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1 Introduction

Belt mechanics theory is not a new concept. The well-es-
tablished creep theory was originally put forth by Reynolds in

proportions is presented in Section 2,

When creep theory was put forth, the types of belts in use
were leather or woven cloth flat belts. Their application was
typically in the transmission of large amounts of power in

Much empirical data is available for the many standardized
V-belt varieties. This data provides information on fatigue and
bending properties which allow a designer o select a belt for
his application. Designers apply the well-established creep the-
ory to derive load belt tensions from theijr POwWer requirements,

multipulley configurations, .

Despite the vast amount of empirical data available con-
cerning V-belt POwer transmission design, very little has been
done to develop belt mechanics theory which would apply to
the various belt types currently in uge, It should be noted that
even though it is Important to develop theory, empirical data
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shear theory which was recently introduced to describe the behavior of steel-rein-
Jorced belts. Emphasis is placed on determination of tensions in the spans of a
running belf and on applying results to multipulley configurations.

is a necessity. The many assumptions necessary to develop a
concise belt mechanics theory may lead to models which are
accurate only for very specific and limited conditions. Ex.
amples of error sources are coefficient of friction changing

to make decisions based on factors which empirical data or
current theories do not address.

and how it applies to simple two-pulley drives. These simple
equations are often erroneously applied to more complex drive
configurations and to materials for which the friction and
elasticity assumptions are invalid. The application of creep
theory to the classic simple two-pulley drive, and an extension
to multipulley configurations is presented in the next few sec-
tions.

2.1 Two-Pulley Theory. The description of belt-pulley me-
chanics begins with an analysis of friction at the belt-pulley
interface. This analysis yields the familiar resul¢:

: ﬁ_ (ug)
7 e (€))
which relates belt span tensions on either side of a pulley to
the coefficient of friction, K, and the active angle, ¢, (where
T} is the greater of the two tensions). (Refer to Fig. 1 for
illustration of terms.) This active angle over which the belt
tension changes exists only over a portion of the tota] angle
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Fig. 1 Two-puiley system

of wrap, f. Experiments have shown that the active angle occurs
at the leaving end of the pulley (as shown in Fig. 1). The tension
in the belt changes exponentially from one span to the next
over the active angle.

The changing of belt tension creates changes in strain in the
elastic belt which requires that the belt move relative to the
rotating pulley. A speed differential develops between the belt
and pulley which is commonly termed creep. The belt span at
the higher tension is traveling at a slightly faster speed than
the lower tension span (S; > S,). Denoting an assumed constant
belt speed by S (in fpm = .3048 m/s) and the power transmitted
by hp (in units of horsepower = 745.7 W), the span tensions
(in Ibs = 4.448 N) can be related by:

_ 33000 hp
s

The span tensions may also be related by considering the elastic
deformation taking place in the length of the belt. These changes
in belt length can be expressed as:

nh-n &

dl= x 3)

for linear elastic behavior (k: constant) where d7 is the change
in the belt span tension from the initial preset tension, T, to
the tension at running conditions. Requiring that the total belt
length remain constant (by equating the magnitudes of the belt
length changes) and assuming that half of the belt is at tension
7 and the other is at 7 yields the following expressions for
the span tensions:

16500 h
._S_p @

These tensions will exist in the running belt only if the initial
preset tension is large enough to have the ratio 7,/7, remain
below the limit predicted by the friction relation, (equation
1.

2.2 Bending and Centrifugal Effects. Bending of the belt
when rounding a pulley has negligible effect on belt tension
when the belt is flexible (as with flat, thin belts). Some belt
types, however, are fairly stiff and other signficant resistance
to bending. Bending effects are usually considered for standard
V-belts especially when used with small diameter sheaves. The
increase in tension due to bending has been shown to be related
to sheave diameter as:

16500 hp T
=== 7=

Ty=T,+ T,-

K,
Ty="2
dT, a )

where K, is an experimentally determined constant which is
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Fig. 3 Multipuliey terminology

reported by SAE for most standard belt sections [4]. K, ranges
from 200 to 11000 for SAE V-belt sections A through E (where
the sheave diameter, d, is in inches = 2.54 cm and the resulting
tension increase is in Ibs = 4.448 N).

Centrifugal effects must be considered when the belt has
significant mass and/or when the belt speeds are high. Cen-
trifugal forces on the running belt cause an increase in the belt
tension and also a decrease in pressure at the belt-pulley in-
terface which can lead to slip. Centrifugal effects have been
considered for standard V-belts and the predicted increase in
tension has been found to be related to belt speed as:

S 2
dT.=K. (ﬁ) ©®
where K, is an experimentally determined constant which is
reported for SAE standard belt sections [4]. K, ranges from
0.5 to 5.1 for SAE V-belt section A through E (where S is the
belt speed in fpm = .3048 m/s and the resulting tension in-
crease is in Ibs = 4.448 N).

Figure 2 illustrates the effects both bending and centrifugal
considerations have on tension in a running belt. The centrif-
ugal effect (dT,) is felt by both spans (as with the preset tension
T)). The bending effects apply only to the portion of the belt
rounding the pulley (sheave).

2.3 Extension to Multipulley Configurations. As was men-
tioned earlier, the span tension equations derived for the two-
pulley case [equation (4)] cannot be applied correctly to more
complex configurations. The action of creep must be consid-
ered throughout the belt system before local span tensions can
be derived.

Figure 3 defines the terminology as applied to a general
multipulley configuration. As with the two-pulley derivation,
linear elastic belt behavior is assumed. Changes in belt length
due to span tension changes are found from dl = (T— T)/k
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Fig. 4 Three-pulley system with span length approximation

[equation (3)) where the stiffness k depends on the length of
the span in question (k = AE/1). The requirement that the
total belt length remain constant (satisfied by equating . the
algebraic sum of the span tension length changes to zero) yields
the following equation:

n

Y IT=LT, )

i=1
where L is the total belt length. The span lengths /; can be
approximated to extend between active angle (or even wrap
angle) bisectors as shown in Fig. 3. This equation will be
referred to as the compatibility condition. Equations relating
the span tensions to the power transferred at each pulley are
also available: -

33000 hp;
Ti—l__Ti=Tpl

®

where the power transferred (Ap) is positive fora driving pulley
and negative for a driven pulley. For an n-pulley configuration,
n-1 independent pulley power equations and the length change
compatibility condition €quation can be solved simultaneously
to find the desired span tensions. Bending and centrifugal
effects discussed in the previous section can also be applied
here resulting in a modified compatibility condition:

n n
L IT=L (T+T)- Y T, ri, ©)
i=1

i=1

Using the expressions for Tc and 75 prescribed by SAE results

m:
n S 2 Kh n
Z,:li T=L (Ts+1<c (l—m) )—7’;‘6.- (10)

The sum on the right hand side can be found easily from belt
geometry. For an n-pulley system with noncrossing belt spans
the sum of the wrap angles (which are the supplements of the
angles included by adjacent span lengths) is simply 2.

2.4 Three-Pulley Configuration—A Closer Look. The
three-pulley configuration is the simplest and most common
of the multipulley systems and deserves a closer Iook.

Figure 4 illustrates a typical three-pulley system along with
a method for approximating the span lengths with a triangle
formed by the angles between the spans. This approximation
becomes a better one when the span lengths are relatively large.
The compatibility condition [equation (7)] in its original form
and with the span length simplification (using the law of sines)
foliow:

IIITI + 127E+13T3 =L 71.
SIN(Y3) T} +sin(y) Ty +sin(y) Ty = SN T (€3))]
where:

SN =sin(y,) + sin(y,) + sin(y,)

508 / Vol. 117, DECEMBER 1995

1.28 ,Z-f/// o
L8 //’ré/
8.8 ,ﬂ'f}f"“

8.60 / 3

0.8 /\F= 25

8.20

8.8 2508 Se.88  75.pg i8e.6e 12589 -156.80
T3

Fig. 5 Maximum tension factor (Zvs 3rd putiey span angle (v3)

Substituting power expressions [equation (8)] for the first two

span tensions yields the third tension:

33000 . .
L=T~5ys Cnthps—sintohpy)  (12)

The other two tensions, T, 1and T; can be found by substituting
T, into the power expressions. For the common case where
power is being entered at one pulley (hp, > 0) and dissipated
at the other two (4p,, hp; < 0), the tension in the third span
is the maxzimum tension experienced in the belt. Introduction
of another term, F, the third pulley power factor, which ex-
presses the fraction of the input power dissipated by the third
pulley (F = — hps/hp,), further simplifies the maximum ten-
sion equation:

— 7 . 16500 Ap, [2(F sin(y,) + sin(ys))
=T+ S [ SN ] a3

This value deviates from that predicted by the two-pulley re-
sults [equation (4)] applied at pulley 1 by the quantity in brack-
ets which will be called the maximum tension factor Z. Figure
5 demonstrates how this factor changes with the third pulley
power factor and span angle (for v, = 30 deg). The curves
predict that Z and, therefore, the maximum tension are smaller
when the third pulley is more remote (for v; closer to Zero).
The factor Z can also be used as a gage of the two-pulley theory
error (when applied to the three-pulley case)—the error is larger
the farther away Z is from one,

2.5 Solution by Computer Program. A program was writ-
ten to implement the creep theory multipulley procedure for
determining span tensions [5]. Table 1 and Fig. 6 contain the
results for a sample case. The required coefficient of friction
reported refers to the value niecessary to prevent slip (to prevent
the active arcs from exceeding the wrap angles) for the given
span tensions. RB refers to the bearing reaction force at each
pulley. The two-pulley comparison reports the error involved
in using the two-pulley span tension equations [equation (4)]
at each pulley. The largest two-pulley theory span tension for
this example error was 43 percent. Note that the maximum
tension (73) was underestimated by the two-pulley equations
(see the previous section for the discussion of the maximum
tension factor Z). i

3 Application of Shear Theory

Creep theory was developed to describe belt-drive mechanics
of flexible and extensible load carrying belts. The types of belts
in use when the theory was developed were of the leather and
woven cloth variety for which the assumptions of flexibility
and extensibility do apply. These assumptions, however, do
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Table 1

ith Pulley

Cx (in) Cy (in) r (in) li (in)
1 0.000 0.000 1.000 6.145
2 4.000 2.000 1.500 9.969
3 8.000 0.000 2.000 2.049
ith Pulley hp Ti (Ib) [ RB (ib)
1 3.000 48.59 1874
2 -1.000 81.59 65.3
3 -2.000 147.6 227.8
Belt linear speed = 1000 fpm
Initial belt tension = 100 Ib
Required coefficient of friction = .559
Two-Pulley Comparison
ith span T (Ib) 2-pulley T (Ib) % error
1 '48.59 50.50 3.92
2 81.59 116.5 42.78
3 147.6 133.0 -9.89
’\\\-
+2 PNy

Fig. 6 “Program BELT" graphics output

not apply to the now common V-belts and conveyor belts which
consist of stiff load carrying fibers (usually steel) surrounded
by an envelope of resilient material (usually rubber). These
belts are far superior to their predecessors due to the excellent
friction characteristics of the envelope and the high load ca-
pacity made possible by the high strength reinforcing fibers.

In 1970 Firbank first proposed that the well-established creep
theory and its assumptions do not apply to an inflexible, inex-
tensible belt [3]. He pointed out that the high stiffness of the
reinforcing fibers “‘render the belt virtually inextensible during
operation” therefore violating the main assumption underlying
creep theory. Firbank concludes that shear strains in the belt
envelope between the reinforcing fibers and the pulley surface
are a large factor in belt mechanics behavior. Firbank’s theory
is presented in this chapter along with the application of its
results to multipulley configurations. The results are compared
to those of creep theory and differences are pointed out.

3.1 Firbank’s Theory. Assumptions made by Firbank in
his analysis of the inextensible belt include the following: the
load carrying reinforcing fibers are inextensible and flexible;
the kinetic coefficient of friction, Kk, is constant and the static
value has a fixed limiting value, #s; centrifugal effects may be
neglected. He shows that a constant speed differential exists
between the running belt load carrying fibers and the pulley
surface. This differential causes shear strains, v, to build up
in the belt envelope to a point where the friction forces are
overcome resulting in slip. The arc of contact consists of two
distinct regions: the arc of slip @ occurring at the leaving end
of the pulley (which is identical to the active arc in creep
theory), and the arc of adhesion (@ — «) over which static
friction forces provide traction. Creep theory predicted no
traction in this portion of the arc of contact. Figure 7 illustrates
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Fig. 8 On puliey tension versus pulley angle

these concepts on both a driving (power supplying) pulley and
a driven (power dissipating) pulley. (Note—T; > T3), Figure
8 illustrates how shear theory differs from creep theory in
describing the action over the arc of contact.

The change in belt tension that occurs over the arc of slip
can be expressed as:

Ty (elmd — 1) (14)

since T/T, = e'# over this arc. At the interface of the arcs
of slip and adhesion, the tractive force per unit length at the
pulley suface is equal to the product of the coefficient of static
friction and the normal force per unit length:

T, el
e

This tractive force builds up linearly as do the shear strains
from the entry point; therefore, the change in belt tension over
the arc of adhesion (which is equivalent to the sum of the
tractive forces) can be expressed as:

@ T, elme)y,

(15)

(16)

Combining the tension changes over the entire arc of contact
results in the following expression for the span tension ratio:

Tl ( ) [ (6 — Ol) :l
— =y 1 —
7, € + ) s

an

This applies to a driving pulley only; a similar analysis can be
carried out for a driven puliey resulting in:

T, e (e

T P 18

T [ (e—oo} (18
1- 2 s
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Fig. 8 Firbank’s belt modei
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3.2 Scope of Firbank’s Development. - Firbank’s belt mode]

was that of a flat- belt with reinforcing fibers located at the

upper surface undergoing 4 simple shcaring’actionasillustrated g

An Fig. 9. The results of this simple ‘model cannot be,reliably

action taking place in a V-belt sectioni; for example;is very

~different as illustrated by Fig.10. The development ofa similar -

. theory specific to V-type belts would Tequire many more pa-

:1ameters inchading cross section geometry, reinforcement strand

spacing and load carrying percentage, and traction distribution
" on'the belt-sheave interface. These factors have been consid-
ered by Martynov [6], Gerbert {71, and others‘but the results
are beyond the scope of this discussion. - . -
Despite the apparent inapplicability of Firbank’s theory di-
rectly to belt sections such as the V-belts, some results can be
applied. The shearing action and the inextensibility are also
characteristic of the V-belts possessing a flexible envelop rein-
forced with stiff fibers, These properties alone allow for the
prediction of certain behavior. An application of Firbank’s
theoryto multipulley systems and a'summary of derived resulis
are presented in the next section. S B

3.3 Application of Shear Theory fo Multipulley - Configu-
rations. In creep theory, elastic length changes of the belt
‘Spans:controlled the derivation of Span tensions through the
compatibility relation; but in shear theory, length changes are
- assumed to be negligible—the belt is assumed to be ““inexten-

~'sible:””-In order to arrive at a compatibility condition for the
shear theory multipulley solution, the shear deformations in
-the belt envelope have to be considered. . .
Firbank’s belt model predicts that as the beltroundsa pulley,
ope is sheared through an angle v (see

-applied to other more complicated belt sections. The shearing ‘

:describe belt drive mechanics. Traditio

- containing steel fibers are very near

1 Jp
v (57 4 )

for a driving pulley {from equation (15)], and:

S N
"“we [Zr elrie) 20)

for a driven pulley, where W is the belt width.

For the belt to return to its original condition upon com-
pletion of a cycle (over all of the pulleys the belt rounds), the
algebraic sum of the shear deformations (y) must equate to
zero: -

2 =0 @
i=1

This is the compatibility condition for belts satisfying the shear
theory (Firbank) assumptions.

In order to determine span tensions, the compatibility con-
dition [equation (21)] along with the power equations [(equa-
tion (8)] would have to be solved iteratively due to the
appearance of the slip angle ¢ (which depends upon the desired
span tensions). Slip angles could be estimated, allowing for
span tension solution, and then recalculated from Firbank’s
span ténsion ratio equations [equation (17) and equation (18)].
This process could then be repeated in order to converge to
the exact solution. }

-The solution procedure is by no means simple, and the pa-

. Tameters involved in the equations (namely the coefficients of

friction) are difficult to determine for most running conditions.
These factors would imply ‘that application of the method

"would be infeasible ‘and unreliable; however, the analysis does

-predict the ffollowin_g statements which relate to creep theory

-conclusions:* (1) Span tensions in’ an’ ““inextensible” belt are

independent of span lengths in a multipulley system. (2) The
ions a t upon both the kinetic and

eo; and shear ihéofy

 This paper summarized how ,
al creep theory, which

forms the basis for common belt design uations; was shown

to "be’inapplicable to belts whi

describe the mechanics of steel-reinfc
commonplace of such belts has warran

theory, . ..

ced belts. The increased
ed this more descriptive

... Both creep "fhcbry and shear theoryresults have been applied

only to simple two-pulley drives. It was shown that these results
cannot be ¢orrectly applied to mulﬁpulley,(:'(mfigﬁrations. This
paper extended the hypothescs,o_f both theories to belt drives
with any number of pulleys. The end result was the determi-
natjon of span tension throughout the belt. These tensions are
important for design purposes in choosing a belt cross section

.and in predicting belt life. The creep theory solution wag firmly

straightforward and a computer program which solves for span

-tensions in an arbitrary planar multipulley system was devel-

oped. The shear theory development proved to be more in-
volved, but nonetheless, some basic and important conclusions
were easily drawn. :

.-~ Creep-theory applies to homogeneous belts which can be

characterized as extensible. Leather, woven cloth, and urethane
belts are examples of this type of belt. Creep theory predicts
that the span tensions are dependent upon span length pro-
portions alone, and are independent of variations in frictional ™
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» properties provided that the kinetic coefficient of friction re-
mains large enough to prevent gross slip. Shear theory applies
to steel-reinforced belts, such as SAE standard V-belts and flat
conveyor belts, which are practically inextensible. Shear theory
predicts that the span tensions are independent of span length
proportions, but are highly dependent upon both the kinetic
and static coefficients of friction.
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