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Abstract Heterogeneous computing (HC) is the coordinated use of different types
of machines, and networks to process a diverse workload in a manner that will max-
imize the combined performance and/or cost effectiveness of the system. Heuristics
for allocating resources in an HC system are based on some optimization criterion.
A common optimization criterion is to minimize the completion time of the machine
that finishes last (makespan). In this study, we consider an iterative approach that
repeatedly runs a mapping heuristic to minimize the makespan of the considered
machines and tasks. For each successive iteration, the makespan machine of the pre-
vious iteration and the tasks assigned to it are removed from the set of considered
machines and tasks. This study focuses on understanding the different mathematical
characteristics of resource allocation heuristics that cause them to behave differently
when combined with this iterative approach. This paper has three main contributions.
The first contribution is the study of an iterative technique used in conjunction with
resource allocation heuristics. The second contribution is the definition and mathe-
matical characterization of “iteration invariant” heuristics. The third contribution is
to determine the characteristics of a heuristic that will cause the mapping to change
across iterations.
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1 Introduction

The use of heuristics for resource allocation in a heterogeneous parallel and dis-
tributed computing environment is an important area of research and has been widely
studied (e.g., [4, 9, 40, 45]). Static and dynamic mapping of tasks to machines are
both used to do resource allocation [1]. Static heuristics can be used in production
environments, where the tasks to be executed are known in advance; dynamic heuris-
tics are used to allocate resources on-line, without prior knowledge of when or which
tasks arrive. In this study, we will consider static task mapping. One metric for evalu-
ating the performance of heuristics is the time to complete a set of tasks on a hetero-
geneous suite of machines, i.e., makespan. The makespan machine is defined as the
machine with the largest completion time.

Many of the static heuristics analyzed in this study can be used in dynamic batch
mode. For example, collections of tasks that arrive during each fixed time interval
between mapping events are collected together in a batch. This batch can then be
mapped to resources using the types of heuristics discussed here.

In this study, our goal is to understand the behavior of different heuristic tech-
niques when combined with an iterative procedure. The iterative procedure we con-
sider here is to repeatedly minimize the makespan among the non-makespan ma-
chines. For each successive iteration, the makespan machine of the previous iteration
and the tasks assigned to it are removed from the set of considered machines and
tasks. Then the selected heuristic technique generates a new resource allocation with
that reduced set of tasks and machines. This study focuses on understanding the dif-
ferent mathematical characteristics of resource allocation heuristics that cause them
to behave differently when combined with the iterative approach.

This paper has three main contributions. The first contribution is the study of an it-
erative technique used in conjunction with resource allocation heuristics. The second
contribution is the definition and mathematical characterization of “iteration invari-
ant” heuristics. The third contribution is to determine the characteristics of a heuristic
that will cause the mapping to change across iterations. The heuristics considered for
this study were Minimum Execution Time, Minimum Completion Time, Min–Min,
Genetic Algorithm, Switching Algorithm, Sufferage, and K-Percent Best.

Makespan is often the performance feature in the study of resource allocation in a
heterogeneous computing system [10–12, 14, 30, 31, 36, 42]. Many studies explore
different methods of reducing the makespan of the given set of tasks. The literature
was examined to select a set of heuristics appropriate for the HC environment con-
sidered in this study. The Minimum Execution Time (MET), Minimum Completion
Time (MCT) [2, 9, 10, 20, 34], and Min–Min [5, 7, 10, 16, 20, 22, 23, 25, 27, 34,
45] heuristics implemented here are adapted from [22]. The K-percent Best (KPB)
[2, 10, 20, 32] and Switching Algorithm (SWA) [20, 27, 32, 34] were adapted from
[32] and the Sufferage Algorithm [5, 6, 13, 16, 19, 23, 25, 27, 32, 37, 39, 43] was
adapted from [32]. The variation of the Genetic Algorithm (GA) implemented here
is an adaptation of the GA in [38].
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In this study, we use a heuristic and iteratively apply it to a set of tasks and ma-
chines that becomes smaller after each iteration. This approach has not been studied
in the past. Note that the iterative approach is different from simply running a heuris-
tic multiple times on the same set of machines and tasks (e.g., multiple runs of a
GA). In this study, the iterative approach is presented as a possible complement to
any heuristic for resource allocation in an HC system.

The remainder of the paper is organized as follows. Section 2 describes the prob-
lem statement in detail. In Sect. 3, we describe three heuristics that when used in
conjunction with the iterative approach their iterative mappings are the same as their
original mapping. Some examples of heuristics where the original and iterative map-
pings may be different are described in Sect. 4. The observations from Sects. 3 and 4
are analyzed in Sects. 5, and 6 concludes the work.

2 Problem statement

Let T be the set of tasks that must be executed on a set of machines M . The esti-
mated time to compute (ETC) each task on each machine is assumed to be known
in advance and contained in an ETC matrix [9]. The ETC values can be based on
user supplied information, experimental data, or task profiling and analytical bench-
marking [1, 18, 21, 26, 33, 47]. Determination of ETC values is a separate research
problem; the assumption of such ETC information is a common practice in resource
allocation research (e.g., [3, 15, 21, 24, 26, 29, 41, 46]). Programs that are found in
government laboratories and industry tend to be executed frequently (i.e., the same
program with different data sets). For example, programs being executed at the Na-
tional Center for Atmospheric Research (NCAR), Oak Ridge National Laboratory,
and DigitalGlobe run the same program with different data sets [8]. Thus, historical
or experimental information can be collected to characterize a task.

The initial ready time for a machine is the time at which the machine will become
available to begin processing its first task from T . Tasks are assumed to be indepen-
dent, i.e., no inter-task communication is required. We make the common simplifying
assumption that each machine can only execute one task at a time, i.e., multitasking
is not allowed (e.g., [17, 28]).

For each heuristic, the mapping it produces when all tasks and machines are avail-
able is called the original mapping. After each iteration (of the iterative approach),
the makespan machine and the tasks assigned to it are removed from consideration,
and the ready times for all remaining machines are reset to their initial ready times.
The tasks that are available for mapping (were not mapped to the makespan machine
in the original mapping) are mapped again, using the same heuristic to minimize
makespan among the remaining machines; this mapping is called the iterative map-
ping. In the context of this paper, mappable tasks are those tasks that a heuristic can
select from to assign at a given point during the allocation. The available machines
are the machines that can be assigned a mappable task. It is important to note that
both mappable tasks and available machines are dependent on the heuristic used in
the iterative approach.
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1. A task list is generated that includes all unmapped tasks in a given arbitrary
order.

2. The first task in the list is assigned to its minimum execution time machine.
3. The task selected in step 2 is removed from the task list.
4. Steps 2–3 are repeated until all tasks have been mapped.

Fig. 1 Procedure for using MET to generate a resource allocation

Whether the iterative approach will change a mapping often depends on how ties
are broken within a heuristic. A tie in a resource allocation heuristic is when a heuris-
tic must choose from two equally good solutions, i.e., the heuristic determines both
task assignments are the best possible task assignments. Two types of methods to
break ties will be considered for this study. The first method is to break ties determin-
istically, e.g., the task and machine with the lowest identification number are chosen.
The second method is to break ties randomly, e.g., if multiple machines are tied each
will have a an equal probability of being chosen.

In the following section, we describe three common heuristic techniques where,
if ties are broken deterministically, the iterative approach will not change the map-
ping. We will also formalize the properties that allow this to occur. In Sect. 4, we
present four heuristics from the literature where the iterative approach may change
the mapping for better or for worse regardless of how ties are broken.

3 Heuristics that will not improve with the iterative approach

3.1 Minimum execution time (MET) with deterministic tie breaking

The details of the Minimum Execution Time (MET) heuristic [2, 9, 20] are shown
in Fig. 1. The MET heuristic will not change its mapping from iteration to iteration.
The generalized proof of why this occurs will be presented in Sect. 3.5.

3.2 Minimum completion time with deterministic tie breaking (MCT)

The procedure to implement the Minimum Completion Time (MCT) heuristic [2, 9,
20] is shown in Fig. 2. With the iterative approach, the individual completion time for
each machine does not improve over iterative mappings if ties are broken determin-
istically (will be demonstrated in Sect. 3.5).

3.3 Min–Min with deterministic tie breaking

The Min–Min heuristic [16, 20, 22, 23, 25, 27, 45] is a two-phase greedy heuristic.
The procedure for this heuristic is given in Fig. 3. The performance of the Min–
Min heuristic using the iterative approach will depend on the method used to break
ties. If the ties are broken deterministically, the individual completion times for each
machine do not improve (will be demonstrated in Sect. 3.5).
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1. A task list is generated that includes all unmapped tasks in a given arbitrary
order.

2. The first task in the list is assigned to its minimum completion time machine
(machine ready time plus estimated computation time of the task on that
machine).

3. The task selected in step 2 is removed from the task list.
4. The ready time of the machine on which the task is assigned is updated.
5. Steps 2–4 are repeated until all the tasks have been mapped.

Fig. 2 Procedure for using MCT to generate a resource allocation

1. A task list is generated that includes all the tasks as unmapped tasks.
2. For each task in the task list, the machine that gives the task its minimum

completion time (first “Min”) is determined (ignoring other unmapped
tasks).

3. Among all task-machine pairs found in 2, the pair that has the minimum
completion time (second “Min”) is determined.

4. The task selected in 3 is removed from the task list and is assigned to the
paired machine.

5. The ready time of the machine on which the task is mapped is updated.
6. Steps 2–5 are repeated until all tasks have been mapped.

Fig. 3 Procedure for using Min–Min to generate a resource allocation

3.4 Generalized completion time function and iteration invariant heuristics

The MET, MCT, and Min–Min heuristics are minimizing very similar performance
features. We will relate the different performance functions by a generalized one
based on machine ready time and task execution time. Let RTk,n(m) be the ready time
of machine m at the nth mapping event (assignment of a task to a machine) of the
kth iteration, and ETC(t,m) be the estimated time to compute task t on machine m.
A generalized completion time (GCT) function of task t on machine m (where λ and
η are arbitrary values) is

GCT(t,m,n, k) = λ · ETC(t,m) + η · RTk,n(m). (1)

We can then define the completion time, CT, of a new task t on machine m with
(1) and λ = η = 1. For both MCT and Min–Min, the values of λ, η are equal to 1,
the difference between the set of machines considered for the MCT and Min–Min
heuristics. For the MET, the value of λ is equal to 1, and η is equal to 0. For GCT
functions (1), the ETC and initial ready times (RTk,1(m)) do not vary across iterations
(i.e., RT1,1(m) = RT2,1(m) = · · · = RTM,1(m)).

We define an Iteration Invariant Heuristic (IIH) as a heuristic whose mapping will
not change across all iterations. Let Tk,n be the set of mappable tasks and Mk,n be the
set of available machines at the nth mapping event in the kth iteration. We will show
in the next section that a specific type of IIH (which encompasses MCT, MET, and
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Min–Min) can be defined that at every mapping event n a task (tmin) is assigned to
machine mmin (with an argmin1 approach), where

tmin,mmin = argmin
t∈Tk,n,m∈Mk,n

GCT(t,m,n, k). (2)

It follows that at each mapping event these heuristics assign one task to one machine.
Additionally, this type of IIH (GCT IIH) breaks ties deterministically, i.e., they

will always pick the same pair. In particular, we select the tmin with the lowest task
identification number, and if necessary, the lowest numbered mmin.

3.5 Properties of iteration invariant heuristics

In GCT IIHs, the assignment of tasks to machines does not change across iterations,
and thus these heuristics are not well suited for use with the iterative approach, that
is, no improvement is made over the original mapping. To design heuristics that can
cause the mapping to change with the iterative approach, it is important to understand
the properties of GCT IIHs.

Consider the ETC and the example resource allocation done by the Min–Min
heuristic with three tasks (t1, t2, t3) and three machines (m1,m2,m3) shown in Fig. 4.
We can observe that for the Min–Min heuristic the relative order in which tasks are
assigned to machines does not change, i.e., if a task Γk,i (ith task assigned in itera-
tion k) was assigned before a task Γk,j (i < j ) then Γk,i is always assigned before
Γk,j in every iteration, assuming both tasks are available for mapping. This property
will be proved later in this sub-section.

We cannot use n to compare the assignment of a task across the kth and (k + 1)th
iterations, because the n in the (k + 1)th iteration could represent the mapping event
of different task. Assume task t is available for mapping at iterations k and k +1, i.e.,
it is not on the makespan machine for iterations z ≤ k. To compare across iterations,
we use the function ω(k, t) to represent the mapping event where task t is assigned in
the kth iteration, i.e., by definition n = ω(k,Γk,n). For convenience, we will define n̂

= ω(k+1,Γk,n) to compare the mapping of Γk,n in the kth and the (k+1)th iteration
(at the nth and n̂th mapping events, respectively). Thus, Γk,n is equal to Γk+1,n̂ by
definition.

We will show that if Γk,n is mapped to machine βk,n in the kth iteration, i.e.,

Γk,n,βk,n = argmin
t∈Tk,n,m∈Mk,n

GCT(t,m,n, k), (3)

and Γk+1,n̂ (recall that Γk,n = Γk+1,n̂) is mapped to machine βk+1,n̂ in the (k + 1)th
iteration, i.e.,

Γk,n,βk+1,n̂ = argmin
t∈Tk+1,n̂,m∈Mk+1,n̂

GCT(t,m, n̂, k + 1), (4)

1argmin: returns the arguments at which a function attains its minimum value.
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Fig. 4 Example of a resource allocation using the Min–Min heuristic. In (a), the ETC matrix used for this
example is shown. The allocation of the first iteration is shown in (b), the second iteration in (c), and the
final iteration in (d). This example illustrates that iterations 2 and 3 do not change the original mapping

then βk+1,n̂ = βk,n. The relationship of Tk,n to Tk+1,n̂, and Mk,n to Mk+1,n̂ is an im-
portant aspect of GCT IIHs. Let us define the makespan machine of the kth iteration
as μk , and the set of tasks assigned to the makespan machine in the kth iteration
as Tμk

. Between the sets of tasks Tk,n and Tk+1,n̂ two conditions are needed for the
mapping to be iteration invariant:

Tk+1,n̂ ⊆ Tk,n, and (5)

Tk,n − Tk+1,n̂ ⊆ {Tμk
,∅}. (6)

Two additional conditions for the relationship between Mk,n and Mk+1,nk+1 are:

Mk+1,n̂ ⊂ Mk,n, and (7)

Mk,n − Mk+1,n̂ = {μk}. (8)

A GCT IIH is a heuristic that has the properties shown in (1), (5)–(8), and breaks
ties deterministically. The proof that a mapping generated by GCT IIHs will not
change across iterations is shown in Theorem 1 using Lemma 1. Lemma 1 states
that if ready times are identical at the nth mapping event of the kth and the n̂th map-
ping event of the (k + 1)th iteration, then the task/machine assignment will be the
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n mapping event of the kth iteration
RTk,n(m) ready time for machine m at the nth mapping event of the

kth iteration
ET C(t,m) estimated time to compute task t on machine m

GCT (t,m,n, k) GCT (t,m,n, k) = λ · ET C(t,m) + η · RTk,n(m)

Tk,n set of mappable tasks at the nth mapping event of the kth
iteration

Mk,n set of available machines at the nth mapping event of the kth
iteration

Tμk
tasks assigned to the makespan machine in the kth iteration

Γk,n nth task mapped at the kth iteration
βk,n machine to which Γk,n is mapped
μk makespan machine of iteration k

ω(k,Γk,n) represents the mapping event where task Γk,n is assigned in
the kth iteration

n̂ n̂ = ω(k + 1,Γk,n)

Γk+1,n̂ n̂th task mapped at the (k + 1)th iteration, by definition it is
equal to Γk,n

βk+1,n̂ machine to which Γk+1,n̂ is mapped (proved in Theorem 1
to be equal to βk,n)

Fig. 5 Glossary of notation

same. Theorem 1 uses the result from Lemma 1 to show that the mapping will not
change across iterations. A glossary of relevant notation is shown in Fig. 5.

Lemma 1 Consider tasks not assigned to μk for a GCT IIH. If the ready times are
identical at the nth mapping event of the kth iteration and the n̂th mapping event
of the (k + 1)th iteration then the same task/machine assignment is chosen in both
iterations.

Proof From (2), we know that the GCT function of the task/machine pairs in the kth
iteration will have the following property:

GCT(Γk,n, βn, n̂, k) ≤ GCT(t,m,n, k) ∀t ∈ Tk,n, ∀m ∈ Mk,n, (9)

and the (k + 1)th iteration has the following property:

GCT(Γk+1,n̂, βk+1,n̂, n̂, k + 1) ≤ GCT(t,m, n̂, k + 1)

∀t ∈ Tk+1,n̂, ∀m ∈ Mk+1,n̂. (10)

Given the assumption that RTk+1,n̂(m) = RTk,n(m), and the ETC values are fixed it
follows that:

GCT(t,m, n̂, k + 1) = GCT(t,m,n, k) ∀t ∈ Tk+1,n̂, ∀m ∈ Mk+1,n̂. (11)
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Because {Γk+1,n̂,βk+1,n̂} and {Γk,n,βk,n} are the task-machine pairs that minimize
the GCT function in the (k + 1)th and kth iterations, and ties are broken determinis-
tically then βk+1,n̂ = βk,n, i.e., respectively

argmin
t∈Tk+1,n̂,m∈Mk+1,n̂

GCT(t,m, n̂, k + 1) = argmin
t∈Tk,n,m∈Mk,n

GCT(t,m,n, k), (12)

Γk+1,n̂, βk+1,n̂ = Γk,n,βk,n. (13)

�

Theorem 1 The mapping generated by a GCT IIH will not change across iterations.

Proof (Inductive hypothesis). Consider the nth task mapped by a GCT IIH in the kth
iteration (Γk,n). Let P(n) be the statement that Γk,n will have the same assignment
in both the kth iteration and the (k + 1)th iteration. For the basis and inductive steps,
there are two cases to consider: the case when the task is mapped to the makespan
machine in the kth iteration (μk) and the case when the task is not mapped to machine
μk .

To prove P(n) is true ∀n ≥ 1 we need to prove:

(1) P(1) is true
(2) (∀n) [P(n) is true for all r , 1 ≤ r ≤ n ⇒ P(n + 1) is true].

Basis step: Prove that P(1) is true.

Case 1: The task Γk,1 was assigned to machine μk . Because Γk,1 was assigned to
μk , it will remain assigned to μk in the (k + 1)th iteration because the
makespan machine is removed from consideration; thus, the P(1) state-
ment is true for case 1 of the basis step.

Case 2: The initial ready times of the kth and the (k + 1)th iterations are identical.
Therefore, using Lemma 1, we can prove case 2 is true. Thus the P(1)

statement is true for case 2 of the basis step.

Inductive step: For the inductive step assume that ∀r P (1 ≤ r ≤ n) is true and prove
P(n + 1) is true. The assumption that P(1 ≤ r ≤ n) is true implies that ready times,
when Γn+1,k is mapped, are equal in the kth mapping and the (k + 1)th mapping.

Case 1: The (n + 1)th task to be mapped in the kth iteration was assigned to ma-
chine μk . Because Γn+1,k was assigned to μk , it will remain assigned to
μk in the (k + 1)th iteration because the makespan machine is removed
from consideration; thus, the P(n + 1) statement is true for case 1 of the
inductive step.

Case 2: Because of the inductive assumption, all the previous task to machine as-
signments are identical between the kth and (k + 1)th iteration. This im-
plies that the ready times, for all machines in both Mk,n and Mk+1,n̂ are
the same. Therefore, using Lemma 1, we prove case 2 is true. Thus, the
P(n + 1) statement is true for case 2 of the inductive step. This proves that
all assignments remain identical between iterations. �
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It is interesting to note that the GCT function (when used with (2)) specifies a
subset of possible functions that define IIHs. In general, the function used to build
a mapping does not have to be a linear combination of execution and ready times
(e.g., the function could be a polynomial function of execution and ready times and
still be an IIH). In this paper, we only use GCT functions because all the heuristics
considered in this study use completion time to build a mapping.

GCT IIH such as MET, MCT, and Min–Min, are indeed IIH when ties are broken
deterministically and the mappings do not change with the iterative approach. It is
important to note that in practice, depending on precision of completion times, ties
can be rare. In the next section, we explore heuristics that may improve the iterative
approach.

4 Heuristics that may improve with the iterative approach

4.1 MET, MCT, and Min–Min with random tie breaking

4.1.1 Overview

The MET, MCT, and Min–Min heuristics are GCT IIH; however, a requirement of
GCT IIH is to select deterministically from solutions that are equally good. If there
are multiple argmin solutions to (12) and (13), and one argmin solution is randomly
selected then there can be no guarantee that the properties of GCT IIHs apply. There-
fore, it is possible for the solution to change from one iteration to the next. As an
example of this, we will consider the MCT heuristic.

4.1.2 Example of reducing the makespan among non-makespan machines with MCT

This is the same MCT as described in Sect. 3.2 except that ties are broken randomly.
For this example of improvement, the initial ready times are 0. Consider the following
mapping order for the MCT heuristic: t1, t2, t3, and t4. The ETC matrix used for this
example is shown in Fig. 6a. In Figs. 6c and 6b, the term “Machine CT” denotes the
Machine completion time of the task in the corresponding row, based on previous
task assignments. This example relies on a tie in the mapping of task t3 between m2

and m3. In the original mapping, t3 is assigned to m2.
In the original mapping shown in Figs. 6b and 6d, t3 is assigned to machine m3.

However, in the first iterative mapping shown in Figs. 6c and 6e, t3 is assigned to
machine m2. Thus, the makespan of the remaining machines m2 and m3 went from 5
in the original mapping to 4 in the first iterative mapping.

4.1.3 Example of increasing overall makespan with MCT

For this example, the initial ready times of machines are 0. Consider the following
mapping order for the MCT heuristic: t1, t2, t3, and t4. The ETC matrix used for this
example is shown in Fig. 7a.
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Fig. 6 Example of makespan among non-makespan machines being reduced with MCT: (a) ETC matrix,
(b) details of original mapping, (c) details of first iterative mapping, (d) graphical representation of original
mapping, and (e) graphical representation of first iterative mapping

Fig. 7 Example of overall makespan increasing for MCT: (a) ETC matrix, (b) details of original mapping,
(c) details of first iterative mapping, (d) graphical representation of original mapping, and (e) graphical
representation of first iterative mapping
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1. An initial population of mappings is generated.
2. The mappings in the population are ordered based on makespan.
3. While the stopping criteria is not met:

(a) An intermediate population is created using a selection mechanism
(i.e., rank based selection).

(b) Two chromosomes in the intermediate population are probabilistically
selected as parents for crossover.
i A random cut-off point is generated.

ii The machine assignments of the tasks below the cut-off point are
exchanged.

(c) Each offspring has a probability of being mutated. For the chosen chro-
mosome, a random task is chosen and its machine assignment is arbi-
trarily modified.

(d) The resultant population of the crossover and mutation replaces the
original population. Because of elitism the best chromosome remains
in the population.

4. The best solution is output.

Fig. 8 Summary of one possible procedure that can be used to implement a GA

The original mapping is shown in Figs. 7b and 7e. This example relies on a tie in
the mapping of task t1 between m2 and m3. In the original mapping, t1 is assigned
to m2. The resource allocations for the first iterative mapping are shown in Figs. 7c
and 7d. For the first iterative mapping, we assign task t1 to m3. This change causes
the makespan to become greater than that of the original full mapping.

4.2 Genetic Algorithm (GA)

Genetic Algorithms (GAs) have been shown to work well for numerous problem do-
mains, including resource allocation and job shop scheduling. GAs use chromosomes
to represent possible solutions, e.g., all tasks and the machines to which they are as-
signed. A GA has a population that consists of multiple chromosomes and typically
has two operators to search for better solutions. The first operator is crossover, an
operator that combines two chromosomes to produce two new chromosomes. The
second operator is mutation; this operator may randomly change tasks assignments
within a chromosome. A GA can be summarized by the procedure shown in Fig. 8.
This variation of a GA is adapted from [38].

For each iteration (of the iterative approach), the best mapping found by GA in
the previous iteration, excluding the makespan machine and the tasks assigned to it,
is included in current population (i.e., it is used as a “seed”). Using elitism in the GA
guarantees that the final mapping is either the seeded mapping or a mapping with
a smaller makespan, among the machines considered in the current iteration. Thus,
for GA the iterative approach will result in either an improvement or no change. The
iterative technique also works with steady state GAs such as Genitor [44], because
Genitor uses ranking to keep the best chromosome.
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1. A task list is generated that includes all unmapped tasks in a given arbitrary
order.

2. A subset is formed by picking the M · ( k
100 ) best machines based on the

execution times for the task.
3. The task is assigned to a machine that provides the earliest completion time

in the subset.
4. The task is removed from the unmapped task list.
5. The ready time of the machine on which the task is assigned is updated.
6. Steps 2–5 are repeated until all tasks have been assigned.

Fig. 9 Procedure for using K-percent Best to generate a resource allocation

4.3 K-Percent best algorithm

4.3.1 Overview of K-percent best algorithm

The K-Percent Best Algorithm [2, 20, 32] (KPB) is a hybrid of MET and MCT.
The procedure to implement K-percent Best is shown in Fig. 9. If the percentage is
(100/number of machines)% then the K-percent Best is identical to the MET heuris-
tic, however, if the percentage is 100% then it is identical to the MCT heuristic. An
example of the K-percent Best algorithm with the iterative approach improving the
makespan among non-makespan machines, and in contrast, an example of increasing
the overall makespan, can be found even for cases when no special consideration is
used to break ties. The percentage K for a given environment is found by experimen-
tation.

The K-percent best heuristic uses the MCT heuristic that Theorem 1 proved would
not change mappings unless ties were broken randomly, however its mappings do
change. This introduces an important question: how can a heuristic that uses MCT
to do its assignments change when ties are broken deterministically? The character-
istic that K-percent Best has is that it limits the number of machines considered for
assignment depending on the size of the set of machines that are available at that iter-
ation. This implies that if the percentage was such that only one machine is selected,
i.e., KPB would work like MET or 100% (K-percent Best would work like MCT)
the mapping would not change across iterations. If the value of K is between these
two extreme values then the KPB will violate (8). Thus, despite the MCT part, the
K-percent Best is not a GCT IIH. For values of K that result in a group of machines
whose size is greater than one, the reduction in machines after an iteration can cause
the minimum completion time machine in the original mapping to be left out of the
machines the heuristic allows for assignment in the first iterative mapping.

4.3.2 Example of reducing the makespan among non-makespan machines

For this example, the initial ready times of machines are 0. Consider the ETC matrix
shown in Fig. 10a for three machines and the following mapping order: t1, t2, t3,
and t4. The percent for this example is set to 70%. This implies that for the original
mapping the best two machines are considered for mapping, and for the first iter-
ative mapping only one machine is considered. Allowing only one machine forces
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Fig. 10 Example of makespan among non-makespan machines being reduced for K-percent best: (a) ETC
matrix, (b) details of original mapping, (c) details of first iterative mapping, (d) graphical representation
of original mapping, and (e) graphical representation of first iterative mapping

the K-percent Best Algorithm to map tasks to the MET machine in the first iterative
mapping.

The original mapping using the K-percent Best heuristic is shown in Figs. 10b
and 10d. The result of the first iterative mapping is shown in Figs. 10c and 10e. In
the original mapping, t3 is assigned to m2. However, in the first iterative mapping t3
is assigned to m3. This change in mapping is because the K-percent Best Algorithm
considers only one machine for resource allocation in the first iterative mapping,
while it had used two machines in the original mapping. The makespan for machines
m2 and m3 is reduced from 69 in the original mapping to 40 in the first iterative
mapping.

4.3.3 Example of increasing makespan

For this example, the initial ready times of machines are 0. Consider the ETC ma-
trix shown in Fig. 11a for three machines and the following mapping order: t1, t2,
t3, t4, and t5. The percent, for this example, is set to 70%. This implies that for the
original mapping the best two machines are used for mapping, and for the first itera-
tive mapping only one machine is considered. This is the critical difference between
the first iterative mapping and the original mapping. Considering one machine in the
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Fig. 11 Example of makespan increasing for K-percent Best: (a) ETC matrix, (b) details of original map-
ping, (c) details of first iterative mapping, (d) graphical representation of original mapping, and (e) graph-
ical representation of first iterative mapping

first iterative mapping forces the K-percent Best algorithm to perform like the MET
heuristic.

The results of the original mapping are shown in Figs. 11b and 11d. The results of
the first iterative mapping are shown in Figs. 11c and 11e. In the original mapping t5
is assigned to m3; however, in the first iterative mapping, task t5 is assigned to m2.
The overall makespan increased from 60, in the original mapping, to 70 in the first
iterative mapping. This is because the number of K-% Best machines went down from
two to one. This example shows that for K-percent Best Algorithm the makespan can
increase, specifically overall makespan.

4.4 Switching Algorithm (SWA)

4.4.1 Overview of SWA

The Switching Algorithm (SWA) is adapted from [32]. It was designed for use in dy-
namic environments, but can be used in static environments as well. The switching
algorithm is a hybrid of the MET and MCT heuristics. The procedure for SWA is
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1. A task list is generated that includes all unmapped tasks in a given arbitrary
order.

2. The first task in the list is assigned using the MCT heuristic.
3. The load balance index is calculated for the system (minimum ready time /

maximum ready time over all machines).
4. The heuristic used to map the task is determined as follows:

i If the load balance index ≥ “high threshold,” MET is selected to map
the next task.

ii If the load balance index ≤ “low threshold,” MCT is selected to map the
next task.

iii Otherwise, the current heuristic remains selected.
5. Steps 3–4 are repeated until all tasks have been mapped.

Fig. 12 Procedure for using SWA to generate a resource allocation

shown in Fig. 12. The high and low thresholds are determined experimentally. Ex-
amples of the SWA with the iterative approach both improving the makespan among
non-makespan machines (see Fig. 13) and increasing the overall makespan (Fig. 14)
can be found even for cases when no special consideration is used to break ties.

The SWA, like the K-percent Best, uses heuristics (MCT and MET) that we proved
would not change mappings if ties were broken deterministically (Theorem 1). How-
ever, in SWA the heuristic used to assign a task in one iteration (MET or MCT)
can change when assigning the same task in the next iteration (e.g., t4 in Figs. 14b
and 14c). In SWA, the choice of using MCT or MET to map as task at a given map-
ping event depends on the load balance between the machine with the largest com-
putation time, and the machine with the smallest computation time. In general, the
calculation of the load balance index when a given task is mapped will change from
iteration i to i + 1. As a result, different heuristics may be used to map that task at
different iterations. Thus, the objective function of this heuristic cannot be written as
a GCT with fixed λ and η (i.e., λ and η would change as the heuristic used changes
between MCT and MET).

4.4.2 Example of reducing the makespan among non-makespan machines

Consider the ETC matrix shown in Fig. 13a and the following mapping order: t1, t2,
t3, t4, t5, and t6. The initial ready times for all the machines is 0. SWA will switch
from MCT to MET when the balance index (BI) is greater than or equal to the high
threshold of 0.8, and will switch from MET to MCT when the BI is less than or equal
to the low threshold of 0.7.

The original mapping for the SWA is shown in Figs. 13b and 13d. In the original
mapping, the BI never exceeds 0.8; therefore, all mappings are done using the MCT
heuristic.

The first iterative mapping for the SWA example of improvement is shown in
Figs. 13c and 13e. The difference is that t4 is assigned to m3 in the first iterative
mapping (instead of m2). This was different because t4 was assigned with the MCT
heuristic in the original mapping, and in the first iterative mapping t4 was assigned
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Fig. 13 Example of makespan among non-makespan machines being reduced with SWA: (a) ETC matrix,
(b) details of original mapping (largest and smallest RTs are in italic for a given mapping event), (c) details
of first iterative mapping, (d) graphical representation of original mapping, and (e) graphical representation
of first iterative mapping (for t4 mapping event MET is used and CTs do not matter)

using MET. The makespan among the remaining machines (m2 and m3) was reduced
from 90 to 81.

4.4.3 Example of increasing makespan

Consider the ETC matrix shown in Fig. 14a and the following mapping order: t1, t2,
t3, t4, and t5. The initial ready times for all the machines is 0. SWA will switch from
MCT to MET when the BI is greater than or equal to the high threshold of 0.5 and



478 L.D. Briceño et al.

Fig. 14 Example of makespan increasing for SWA: (a) ETC matrix, (b) details of original mapping
(largest and smallest RTs are in italic for a given mapping event), (c) details of first iterative mapping,
(d) graphical representation of original mapping, and (e) graphical representation of first iterative mapping
(for t4 mapping event MET is used and CTs do not matter)

will switch from MET to MCT when the BI is less than or equal to the low threshold
of 0.4.

The original mapping is shown in Figs. 14b and 14d, and the first iterative mapping
is shown in Figs. 14c and 14e. Task t4 is assigned to m3 (in the first iterative mapping)
because the resource allocation of t4 has a different BI. The makespan machine after
the first iterative mapping is m3 (i.e., the completion time of m3 becomes greater than
the completion time of m1). The overall makespan increased from 60 in the original
mapping to 65 in the first iterative mapping.
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1. A task set (S) is generated that includes all unmapped tasks in a given
arbitrary order.

2. While there are still unmapped tasks:
i For each machine find the set of tasks that have their minimum comple-

tion time on this machine.
(a) If the set of tasks is size one, then assign the corresponding task to

the machine and remove the task from S.
(b) If the size of the set of tasks is greater than one, then assign task with

the highest sufferage value, and remove that task from S.
ii The ready times for all machines are updated.

Fig. 15 Procedure for using Sufferage to generate a resource allocation

4.5 Sufferage algorithm

4.5.1 Overview of the Sufferage algorithm

The Sufferage algorithm [6, 13, 16, 19, 23, 25, 27, 32, 37, 39, 43] is shown in Fig. 15.
In this context, the sufferage value of a task is the difference between its second small-
est completion time among all machines and its smallest completion time among all
machines. That is, it is the increase in completion time that occurs if the task cannot
use its best machine but must use its second best machine instead. Thus, the Suffer-
age algorithm is a greedy algorithm that does a limited local search. An example of
Sufferage with the iterative approach improving the makespan among non-makespan
machines and, in contrast, an example of increasing the overall makespan, can be
found even for cases when ties are broken deterministically.

In the Sufferage heuristic, the assignment of a task A to machine B depends on
how much it would “suffer” if it was assigned to the machine where A has the second
best completion time. The reason why the mapping generated by this heuristic can
change is because the machine where A has the second best completion time in the
original mapping could easily be the makespan machine. This implies the sufferage
value for one or more tasks will be different, and thus change the mapping decision.
The Sufferage heuristic is not a GCT IIH, because the function it uses to map cannot
be written in the form of (1). Note that for the sufferage algorithm there are two types
of ties (a) for a given task to a different machine both have the minimum completion
time (step 2.i in Fig. 15); and (b) for a given machine two tasks may have the same
sufferage values (step 2.i.b in Fig. 15).

4.5.2 Example of reducing the makespan among non-makespan machines

For this example of improvement, the initial ready times of machines are 0. Con-
sider the ETC matrix shown in Fig. 16a. The original mapping is shown in Figs. 16b
and 16d, and the first iterative mapping is shown in Figs. 16c and 16e. The difference
between the original mapping and the first iterative mapping is that in the original
mapping t4 was assigned to m1 in the first pass; however, in the first iterative map-
ping t4 was assigned to m2 in the second pass. This is because the sufferage for t3
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Fig. 16 Example of makespan among non-makespan machines being reduced for Sufferage: (a) ETC
matrix, (b) details of original mapping, (c) details of first iterative mapping, (d) graphical representation
of original mapping, and (e) graphical representation of first iterative mapping

increased from 0 to 21 from the original mapping to the first iteration as a result of
m3 being removed. This caused t3 (instead of t4) to be mapped to m1. The makespan
for machines m1 and m2 is reduced from 60 in the original mapping to 50 in the first
iterative mapping.

4.5.3 Example of increasing makespan

For this example, the initial ready times of machines are 0. Consider the ETC matrix
shown in Fig. 17a. The original mapping is shown in Figs. 17b and 17d, and the
first iterative mapping is shown in Figs. 17c and 17e. In the original mapping, t2 is
assigned to m2 in the first pass. However, task t2 is assigned to m3 in the second pass
of the first iterative mapping, because the sufferage of t4 increased in the first iterative
mapping as a result of m1 being removed. This increase caused t4 be assigned at a
different pass of the heuristic. This in turn forces t1 to be mapped in the 3rd pass,
instead of the second pass, and to a different machine, i.e., m2 resulting in larger
makespan. The overall makespan increases from 100 in the original mapping to 108
in the first iterative mapping.
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Fig. 17 Example of overall makespan increasing for Sufferage: (a) ETC matrix, (b) details of origi-
nal mapping, (c) details of first iterative mapping, (d) graphical representation of original mapping, and
(e) graphical representation of first iterative mapping

5 Analysis of characteristics of heuristics

In the analysis of the heuristics that use the iterative approach, we found that there
are three main situations in which a mapping can change. The first situation is when a
mapping will change from one iteration to the next if ties are broken randomly. This
situation occurred with the Min–Min, MCT, and MET heuristics. If ties are instead
broken deterministically, then these heuristics are GCT IIHs (as proved in Sect. 3.5).
It is important to use these observations and apply them to heuristics that were not
considered in this study. An example of a different heuristic that is also a GCT IIH
is the Opportunistic Load Balancing (OLB) [9, 32, 35] heuristic. OLB assigns each
task, in a given arbitrary order, to the machine with the smallest ready time. The OLB
heuristic uses a GCT function with λ = 0 and η = 1 (recall that MET has λ = 1 and
η = 0). There are other IIHs, and similar proofs can be derived for them.
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The second situation is when a mapping can change from one iteration to the next
independently of how ties are broken. This situation occurred with the K-percent
Best, SWA, and Sufferage heuristics. The main characteristic of the second category
of heuristics is that additional information, other than a GCT function, is used to de-
termine assignments. Intuitively, this means that the assignment of task A to machine
B depends on the state of the other available machines; however, the set of avail-
able machines changes from one iteration to the next. An additional example of this
second type of heuristic is the Max–Min heuristic [5, 22]. In Max–Min, we find the
machine that has the minimum completion time for each task and from these task-
machine pairs we select the pair that has the maximum completion time. Consider a
situation with multiple tasks and machines where t1 has its minimum completion time
on m1 in the original mapping, and t2 has its minimum completion time on m2. In
this example, the completion time of t2 on m2 is greater than the completion time of
t1 on m1 (GCT(t1,m1,1,1) < GCT(t2,m2,1,1)). Therefore, t2 gets assigned to m2

(t2 → m2). However, assume m1 was the makespan machine of the original mapping
and t1 has a new minimum on m2. This new minimum is greater than the completion
time of assigning t1 to m1. This could cause t1 → m2 to be greater than t2 → m2

(GCT(t1,m2,1,2) > GCT(t2,m2,1,2)) causing t1 to be assigned to m2 and t2 to
be assigned to a different machine. Max–Min is not a GCT IIH because its task to
machine assignment is done with the following equation:

Γk,n,βk,n = argmax
t∈Tk,n

{
argmin
m∈Mk,n

(GCT(t,m,n, k))
}
. (14)

This equation is different from (2), therefore, it is not a GCT IIH.
The third situation is when a mapping will result in either an improvement or

no change. The GA based approach was the only heuristic considered in this study
where the overall makespan could not increase; however, no improvement can be
guaranteed. This was accomplished using the best chromosome from the previous
iteration and seeding it into the current iteration. This usage of seeding comes very
naturally to the GA heuristic; however, the same concept can also be applied to the
other heuristics in this study, e.g., KPB, SWA, Sufferage. If we have heuristics where
the mapping can change (with the iterative approach), then we can compare the map-
ping of the non-makespan machines from iteration k and the mapping from iteration
k + 1 and keep the mapping with the smallest makespan. This would cause the best
solutions to be preserved across iterations, thus changing the mapping only if a better
makespan is found.

6 Conclusions

An iterative approach for minimizing the finishing times of machines in a heteroge-
neous computing environment was proposed. The performance of several heuristics
was analyzed for such an approach. The greedy heuristics studied (Min–Min, MCT,
MET, Switching Algorithm, K-percent Best, and Sufferage) did not guarantee an im-
provement in the completion time among non-makespan machines.
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The Min–Min, MCT, and MET heuristics with deterministic tie breaking were
characterized as GCT IIHs, and were mathematically proven to not change mappings
across iterations. However, the Min–Min, MCT, and MET heuristics with random tie
breaking can change the makespan among remaining machines (i.e., improve or get
worse, even causing the overall makespan to increase).

The Switching algorithm, K-percent Best, and Sufferage heuristics all produced
mappings with the iterative approach where the makespan among remaining ma-
chines can increase or decrease. For MET, MCT, and Min–Min decisions are based
on selecting the available machine with the minimal GCT value (1). In the Suffer-
age, SWA, K-percent Best heuristics, information in addition to the minimal GCT
machine is used. For example, Sufferage also considers the second “best” machine.

The GA-based approach using elitism will keep the same mapping or produce
a better mapping and, therefore, guarantees the overall makespan will not increase.
Among the heuristics studied, it is the only one to guarantee improvement or no
change. This is because of elitism. Thus, to employ the iterative approach, it is useful
to include elitism in other heuristics.

This study demonstrated and proved that the initially intuitive thought that the
iterative approach would improve the makespan of the non-makespan machines is
incorrect. Because the iterative technique intuitively seemed promising but was not
(except for its use in the GA), we felt it was worthwhile to explore why it does not
work. We feel both the negative result and the formal mathematical analysis to prove
the limitations of the iterative techniques are contributions to the field.
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