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Abstract—Cloud computing has enabled entirely new business models for high-performance computing. Having a dedicated local

high-performance computer is still an option for some, but more are turning to cloud computing resources to fulfill their high-

performance computing needs. With cloud computing it is possible to tailor your computing infrastructure to perform best for your

particular type of workload by selecting the correct number of machines of each type. This paper presents an efficient algorithm to find

the best set of computing resources to allocate to the workload. This research is applicable to users provisioning cloud computing

resources and to data center owners making purchasing decisions about physical hardware. Studies have shown that cloud computing

machines have measurable variability in their performance. Some of the causes of performance variability include small changes in

architecture, location within the datacenter, and neighboring applications consuming shared network resources. The proposed

algorithm models the uncertainty in the computing resources and the variability in the tasks in a many-task computing environment to

find a robust number of machines of each type necessary to process the workload. In addition, reward rate, cost, failure rate, and power

consumption can be optimized, as desired, to compute Pareto fronts.

Index Terms—Planning, stochastic programming, vector optimization, high performance computing, scheduling, resource management,

bag-of-tasks, many-task computing, energy-aware, heterogeneous computing, linear programming

Ç

1 INTRODUCTION

SOME high-performance computing (HPC) users are turning
to cloud providers to complete their work due to the poten-

tial cost effectiveness and/or ease of use of cloud computing.
The ability to provision hardware on-demand from a pre-
defined set of different machine types, known as instance types,
is very powerful. In fact, a proof of concept cluster was built by
Amazon Web Services from their high performance instance
types composed of over 26,000 cores with nodes connected via
10 G Ethernet. This cluster ranked 101 on the Top 500 list for
November 2014 [1]. The cloud has been successfully employed
to processHPC jobs for actual scientific experiments [2]. Recent
studies have shown that the performance of small andmedium
virtual clusters can compete with physical hardware [3]. Cloud
infrastructure as a service (IaaS) providers [4] charge for the
amount of time a virtual machine, known as an instance, is allo-
cated (idle or active). This means that it is advantageous to

terminate some or all instances once the workload has been
processed. Leaving instances idle in the cloud is usually not
cost effective. Once a new set of work needs to be processed,
the decision of what instance types to start can be reevaluated
each time, considering the size and composition of the work-
load and the current prices of the available instance types.
Selecting the ideal number of instances of each instance type a
user needs is challenging.

The approach to provisioning computational resources
given in this paper not only applies to cloud resource provi-
sioning but also to selecting physical machines to purchase
for use within HPC systems. The goal for provisioning HPC
systems is to determine how to originally select or upgrade
a system in such a way that maximizes the performance of
the resultant system while meeting specific requirements
that often include a budget constraint.

The instance types available in the cloud have widely
varying capabilities, by design, so that users can choose the
resources that best match their workload and in doing so
minimize the cost. For example, there is no need to provi-
sion high memory instance types if the workload does not
require large amounts of memory. The cost for the smaller
memory instance type will often be significantly less and
provide nearly identical performance assuming all else is
equal. Within a single IaaS provider, instance types vary in
the amount of memory, number and type of CPUs, disk
capacity and performance, and network performance. All of
these properties of instance types affects the performance of
the workload executing on the instances [5]. Due to the

� K.M. Tarplee is with the Department of Physical Sciences and Engineer-
ing, Anderson University, Anderson, IN 46012 and the Department of
Electrical and Computer Engineering, Colorado State University, Fort
Collins, CO 80523. E-mail: kyle.tarplee@colostate.edu.

� A.A. Maciejewski is with the Department of Electrical and Computer
Engineering, Colorado State University, Fort Collins, CO 80523.
E-mail: aam@colostate.edu.

� H.J. Siegel is with the Department of Electrical and Computer Engineer-
ing, and the Department of Computer Science, Colorado State University,
Fort Collins, CO 80523. E-mail: hj@colostate.edu.

Manuscript received 9 Feb. 2015; revised 9 May 2016; accepted 27 Aug. 2016.
Date of publication 12 Sept. 2016; date of current version 29 Nov. 2019.
Recommended for acceptance by I. Raicu, I. Foster, Y. Zhao, and J. Wozniak.
Digital Object Identifier no. 10.1109/TCC.2016.2608345

1068 IEEE TRANSACTIONS ON CLOUD COMPUTING, VOL. 7, NO. 4, OCTOBER-DECEMBER 2019

2168-7161� 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See ht _tp://www.ieee.org/publications_standards/publications/rights/index.html for more information.

https://orcid.org/0000-0002-9987-1572
https://orcid.org/0000-0002-9987-1572
https://orcid.org/0000-0002-9987-1572
https://orcid.org/0000-0002-9987-1572
https://orcid.org/0000-0002-9987-1572
https://orcid.org/0000-0002-1376-5825
https://orcid.org/0000-0002-1376-5825
https://orcid.org/0000-0002-1376-5825
https://orcid.org/0000-0002-1376-5825
https://orcid.org/0000-0002-1376-5825
mailto:
mailto:
mailto:


availability of heterogeneous resources, IaaS is inherently a
heterogeneous computing (HC) system.

This paper focuses on bag-of-tasks or many-task computing
(MTC) workloads composed of a large number of many inde-
pendent tasks. Each task is processed on a singlemachine. Bag-
of-tasksworkloads are commonly run onMTC systems [6].

In MTC and high-throughput computing (HTC), the
usual goal is to maximize the number of completed tasks or
jobs per unit time. In this research, a steady-state model of
MTC is presented and used to formulate a linear optimiza-
tion problem that can be used to optimize the number of
tasks completed per unit time. In this work, types of tasks
are assigned different rewards for completing. The reward
rate is the reward earned per unit time by the system.
In some situations, maximizing solely the reward rate is not
desirable. Sometimes a conflicting objective such as the
upgrade cost should be optimized along with the reward
rate. The optimization problem we pose has multiple objec-
tives from which any subset can be chosen, or new objec-
tives added, as needed. The four objectives in the multi-
objective optimization problem are (1) the amount of
reward earned per unit time, called the reward rate, (2) the
net cost to upgrade the system, called the upgrade cost, (3)
the number of machine failures per unit time, called the fail-
ure rate, and (4) the total machine power consumption.

When making a purchasing decision not all the informa-
tion is necessarily available nor is the information perfectly
accurate. For example, arrival rates of tasks or the perfor-
mance of the machines might not be known perfectly. In
fact, studies have shown that instances of the same instance
type can vary significantly in performance as discussed in
Section 2. Often only the distributional assumption can be
made. That is, the probability distribution of key parameters
is known but the actual value of the parameter is unknown.
This uncertainty is incorporated in our steady-state model.
A multi-objective stochastic programming problem formu-
lation is presented that incorporates the uncertainty in the
parameters. Stochastic programming techniques are applied
to this provisioning problem to handle uncertainty.

In summary, the contributions of this paper are:

1) the formulation of an energy-aware steady-state
model for MTC,

2) the design of a linear optimization problem for
resource provisioning (in the cloud or physical hard-
ware procurement),

3) a model of uncertainty and a procedure for fitting
this model,

4) a stochastic programming formulation that combines
the steady-state model and the uncertainty model,

5) an orthogonal weighted sum algorithm for generat-
ing Pareto fronts that illustrates potential trade-offs
between conflicting objectives, and

6) a performance evaluation of the stochastic program-
ming formulation.

The rest of this paper is organized as follows. First some
related work is given in Section 2. The steady-state model of
MTC is in Section 3. Section 4 presents the model of uncer-
tainty and Section 5 details the stochastic programming formu-
lation. Quantitative measures for comparing the stochastic
programming solution to other approaches is given in

Section 6. Section 7 describes the heuristics implemented for
comparison purposes. A technique to solve multi-objective
stochastic programs is in Section 8. In Section 9, the simula-
tion results are presented. Section 10 concludes this study
and presents some ideas for futurework.

2 RELATED WORK

Scheduling resources on the cloud is not new. An interesting
techniquewas presented in [7] that uses ordinal optimization
to approximately solve a multi-objective optimization prob-
lem. The approach schedules tasks to virtual clusters in the
cloud. Scheduling preemptable tasks on cloud resources has
been studied recently as well [8]. Their approach uses infor-
mation from the actual execution times to improve the subse-
quent resource allocations. The HARNESS project is
currently designing algorithms and implementing software
to provision resources on the cloud that benefit from highly
heterogenous resources such as hardware accelerators and
SSDs [9]. The uncertainty-aware scheduling approach pre-
sented here could one day be incorporated into such tools to
improve the provisioning of resources.

A case study of using the cloud for HPC applications is in
[10]. They show that the performance degradation due to
virtualization is low but the networking performance can
become a performance bottleneck if one is not careful.

The issue of HPC cluster reliability is addressed in [11].
This paper forms a bi-objective optimization problem to
schedule tasks onto the cluster that has machines that vary
in reliability. The author tries to minimize the maximum of
all task completion times, known as the makespan, and maxi-
mize the reliability. The reliability measure described in
Section 3 is similar to this measure.

We consider, in part, minimizing power consumption
due to the explosive growth of power consumption in data
centers and HPC systems over recent years [12]. Energy
usage is becoming a major operating cost that requires algo-
rithms to consider this from the start.

A technique to automatically scale the number of resources
up or down based on the dynamic arrival of workloads is pre-
sented in [13]. Their technique utilizes the inherit heterogene-
ity in the cloud offerings to select instance types. In a closely
related paper [14], automatic scaling is addressed. The paper
models the uncertainty in the execution times of the tasks but
does not consider the heterogeneous aspects of IaaS.

Task scheduling is NP-hard so reasonable approximations
to model the problem, and scalable algorithms for its solution,
are sought [15]. To design a scalable algorithmwe use a steady-
state scheduling algorithm within the resource provisioning
problem. A motivation for using steady-state scheduling is
given in [16]. Our steady-state model is inspired by the Linear
ProgrammingAffinity Scheduling (LPAS) algorithm [17].

The performance variation within the cloud, from instance
to instance, is high compared to traditional hardware as stud-
ied in [18], [19], [20]. In [18], the measured coefficient of varia-
tion (CoV) was up to 24 % for Amazon Web Service’s EC2
instances. They also showed that the distribution of instance
performance can be bi-modal. Co-location of instances on the
same physical hardware can cause variation in performance
of up to 2.5 times [20]. Another surprising finding is that IO
contention between VMs can cause upto a factor of 5 in
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performance degradation [19]. In [21], some uncertainty in the
performance of an instance was taken into account when
determining both a set of instance types and task schedule via
a particle swarm optimization problem.

Due to this inherit uncertainty in cloud instance perfor-
mance and task arrivals, the stochastic nature of the prob-
lem cannot be ignored. Stochastic programming is the
approach we take to rigorously account for the stochastic
nature of the problem [22]. Stochastic programming has
been used for capacity expansion in telecommunications
systems [23] which is a similar application to computational
resource provisioning.

3 STEADY-STATE MODEL

Often there are millions of tasks and thousands of machines in
large scale scheduling problems. To build scheduling and
planning algorithms that have manageable run times for large
problems, we use a steady-state formulation of the problem.
This formulation focuses on the behavior of the system on
average and avoids considering the scheduling of each task
onto a particular machine. The steady-state model allows our
algorithm’s computational complexity to be independent of
the number of tasks and machines in the problem. To build a
compact steady-state model, we assume that the tasks of the
workload can be grouped into a relatively small number of
task types. All tasks belonging to a task type have similar run
time and power consumption properties. This is often the case
in scientific workloads. For instance, Monte Carlo simulations
consist of a large number of tasks in theworkload that can usu-
ally all be considered a single task type.Machines (or instances
in the cloud) have a similar natural grouping called machine
types (or instance types in the cloud). Task types andmachine
types will be used to reduce the computational complexity
and enable a steady-state formulation of the problem.

The following steady-state model can be used for either
determining which instance types to launch for cloud
resource provisioning or determining which physical
machines to purchase. Let there be T task types and M
machine types. Let ETCij be the estimated time to compute
(ETC) a task of type i running on a machine of type j. Like-
wise let APCij be the average dynamic power consumption
of a task of type i running on a machine of type j. The static
power consumption of a machine of type j is given by
APC;j. The ETC and APC matrices are commonly used in

scheduling applications for HC systems. These matrices are
often found by benchmarking the tasks. To model machines
being turned off when not in use let APC;j ¼ 0.

This steady-state model can be used for either cloud pro-
visioning or physical hardware purchasing by correctly
defining the cost of the machines. Let bB

j be the buying price
or cost of a machine of type j. For the physical hardware
purchasing problem, the cost is the total cost of ownership
of the hardware (likely on a depreciation schedule) includ-
ing support and maintenance. The cost for a cloud instance
is its cost per unit time that a user pays for running an

instance of type j. Let bS
j be the selling price of a machine of

type j. The selling price is only applicable to the purchasing

of physical hardware. Typically bB
j > bS

j � 0.

Cloud IaaS providers often limit the number of instances
a user can have without prior approval. Let Mcur

j , Mmin
j , and

Mmax
j be the current, minimum, and maximum number of

machines of type j, respectively. Let Mmin and Mmax be the
overall minimum and maximum number of machines,
respectively. These parameters can be used to require the
solution to adhere to those type of restrictions. When pur-
chasing physical hardware these parameters may map to

restrictions on the number of rack units available. Let MB
j

and MS
j be the number of machines of type j to buy and

sell, respectively. The total number of machines of type j is

then Mj ¼ Mcur
j þMB

j �MS
j . Due to the buying price being

higher than the selling price, it makes no sense to buy and
sell the same machine type.

Each task that is completed earns a reward based on the
task type. Let ri be the reward earned for completing a task
of type i. The number of tasks of type i arriving per unit
time is given by �i.

To compute the reward rate, failure rate, and power
consumption, one must have a schedule that maps tasks
to machines. In the steady state, it is sufficient to know
the fraction of time a task of type i is running on a
machine of type j. Let pij be this fraction of time. The
matrix p is referred to as the schedule as it denotes the
fraction of time each task type will be running on each
machine type.

Sometimes it is useful to control the system failure rate.
Machine failures when not executing a task are ignored as
they have little consequence. Let nj be the failure rate of a
machine of type j then the overall system failure rate isP

i

P
j njMjpij.

The optimization problem to determine the number of
machines to buy and sell (i.e., MB and MS) and the resultant
schedule (i.e.,p) whenmaximizing the reward rate is given by:

maximize
MB;MS ;p

X
i

ri
X
j

1

ETCij
Mjpij (1a)

subject to :

8j MB
j � 0; MS

j � 0
(1b)

8i
X
j

1

ETCij
Mjpij � �i (1c)

8j
X
i

pij � 1 (1d)

8i; j pij � 0 (1e)

The optimization problem in (1) will maximize the reward
earned per unit time, namely the reward rate. The number of
machines to buy and sell is required to be nonnegative, (1b).
The arrival rate constraint is given by (1c). The machine utili-
zation constraint, (1d), ensures that machines work no more
then 100 % of the time on processing tasks. The last con-
straint, (1e), ensures that the fraction of time a machine is
processing tasks is nonnegative.

The optimization problem in (1) has a non-linear objec-
tive (1a) and a non-linear constraint (1c) due to the terms
that contain Mjpij. Both Mj and pij are decision variables in
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the optimization problem. Solving non-linear optimization
problems is considerably more computationally expensive
than linear optimization problems. Fortunately, this non-
linear problem can be transformed into an equivalent linear
optimization problem. One can replace Mjpij with a single
variable, ~pij. The variable ~pij can be interpreted as the effec-
tive number of machines of type j that are running tasks of
type i. The constraint, (1d), can be rewritten as

8j
X
i

~pij � Mj; (2)

becauseMj � 0 and pij � 0.
After adding the objectives (e.g., cost, failure rate, and

power) and constraints, and converting the non-linear prob-
lem in (1) to a linear optimization problem, the steady-state
model based optimization problem becomes

minimize
MB;MS ; ~p

�P
i ri

P
j

1
ETCij

~pijP
j M

B
j b

B
j �P

j M
S
j b

S
jP

i

P
j nj~pijP

i

P
j APCij~pij þ

P
j APC;jMj

0
BBB@

1
CCCA (3a)

subject to :

8j Mmin
j � Mj � Mmax

j

(3b)

Mmin �
X
j

Mj � Mmax (3c)

8j MB
j � 0; MS

j � 0 (3d)

8i
X
j

1

ETCij
~pij � �i (3e)

8j
X
i

~pij � Mj (3f)

8i; j ~pij � 0 (3g)

X
j

MB
j b

B
j �

X
j

MS
j b

S
j � b (3h)

X
i

X
j

nj~pij � nmax (3i)

X
i

X
j

APCij~pij þ
X
j

APC;jMj � Pmax

(3j)

In (3), all the objectives are to be minimized. The first
objective in (3a) is the negative of the reward rate. If
8i ri ¼ 1, the reward rate objective function is the number of
tasks completed per unit time, also known as the through-
put of the system. The second objective is the upgrade cost.
This is the cost of purchasing machines minus the cost of
selling machines. The third objective is the system failure
rate. The last objective is the power consumption of the sys-
tem including static power consumption.

The constraints (3b) and (3c) limit the number ofmachines
of each type and total, respectively. The constraints in the
original problem correspond to (3d), (3e), (3f), and (3g). It is
often beneficial to include bounds on the objective functions
in multi-objective optimization problems. The linear optimi-
zation problem (3) has three additional constraints corre-
sponding to a bound on the upgrade cost with budget b, a

failure rate bound nmax, and a power consumption bound
Pmax as constraints (3h), (3i), and (3j).

The optimization problem in (3) is a linear programming
problem [24]. Single objectives of this problem can be
quickly solved with either the simplex algorithm or interior
point algorithm. A discussion of how to solve the multi-
objective problem is presented in Section 8.

The computational complexity of optimally solving a sin-
gle objective of the linear programming problem in (3) is the
square of the number of constraints multiplied by the num-
ber of decision variables [24]. The number of non-trivial con-
straints is 4M þ 4 and the number of decision variables is
M þM þ TM. Therefore, solving the linear program via the
simplex algorithm would have a computational complexity

ofO ð4M þ 4Þ2ðTM þ 2MÞ
� �

. The computational complexity

does not depend on the number ofmachines or tasks. Instead
the complexity depends only on the number of types of
machines and types of tasks used in themodel.

4 PARAMETER UNCERTAINTY MODEL

4.1 Overview

Uncertainty is a fact of life. Few parameters are known per-
fectly, so employing (3) is difficult because the effect of the
unknown parameters on the solution is hard to ascertain.
A model of the uncertainty in the parameters is needed to
rigorously find and evaluate the solution to (3). A major
source of uncertainty is the execution time and power con-
sumption of the tasks running on the various machines.
Section 4.2 describes a model that decomposes ETC and
APC into parts. These parts are used in Section 4.3 to
model the randomness in the system due to uncertainty in
execution time.

4.2 Execution Time and Power Consumption
Models

This model decomposes ETC into a linear combination of
abstract computational operations. As we will see, these
abstract operations need not map to physical (machine)
instructions.

Let the number of abstract operation types be L, which is
as small as possible to permit a sufficiently accurate model.
Let hil be the number of abstract operations of type l neces-
sary to complete a task of type i. Let tlj be the time to com-
plete one abstract operation of type l on a machine of type j.
Then the ETCij ¼

P
l hiltlj. In matrix form this is

ETC ¼ hhtt : (4)

This model can represent task heterogeneity and machine
heterogeneity within the ETC matrix. For L > 1, the model
allows for arbitrary task machine affinity [25]. This minimal
model is a mixture model that has the necessary properties
for characterizing the execution time characteristics of an
HC system. The model splits the ETC into two components.
The first component is hh that represents the size of the tasks
in terms of operations and is only dependent on the task
types’ properties. The second component tt is a property of
only the machine types. This decomposition is useful in rep-
resenting the components of ETC as correlated random
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variables. In practice an accurate model can be found with a
small value for L.

The APC matrix can be decomposed similarly. Let clj be
the dynamic energy to execute an abstract operation of type
l on a machine of type j. The energy of type l abstract opera-
tions is then hilclj. The total energy can be computed asP

l hilclj. The total average dynamic power consumption is

APCij ¼
P

l hilcljP
l hiltlj

: (5)

Equation (5) can be represented in matrix form, where divi-
sion is element-wise, as

APC ¼ hhcc

hhtt
: (6)

Generally only ETC and APC are available so the
above model parameters, namely hh, tt, and cc, must be
derived. These three parameter matrices have all nonneg-
ative elements. The first step is then to compute the non-
negative matrix factorization (NNMF) of ETC to find hh

and tt [26]. The NNMF is similar to the singular value
decomposition but the NNMF produces nonnegative
matrices for the decomposition. The energy can be written
as APC � ETC ¼ hhcc so we can approximate cc via least
squares. In the E3 environment, described in Section 9.4,
the relative errors from this approach for ETC and APC
are 0.8 and 1.5 %, respectively.

Recall that for a task of type i running on a machine type
j the run time is

P
l hiltlj. Each term in the summation is the

time that a particular abstract operation l is running. These
abstract computational operations are found by decompos-
ing the ETC matrix with a given number of abstract opera-
tion types L. These abstract operations represent resource
bound operations within a computing system including
CPU operations, disk and/or network I/O operations, and
memory. The algorithm provides no mapping from abstract
operation to an actual operation or a set of operations, how-
ever the algorithm does provide the correlation among task
type run times.

4.3 Parameter Distributions

The dominant sources of uncertainty are generally from the
arrival rates ��, ETC, and APC parameters. If the probability
distributions of the ETC and APC model are known then
they can be used directly. If instead only the CoV of ETC is
known then the following procedure can be used to esti-
mate the variances of the elements of tt. Here we assume
that all the uncertainty is in the machines and not in the
tasks as was discussed in [18].

The mean and variance of the ETC entries are

E½ETCij� ¼
X
l

hilE½tlj� (7)

Var½ETCij� ¼
X
l

h2ilVar½tlj� (8)

assuming all the elements of tt are independent. Using the
definition of CoV, then substituting from (8), and finally
squaring both sides we have the following three equations:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½ETCij�

q
¼ CoVijE½ETCij� (9)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
l

h2ilVar½tlj�
r

¼ CoVijE½ETCij� (10)

X
l

h2ilVar½tlj� ¼ CoV2
ijE

2½ETCij� : (11)

Converted to matrix form this is

hh2ss2 ¼ CoV2 � ETC2; (12)

where the squares are element-wise. One can then compute

ss2 via least squares. For the E3 environment described in
Section 9.4 the relative error of this approach is 0.8 % for the
variance of tt.

Nearly any probability distribution can be used within
the stochastic programming formulation to model uncer-
tainty. Even multi-modal distributions can be used. The
parameters in the steady-state model are averages of execu-
tion times and arrival rates. There are no parameters that
model temporal changes in arrival rate as it is a steady-state
model. Thus, for our simulations we used uniform distribu-
tions for all uncertain parameters. Each uniform distribu-
tion is specified by a mean and a variance. To ensure the
mean is preserved and that parameters only takes on posi-
tive values, the variance was capped as necessary.

5 STOCHASTIC PROGRAMMING

Stochastic linear programming is an extension of linear pro-
gramming, where some of the coefficients in the objective
and the constraints are random variables. For more informa-
tion on stochastic programming see [27].

The particular stochastic program we use is the recourse
problem (RP) given in standard form as

minimize
x

cTxþ E�� Qðx; ��Þ½ �
subject to : Ax ¼ b

x � 0

where : Qðx; ��Þ ¼ min
y

qð��ÞTyð��Þ
such that : Tð��ÞxþWð��Þyð��Þ ¼ hð��Þ

yð��Þ � 0;

(13)

where �� is a random vector representing the uncertain
parameters.

For the RP in (13), the first stage decision variable, x is a

flattened version ofMB andMS. The second stage decisions,
y are flattened versions of the schedule p. The constraints of
the steady-state model that contain random parameters or
elements of p, namely (3e), (3f), (3g), (3i), and (3j) are repre-
sented by T, W, and h. The constraints without any random
variables and thus no dependence on the scenarios, (3b),
(3c), (3d), and (3h), define A and b in (13). The objective
coefficients are separated in a similar way. The coefficients
that are deterministic are incorporated into c and the coeffi-
cients that are random are incorporated into q.

This linear RP is similar to a linear program except for
the expectation of the value function, Qðx; ��Þ, in the
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objective. The RP in (13) is known as a two-stage RP. The
optimization problem finds the optimal x that minimizes

the sum of the linear function cTx and the expectation of
Qðx; ��Þ.1 The second stage optimization problem finds opti-
mal y given a fixed realization of ��. The random vector y is
known as the recourse decision vector. This RP finds a
robust solution for x in the sense that the objective value
will on average be minimal when the optimal value of x is
used. The solution x is robust to unknown values of the
parameters ��. The vector x is often referred to as a strategy
of the RP.

There aremanyways to solve stochastic programs.Wewill
only describe a rather versatile approach to solving large scale
stochastic programs that utilizes sample average approxima-
tion (SAA) to build the deterministic equivalent program
(DEP).2 The primary issue with stochastic programming is
accurately computing the expectation in the objective func-
tion. The SAA approach uses many samples of �� to compute
the expectation as a sample average. Realizations of �� are
called scenarios. The process of creating scenarios is known as
scenario generation. When using SAA, generating a reasonably
small set of representative scenarios is important. Let there be
K scenarios. For scenario k, let the probability of occurring be
given by pk. With SAA, the scenarios are generated by ran-
domly sampling �� according to its distribution, thus all the
samples are equally probable. The expectation operator is lin-

ear and is applied to a linear function, namely qTyð��Þ. This
lends itself to a linear program that is much larger, yet is
equivalent to the stochastic program (in the limit as K ! 1)
given in (13). TheDEP is given by

minimize
x; yk

cTx þ p1q
T
1 y1 � � � þpKq

T
KyK

subject to : Ax ¼ b
T1x þ W1y1 ¼ h1

..

. . .
. ..

.

TKx þ WKyK ¼ hK

x; y1; � � � yK � 0

(14)

Each scenario (i.e., realization of the ��) defines a set of
matrices Tk and Wk, and vectors qk and hk. Each scenario
also introduces a new vector of decision variables yk into
the problem.

The SAA is an unbiased estimator of the mean. In practice,
it converges to the mean quickly in K. The DEP can have a
large number of variables and constraints. For very large
problems a technique called the L-method can be used to
exploit the block structure of the constraint matrix to distrib-
ute thework of solving the linear program tomanynodes [28].

The problem is broken into two coupled decisions. The
first is what to provision or purchase, namely MB and MS.
Then the random variables in the problem are realized and
the second decision, known as the recourse decision, can be
made. For this work, the random variables are the arrival
rates, execution times, and power consumption, but

virtually any other parameter in the model can be converted
to a random variable. The recourse decision involves select-
ing the schedule p that is optimal for the actual arrival rates,
execution times, and power consumption of the tasks.

6 VALUE OF INFORMATION

To provide insight into different decision making
approaches, we will evaluate other approaches besides the
standard RP. Let zðx; ��Þ be the objective value using the opti-
mal second stage decision given the first stage decision x
and a particular scenario ��.

The wait-and-see (WS) solutions are found by waiting
until �� is realized then computing the optimal solution. For-
mally, the objective value of the WS solution is given by

WS ¼ E�� min
x

zðx; ��Þ
h i

: (15)

This objective value is generally unachievable because it
requires perfect information about the random variable.
Thus, it provides an unachievable lower bound on the
problem.

The RP is found by solving (13) or (14). The objective
value of the RP is given by

RP ¼ min
x

E�� zðx; ��Þ½ �: (16)

This objective value is achievable and is the optimal strategy
or solution to the problem.

An optimization problem that is often used in lieu of the
RP is the expected value problem. This problem is also
know as the mean value problem (MVP) because it uses
only the means of all parameters to pose the optimization
problem. Specifically the objective value for the MVP is

EV ¼ min
x

z x;E��½���
� �

: (17)

Let xEV be the optimal solution to the MVP in (17). To com-
pare this solution to the WS and RP solutions one has to take
the expected value over �� of using xEV . Specifically this is

EEV ¼ E�� zðxEV ; ��Þ½ �: (18)

This equation uses the optimal second stage decision that is
using a potentially suboptimal (based on the mean value of
the parameters) decision for the first stage.

There are two standard measures used to compare these
three standard approaches. The first is the expected value of
perfect information (EVPI) defined as EVPI ¼ RP�
WS � 0. The second is the value of the stochastic solution
(VSS) defined as VSS ¼ EEV �RP � 0. The EVPI is the
amount the objective value for the RP, on average, would be
lowered (i.e., improved) if the random vector �� is known
perfectly. VSS is the expected improvement in the objective
value over the MVP if the uncertainty in the parameters is
handled properly by using the RP.

7 TRADITIONAL HEURISTIC STRATEGIES

Traditional strategies for purchasing hardware or provision-
ing cloud resources usually involve selecting the single
machine that has the “best” desired property. Often the price
and performance are used to select the machine to purchase.

1. This formulation of the value function is risk neutral. Risk seeking
and risk averse formulations are also possible.

2. The cloud resource provisioning problem is a two-stage stochastic
program with relatively complete recourse [27].
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For comparison, we define two common heuristics followed
by one heuristic specific to our problem formulation. For each
heuristic, themachine type to purchase, j�, is selected by

H1 : j� ¼ argmax
j

X
i

1

ETCij

H2 : j� ¼ argmax
j

1

bBj

X
i

1

ETCij

H3 : j� ¼ argmax
j

1

bBj

X
i

�iri
1

ETCij
:

(19)

The three heuristics will be referred to as H1, H2, and H3.
For the selected machine type, the next step is to find the
maximum number of machines that do not violate any con-
straints (such as budget and power). The strategy is simply
to let MB

j� equal the maximum number of machines of that
type that is feasible.

The first heuristic, H1 selects the machine that performs
the best across all task types. Heuristic H2 uses the price and
performance ratio to select the machine to purchase. Heuris-
tic H3 weights the machine performance by the arrival rate
and the reward for each task type. There are clear limitations
of these heuristics in terms of flexibility and performance.
H1 and H2 do not consider workload or differing reward
between task types. None of the heuristics incorporate reli-
ability or the option to potentially sell machines. The heuris-
tics only select one machine type to purchase. As the results
in Section 9 will show, typically the best solution is found by
combining multiple machine types to match the load. None
of the heuristics account for uncertainty in the parameters.

These strategies simply define the first stage of the prob-
lem. They do not describe how to schedule the tasks after
such a purchasing strategy is executed. To provide a fair com-
parison, we use the optimal schedule from the MVP given
that this particular strategywas chosen. Thenwe compute the
expected value of the objective using (18) with xEV replaced
by the purchasing decisionmade by the heuristic.

8 MULTI-OBJECTIVE STOCHASTIC PROGRAMMING

8.1 Introduction

The RP derived from the base problem in (3) is a multi-
objective stochastic programming problem. In this section,
we extend the scalar stochastic programming problem
described in Section 5 to the multi-objective case [29], [30].

Multi-objective optimization is challenging because there
is usually no single solution that is superior to all others.
Instead, there is a set of superior feasible solutions that are
referred to as the non-dominated solutions [31]. When all
objectives are to be minimized, a feasible solution x1 domi-
nates a feasible solution x2 when

8d fdðx1Þ � fdðx2Þ
9d fdðx1Þ < fdðx2Þ;

(20)

where fdð�Þ is the dth objective function. Feasible solutions
that are dominated are generally of little interest because
one can always find a better solution from the non-
dominated set. The non-dominated solutions, also known
as outcomes and efficient points, compose the Pareto front.

There are many techniques for solving multi-objective
optimization problems. For linear optimization problems,
there are two primary approaches. The first is known as
Benson’s algorithm that iteratively refines the Pareto front
[32], [33]. The second is a technique that converts the multi-
objective problem into a set of scalar optimization problems
through a process called scalarization. There are many
scalarization techniques but most are specializations of
Pascoletti-Serafini scalarization [34], such as the weighted
sum algorithm. We use the weighted sum algorithm,
described in Section 8.2, to compute the Pareto front for the
multi-objective stochastic program.

8.2 Weighted Sum Algorithm

The weighted sum algorithm forms the positive convex com-
bination of the objectives and then sweeps the weights to gen-
erate the Pareto front [35]. The optimization problem in (14) is
linear and convex, thus by Theorem 3.15 in [36] the weighted
sum algorithm can find all of the non-dominated solutions.

Consider a D-objective optimization problem. Let the
weight vector be vv that is used to combine the objectives. To
avoid a degenerate objective function, exclude vv ¼ 00 from
the set of weights by imposing a somewhat arbitrary con-

straint that the
PD

i¼1 vvi ¼ 1. The vector vv is in a D� 1

dimensional linear subspace of RD.
The first step in the weighted sum algorithm is to com-

pute the utopia and nadir points. Let the optimal solution
vector for objective d be qd ¼ argminfdð�Þ. The dth element
of the utopia and nadir points are then computed as

8d yutopiad ¼ min fdðq1Þ; . . . ; fdðqDÞ� � ¼ fdðqdÞ (21)

8d ynadird ¼ max fdðq1Þ; . . . ; fdðqDÞ� �
: (22)

In other words, the utopia point is the best possible value for
all objectives and the nadir point is the worst possible value
from optimizing each objective individually. These two vec-
tors are used to normalize the objective functions to better
span the space. The utopia and nadir points also remove all
units from the objective making the scalarized objective unit-
less. The normalized objective function is defined as

fðxÞ ¼ fðxÞ � ynadir

ynadir � yutopia
; (23)

where the division is taken to be element-wise.
The second step in the weighted sum algorithm is tradi-

tionally performed by recursively combing the objectives
while ensuring that the weights sum to one [35]. Let vv1 ¼ 1,
then the recursion is

8d ¼ f2; 3; . . . ; Dg vvd ¼ ad�1vv
d�1

1� ad�1

" #
: (24)

The final weight vector is vvD 2 RD. To sweep the space,
each ad is varied uniformly from 0 to 1. This approach pro-
duces duplicate weight vectors and performs non-uniform

sampling in the subspace defined by
PD

i¼1 vi ¼ 1.
The orthogonal weighted sum algorithm finds an ortho-

normal basis (i.e., spanning set) for the null space of 11D and
sweeps independently in the D� 1 dimensional space
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defined by the basis vectors. Weight vectors with any nega-
tive components are dropped. This sweeps the subspace
uniformly, therefore, it does not prefer any objective to any
other. To ensure the whole space is swept, one must sweep

ad from �D to þDwhere D ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� 1

D

q
.

The third step in the weighted sum algorithm is to solve
the optimization problem for each weight computed in step
two. Specifically, for each l solve

min
x

vvT
l fðxÞ; (25)

to find the Pareto front.
To compare the recursive and the orthogonal sweeping

methods, Fig. 1 shows the weights in the subspace where
the weights sum to one. The recursive algorithm in Fig. 1a
uses more samples in the bottom right corner than it does
elsewhere. That region is no more important than the rest of
the space so it is wasted sampling. Using roughly the same
number of points, Fig. 1b more uniformly distributes the
samples. The orthogonal weighted sum algorithm was used
to generate the Pareto fronts in Section 9.

8.3 Confidence Regions

While solving a single stochastic programming problem it is
useful to know the quality of the solution. To increase the
quality of the solutions, the number of generated scenarios
K can be increased but only at the cost of increased run
time of the linear programming solver.

Confidence intervals are often used as a measure of the
quality of these types of algorithms. For multi-objective
optimization, a multi-dimensional confidence region is nec-
essary. By the central limit theorem, the sample mean will
converge to the multivariate normal distribution asK ! 1.

Let �y and S be the sample mean and unbiased covariance
matrix of the samples of Qðx; ��Þ, respectively. Then the
100ð1� aÞ % confidence region of the true mean, mm, is
defined by

ð�y� mmÞTS�1ð�y� mmÞ � ðn� 1Þp
ðn� pÞnFp;n�pð1� aÞ; (26)

where Fp;n�pð�Þ is the inverse CDF of the F-ratio distribution
with p numerator and n� p denominator degrees of free-
dom [37]. The boundary of the confidence region is an
ellipse in 2D and an ellipsoid in 3D. In 1D, (26) collapses
down to regular confidence intervals. Confidence regions
will be plotted in Section 9.

9 RESULTS

9.1 Overview

Three very different environments are used to analyze the
behavior of the proposed algorithms for resource provision-
ing. The heuristic-based algorithms H1, H2, and H3, and
the RP that uses stochastic programming are compared. The
first environment is a small example used to illustrate the
behavior of the algorithms. The second environment is a
larger environment. The third environment was built based
on benchmark data. A complete description of the source
code, system parameters, and simulation results are avail-
able in the supplementary material to aid in reproducibility.
The data is provided as (CSV) and JSON files with further
details available in the accompanying README.txt file.

The steady-state model and the scenario generation are
written in C++. To generate the DEP in (14) the Coin-OR
Stochastic Modeling interface (SMI) is used [38]. The under-
lying linear programming problem is solved with the
Coin-OR Linear Programming (CLP) solver [39]. CLP is a
high quality open-source solver written in C++. All the
simulations where run on an Apple MacBook Pro Mid 2014,
2.2 GHz Intel Core i7. The solver is single threaded so tim-
ing results are for one core.

To compare MVP, RP, and WS against the heuristics
described in Section 7, one must be able to compute all the
objectives including reward rate. The reward rate is a func-
tion of the steady-state schedule. To allow heuristics to per-
form as best as possible we use the optimal schedule from
the steady-state model by solving a linear programming
problem where the MB is fixed by the heuristic and MS ¼ 0.
When computing the expected objective values the optimal
schedule is used for each scenario.

9.2 Highly Heterogeneous Environment (E1)

This environment is composed of two task types and three
machine types. The ETCmatrix is given in Table 1. Machine
types 1 and 3 are special purpose machines and machine
type 2 is a general purpose machine. Machines of type 1 can
execute tasks of type 1 rapidly but are slow to process tasks

Fig. 1. Comparison of the recursive and the orthogonal weights drawn in
the 2D plane that they span: The recursive algorithm unnecessarily puts
more samples in the bottom right quadrant while the orthogonal algo-
rithm more uniformly spans the space thus making better use of a limited
number of samples.

TABLE 1
ETC for E1

M1 M2 M3

T1 1 3 100
T2 100 3 1.1
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of type 2. The reverse is true for other special purpose
machine type (i.e., type 3).

The cost for each type of machine is one per unit time
(e.g,$1/hour instance on AWS EC2 for a particular instance
type). One task of each task type arrives (on average) every
time unit. There are no pre-existing machines in the envi-
ronment. The power and failure rate constraints are inac-
tive. The only uncertainties in this environment are the
arrival rates of the tasks. The arrival rate for tasks of type 1
is uniform from 0 to 2. For tasks of type 2 the arrival rate is
uniform from 1� 0:547 to 1þ 0:547. The budget is set to 3.5
so a total of 3.5 machines can be purchased.

Table 2 shows the number of machines of each type that
the algorithms chose. All three heuristics select machine
type 1 to buy because it has the highest machine perfor-
mance (19). Machine type 3 is the other special purpose
machine but it has a slightly lower machine performance,
therefore, is not selected by the heuristics. The MVP and RP
both select the special purpose machines but they differ on
quantity of the machines.

Fig. 2 shows the performance of the three heuristics
(H1, H2, andH3),MVP, RP, andWS. Fig. 2a shows the reward
rates when using the mean value of the parameters for evalu-
ating the reward rate based on themodel in Section 3. TheWS
solution is not available because there is one solution (e.g.,
buying strategy) for each scenario and not one solution for all
scenarios. This is the same reason why the WS algorithm is
not realizable but can be used as an upper bound on perfor-
mance. The heuristics all achieve a reward rate of about 1.0
because they can only efficiently process tasks of type 1, the
reward per task is 1.0, and the mean arrival rate is 1.0. The
MVP and RP purchase machines of different types and
achieve themaximumachievable reward rate of 2.0.

Fig. 2b shows the expected value of the reward rate. This is
the average reward one could expect if the given algorithm
was employed to select themachines to purchase.All the solu-
tions use the full budget that was allotted. The VSS and EVPI
are also shown in the figure. The MVP and RP performmuch
better than the heuristics because the heuristics only choose
one special purpose machine. The RP performs 13.8 % better
than theMVP indicated by the VSS. This is due to RP selecting
more of machine type 1 because task type 1 has a much larger
uncertainty in the arrival rate compared to task type 2. In this
example the EVPI is very small indicating that having fully
realized parameters would not improve the solution any fur-
ther thanwhat the RP already found.

The budget has a strong influence on the expected reward
rate. Fig. 3 shows the expected reward rate for the algorithms
for different values of the budget. The results are averaged
over tenMonte Carlo trials with 3,000 scenarios each. With no
budget, there is no possibility of any reward. As the budget
increases the reward increases until the maximum achievable
reward rate is reached at 2.0. The heuristics flatten out at
around 1.0 because they only process tasks of type 1. As the
budget increases the heuristics buy more machines of type 1
but provide no value. The MVP starts hitting a limit on the
reward rate once it has enough budget to purchase all the nec-
essary machines to run the average number of tasks. The
MVPdoes not consider the uncertainty in the arrival rates and
so has no means of being robust against this uncertainty. The
RP, on the other hand, fully considers the uncertainty in the
arrival rates tomake the best use of the budget.

9.3 Medium Sized Problem (E2)

Environment E2 has ten task types and five machine types.
The number of abstract operations is set to two. This envi-
ronment is a representative system and workload used to

TABLE 2
Solutions for E1

H1 H2 H3 MVP RP

M1 3.5 3.5 3.5 1. 1.9
M2 0 0 0 0 0
M3 0 0 0 2.5 1.6

Fig. 2. Reward rates for various solutions for the E1 environment:
(a) shows the reward rate computed with the mean of the parameters.
(b) shows the expected reward rate over all uncertainty in the parameters.

Fig. 3. Expected reward rate for different budgets for the E1 environ-
ment: The reward rate asymptotes at 2.0 with RP approaching WS. The
other algorithms never reach the maximum reward rate.
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show some interesting properties of the different
approaches. In this environment, the arrival rates, hh, tt, and
cc are all stochastic with known means and a CoV of 100 %.
There are ten machines of type 5 in the initial environment
that can be retained or sold by the algorithms. The ETC
matrix is given in Table 3.

To understand how the stochastic programming approach
scales, Fig. 4 shows the confidence in the solutions and run
time for solving the RP for various numbers of scenarios. The
results shown in Fig. 4 are the average of ten Monte Carlo tri-
als. The one-sided confidence interval in Fig. 4a shows that a
	1:2%confidence can be obtained after about 8,000 scenarios.
It takes only about four minutes to compute that solution.
These algorithms are meant to be used offline to aid in pur-
chasing decision so these run times are reasonable.

The solutions from the different algorithms is in Table 4.
The heuristics only select a single machine type to buy and
retain all 10 machines of type 5. H2 and H3 both decided on
the same machine to purchase so they have identical results
in Fig. 5. The MVP solution chose mostly machines of type

3, but some type 2 machines were selected. The MVP solu-
tion decided to sell all 10 of the existing type 5 machines
indicated by the minus sign. The RP picks mostly type 2
machines but some of type 1 and 3. Only 6.7 of the existing
type 5 machines where sold.

Similar to Fig. 2, the raw objective value and expected objec-
tive value are show in Fig. 5 for the E2 environment with 8,000
scenarios. When considering the performance of each algo-
rithm using the mean of the parameters, Fig. 5a, the MVP per-
forms slightly better than all other algorithms. It even appears
to outperform the RP solution. This is misleading because the
mean of the parameters is not a good measure of the expected
performance. It is only one possible realization of the parame-
ters of the problem.3 Many more realizations or scenarios are
possible that are completely ignored in this measure, however
this is what is commonly used by practitioners. A better mea-
sure is the true expected reward rate shown in Fig. 5b. Due to
the steady-state model and the stochastic model presented in
Sections 3 and 4, computing the expected reward rate is easily
accomplished. The RP’s expected reward rate is over 13 %
(given by VSS) higher than the MVP and the heuristics. If the
parameters could be perfectly known at the time of making the
decision then an additional 26.2 % (given by EVPI) improve-
ment can be expected. The diversity in the machine types for
the MVP and the RP allowed the resultant systems to better
match the workload characteristics. In the case of the RP the
workload was matched not only for the mean parameters but
for nearly all possible realizations of the parameters. It is not
clear how one could modify the heuristic based algorithms to
bettermatch theworkload.

There are many possible scenarios that are possible in
this environment. The RP is guaranteed to be the best per-
forming solution on average but that does not imply it is the
best for each possible scenario. Fig. 6 illustrates this by plot-
ting the probability distribution of the relative improvement
that RP has over the other algorithms (i.e. H1, H2, H3,
MVP). The width of the glyphs represent the normalized
probability density of the relative increase in reward rate.
The RP can out perform the H1 heuristic by up to 300 %. For
some scenarios, RP can also underperform H1 by 40 %.
However, on average, RP produces significantly higher
reward rates as seen by the positive mean of the distribution
and by Fig. 5b.

9.4 Benchmark Based Environment (E3)

This environment is based on a set of five benchmark appli-
cations that were run on nine different types of hardware.

TABLE 3
ETC for E2

M1 M2 M3 M4 M5

T1 5 10 10 101 30
T2 15 30 30 300 90
T3 50 101 11 1010 303
T4 50 101 100 1010 303
T5 505 1010 1001 10100 3030
T6 15 30 12 300 90
T7 55 110 110 1100 330
T8 17 34 16 340 102
T9 6 11 10 110 33
T10 5 10 10 100 30

Fig. 4. Confidence interval (a) and algorithm run time (b) versus the num-
ber of scenarios for the E2 environment: The quality of the solution is
again acceptable after only a relatively small number of scenarios.

TABLE 4
Solutions for E2

H1 H2 H3 MVP RP

M1 31.8 0 0 0 10.
M2 0 67.3 67.3 8.5 26.9
M3 0 0 0 32. 11.5
M4 0 0 0 0 0
M5 0 0 0 -10. -6.7

3. This is assuming the mean parameters have non-zero probability
density. For multimodal or discrete distributions the mean value of the
parameters might not even be realizable.
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The execution time and power consumption was recorded
for these systems [40]. Not all the task types represent tradi-
tional HPC workloads, but the benchmarks serve as a good
baseline of tasks that utilize the servers in vastly different
ways. The servers used include AMD and Intel architectures
ranging from four to twelve cores. The method in [41] was
then used to increase the number of task types to ten. This
environment has nine machine types and ten task types that
define the ETC andAPCmatrices. The ETCmatrix is shown
in Table 5. The algorithm in Section 4.2 was used to generate
hh, tt, and cc. Based on [18], the CoV for the ETC elements was
taken to be 25 %. The algorithm in Section 4.3 is used to gen-
erate the variance of tt. The number of abstract operations, L,
is set to three. The arrival rates have a known mean with a
CoV of 25 %. There is no power constraint in this

environment. The budget is $40,000 with the average
machine costing $3,183, thus hundreds of machines are pro-
visioned by the algorithms.

Fig. 7a shows the one sided confidence interval for differ-
ent number of scenarios. The results shown in Fig. 7a are the
average of tenMonte Carlo trials. At 1,500 scenarios, the error
in the reward rate is under 	1 %. Fig. 7b shows the corre-
sponding run times for solving RP and takes less than a min-
ute in all cases. Due to the (at least) quadratic growth of the
run time w.r.t. the number of scenarios, it is important to use
as few scenarios as possible. At 3,000 scenarios, the DEP is
rather large with 63,011 constraints (i.e., rows) and 270,018
decision variables (i.e., columns). The constraint matrix in the
DEP is very sparse so solving this large linear programming
problem only consumes about 180MB ofmemory.

For these simulations, MVP, RP, and WS are all trying to
maximize reward rate but as a secondary objective they are

Fig. 5. Reward rates for various solutions for the E2 environment:
(a) shows the reward rate computed with the mean of the parameters.
(b) shows the expected reward rate over all uncertainty in the parameters.

Fig. 6. Distributions of the relative improvement of RP over the other
algorithms for the E2 environment: The RP for certain scenarios can per-
form as much as 300 % better than the heuristics, but RP also performs
worse for some scenarios by as much as 40 %.

TABLE 5
ETC for E3

M1 M2 M3 M4 M5 M6 M7 M8 M9

T1 57 28 72 45 41 19 27 28 26
T2 98 50 120 77 70 37 49 49 45
T3 463 303 362 342 314 311 303 290 264
T4 165 113 113 120 111 122 114 108 98
T5 167 91 185 129 118 74 90 88 81
T6 162 87 185 125 114 68 85 84 77
T7 45 22 57 36 33 15 22 22 20
T8 57 28 74 45 41 18 27 27 25
T9 59 36 54 44 41 34 36 35 32
T10 39 22 41 30 27 19 21 21 19

Fig. 7. Confidence interval (a) and algorithm run time (b) versus the num-
ber of scenarios for the E3 environment: Computing an accurate solution
is fast for this larger problem even though the number of machines being
provisioned and scheduled is large.
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also trying to reduce the cost. This is accomplished byweight-
ing the reward rate with 1.0 and the upgrade cost objective
with a small positive constant. Fig. 8 gives the expected nega-
tive of the reward rate for 3,000 scenarios. The upgrade cost is
indicated below the labels at the bottom of the graph.

Table 6 shows the solution for each of the algorithms. All
the proposed algorithms can be solved with integer con-
straints on these variables however at a huge computational
cost. Even though the number of machines is fractional, a
simple rounding policy can easily be applied to the solu-
tions in Table 6 when integers are required with negligible
effect on the reward rate.

All the heuristics spend the entire budget and still perform
worse than MVP and RP. The MVP solution does not use all
the available budget. In fact, it only used $291 K of the budget.
This is because the MVP solution does not provision for the
uncertainty in the arrival rates of tasks nor in themachine per-
formance. In the MVP formulation, there is no benefit to buy-
ing more machines once the workload can be handled hence
it does not use all the available budget. The MVP has extra
degrees of freedom to improve the solution but has no practi-
cal way of determining how to best select the machines. From
theMVP perspective, the algorithm is already achievingmax-
imal reward. The RP takes the uncertainty of the arrival rates
and the machines into account and can achieve the same per-
formance as the MVP solution but at a lower cost of $274 K.
The RP solution uses many different types of machines to
reduce the cost and still achieve the optimal performance. The
upgrade cost under theWS solution is the cost onewould pay

on average if they could select the machines after knowing
precisely the execution time of each task type on all machine
types and the arrival rates of the tasks.

9.5 Pareto Fronts

Pareto fronts are useful tools to quantify the trade-off between
conflicting objectives. The weighted sum algorithm described
in Section 8.2 is used to generate the Pareto front for the
reward rate and power consumption objectives. Fig. 9 shows
the Pareto front for the E3 environment with 1,000 scenarios.
This took only eight minutes to compute. The solutions found
by the weighted sum algorithm are blue dots. The 95 % confi-
dence regions are shown as red ellipses centered at the blue
dots. The confidence regions are relatively small. The light
blue shaded region is the feasible objective space for this prob-
lem. Objective values outside this feasible space are not possi-
ble due to one or more of the constraints in the problem. The
feasible region is computed by solving the RPwith

vv ¼ cos u
sin u

� �
; (27)

for values of u from 0 to 2p. More details on computing the feasi-
ble regions for linear programmingproblems is available in [42].

10 CONCLUSION AND FUTURE WORK

Stochastic programming is a powerful tool that can be
applied to make robust decisions in the midst of the inherit
uncertainty in computing systems in both IaaS provider
clouds and traditional environments. The linear steady-state
model and representative stochastic model enables the use
of an efficient two-stage stochastic program for solving
the machine provisioning problem. The new algorithms
were compared to heuristic based algorithms in a few dif-
ferent environments. The heuristic approaches tend to per-
form poorly when considering their average performance.
The RP produces the best quality solution on average com-
pared to the heuristics and the MVP. The inherit uncertainty
in the execution times and arrival rates necessitates algo-
rithms that can incorporate random variables and their
statistics. The RP can be used to reduce the upgrade cost for
a computing system by exploiting the uncertainty in the
environment while maintaining the optimal level of

Fig. 8. Expected reward rates for various solutions for the E3 environ-
ment: The cost for each solution is indicated at the bottom of the figure.
RP ties for the best performance with MVP however with a solution that
has a lower cost.

TABLE 6
Solutions for E3

H1 H2 H3 MVP RP

M1 0 0 0 0 0
M2 0 168.8 168.8 0 0
M3 0 0 0 0 4.3
M4 0 0 0 0 0
M5 0 0 0 0 0
M6 121.2 0 0 0 12.7
M7 0 0 0 0 4.5
M8 0 0 0 100. 73.8
M9 0 0 0 0 1.1

Fig. 9. Reward rate and power consumption Pareto front and feasible
objective space for the E3 environment: The relatively small 95 % confi-
dence ellipses are shown in red. The blue shaded region is the feasible
region of the objective space. The blue dots are solutions that the
weighted sum algorithm found.
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performance. The multi-objective optimization problem can
be used to quickly generate Pareto fronts.

In the future, we would like to adapt this model to
include aspects of spot pricing and the uncertainty sur-
rounding the price of the instances. We would also like to
adapt these concepts to existing cloud provisioning tools
and computational models. Risk averse formulations are
also possible that minimize the expected reward rate and
the variance of the reward rate.

NOMENCLATURE

Symbol Description
T Number of task types
M Number of machine types
i Task type
j Machine type

bB
j

Buying price (cost) of a machine of type j

bS
j

Selling price of a machine of type j

Mcur
j Current number of machines of type j

Mmin
j

Minimum number of machines of type j desired

Mmax
j Maximum number of machines of type j desired

MB
j

Number of machine of type j to buy

MS
j

Number of machine of type j to sell

Mj Total number of machines of type j after buying
and selling

ri Reward for completing a task of type i
�i Arrival rate: Number of tasks arriving of type i

per second
pij Schedule: Fraction of time tasks of type i run on

machines of type j
nj Failure rate: Number of machines of type j that

fail per second
L Number of abstract computational operations
hil Number of abstract operations of type l in a task

of type i
tlj Run time [s] per abstract operation of type l on a

machine of type j
ETCij Run time [s] of a task of type i on a machine of

type j
clj Dynamic energy [J] consumed by an abstract

operation of type l on a machine of type j
CoVij Coefficient of variation for a task of type i on a

machine of type j
�� Random vector
x First-stage decision variable vector
y Second-stage decision variable vector
Qðx; ��Þ Value function
WS Wait-and-see problem
RP Recourse problem
MVP Mean value problem
EVPI Expected value of perfect information
VSS Value of the stochastic solution
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