In Eq. (27) the symbol 𝑋̄𝜏 (𝑗) denotes a moving average of 𝜏 observations 𝑋(𝑗),… , 𝑋(𝑗 − 𝜏 + 1), 
i.e., 

𝑋̄𝜏 (𝑗) = 1
𝜏

𝜏−1
∑

𝑖=0
𝑋(𝑗 − 𝑖). (28)

As shown in [26], the DMA statistic has a quadratic form representation not in terms of original sample trajectory X𝑛 but in 
terms of the detrended process denoted as Z𝑛 = (𝑍(1),… , 𝑍(𝑛 − 𝜏 + 1)), where 𝑍(𝑖) = 𝑋(𝑖 + 𝜏 − 1) − 𝑋̂𝜏 (𝑖 + 𝜏 − 1). The mentioned 
representation is as follows 

DMA(𝜏) = 1
𝑁 − 𝜏

Z𝑛Z𝑇
𝑛 . (29)

Let us notice that the statistic DMA(𝜏) is a random quantity that measures the mean squared distance between the original process 
𝑋(𝑗) and its moving average 𝑋̄𝜏 (𝑗) over the window of size 𝜏. Its probabilistic properties are studied in [26], where FBM is discussed 
in detail. Below, based on those results, we provide the formulas for expected values of DMA for all processes considered in this 
paper and, to the best of our knowledge, the formulas for expected values of DMA in case of FBMRE, SBM, and SBMRE have not 
been previously presented.

Fact 3. 
1. Let X𝑛 denote a trajectory of FBM process defined in Eq. (1), then the expected value for DMA is given by the following formula [26]

E(DMA(X𝑛, 𝜏)) =
1

𝑛 − 𝜏

𝑛
∑

𝑗=𝜏

{

(

1 − 1
𝜏

)2
𝑗2𝐻 +

(

1
𝜏2

− 1
𝜏

) 𝑗−1
∑

𝑚=𝑗−𝜏+1

(

𝑗2𝐻 + 𝑚2𝐻 − |𝑗 − 𝑚|2𝐻
)

+ 1
𝜏2

𝑗−1
∑

𝑚=𝑗−𝜏+1
𝑚2𝐻 + 2

𝜏2
∑

𝑗−𝜏+1≤𝑙<𝑚≤𝑗−1

(

𝑚2𝐻 + 𝑙2𝐻 − |𝑚 − 𝑙|2𝐻
)

}

. (30)

2. Let X𝑛 denote a trajectory of SBM process defined in Eq. (7), then the expected value for DMA is given by the following formula

E(DMA(X𝑛, 𝜏)) =
1

𝑛 − 𝜏

𝑛
∑

𝑗=𝜏

{

(

1 − 1
𝜏

)2
𝑗𝛼 + 2

(

1
𝜏2

− 1
𝜏

) 𝑗−1
∑

𝑚=𝑗−𝜏+1
min{𝑗𝛼 , 𝑚𝛼} + 1

𝜏2

𝑗−1
∑

𝑚=𝑗−𝜏+1
𝑚𝛼

+ 2
𝜏2

∑

𝑗−𝜏+1≤𝑙<𝑚≤𝑗−1
min{𝑚𝛼 , 𝑙𝛼}

}

. (31)

3. Let X𝑛 denote a trajectory of FBMRE process defined in Section 2.2, then the expected value for DMA is given by the following 
formula
6 
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E(DMA(X𝑛, 𝜏)) =
1

𝑛 − 𝜏

𝑛
∑

𝑗=𝜏

{

(

1 − 1
𝜏

)2
M (2 log(𝑗))

+
(

1
𝜏2

− 1
𝜏

) 𝑗−1
∑

𝑚=𝑗−𝜏+1

(

M (2 log(𝑗)) + M (2 log(𝑚)) − M (2 log(|𝑗 − 𝑚|))
)

+ 1
𝜏2

𝑗−1
∑

𝑚=𝑗−𝜏+1
M (2 log(𝑚)) + 2

𝜏2
∑

𝑗−𝜏+1≤𝑙<𝑚≤𝑗−1

(

M (2 log(𝑚)) + M (2 log(𝑙)) − M (2 log(|𝑚 − 𝑙|))
)

}

. (32)

where M (⋅) denotes the moment generating function of the random Hurst exponent .
4. Let X𝑛 denote a trajectory of SBMRE process defined in Section 2.4, then the expected value for DMA is given by the following 
formula

E(DMA(X𝑛, 𝜏)) =
1

𝑛 − 𝜏

𝑛
∑

𝑗=𝜏

{

(

1 − 1
𝜏

)2
M(log(𝑗)) + 2

(

1
𝜏2

− 1
𝜏

) 𝑗−1
∑

𝑚=𝑗−𝜏+1
M(log(min{𝑗, 𝑚}))

+ 1
𝜏2

𝑗−1
∑

𝑚=𝑗−𝜏+1
M(log(𝑚)) +

2
𝜏2

∑

𝑗−𝜏+1≤𝑙<𝑚≤𝑗−1
M(log(min{𝑚, 𝑙}))

}

. (33)

where M(⋅) denotes the moment generating function of the random scaling parameter .
In Appendix  A, we present the formulas for the expected values of DMA for FBMRE and SBMRE with two-point distributed 

anomalous exponents, see Fact  6, which are determined based on Eqs. (32) and (33) and follow from the form of the moment 
generating function of the two-point distribution.

In the literature, in addition to the statistics defined in the previous subsections, their relative versions are also considered, which 
are calculated as the ratios between these statistics for two different values of 𝜏, i.e.,

TAMSDR(X𝑛,⃖⃗𝜏) =
TAMSD(X𝑛, 𝜏1)
TAMSD(X𝑛, 𝜏2)

, EAM𝑅(X𝑛, ⃖⃗𝜏) =
EAM(X𝑛, 𝜏1)
EAM(X𝑛, 𝜏2)

, (34)

and DMA𝑅(X𝑛, ⃖⃗𝜏) =
𝐷𝑀𝐴(X𝑛, 𝜏1)
𝐷𝑀𝐴(X𝑛, 𝜏2)

, (35)

where ⃖⃗𝜏 = (𝜏1, 𝜏2) is a vector of time lags, see for instance [60,61]. In our analysis, we also apply ratio statistics to discriminate 
anomalous diffusive processes with constant and random parameters.

In Figs.  1 and 2, the empirical expected values of the aforementioned statistics are shown for all processes considered in the 
paper. In Fig.  1 we present results for classical statistics and in Fig.  2 results for ratio statistics are shown. To calculate expected 
values, we use 𝑀𝐶 = 1000 trajectories of length 𝑁 = 1000. For each trajectory, we compute the value of the statistic for the selected 
𝜏 values. For the classical statistics, we examine 𝜏 = 2, 3, 4,… , 20, while for the ratio statistics, we set 𝜏1 = 2 and 𝜏 = 𝜏2 = 3, 4,… , 20. 
Then, for each 𝜏, we calculate the sample mean based on the 𝑀𝐶 values of the respective statistics. In order to compare the results 
in both cases, i.e. for the classical and ratio statistics, we present the results starting from 𝜏 = 3.

In Figs.  1(a) and 2(a), we present results for the FBM process with 𝐻 = 0.4. Figs.  1(b) and 2(b) show results for FBMRE with 
 ∼  (0.2, 0.8, 2∕3). In Figs.  1(c) and 2(c) explore the SBM process with 𝛼 = 0.8. Finally, Figs.  1(d) and 2(d) display results for 
SBMRE with  ∼  (0.4, 1.6, 2∕3). The parameters of the two-point distributions for  and  are selected to ensure that their 
expected values are equal to 𝐻 and 𝛼 used in the FBM and SBM cases, respectively, i.e., 𝐻 = 0.4 and 𝛼 = 0.8. For SBM, we do 
not present results for EAM and EAM𝑅 because in this case, the EAM statistic is equal to zero (as this is a process of independent 
increments).

The primary observation from Figs.  1 and 2 is that the expected values of the ratio statistics are lower than those of the classical 
ones. All statistics have positive values, except the E(𝐸𝐴𝑀) in the case of FBM. It is also notable that for processes with random 
parameters, expected values are higher than those for FBM and SBM, where the parameters are constant. For the classical statistics, 
the expected values for both statistics are increasing functions of 𝜏. In contrast, for the ratio statistics, the larger the 𝜏, the smaller 
the expected value. When we compare the expected values of the statistics for processes with constant versus random diffusion 
exponents, we observe that, while the mean values of the classical statistics differ significantly in the range of values or the shape 
of the graphs, these differences are much less noticeable for the ratio statistics. For example, the mean values for EAM𝑅 in the cases 
of FBM and FBMRE are quite similar, which may suggest that ratio statistics are not very effective in distinguishing between these 
types of processes, contrary to the their classical versions.

4. Methodology for differentiating models with constant and random anomalous exponent

This section presents a step-by-step procedure for distinguishing between anomalous diffusion models with constant and random 
parameters. We apply this approach to differentiate between FBM and FBMRE in the first scenario and SBM and SBMRE in the second 
scenario. The algorithm outlined below is universal, applicable to all statistical measures discussed in this paper, and adaptable to 
both scenarios (FBM versus FBMRE and SBM versus SBMRE).

Let us assume that 𝑀𝐶 sample trajectories, each of length 𝑁 , generated by the tested model are available. In our case, these 
trajectories correspond to FBM with a specified 𝐻  value or SBM with a specified parameter 𝛼 . We denote these trajectories as 
0 0

7 
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Fig. 1. Empirical expected values for TAMSD, EAM, and DMA calculated from 1000 trajectories of length 𝑁 = 1000 of (a) FBM with 𝐻 = 0.4, (b) FBMRE with 
 ∼  (0.2, 0.8, 2∕3), (c) SBM with 𝛼 = 0.4, and (d) SBMRE with  ∼  (0.4, 1.6, 2∕3). Expected values are calculated for 𝜏 = {2, 3… , 20}.

Fig. 2. Empirical expected values for TAMSD𝑅, EAM𝑅, and DMA𝑅 calculated from 1000 trajectories of length 𝑁 = 1000 of (a) FBM with 𝐻 = 0.4, (b) FBMRE 
with  ∼  (0.2, 0.8, 2∕3), (c) SBM with 𝛼 = 0.4, and (d) SBMRE with  ∼  (0.4, 1.6, 2∕3). Expected values are calculated for 𝜏1 = 2 and 𝜏 = 𝜏2 = {3, 4,… , 21}.

X𝑖
𝑁 , where 𝑖 = 1, 2,… ,𝑀𝐶. Here we assume that 𝐻0 and 𝛼0 are known, however, this methodology can easily be extended to the 

general case (i.e., when 𝐻0 and 𝛼0 are unknown). The differentiation procedure relies on hypothesis testing, with the null hypothesis 
asserting that the sample trajectory X∗

𝑁  originates from the anomalous diffusion model with constant parameter (in our case, either 
FBM or SBM). The algorithm is as follows:

• For a chosen 𝜏 calculate the test statistic for each sample trajectory X𝑖
𝑁 , where 𝑖 = 1, 2,… ,𝑀𝐶. Denote the resulting test 

statistic values as 𝐷 (𝜏), 𝐷 (𝜏),… , 𝐷 (𝜏).
1 2 𝑀𝐶

8 
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• Determine the acceptance region of the test of the following form 

[𝑄𝑐∕2(𝑁, 𝜏), 𝑄1−𝑐∕2(𝑁, 𝜏)], (36)

where 𝑄𝑝(𝑁, 𝜏) represents the quantile of order 𝑝 of the test statistic’s distribution under the null hypothesis. Since the 
theoretical distribution of the test statistic is unknown, calculate these quantiles empirically based on 𝐷1(𝜏), 𝐷2(𝜏),… , 𝐷𝑀𝐶 (𝜏).

• For a given trajectory X∗
𝑁 , reject the null hypothesis if the test statistic 𝐷∗(𝜏), calculated for X∗

𝑁 , falls outside the acceptance 
region given in Eq. (36); i.e., if the test statistic is extreme - either larger than the upper critical value or smaller than the 
lower critical value, at the specified significance level 𝑐. If the test statistic value 𝐷∗(𝜏) lies within the acceptance region there 
is no evidence to reject the null hypothesis.

In our analysis, the models under the alternative hypothesis – corresponding to the trajectory X∗
𝑁  – incorporate random 

parameters, i.e. we assume FBMRE in the first scenario and SBMRE in the second scenario. Furthermore, we assume that the random 
variables  (in the first scenario) and  (in the second scenario) follow a two-point distribution on the interval (0, 1) and (0, 2), 
respectively. Nevertheless, the procedure outlined above can also be applied to other types of distributions for anomalous exponents.

As mentioned, the presented procedure can be easily extended to the general case, allowing for no specific assumptions about 
the parameter values 𝐻0 and 𝛼0. In this case, we conduct the test for all possible values of 𝐻0 and 𝛼0 within the specified intervals 
and assess the number of null hypotheses corresponding to these values of the anomalous exponents. This approach is demonstrated 
in the real data analysis presented in Section 6.

4.1. Selection of optimal 𝜏 values

The key parameters in the methodology described above are the time lags, i.e., the 𝜏 value for classical statistics and the 𝜏1 and 
𝜏2 values for ratio statistics. Therefore, in this section, we address the problem of selecting optimal time lag values. We propose a 
procedure that identifies values maximizing the separation between the distributions of the test statistics for FBM and FBMRE in 
the first scenario, and for SBM and SBMRE in the second scenario. We quantify the distributional difference using the Hellinger 
distance, a measure of divergence based on probability density functions [43]. While we illustrate the procedure using two-point 
distributions of anomalous exponents, it can also be applied to other types of distributions. The procedure is applicable to any of 
the statistics discussed in this paper; therefore, we present it in a general form, without specifying the particular statistic used. The 
steps are as follows:

1. Simulate 𝑀𝐶 trajectories of length 𝑁 , denoted as X𝑖
𝑁 , where 𝑖 = 1, 2,… ,𝑀𝐶, from FBM with given 𝐻0 or for SBM with an 

assumed 𝛼0.
2. For each trajectory from Step 1, calculate the value of the statistic for each specified 𝜏 values. For classical statistics take 

𝜏 = 2, 3,… , 20; for ratio statistics, evaluate all combinations of 𝜏1 = 2, 3,… , 20 and 𝜏2 = 2, 3,… , 20.
3. Simulate 𝑀𝐶∗ trajectories, denoted as X𝑖∗

𝑁 , where 𝑖 = 1, 2,… ,𝑀𝐶∗, from FBMRE with  ∼  (𝐻1,𝐻2, 𝑝) or SBMRE with 
 ∼  (𝛼1, 𝛼2, 𝑝). The parameters of  and  distributions are chosen such that E() = 𝐻0 and E() = 𝛼0. To simplify the 
analysis, we assume specific values for 𝐻1,𝐻2 and 𝛼1, 𝛼2, allowing only the parameter 𝑝 to vary.

4. For each trajectory from Step 3, calculate the value of the statistic for all tested 𝜏 values.
5. Using the distributions of the statistic values obtained in Steps 2 and 4, compute the empirical Hellinger distance between 
the distributions of the statistics for FBM and FBMRE in the first scenario, or for SBM and SBMRE in the second scenario. 
We recall here that if 𝐹  and 𝑄 are two probability measures with probability density functions 𝑓 and 𝑞, respectively, the 
Hellinger distance between them is defined as follows [42,43] 

𝐻(𝐹 ,𝑄) =
[

∫R

(

√

𝑓 (𝑥) −
√

𝑞(𝑥)
)2

𝑑𝑥
]1∕2

. (37)

As one may observe, the considered statistic is symmetric in its arguments and takes values between 0 and 
√

2. A larger 
value of Hellinger distance indicates a greater separation between the PDFs of the two distributions. The minimum value 
corresponds to the case where 𝑓 (𝑥) = 𝑞(𝑥) for all 𝑥, while the maximum value occurs when 𝑓 (𝑥) = 0 for all non-zero values 
of 𝑞(𝑥), and vice versa. In practice, the theoretical values of 𝑓 (𝑥) and 𝑞(𝑥) are replaced by their estimators, and the so-called 
empirical Hellinger distance is calculated. In our case, we use the kernel density estimators of the PDFs. It is worth mentioning 
another distance statistic that can be utilized in this context, namely the Bhattacharyya distance [62]. Both the Bhattacharyya 
and Hellinger distances are used to measure the similarity or dissimilarity between two probability distributions; however, 
they differ in their normalization methods and mathematical formulations.

6. Select the 𝜏 or 𝜏1 and 𝜏2 values that maximize the Hellinger distance between the distributions of the statistic values for the 
trajectories from anomalous diffusion models with constant parameters (from Step 2) and random parameters (from Step 4).

The results of the procedure described above we present for FBM with 𝐻0 = {0.3, 0.4, 0.5, 0.6, 0.7} and FBMRE with 𝐻1 = 0.2, 𝐻2 = 0.8, 
and 𝑝 chosen to ensure that E() = 𝐻0. In the second scenario, we analyze SBM with 𝛼0 = {0.6, 0.8, 1, 1.2, 1.4} and SBMRE with 
𝛼1 = 0.4, 𝛼2 = 1.6 and 𝑝 selected to ensure that E() = 𝛼0. Results are provided for three trajectory lengths: 𝑁 = {100, 500, 1000}. 
For each statistic, 𝑀𝐶 = 𝑀𝐶∗ = 1000 Monte Carlo simulations were performed (see Steps 1 and 3 of the procedure above). In the 
9 
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Fig. 3. Hellinger distance between probability distributions of TAMSD statistics for trajectories from FBM with 𝐻0 = {0.3, 0.4, 0.5, 0.6, 0.7} and FBMRE with 
 ∼  (0.2, 0.8, 𝑝), where 𝑝 was chosen to ensure E() = 𝐻0, namely 𝑝 = {5∕6, 2∕3, 1∕2, 1∕3, 1∕6}. Results are presented for three trajectories lengths 
𝑁 = {100, 500, 1000}. Each row corresponds to a different 𝐻0.

Table 1
Optimal 𝜏, 𝜏1 and 𝜏2 selected based on the presented procedure utilizing the Hellinger distance 
between the distributions of the applied statistics for anomalous diffusion models with constant 
and random parameters. The analyzed statistics include TAMSD, TAMSD𝑅, EAM, EAM𝑅, DMA, 
and DMA𝑅. The anomalous diffusion models examined are FBM and SBM (models with constant 
parameters) and FBMRE and SBMRE (models with random parameters). For the models with 
random parameters we assume a two-point distribution of the anomalous exponents.
 statistic FBM/FBMRE SBM/SBMRE 
 TAMSD 𝜏 = 4 𝜏 = 2  
 TAMSD𝑅 𝜏1 = 2, 𝜏2 = 10 𝜏1 = 3, 𝜏2 = 2 
 EAM 𝜏 = 3  
 EAM𝑅 𝜏1 = 2, 𝜏2 = 20  
 DMA 𝜏 = 6 𝜏 = 4  
 DMA𝑅 𝜏1 = 3, 𝜏2 = 2 𝜏1 = 3, 𝜏2 = 2 

first scenario (FBM versus FBMRE), we analyze the statistics TAMSD, TAMSD𝑅, EAM, EAM𝑅, DMA and DMA𝑅. For distinguishing 
between SBM and SBMRE, we examine only the distributions of TAMSD, TAMSD𝑅, DMA and DMA𝑅.

Sample results are shown in Fig.  3 for TAMSD and in Fig.  4 for TAMSD𝑅, both illustrating the case of FBM versus FBMRE. Based 
on these plots, we selected the 𝜏 values that maximized the Hellinger distance, approaching 1. It is worth mentioning that we cannot 
use a single set of parameters for all cases. Therefore, we selected the values of 𝜏 that yield the highest Hellinger distances in the 
majority of cases. Additionally, as shown in Figs.  3 and 4, we prioritized the initial 𝜏 values that produced good results (similar 
outcomes were observed across many 𝜏 values). In our example, this corresponds to 𝜏 = 4 for the TAMSD statistic and 𝜏1 = 2 and 
𝜏2 = 10 for the TAMSD𝑅 statistic. A similar analysis was conducted for the other statistics considered and for the second scenario. 
The final results (the selected optimal 𝜏 values) for both scenarios – FBM versus FBMRE and SBM versus SBMRE – are presented in 
Table  1.

5. Simulation study

In this section, we evaluate the efficiency of the procedure proposed in Section 4, which differentiates between anomalous 
diffusion models with constant and random parameters. As described above, the procedure is based on a testing methodology where 
the null hypothesis considers FBM, here with 𝐻0 = {0.2, 0.3, 0.7, 0.8}, and SBM, here with 𝛼0 = {0.4, 0.6, 1.4, 1.6}. The acceptance 
regions (see Eq. (36)) for all test statistics – TAMSD, TAMSD𝑅, EAM, EAM𝑅, DMA, DMA𝑅 for the first scenario and TAMSD, TAMSD𝑅, 
DMA, DMA𝑅 for the second scenario – are calculated using 𝑀𝐶 = 1000 simulated trajectories from the models under the null 
hypothesis. In the first scenario, the alternative hypothesis is FBMRE with  ∼  (0.2, 0.8, 𝑝), while in the second scenario - SBMRE 
with  ∼  (0.4, 1.6, 𝑝), where 𝑝 = {0, 1∕6, 2∕6, 3∕6, 4∕6, 5∕6, 1} in both cases. Results are based on 1000 trajectories simulated 
under the alternative hypothesis, showing the percentage of rejected trajectories for each of the tests discussed. In the conducted 
10 
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Fig. 4. Hellinger distance between probability distributions of TAMSD𝑅 statistics for trajectories from FBM with 𝐻0 = {0.3, 0.4, 0.5, 0.6, 0.7} and FBMRE with 
 ∼  (0.2, 0.8, 𝑝), where 𝑝 was chosen to ensure E() = 𝐻0, namely 𝑝 = {5∕6, 2∕3, 1∕2, 1∕3, 1∕6}. Results are presented for three trajectories lengths 
𝑁 = {100, 500, 1000}. Each row corresponds to a different 𝐻0.

Fig. 5. Percentage of rejected trajectories from the time-averaged statistics-based test, verifying the null hypothesis of FBM against the alternative hypothesis of 
FBMRE with  ∼  (0.2, 0.8, 𝑝). The parameter 𝑝 varies between 0 and 1. The values of 𝐻0 in the null hypothesis are as follows (a) 𝐻0 = 0.2, (b) 𝐻0 = 0.3, (c) 
𝐻0 = 0.7 and (d) 𝐻0 = 0.8. The results are based on 1000 simulations of trajectories with length 𝑁 = 1000. For each statistic, the optimal 𝜏 is chosen according 
to the methodology presented in Section 4.1.

simulations, the significance level is set to 𝑐 = 0.05 with the trajectory length of 𝑁 = 1000. In the testing procedure, we use the 
optimal 𝜏 values selected according to the procedure presented in Section 4.1.

In Fig.  5, the results for the first scenario (FBM versus FBMRE) are presented. In Fig.  5(a), the null hypothesis is 𝐻0 = 0.2. In 
this case, when 𝑝 = 0, the two-point distribution reduces to the Dirac delta in point 𝐻2 = 0.8, causing the tested FBMRE reducing to 
FBM with 𝐻2 = 0.8, which is consistent with 100% rejection of the null hypothesis of FBM with 𝐻0 = 0.2. Conversely, for 𝑝 = 1, the 
FBMRE in the alternative hypothesis reduces to FBM with 𝐻 = 0.2, and approximately 5% of trajectories are rejected while testing 
1
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Fig. 6. Percentage of rejected trajectories from the time-averaged statistics-based test, verifying the null hypothesis of SBM against the alternative hypothesis 
of SBMRE with  ∼  (0.4, 1.6, 𝑝). The parameter 𝑝 varies between 0 and 1. The values of 𝛼0 in the null hypothesis are as follows (a) 𝛼0 = 0.4, (b) 𝛼0 = 0.6, (c) 
𝛼0 = 1.4 and (d) 𝛼0 = 1.6. The results are based on 1000 simulations of trajectories with lengths 𝑁 = 1000. For each statistic, the optimal 𝜏 is chosen according 
to the methodology presented in Section 4.1.

𝐻0 = 0.2, which is also consistent with the tests’ significance level. Thus, all tests perform as expected. In Fig.  5(b), the situation 
differs slightly. Here, with 𝐻0 = 0.3, the two-point distribution never matches the 𝐻 value specified in the null hypothesis. We 
observe that the tests based on the EAM𝑅 and TAMSD𝑅 statistics performs the least effectively with smallest rejection rates across 
all values of 𝑝. For TAMSD, DMA, and DMA𝑅, the null hypothesis is nearly always rejected, as expected. In Fig.  5(c), we present 
results for 𝐻0 = 0.7. In this case, the tests based on the EAM𝑅, DMA and TAMSD statistics perform the least effectively. Finally, in 
Fig.  5(d), we observe the opposite situation compared to Fig.  5(a): the null hypothesis is always rejected for 𝑝 = 1, while for 𝑝 = 0, 
for approximately 5% of trajectories we do not reject the null hypothesis is not rejected, consistent with the significance level of 
the tests. Here, the case of 𝑝 = 0 corresponds to FBMRE reducing to FBM with 𝐻2 = 0.8 (which aligns with the null hypothesis), 
while for 𝑝 = 1 FBMRE reduces to FBM with 𝐻1 = 0.2, causing 100% rejection rate.

Fig.  6 presents the results for the second scenario, where we evaluate SBMRE trajectories under the null hypothesis that they 
originate from SBM. In this analysis, we focus on tests based on the TAMSD, TAMSD𝑅, DMA, and DMA𝑅 statistics. Across all panels, 
it is evident that the tests relying on ratio statistics perform poorly. Specifically, they consistently start near zero from 𝑝 = 0 and 
increase up to 5% as 𝑝 = 1 for the null hypotheses in Fig.  6(a) or 20% to 40% for the null hypotheses considered in other panels, 
even though the alternative processes do not align with the one specified in the null hypotheses. In contrast, the tests based on 
classical statistics, specifically TAMSD and DMA, demonstrate strong performance. As can be noted, when the null hypothesis is 
set at 𝛼0 = 0.4 ( Fig.  6(a)) and 𝑝 = 0, these tests reject the null hypothesis, as the SBMRE in the alternative reduces to SBM with 
𝛼0 = 1.6. Moreover, for 𝑝 = 1, the results align with the 5% significance level, as the SBMRE reduces to the process considered in 
the null hypothesis. An opposite situation is observed when 𝛼0 = 1.6 ( Fig.  6(d)): for 𝑝 = 0 the rejection rate is 5%, while for 𝑝 = 1
we observe 100% rejection rate, as expected. In the intermediate cases – Figs.  6(b) and 6(c) – the tests based on classical statistics 
consistently reject the null hypothesis with the rejection percentage equal to 100% for all values of 𝑝.

The results presented above indicate that the effectiveness of the procedure described in Section 4 varies notably depending on 
the chosen statistics and the specific scenarios. In particular, in the second scenario, we observe a substantial drop in the performance 
of the ratio statistic-based procedure. While the ratio statistics underperform compared to their classical metric-based counterparts in 
the first scenario, they are still reasonably effective. However, in the SBM versus SBMRE scenario, they should not be recommended 
due to their markedly lower reliability. This variation in performance highlights the importance of selecting the most appropriate 
statistic based on the characteristics of the processes tested, as well as the specific properties of the anomalous exponent distribution.

In Appendix  B, we present the results for testing FBM versus FBMRE and SBM versus SBMRE for trajectories that are shorter than 
𝑁 = 1000 discussed above. In the first scenario, the results are shown in Fig.  B.13 (for 𝑁 = 100) and Fig.  B.14 (for 𝑁 = 500), while 
in the second scenario, they are presented in Fig.  B.15 (for 𝑁 = 100) and Fig.  B.16 (for 𝑁 = 500). For each statistic, the optimal 𝜏
is selected according to the methodology outlined in Section 4.1.

When testing SBM vs. SBMRE, we do not observe significant differences in the efficiency of the testing procedure for shorter 
trajectories compared to 𝑁 = 1000. The percentage of rejected trajectories remains similar across all considered values of 𝑁 in 
corresponding cases. As with 𝑁 = 1000, for 𝑁 = 500 and 𝑁 = 100, the ratio-based statistics underperform compared to their classical 
counterparts. The latter exhibit similar values of the examined measure, indicating no substantial differences in their performance.
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When testing FBM vs. FBMRE, trajectory length generally has a greater impact on the efficiency of the procedure. However, 
the observed differences in rejection rates for 𝑁 = 100, 𝑁 = 500, and 𝑁 = 1000 depend on the experimental conditions, including 
the choice of statistic, the tested 𝐻0, and the parameter 𝑝. Specifically, when testing 𝐻0 = 0.2 or 𝐻0 = 0.8, the rejection rates for 
shorter trajectories are very similar to those observed for 𝑁 = 1000, except for the test based on the EAM𝑅 statistic. Notably, for this 
statistic, at 𝑁 = 100, a significant decline in performance is observed for all considered values of 𝐻0, but particularly in the case of 
superdiffusive testing. In this case, the test fails to differentiate between processes for any value of 𝑝, with rejection rates close to 
0%. This is because the acceptance region defined in Eq. (36) is significantly larger compared to the case with longer trajectories, 
resulting in the test statistic’s value almost always falling within the acceptance region. We observe that EAM statistics performs 
less efficient for short trajectories, as it is an extension of the sample ACVF, which also exhibits limitations in such cases. The ratio 
of EAM statistics increases the inefficiency for short trajectories. 

In other cases, such as testing 𝐻0 = 0.3 or 𝐻0 = 0.8, reducing the trajectory length leads to a decrease in rejection rates, making it 
more difficult to distinguish between processes. Moreover, the choice of the most effective statistic varies depending on the trajectory 
length. For instance, when testing 𝐻0 = 0.7, the highest rejection rate for 𝑁 = 1000 is achieved by DMA𝑅 and TAMSD𝑅, while for 
𝑁 = 500 TAMSD𝑅 remains the best-performing statistic, however, DMA𝑅 is outperformed by EAM. In contrast, for 𝑁 = 100, DMA𝑅
and TAMSD𝑅 are again the most effective, although the differences between all statistics become much less pronounced.

The conducted experiments confirm the importance of selecting the most appropriate testing procedure while also considering 
trajectory length.

6. Application to real datasets

This section elucidates the practical application of our methodology using two real-world datasets from distinct domains. In the 
first case we analyze trajectories describing the motion of polystyrene beads in agarose hydrogels, while the second dataset is a time 
series representing the daily closing prices of Bitcoin (BTC) in USD. Both datasets have been previously analyzed in the literature, 
where the FBM model was proposed for their characterization. Our analysis confirms that the financial data (BTC) aligns with the 
classical anomalous diffusion model, whereas the biological data (motion of polystyrene beads) correspond to the FBMRE case.

6.1. Motion of polystyrene beads

The first dataset studies the motion of polystyrene microspheres within agarose hydrogels. The trajectories of individual 50-nm 
polystyrene beads loaded into a 1.5% agarose gel were recorded [44]. The viscoelastic properties of the agarose gel led to anomalous 
diffusion of the type of fractional Brownian motion [63]. A 1.5% agarose gel was prepared from agarose powder by dissolving it 
in phosphate-buffered saline. Polystyrene microspheres with 50-nm diameter (Bangs Laboratories, Fishers, IN) were first heated to 
60 ◦ C in 0.5% Tween 20 and introduced into the agarose solution. The solution was kept at 60 ◦ C for 15 min and then allowed 
to slowly cool down. The microspheres were imaged in an inverted microscope with a 40x objective and a scientific CMOS camera 
at 71 frames/s [44,64]. A total of 2049 images were recorded. The motion of 20 microspheres was tracked in two dimensions in 
LABVIEW using a cross-correlation-based tracking algorithm [65].

The same dataset was analyzed in [31], where the EAM statistic was utilized to confirm the FBM. In this paper, we extend these 
results by also applying other time-averaged statistics. Additionally, in our analysis the optimal 𝜏 parameters are used, while in [31] 
we apply the EAM-based methodology for all 𝜏 ∈ {2, 3,… , 2049}. The final conclusion was based on the fact that for most (90%) of 
the 𝜏 values, the FBM hypothesis was not rejected.

The dataset contains 20 trajectories, each of length 𝑁 = 2049. The analysis is performed on the data corresponding to the 
𝑋 coordinate. In Fig.  7, we show a sample trajectory. First, all trajectories are normalized by the estimated diffusion coefficient 
obtained using the TAMSD-approach [22]. Then, the methodology presented in Section 4 is applied, where TAMSD, TAMSD𝑅, EAM, 
EAM𝑅, DMA, and DMA𝑅 statistics are used (with the optimal 𝜏 values). To construct the acceptance region given in Eq. (36), we 
generate 𝑀𝐶 = 500 simulated trajectories of FBM with the given 𝐻0 ∈ {0.1, 0.11, 0.22,… , 0.89, 0.9}, and each trajectory consisting 
of 2049 observations. Finally, for each 𝐻0 we calculate the percentage of the rejected trajectories, i.e. percentage of trajectories 
not classified as FBM. The results are presented in Fig.  8(a). Based on these results, we observe that only the approach based 
on the EAM𝑅 statistic does not reject the null hypothesis for 𝐻0 values close to 0.5 for all of the trajectories. Additionally, we 
can see that the shapes of the functions presented in Fig.  8(a) correspond to the inverted PDF of two- mode distribution, which 
indicates that 𝐻 is not constant. Thus, there is a basis for considering FBMRE as the model for the examined trajectories. As the 
justification for the conclusion about the randomness of the Hurst exponent, in Fig.  9 we present the compression of the empirical 
PDF of estimated 𝐻 corresponding to 𝑋 coordinate (estimated by TAMSD-approach) with the empirical PDF of 20 values simulated 
from two-point distribution with parameters obtained from the real trajectories. The empirical PDF is obtained based on the kernel 
density estimator [66]. To estimate the two-point distribution parameters, we use the following approach. We select 𝐻1 and 𝐻2
(see Eq. (6)) as the modes from the empirical PDF of 𝐻 estimated from analyzed trajectories. In our case 𝐻1 = 0.28 and 𝐻2 = 0.47. 
The corresponding 𝑝 value is a percentage of trajectories for which the estimated 𝐻 corresponds to 𝐻1 (i.e. for which the estimated 
𝐻 is smaller than the local minima of the empirical PDF). In our case 𝑝 = 1∕10. As can be seen, the PDFs presented in Fig.  9 
coincide. Thus, we can assume that the real trajectories originate from the FBMRE with 𝐻 drawn from a bimodal distribution and 
the two-point distribution of 𝐻 can be considered as a simple approximation.

Finally, to confirm the two-point distribution of the anomalous exponent, we simulate 20 trajectories from the FBMRE model 
(with 2049 points), assuming a two-point distribution of 𝐻 with parameters estimated from the real trajectories. For such data, we 
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Fig. 7. Sample trajectory of 𝑋 coordinate.

Fig. 8. Motion of polystyrene beads: percent of trajectories not identified as FBM with given 𝐻0 (a). Simulated trajectories from FBMRE with  ∼
 (0.28, 0.47, 1∕10): percent of trajectories not identified as FBM with given 𝐻0 (b).

Fig. 9. Comparison of empirical PDF for 𝐻 estimated from real trajectories using the TAMSD-based approach (blue line) and empirical PDF from 𝐻 simulated 
from  (0.28, 0.47, 1∕10) (red line).

repeat the procedure presented in Section 4 and verify the percentage of trajectories for which the FBM with a given 𝐻0 is rejected. 
The results are presented in Fig.  8(b). As can be seen, the shapes of the curves presented in the Figs.  8(a) and 8(b) correspond 
to one another. Similarly to the real trajectories, only the EAM𝑅-based approach does not reject the null hypothesis of FBM for 𝐻0
values close to 0.5 for all trajectories. The motion in agarose hydrogels often exhibits anomalous diffusion due to the viscoelastic 
nature of the gel [44]. However, hydrogels can have marked heterogeneities that lead to more complex processes such as the ones 
studied here [67]. In addition, it has been observed that at longer times the motion in agarose hydrogels can cross over to normal 
diffusion [68]. Therefore, assessing the homogeneity of the medium is an important tool in understanding this complex system.

6.2. Bitcoin time series

In this section, we examine the daily closing prices of BTC collected from October 1, 2013, to March 20, 2021, comprising a 
total of 2713 samples. Notably, the Bitcoin data were modeled using geometric fractional Brownian motion (gFBM) as described 
in the referenced article [45]. Let us mention that also scaled geometric Brownian motion (SgBM) can be considered as a potential 
model for describing Bitcoin prices, as demonstrated in the following paper [69]. In the analysis, we consider the natural logarithm 
14 
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Fig. 10. Daily closing price of Bitcoin (in USD) collected from 1 October 2013 to 20 March 2021, 2713 samples (a). Transformed data (b).

Fig. 11. Bitcoin time series: percent of sub-series not identified as FBM with given 𝐻0 (a). Simulated trajectories from BM: percent of trajectories not identified 
as FBM with given 𝐻0 (b).

of the raw time series, see Fig.  10(a): raw data; Fig.  10(b): transformed data. To differentiate between models with constant and 
random parameters, we divided the time series into 30 sub-series, each of length 90 points. The trajectories were then normalized 
using the estimated diffusion coefficient obtained via the TAMSD-based approach. The same time series was examined in [40], 
where the authors concluded that the normalized logarithmic closing prices of BTC exhibit FBM-like behavior. In their analysis, the 
EAM-based procedure was applied, and the corresponding anomalous exponent was found to be close to 0.5. Thus, the analyzed 
data, in fact, demonstrate behavior consistent with Brownian motion. Our goal is to confirm this hypothesis by applying additional 
statistics discussed in the current article and by performing analogous procedures for SBM. Specifically, in the first scenario, similar 
as for the trajectories describing motion of polystyrene beads, for each 𝐻0 ∈ {0.1, 0.11, 0.22,… , 0.89, 0.9}, we perform the testing 
procedure described in Section 4 using the TAMSD, TAMSD𝑅, EAM, EAM𝑅, DMA, and DMA𝑅 statistics. To construct the acceptance 
region given in Eq. (36), in each case we generate 𝑀𝐶 = 500 simulated trajectories of FBM with the given 𝐻0, each of length 90 
observations. Finally, we calculate the percentage of rejected trajectories, i.e., those that were not classified as FBM. In the second 
scenario, we perform the procedure for SBM using 𝛼0 ∈ {0.2, 0.21, 0.22,… , 1.79, 1.8}, utilizing the TAMSD and DMA statistics. Based 
on simulation results, where the ratio statistics performed poorly for the SBM case, we decided not to include them in the second 
scenario. In all cases we applied the optimal 𝜏 values selected using the methodology discussed in Section 4.1.

The results for the first scenario are presented in Fig.  11(a). As shown, the outcomes suggest that the analyzed data can be 
described by FBM with a Hurst parameter close to 0.5. In these cases, most of the statistical tests do not reject the null hypothesis 
for nearly or over 95% of the trajectories (except for the DMA𝑅-based approach, which indicates a percentage above the 5% level for 
all values of 𝐻0). Based on these results, we suspect that the data may be described by BM (FBM with 𝐻 = 0.5). Therefore, in Fig. 
11(b), we present analogous results obtained from 30 simulated BM trajectories, each of length 90. Namely, we repeat the procedure 
presented in Section 4 for simulated data and verify the percentage of trajectories for which the FBM with a given 𝐻0 is rejected. As 
observed, the behavior of the statistical approaches is similar to the real data case, including the EAM𝑅-based approach, for which, 
across a wide range of 𝐻0 values, we observe low rejection rates (close to 5% level). This similarity supports our hypothesis that 
the Bitcoin sub-series may originate from BM.

In Fig.  12(a), the results from the second scenario are presented. Similar to the first scenario, for more than 95% of trajectories, 
the null hypothesis is not rejected when testing BM (here corresponding to 𝛼 = 1) for both approaches. This is consistent with 
the outcomes obtained in the first scenario. In Fig.  12(b), we also present the results for simulated BM trajectories (with the same 
sample size and the same number of trajectories as in the real data case). As one can see, although the shape is sharper, these results 
correspond to the results obtained for real data, i.e., the rejection rates are similar for the corresponding values of 𝛼0.

Thus, based on both tested scenarios, our methodology confirms the findings reported in the literature for the same dataset.
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Fig. 12. Bitcoin time series: percent of sub-series not identified as SBM with given 𝛼0 (a). Simulated trajectories from BM: percent of trajectories not identified 
as SBM with given 𝛼0 (b).

7. Conclusions

In this paper, we address the problem of differentiating between anomalous diffusion models with constant and random 
parameters. Anomalous diffusion models have been extensively discussed in the literature and have found numerous applications, 
particularly in describing the motion of particles in single-particle tracking experiments. However, recent experimental evidence 
suggests that classical models often fail to fully account for observed particle motion behaviors. As a result, modified anomalous 
diffusion models that capture specific features of the data are increasingly being considered. One such modification involves 
incorporating random parameters into anomalous diffusion models.

The proposed approach builds on the statistics of time-averages, which are widely used for analyzing classical anomalous 
diffusion processes (i.e., where parameters are constant). We extend existing methodologies by introducing a relatively simple 
procedure based on statistical testing, which can be applied to a broad class of processes. As exemplary anomalous diffusion 
models, we consider FBM and its random exponent variant (FBMRE), as well as SBM and its random exponent variant (SBMRE). 
We demonstrate the efficacy of the proposed methodology in case where the anomalous exponent follows a two-point distribution.

Our analysis is further supported by real-world data examples, where we examine the motion of polystyrene beads and Bitcoin 
prices. For the polystyrene beads, our results provide new insights into prior analyses, which identified FBM as the appropriate 
model for the data. Our findings suggest instead that the data are better described by FBMRE, with an anomalous exponent derived 
from a two-mode distribution. These data provide a tool for evaluating spatial inhomogeneities in media that can lead to multi-mode 
distributions. In the case of the hydrogels examined here, we found that the data are better described by a mixture of two Hurst 
exponents, with most of the trajectories corresponding to a single exponent. For financial data (Bitcoin prices), our results are 
consistent with findings reported in the literature, confirming Brownian motion as the appropriate model.

Although the presented methodology is discussed in the context of FBM, SBM, and the random anomalous exponent, it can 
potentially be used to analyze other cases as well, where various mechanisms related to parameter randomness occur. One example 
is the case of random diffusivity in the anomalous diffusion models discussed, see e.g. [70,71]. The proposed approach could also 
be applied to processes outside of FBM and SBM, such as confined diffusion described by the Ornstein–Uhlenbeck process, which 
exhibits linear diffusion at short times and a saturation in TAMSD at long times, see e.g. [72].

We believe that the proposed methodology offers a valuable and versatile tool for practical applications, enabling more precise 
modeling of anomalous diffusion processes across diverse fields.
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Appendix A. Expected values of time-averaged statistics for FBMRE and SBMRE with two-point distributed anomalous 
exponent

Fact 4. 
1. Let X𝑛 denote a trajectory of FBMRE process defined in Section 2.2, where  follows a two-point distribution with PDF defined in 
Eq. (6). Then, applying Fact  1, the expected value of the TAMSD is given by the following formula 

E(TAMSD(X𝑛, 𝜏)) = (1 − 𝑝)𝜏2𝐻1 + 𝑝𝜏2𝐻2 . (A.1)

2. Let X𝑛 denote a trajectory of SBMRE process defined in Section 2.4, where  follows a two-point distribution with PDF defined in 
Eq. (11). Then, applying Fact  1, the expected value of the TAMSD is given by the following formula 

E(TAMSD(X𝑛, 𝜏)) =
1

𝑛−𝜏
∑

(

(𝑖 + 𝜏)𝐻1 (1 − 𝑝) + (𝑖 + 𝜏)𝐻2𝑝 − 𝑖𝐻1 (1 − 𝑝) − 𝑖𝐻2𝑝
)

. (A.2)

𝑛 − 𝜏 𝑖=1
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Fig. B.13. Percentage of rejected trajectories from the time-averaged statistics-based test, verifying the null hypothesis of FBM against the alternative hypothesis 
of FBMRE with  ∼  (0.2, 0.8, 𝑝). The parameter 𝑝 varies between 0 and 1. The values of 𝐻0 in the null hypothesis are as follows (a) 𝐻0 = 0.2, (b) 𝐻0 = 0.3, 
(c) 𝐻0 = 0.7 and (d) 𝐻0 = 0.8. The results are based on 1000 simulations of trajectories with length 𝑁 = 100. For each statistic, the optimal 𝜏 is chosen according 
to the methodology presented in Section 4.1.

Fig. B.14. Percentage of rejected trajectories from the time-averaged statistics-based test, verifying the null hypothesis of FBM against the alternative hypothesis 
of FBMRE with  ∼  (0.2, 0.8, 𝑝). The parameter 𝑝 varies between 0 and 1. The values of 𝐻0 in the null hypothesis are as follows (a) 𝐻0 = 0.2, (b) 𝐻0 = 0.3, 
(c) 𝐻0 = 0.7 and (d) 𝐻0 = 0.8. The results are based on 1000 simulations of trajectories with length 𝑁 = 500. For each statistic, the optimal 𝜏 is chosen according 
to the methodology presented in Section 4.1.

Fact 5. 

1. Let X𝑛 denote a trajectory of FBMRE process defined in Section 2.2, where  follows a two-point distribution with PDF defined in 
Eq. (6). Then, applying Fact  2, the expected value of the EAM is given by the following formula 

E(EAM(X , 𝜏)) = 𝑝𝜏2𝐻1 + (1 − 𝑝)𝜏2𝐻2 − 𝜏. (A.3)
𝑛
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Fig. B.15. Percentage of rejected trajectories from the time-averaged statistics-based test, verifying the null hypothesis of SBM against the alternative hypothesis 
of SBMRE with  ∼  (0.4, 1.6, 𝑝). The parameter 𝑝 varies between 0 and 1. The values of 𝛼0 in the null hypothesis are as follows (a) 𝛼0 = 0.4, (b) 𝛼0 = 0.6, (c) 
𝛼0 = 1.4 and (d) 𝛼0 = 1.6. The results are based on 1000 simulations of trajectories with lengths 𝑁 = 100. For each statistic, the optimal 𝜏 is chosen according to 
the methodology presented in Section 4.1.

Fact 6. 

1. Let X𝑛 denote a trajectory of FBMRE process defined in Section 2.2, where  follows a two-point distribution with PDF defined in 
Eq. (6). Then, applying Fact  3, the expected value of the DMA is given by the following formula

E(DMA(X𝑛, 𝜏)) =
1

𝑛 − 𝜏

𝑛
∑

𝑗=𝜏

{

(

1 − 1
𝜏

)2
(

𝑗2𝐻1𝑝 + 𝑗2𝐻2 (1 − 𝑝)
)

+
(

1
𝜏2

− 1
𝜏

) 𝑗−1
∑

𝑚=𝑗−𝜏+1

((

𝑗2𝐻1 + 𝑚2𝐻1 − |𝑗 − 𝑚|2𝐻1
)

𝑝 +
(

𝑗2𝐻2 + 𝑚2𝐻2 − |𝑗 − 𝑚|2𝐻2
)

(1 − 𝑝)
)

+ 1
𝜏2

𝑗−1
∑

𝑚=𝑗−𝜏+1

(

𝑚2𝐻1𝑝 + 𝑚2𝐻2 (1 − 𝑝)
)

+ 2
𝜏2

∑

𝑗−𝜏+1≤𝑙<𝑚≤𝑗−1

((

𝑚2𝐻1 + 𝑙2𝐻1 − |𝑚 − 𝑙|2𝐻1
)

𝑝 +
(

𝑚2𝐻2 + 𝑙2𝐻2 − |𝑚 − 𝑙|2𝐻2
)

(1 − 𝑝)
)

}

. (A.4)

2. Let X𝑛 denote a trajectory of SBMRE process defined in Section 2.2, where  follows a two-point distribution with PDF defined in 
Eq. (11). Then, applying Fact  3, the expected value of the DMA is given by the following formula

E(DMA(X𝑛, 𝜏)) =
1

𝑛 − 𝜏

𝑛
∑

𝑗=𝜏

{

(

1 − 1
𝜏

)2
(𝑗𝐻1𝑝 + 𝑗𝐻2 (1 − 𝑝))

+ 2
(

1
𝜏2

− 1
𝜏

) 𝑗−1
∑

𝑚=𝑗−𝜏+1
(min{𝑗, 𝑚}𝐻1𝑝 + min{𝑗, 𝑚}𝐻2 (1 − 𝑝)) + 1

𝜏2

𝑗−1
∑

𝑚=𝑗−𝜏+1
(𝑚𝐻1𝑝 + 𝑚𝐻2 (1 − 𝑝))

+ 2
𝜏2

∑

𝑗−𝜏+1≤𝑙<𝑚≤𝑗−1
(min{𝑚, 𝑙}𝐻1𝑝 + min{𝑚, 𝑙}𝐻2 (1 − 𝑝))

}

. (A.5)

Appendix B. Results for 𝑵 = 𝟏𝟎𝟎 and 𝑵 = 𝟓𝟎𝟎

See Figs.  B.13–B.16.
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Fig. B.16. Percentage of rejected trajectories from the time-averaged statistics-based test, verifying the null hypothesis of SBM against the alternative hypothesis 
of SBMRE with  ∼  (0.4, 1.6, 𝑝). The parameter 𝑝 varies between 0 and 1. The values of 𝛼0 in the null hypothesis are as follows (a) 𝛼0 = 0.4, (b) 𝛼0 = 0.6, (c) 
𝛼0 = 1.4 and (d) 𝛼0 = 1.6. The results are based on 1000 simulations of trajectories with lengths 𝑁 = 500. For each statistic, the optimal 𝜏 is chosen according to 
the methodology presented in Section 4.1.

Data availability

The data that has been used is available upon request.
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