Lattice Theories for Polymer/ Small-Molecule Mixtures and
the Conformational Entropy Description of the Glass
Transition Temperature

Membrane osmometry and the osmotic pressure expansion. A porous
membrane is inserted in the bottom of a capillary tube. The capillary leg on the left side
of the membrane contains distilled water. A dilute aqueous solution of cellulase enzyme is
placed on the right side of the membrane and both legs of the capillary tube are filled with
liquid to the same height. The air-liquid interface in both legs of the capillary is exposed
to ambient pressure p..en» @and the temperature remains constant at 37°C. Scannng
electron micrographs of the membrane reveal that the pores have an average diameter of
1000 angstroms (i.e., 0.1 micron), which translates into a "molecular-weight cutoff" of
50,000. Since cellulase is a biological macromolecule with an average molecular weight of
200,000, the membrane prohibits the enzyme from diffusing through the pores.
However, solvent molecules are allowed to pass through the pores of the membrane.

Question: Does distilled water diffuse from left-to-right or from right-to-left
through the membrane? Answer: Water molecules diffuse from left-to-right.

Explanation. Diffusion of water molecules from left-to-right occurs through the
porous membrane in response to a gradient in the chemical potential of water at the
water-membrane interface on both sides of the membrane. The chemical potential of
pure water on the left side is greater than that in the agueous solution of the enzyme on
the right side. The passage of water from left-to-right, across the membrane, causes
the liquid level to decrease on the left side and increase on the right side of the capillary.
This "capillary rise" in the right leg generates additional hydrostatic pressure that
opposes the diffusion of water through the membrane. When equilibrium is established,
this increase in hydrostatic pressure on the right side prevents further diffusion of the
solvent (water) and the flow process ceases. Alternatively, one exposes the right leg of
the capillary to an increased pressure, given by pP,mwen: + T Where m is the osmotic
pressure. Now, the height of liquid in both legs of the capillary remains the same
because the hydrostatic pressure gradient opposes the chemical potential gradient that
was attributed initially to differences in solvent concentration on both sides of the
membrane.

The consequence of chemical equilibrium. When equilibrium is established, the
pressure at the water-membrane interface on the left side is p,.x, Which is greater than
ambient pressure due to the hydrostatic contribution. On the right side, the pressure at
the interface between the membrane and the cellulase enzyme solution is pgg,, Which is
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also greater than ambient pressure, but pg,, IS greater than p., due to the osmotic
pressure effect described above. The statement of chemical equilibrium for the solvent
on both sides of the membrane is;

Wpyre Water(T’ pLeft) = MSoIvent(T’ pRight! XSqute)

where the chemical potential of pure water on the left side of the membrane is
evaluated at 37°C and pressure p..«. On the right side of the membrane, the chemical
potential of water in the aqueous solution is evaluated at 37°C, pressure pPggy (i.€., Pright
D p = @, and cellulase enzyme mole fraction Xg,,.. The pressure dependence of the
solvent@ chemical potential at constant temperature and composition yields the partial
molar volume of the solvent via a Maxwell relation based on the extensive Gbbs free
energy G of a binary mixture. There are three degrees of freedom for single-phase
behaviour of binary mixtures. Consequently, four independent variables are required for
a complete description of an extensive thermodynamic potential, such as G. The
appropriate independent variables are temperature T, pressure p, and mole numbers of
the solute and solvent (i.e., Ngye @Nd Ngent) - HeNce;

dG = - S dT +V dp + WUsolvent dNSoIvent + Wsolute dNSqute
where S and V are the extensive entropy and volume, respectively, of the binary

mixture. The appropriate Maxwell relation at composition xg,,.. that allows one to
evaluate the pressure dependence of the chemical potential is;

#y & # oy & _
0] .’Slolvent ( = O/ﬁliN ( =V sotvent
p T’NSolvent ’NSolute $ Solvent T’p 7]VSolute

The previous equation is based on the fact that second mixed partial derivatives of an
exact differential, like the extensive Gibbs free energy of binary mixtures, are not
affected by reversing the order in which differentiation is performed. One integrates the
previous equation from pressure p,., t0 pgyy at constant temperature and composition
to obtain the effect of pressure on the chemical potential of the solvent in the aqueous
solution on the right side of the membrane;
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USoIvent(T’pRighUXSolute) Pright

fd:uSoIvent: f\_/SoIvendp

USOIvent(T!pLeft vXSqute) PLeft

:uSoIvent(T’ pRight’ XSqute) - “Solvent(T’ Prerts XSqute) ~ 7TV solven

Pressure dependence of the partial molar volume of the solvent was neglected in the
previous result. Now, the statement of chemical equilibrium for the solvent on both
sides of the membrane reduces to;

l’lPUI’eWaIEI(T’ pLeft) - l’lSoIvent(T’ pRight’ XSO|UIF) = :uSOIvem(T’ Ppes XSqute) + "V solven

The dilute aqueous cellulase enzyme solution in the right leg of the capillary can be
approximated as an ideal liquid mixture because Raoult@ law is applicable at infinite
dilution. Hence, the chemical potential of the solvent at temperature T, pressure p e,
and mole fraction Xg,,. IS evaluated as follows;

MSoIvent(T’ pLeft! XSqute) = Weure Water(T’ pLeft) + RT /n(l_XSolute)

In the dilute solution regime, where 1-Xg,.. IS very close to unity, one expands the
logarithmic term about xg,,.=0 in the previous equation;

/n(l_XSolute) ! DXSqute D(ll 2) { XSqute}2 D(1/3) { XSqute}3 DE

The statement of chemical equilibrium yields the following osmotic pressure expansion;

"no_ AuPureWater (T’ p) #MSolvent (T’ P xSolute) $ RT {X + lxz + lxs + }
- s e Solute © 2 “¥Solute ' 3 7*Solute ' """
V Solvent V Solvent

Problem: Sketch the difference between the liquid height in both legs of the capillary
as a function of cellulase enzyme concentration in dilute aqueous solutions
at 37°C and 60°C. Both liquids are incompressible to a good approximation.
Their densities are roughly the same and equal to that of pure water.

The polymer concentration in aqueous solution Cpyyne, With dimensions of grams solute
per solution volume, is related to the mole fraction of solute xg,,. in the dilute solution
regime as follows;
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Xsolute = MWPO'Vmer D"i|Ut.e CPOlymEr\/SONent
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I\/I\/\/Polymer VSOIvent

The osmotic pressure expansion is rewritten in canonical form for molecular weight and
second virial coefficient determination via linear least squares analysis of n/ RTCpyyme VS.

CPonmer; $
—_— 1 _2 1
" 1 $ V Solvent V Solvent

# +& C + 2
RTqDonmer IleVPolymer %MWPZolymerz Poymer memeri Polymer

The intercept yields the inverse of the polymer@ molecular weight (i.e., number-average
molecular weight for a distribution of chain lengths) and the initial slope corresponds to
the second virial coefficient B, where;

V Solvent

T 2MW2

olymer

The second virial coefficient and all higher virial coefficients in the osmotic pressure
expansion vanish for dilute polymer solutions at the ©-temperature, where the chains
exhibit unperturbed dimensions and = is a linear function of polymer concentration.

Analogy with the virial expansion of real gases. Consider the equation of state for
a van der Waals gas with attractive interaction parameter a and excluded volume
parameter b that are calculated from the critical constants. In terms of molar volume v,
which is equivalent to the ratio of molecular weight MW and mass density p, the
following equations are applicable when b is significantly less than the molar volume v;

(p+\%)(v—b) =RT

-1 2
p=ﬂ(1_9) _%=E 1+9|:1_i +(9) +
Y v V % vl DbRT]| \v
P 1 b a b |\ ,
= + 51— o+ 310"+
pRT MW MW bRT MW
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One invokes the following correspondences between the virial expansion of a van der
Waals gas and the osmotic pressure expansion for a dilute polymer solution;

(1) Gas pressure p is analogous to osmotic pressure x

(i)  Gas density p is analogous to polymer concentration in solution Cpy e

(i)  Molecular weight of the gas MW is analogous to polymer molecular
weight MW,y mer

(iv) The second virial coefficient vanishes (and also changes sign) at the
Boyle temperature, defined by Tg,,. = a/bR = (27/8)T¢iicar Where
ideal behaviour is achieved for a van der Waals gas. The second virial
coefficient vanishes (and also changes sign) at the ©-temperature for
dilute polymer solutions, where the chains exhibit unperturbed
dimensions in the absence of polymer-solvent interactions. Gas
pressure scales linearly with density at Tg,, and osmotic pressure
scales linearly with Cg,,.., at the ©-temperature.

Lattice models for athermal mixtures with excluded volume. The major
objectives of this section are to introduce the concepts of lattices, multiplicity of states,
and Boltzmann® entropy expression to calculate thermodynamic properties of mixtures.
One of the most important results is that the second virial coefficient in the osmotic
pressure expansion of a dilute polymer solution scales linearly with the excluded volume
per chain molecule, identified by y. Excluded volume is inaccessible to long chain
molecules on a lattice because these sites are occupied by chains that were inserted
previously on the same lattice. Each solvent molecule is modeled as a structure-less point
particle that occupies one lattice site. There is no entropic contribution associated with
the placement of solvent molecules in empty lattice sites. The entropy of mixing is due
solely to the multiplicity of placing polymer molecules on interconnected lattice sites.
Let®@ begin by counting the number of ways that each polymer molecule can occupy the
lattice. The total volume of the lattice corresponds to solution volume V and y represents
the volume per chain that is not available to other molecules. If A, with dimensions of
inverse volume, is the proportionality constant that relates the available lattice volume to
the number of conformations, or multiplicity, for placing each chain on the lattice, then;

Number of conformations for the 1% polymer chain = AV
Number of conformations for the 2" polymer chain = A (V-y)
Number of conformations for the 3™ polymer chain = A (V-2y)
Number of conformations for the it" polymer chain = A {V-[i-1]vy}

The multiplicity, or total number of distinguishable ways that Ng,,.,.. molecules can be
inserted into the lattice is obtained via multiplication of the conformational freedom for all
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chains, as summarized above, and subsequent division by (Ngme)! because all chains are
identical in chemical structure. Hence, the number of distinguishable states for this binary
polymer-solvent mixture is;

NPolymer NPO'ymer NPolymer AV NPO'ymer NPolymer$l&
JESELE # AVS(i$1)%= (av) # fi$( $1)iék——( ) # (1$ 1%
{ NPonmer} ! { N

{NPonmer}!
The corresponding entropy of the polymer solution is given by Boltzmann® expression,
where S = k /InQ. The multiplicity of states Q can be evaluated from the previous
expression for the solution, pure polymer, and pure solvent (i.e., Npyymer = 0). Explicit
evaluation of the entropy of pure solvent should not be performed until one invokes the
approximation that Neyymer D1 ! Npgymer

!
Polymer} :

NPol)mcr

vk o+ Inddw ’fi

i=0

S=kIn" =kN

Polymer

In(AV)#kIn{N

Polymer* }

In general, iy/ V is much less than unity for all values of i in the previous summation, so it
is acceptable to expand the logarithmic terms and retain only the linear contribution.
Since In(1-x) ! Bx BO(x?), one obtains the following result;

N Polymer #1

S ! kNPalymer ln(AV) # k ln{NPolymer } V /

k$1
ln(AV) # k In{NPolymer } # V 2 NPolymer
k$VPolymer

2V

" kN (N #1)

Polymer Polymer

" KNy N(AV)#KIN{N N} e

Polymer

Next, one evaluates the extensive entropy of mixing for a binary system that contains the
following number of molecules of polymer and solvent, respectively, Npyymer aNd Nggpen-
The calculation proceeds as follows;

i Smixing = S(NPonmer’ NSoIven\) # S(N Polymer NSoIvent: O) # S( I\lPonmer = 0’ NSoIven\)

where the last two terms in the previous equation represent pure polymer and pure
solvent, respectively. As mentioned above, structureless solvent molecules do not
contribute to the entropy of mixing because there is only one way to insert them in the
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lattice, both in the pure state and in solution. When one evaluates the entropy of the
binary mixture, S(Npymer:Nsowent) requires partial molar volumes of polymer and solvent in
the expression for solution volume V (i.e., Vgyution);

V =n

olution VPolymer + nSolvent VSolvent

Polymer
where Npyymer @Nd Ngyene represent mole numbers for polymer and solvent, respectively.
When one evaluates the entropy of pure polymer in the absence of solvent, extensive
volume V (i.e., Vpyymer) Can be calculated from the previous equation if the solvent term is
omitted and the partial molar volume of the polymer is replaced by its molar volume
Vpolymer- Boltzmann@® entropy expression yields the following entropy change upon mixing;

v & oL 4 &
" Snixin = vogadrd ol merln$ olufion’ 4 = k)N VO aer-] ol mer$ * '
’ A ’ " A/Polymer( 2 oo we /B/Polymer VSqution(

Statistical concepts have been employed to calculate a macroscopic thermodynamic
property, as illustrated above. The specific details of the lattice are no longer required, as
evidenced by the fact that the lattice parameter A does not appear in the final expression
for AS,..- The following sequence of steps is required to relate the second virial
coefficient in the osmotic pressure expansion to the excluded volume parameter v;

(1) the Gibbs free energy of mixing AG,,,,, for athermal solutions is calculated
from the entropy of mixing via BT AS,,;,, because AH, ., = 0

(2) the chemical potential difference between the solvent in its pure state
and in the polymer solution is calculated from the mole number derivative
of AG,,, at constant temperature T, pressure p, and mole numbers of
polymer ng,, e (i.€., via partial molar properties when the concentration
dependence of the partial molar volumes of polymer and solvent are
neglected)

(3) there is a direct relation between osmotic pressure and the chemical
potential difference between the solvent in its pure state and in the
polymer solution
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Replacing KNuyo4aa0 DY the gas constant and multiplying AS,,,, by BT yields an expression
for the Gibbs free energy of mixing for binary polymer solutions;

Sy 1 1 1
) C;mixing = #RTnDonmerlno/ Solutlon( #H_— RT*NAvogadr(plz‘olymer(ye— # vV (
Polymer) Polymer Solution)

Now, one calculates the required chemical potential difference between the solvent in its
pure state and in solution as follows when the partial molar volumes of polymer and
solvent are independent of composition;

$H#G

mixing

- uSoIvent(T’ p’ XPolymer * :ugureSolven(T’ p)

%n %
SOIVem T’p»nPolymer

% Solvent 1 $\/ Solvent
=*RT %(«/7 —RTN &r
r-lbolyme 0 ) 2 AvogadrcnPonme 50|ut|0n)

Solutlon(

Division of the previous expression by the product of RT and the partial molar volume of
the solvent yields a relation between excluded volume and osmotic pressure;

" 0 0 2
— uPureSOIven(T’ p)#IJSoIvent(T’ p’ XPonmer) — nPonmer + 1 /mPolymer(
- </ ~ ¥ NAvogadro
RT RTV sotvent VSqution 2 &VSqution)

The molar concentration of polymer in solution, given by the ratio of Np, e, @Nd Vgyyyrion IS
equivalent to Cyyypme, With dimensions of grams polymer per solution volume, divided by
the polymer@ molecular weight MWpy,... The lattice model with excluded volume yields
the following osmotic pressure expansion in which the coefficient of the term that is linear
with respect to Cp,,me relates the second virial coefficient and v;

n
1 7ﬁ\IAvogadro C
2 Polymer

RTQ::oner Polymer &U)M Polymer

The product of y and Npyg.ae Can be interpreted as the excluded volume per mole of
chain molecules, where a mole is based on the molecular weight of the entire chain, not
simply the repeat unit. As mentioned from the analysis of membrane osmometry, linear

8 Thermodynamic lattice theories
Conformational entropy description of T,



least squares analysis of a/ RTCqyymer VS. Copymer Yields the polymer@ molecular weight
from the intercept and the second viral coefficient from the slope. Generalization of
these results suggests that the excluded volume vanishes when the second virial
coefficient is identically zero. For example, when polymer chains exhibit unperturbed
dimensions in a ®-solvent, w/ RTCpyyme, IS NOt a function of the polymer concentration in
solution and the excluded volume vanishes.

Flory-Huggins lattice theory for flexible polymer solutions. More detailed
considerations of the lattice are provided in this section for polymer-solvent mixtures that
exhibit entropic and enthalpic changes upon mixing. Interconnectivity of lattice sites that
are occupied by the same polymer chain imposes severe restrictions on the
conformational entropy of mixing, and these constraints become more severe when two
polymers are mixed, to the extent that AS,,,, is essentially zero for polymer-polymer
blends. This interconnectivity was mentioned but not addressed in much detail in the
previous section.

Nomenclature: The following notation is employed to construct the Flory-Huggins
lattice model.

N;oia = total number of individual lattice sites

Nsovent = NUMber of solvent molecules, modeled as structure-less point particles.
Neoymer = NUMber of monodisperse polymer molecules, each one contains x segments
XNgoymer = NUMber of segments in the lattice that are occupied by polymer chains
Nrotat = Nsowent + XNpolymer

Assumptions. Each site in the three-dimensional lattice is large enough for either
one solvent molecule or one segment of the polymer chain to reside. Hence, solvent
molecules are approximately the same size as the polymer repeat unit. Segments of the
polymer chain do not interact energetically with each other, but they interact non-
specifically with solvent molecules. In other words, there are no polar functional groups or
charged species in the main chain or sidegroup of the polymer that interact preferentially
with the solvent. Each segment of the polymer is equally accessible to the solvent. Each
polymer chain contains x segments or repeat units. As illustrated in the next section, the
occupational probability of each lattice site depend on the number of polymer molecules
that have already been placed on the lattice. In other words, the fact that prior segments
of the same chain necessarily occupy lattice sites does not affect the calculations below
when subsequent segments of the chain are placed on the lattice. All of these
assumptions are considered to calculate the combinatorial entropy of mixing via statistical
analysis of the Gcounting problemObecause each permutation is considered to be equally
likely, analogous to the microcanonical ensemble in statistical thermodynamics. The

9 Thermodynamic lattice theories
Conformational entropy description of T,



interaction free energy of mixing accounts for energetic effects between similar and
dissimilar molecules but (Boltzmann weighting factorsO are not employed to distinguish
different permutations of polymer chains conformations and structureless solvent
molecules on the lattice.

Conformational entropy of mixing AS,,.,. This development begins by placing /
polymer molecules on the lattice and calculating the occupational probability for all x
segments of the J/+1% chain. For example, if there are N, lattice sites and x
interconnected sites are required for each chain molecule that has already been placed on
the lattice, then there are N,,, D ix sites available for the first segment of the next
polymer molecule. Now, interconnectivity must be considered for segments 2 through x
via the coordination number z, or the number of nearest neighbor sites. Typical
coordination numbers are 4 for two-dimensional lattices and 6 for three-dimensional
lattices. Hence, there are a maximum of z sites available for the second segment of the
chain and z-1 sites available for segments 3 through x, but some of these sites might be
occupied by polymer molecules that have already been placed on the lattice. The fraction
of vacant sites on the lattice k; after / polymer chains occupy sites is {Ny ., Pix}/ Ny, and
this probabilty factor k; together with the coordination number (i.e., z or z-1) is required
to calculate the number of sites that are available for segments 2 through x in the j+1*
chain. Changes in the probability factor k; are considered for different chains, but not for
different segments of the same chain. In summary, the number of ways that each
segment of the /+1% chain can be arranged on the lattice is;

1%t segment: Nrora PIX
2" segment: ZK;
3" segment: (z-1)x same for all remaining segments

Since all Ng,,e chains are structurally identical, the multiplicity of states, or number of
distinguishable ways of placing these chains on the lattice is obtained via multiplication of
the occupational freedom of all x segments in all chains, and subsequent division by
Neoiymer!, @s follows;

1 NPolvmer (X$])
. 1 NPuIymer$l . )C$2 Z $ 1 * - 1 NPolymer$1 . X
= #0 (NTotal $ ZX)Z%{(Z $ 1)0/9} & ! | # (NTOtal $ lx)
Polymer * = N. Total T NP olymer * =0

This expression for Q is not restricted to the dilute solution regime, but it is almost
impossible to evaluate the combinatorial entropy of mixing, as written, because the total
number of lattice sites Ny, and the number of polymer molecules Ng,, ., are exceedingly
large. Boltzmann@ equation, S = k/nQ, is employed to calculate the conformational
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entropy of mixing after substantial manipulation of the multiplicity of states. The
following approximations are invoked at low polymer concentrations;

(1) The term within the product on the far right side of the previous expression for Q
[i.e. (N;oq PiX)*] is written as a ratio of two factorials, which simplifies to a product
of x terms that are almost identical in the dilute solution regime (i.e., Ngyent >>

X NPonmer) ;

(NTotaI "’ IX)'
{ I\ITotaI i X(I +1)}'

(NTotaI " iX)X #

= (NTotaI i iX)(NTotaI " iX i 1)(NTotaI i iX "’ 2)"‘(NTotaI i iX X X+1)

(2) Explicit evaluation of the product in the expression for Q, with assistance from the
dilute solution approximation in step (1), reduces to;

Npolymer=1 (NTotaI - IX)' _ NTotaI!(NTotaI - X)!(NTotaI - 2X)’{ NTotaI - (NPOIYmer_ 1)X}'
1=0 { NTotal - X(I + 1)}‘ (NTotaI - X)!(NTotal - 2X)’{ NTotal - (NPonmer_ 1) X} '{ I\ITotal - XNPonmer}!

I\ITotaI ' — NTotal '

- |
{ NTotaI - XNPonmer}! I\ISolvent

(3)  Stirling® approximation for the factorial when n is large;

Lo

1
N=n"/2"nexp#n §A .
PEN) A+ on* 28ae

Inni* %In(Z")+(n+%)Inn#n* ninn#n

iIs employed to evaluate /nQ as follows;
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N N

Total

NP()lvmer ()C—l)
I _ )
Q ~ N Total* ( < 1 )
Solvent

Polymer*

In Q = (NSolvent + ’xNPolymer) ln(NSolvent + XNPolymer) - (NSolvent + xNPolymer)

In N In N

Polymer Polymer + NPolymer - NSolvem Solvent + NSolvent

+(X 1)NPolymer |n(Z 1) (X 1)N (NSolvem + XNPolymer)

Polymer

Now, Boltzmann® equation yields the following expression for the combinatorial entropy
of the Flory-Huggins lattice model;

+xN N In N

Solvent Solvent Solvent Solveni

E = (N + NPonmer) h’l(N

Polymer) -

~(X=DNpgymed 1 - In(z-1)} =N InN

Polymer Polymer

Once again, the extensive entropy of mixing is calculated by evaluating the previous
equation for (i) dilute polymer solutions, (ii) pure polymer, and (iii) pure solvent. In the
spirit of maintaining an incompressible system, the size of the lattice for the sum of the
precursors (i.e., Npyymer Molecules in the absence of solvent and Ng,,.,, molecules without
polymer) is the same as the size of the lattice required to accommodate Ngyyen: + Npoymer
molecules in dilute solution. Hence, Nge, @and Ngoyme, d0 NOt change from their respective
undiluted states to the solution in the expressions below.

"’ Snixing = S( N Polymer? NSoIvent) # q N Polymer! NSoIvent= O) # q N Polymer = O' NSoIvent)

= k( I\ISoIvent'i' NPonmer) ln( I\ISoIvent"' XNPonmer) # kI\ISoIventI |\ISoIvent# kNPonmerIn(XNPonmer)

$ N ' $ XN '
= 0/ Solvent 0/a Polymer
- #r/-kl\ISolventlr| /6 N ( # kNPonmerIn /"N N
solvent X Polymer) Solvent T X Polymer)
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There is no combinatorial entropy associated with placing identical structure-less point
particles on all of the lattice sites, to simulate pure solvent. The indistinguishability of
solvent molecules reduces the multiplicity of this process to unity, but justification of this
statement requires I®lopital® rule for the last term in S when Neoymer = 0. Coordination
number z appears in the expression for the combinatorial entropy of the Flory-Huggins
lattice, but the final expression for the entropy of mixing does not depend on any lattice
structural parameters. This fact is reassuring because the lattice is only a crutch that
allows one to simulate the mixing process. From a different viewpoint, however, the
coordination number of the lattice appears in the final expressions for the entropy of
mixing in Guggenheim®@ theory that has been applied by DiMarzio and Gibbs to predict
either increases or decreases in the glass transition temperature of amorphous polymers
at higher diluent volume fractions. Statistical details about the lattice, or the coordination
numbers of transition metal complexes, are included in the conformational entropy
description of the glass transition, based on Guggenheim@ theory of mixtures as
described below. The quantities in curly brackets {} in the previous expression for the
Flory-Huggins entropy of mixing represent volume fractions ¢ of solvent and polymer,
respectively, as defined by;

XN

Solvent Polymer

+ XN ";OPonmer = N " XN

‘pSoIvent= N
Solvent Polymer Solvent Polymer

If the numbers of molecules of polymer and solvent, Npyymer and Ng,ene, are re-expressed in

terms of mole numbers and Avogadro@ number, with KNa,eg.00 = R and y represents mole

fraction, then the previous mixture composition variables can be solved for mole fractions

in terms of volume fraction as follows;

y Solvent —

L I
+ X(l " # ) ’ yPOlymer #Polymer + X(l "’ #Polymer)

#

Polymer Polymer

The molar entropy of mixing As,;,., iS given by;

n 111

#S _ #Smixing _ In $ + |n $

(N N - R = Ysotvent Sotvent TY Polymer Polymer
( Solvent + Polymer)

mixing

There is one major difference between this expression for the combinatorial entropy of
mixing of a dilute binary polymer solution and the ideal As,,,, for regular solutions of low-
molecular-weight molecules. The chain-like nature of one of the components dictates the
need for volume fractions in the final expression for As,.,, Whereas volume fractions are

13 Thermodynamic lattice theories
Conformational entropy description of T,



replaced by mole fractions for the ideal entropy of mixing of regular solutions of small
molecules. The extent of randomness and chaos due to the mixing process is reduced by
the chain-like nature of one or both components. Comparison of equimolar binary
mixtures reveals that As,,, Is largest for regular solutions of small molecules,
intermediate for polymer solutions, and smallest for polymer-polymer blends.

Interaction free energy of mixing AG,,,, and the Flory-Huggins thermodynamic
interaction parameter x. This calculation focuses on non-specific pairwise energetic
interactions between species that occupy nearest neighbor sites on the lattice. These
interactions are exclusively intermolecular for the solvent, but intramolecular interactions
between different segments of the same polymer chain are allowed. The following
nomenclature is used to describe the various types of pairwise interactions;

€ss interaction energy between two solvent molecules

€pp interaction energy between two polymer segments on the same chain (i.e.,
intramolecular) or on different chains (i.e., intermolecular)

€sp  INnteraction energy between one solvent molecule and one polymer segment

z number of nearest neighbor sites on the two- or three-dimensional lattice
ZQPsoent number of nearest neighbor sites occupied by solvent
Z Ppolymer number of nearest neighbor sites occupied by polymer segments

Energetic interactions within the pure solvent (Qsoyen: = 1)

The lattice is occupied completely by Ng,.x Molecules. For each site on the lattice,
excluding the boundaries, there are z nearest neighbors which contain solvent molecules
that interact with a solvent molecule in the site of interest, and the energy of interaction
IS ess. Hence, the interaction energy is zegg per site, which must be multiplied by the total
number of sites that contain solvent (i.e., Ng,ent)- HOwever, each pairwise interaction is
counted twice by this procedure, so the cumulative interaction energy when solvent
molecules occupy the entire lattice is;

Pairwise interaction energy for pure solvent = (1/ 2)NgywentZ€ss

Energetic interactions within the undiluted polymer (@poymer = 1)

Now, the lattice is occupied completely by Ng,,.,.. molecules with x segments per chain.
Hence, XNg,,me lattice cells are required to describe the undiluted polymer. Once again,
excluding the boundaries of the lattice, there are z nearest neighbor sites which contain
polymer segments that interact with the segment of interest according to &, The
interaction energy is zep, per lattice site, which must be multiplied by XNg,, .. Sites and
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divided by 2 because each pairwise segment-segment interaction has been counted twice.
The total interaction energy for the undiluted polymer is;

Pairwise interaction energy for pure polymer = (1/ 2)XNpoymeZ€pp

Energetic interactions within the polymer-solvent mixture

The lattice contains both solvent and polymer with volume fractions given by ¢g,yen @and
Proymers F€SPEctively. Each calculation of a pairwise interaction energy per solvent site
must be multiplied by Ng,.. and each calculation per site that is occupied by a polymer
segment must be multiplied by XNg,,me- Energetic interactions occur between similar
molecules and dissimilar molecules. As mentioned above, interactions between similar
molecules are necessarily intermolecular for the solvent, but they can be either intrachain
or interchain for the polymer. Consider all lattice sites that are occupied by solvent
molecules;

Pairwise solvent-solvent interaction energy = (1/ 2)NgowentZPsowvent Ess
Pairwise polymer-solvent interaction energy = (1/ 2)NsoyentZPpolymerEsp

Now, consider all lattice sites that are occupied by segments of a poymer chain;

Pairwise polymer-solvent interaction energy = (1/ 2)XNeyymerZ Psolvent Esp
Pairwise polymer-polymer interaction energy = (1/ 2)XNpoymerZ PpoiymerErp

The extensive interaction free energy of mixing is constructed by subtracting pairwise
interaction energies for pure solvent and undiluted polymer from all of the possible
pairwise interaction energies that exist within the solution. One obtains the following
result;

A(-;mixing,interaction = (1/ 2)2 { (NSoIventcpPolymer + XNPonmercpSolvent)SSP

- NSoIvent(l - cpSoIvent)SSS - XNPonmer(l - cpPonmer)sPP }

Substitution for polymer and solvent volume fractions yields a rather simple expression
after rearrangement that illustrates how some, but not all, solvent-solvent and both
intrachain and interchain polymer segment-segment interactions are disrupted in favour of
non-specific solvent/ polymer-segment interactions;

AG — XNSoIventN Polymer 1 +
mixing,interaction — Z N +xN {8SP -2 (ESS EPP)}
Solvent X Polymer
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The Flory-Huggins polymer-solvent thermodynamic interaction parameter y is defined in
terms of the difference between pairwise interaction energies on the right side of the
previous equation;

" Z
= KT {#SP $3 (#ss"' #PP)}

Final expressions for the extensive (AGinginteraction) @nd molar (Agixing.interactions PEr total
moles of both components) interaction free energies of mixing in binary polymer-solvent
solutions, provided below, are not limited to the dilute solution regime;

$

"G = kT#N

mixing,interaction Solvent™ Polymer

"G
kT{N

mixing,interaction

+N

mn
_ g mixing,int eraction __ $
- - ‘ff) Solvent

Polymer
RT g

Solvent Polymer}
This is analogous to the 2-parameter van Laar model for the excess nonideal Gibbs free
energy of mixing, where the van Laar quantities of interest represent a dimensionless
interaction parameter and the ratio of molar volumes of both components such that the
effect of composition on AQinginteraction (i-€., Pe€r mole of mixture) requires the mole
fraction of the smaller component and the volume fraction of the larger component. For
regular (i.e., nonideal) binary mixtures of essentially equi-sized small molecules with
nonzero interaction energies, both van Laar parameters are identical and it is necessary to
replace volume fraction by mole fraction in the previous equation, which reduces to the
Margules 1-parameter symmetric model for nonideal mixing where the Flory-Huggins
thermodynamic interaction parameter is analogous to the Margules constant. If the
extensive interaction free energy of mixing AG,ing.interaction WETe divided by the total number
of lattice sites (i.e., NgyyenttXNpoymer) iNstead of the total number of molecules (i.e.,
Nsowentt Neoymer) IN the mixture, then the effect of composition on the interaction free
energy of mixing, per mole of lattice sites, requires a product of the volume fraction of
each component in the binary mixture. The temperature dependence of x governs the
entropic and enthalpic contributions to the interaction free energy of mixing in the
previous equation. For example, standard formalism from classical thermodynamics yields
the following results for the molar entropy and enthalpy of mixing due to energetic
interactions;
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" Sm 3 0/$' gmixing,interaction£ _ #Ry 4 - $(T; )(::L)
ixing,int eraction — - Solvent” Polymer,
& $T p,composition / $T 2p,composition
- %o (0 -¢ 0
! hmixingint eraction #T2 il glelng,lnt eraCtI0n£1 = #RszSoIvent-l-Ponmer' $’ 1
’ /$T& T )2p,compositi0n /$T2p,compositior

If % varies inversely with temperature, then the interaction free energy of mixing is
completely enthalpic in origin, whereas a temperature-independent value for x implies that
AQ mixing.interaction 1S SOlely due to entropic effects. The distinction between entropic and
enthalpic contributions to the Fory-Huggins thermodynamic interaction parameter for
polymer-solvent mixtures is discussed further in Chapter#5 on QOrder parameters for
glasses and the concentration dependence of the glass transition temperatureQ

Complete expression for the Gibbs free energy of mixing, partial molar properties,
and the osmotic pressure expansion. Developments from the previous two sections for
the conformational entropy of mixing and the interaction free energy of mixing are
combined to calculate the extensive Gibbs free energy of mixing;

AGmixing = AGmixinginteraction - TAS‘nixing = kT{ NSoIventIn (p80lvent+ NPonmerIn (pPonmer+ XNSolvenprolymer}

The following logical sequence of calculations is appropriate based on the previous
expression for AG,ing;

(a) Chemical potential difference between the solvent in solution and in the pure state

(b) Osmotic pressure expansion and identification of the second virial coefficient

(c) Stability criteria based on the chemical potential or activity of the solvent

(d) Critical value of the Flory-Huggins polymer-solvent thermodynamic interaction
parameter at the upper critical solution temperature (i.e., UCST), above which
homogeneous single-phase behaviour exists.

(e) Relation between the upper critical solution temperature and the ®-temperature

Initially, one replaces the number of molecules of polymer and solvent (i.e., Npyyme and
Neowen:) DY the product of Avogadro@ number Navogaaro @Nd mole numbers (i.e., Ngyype, and
Neowent)- NOW, the partial molar Gibbs free energy of mixing of the solvent can be
evaluated in a straightforward manner via partial differentiation of AG,,,, with respect to
Nsovent At CONstant temperature T, pressure p, and moles of polymer ng, ... The chemical
potential difference between the solvent in solution and in its pure state is;
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&G, .. )

mixing % —_—

I'lSolvent (T’ P, ! Polymer) # l’lgureSolvenl (T’ p) = -

( Solvent +Tvp!”Polymﬂr
3
UJ n
n ' $" / N, +$ / /
' " Solvent Solvenr Po[}mer Polymer 51 Pol)mer
RT ln Solvent + " 1 + " 1 + 2 Polymer +nSo[vem 1
Solvent ~ Solvenl Or PN potymer Polymer - Solvent Or P polymer Solvenz Q' P poiym %
— 1 7] ! 1 / " m?2 l
=RT' In(1# +. 1#— +2
( Polymer : X Polymer Polymer

Whereas the combinatorial entropic contribution to the previous expression is restricted
to the dilute solution regime, the contribution from energetic interactions is applicable to
both dilute and concentrated solutions. This limitation on the conformational entropy of
mixing is modified below, so that the Gibbs free energy of mixing and the chemical
potential of the solvent (or diluent) can be employed in an order parameter model for
polymer-diluent blends at vanishingly small diluent concentration. The osmotic pressure
expansion and identification of the second virial coefficient for dilute polymer solutions is
obtained via (i) division of the previous equation by the partial molar volume of the
solvent, (ii) expansion of the logarithmic term when qpyymer << 1 [i.e., In(1-¢) ! Do D(1/2)
¢? D (1/3) ¢® - E], (iii) expression of the polymer volume fraction in terms of its mass
concentration in solution Cg,,e. @and molecular weight MW, and (iv) rearrangement to
arrive at a virial expansion or power series for osmotic pressure with respect to Cpyyyme-
For example;

— ugureSOlvent (T’ p) - l'lSolvent (T’ P (pPolymer) _

VSolvent

RT 1 RT |1 1
I, {In(l_ @Polymer) + (1_ ;)‘pPolymer + X‘pfz’olymer} == {_ (pPolymer + (E - X)q)iolymer t.. }

Solvent VSolvent X

When very high-molecular-weight polymer chains exhibit unperturbed dimensions in the
absence of polymer-solvent interactions at the ®-temperature, osmotic pressure scales
linearly with polymer concentration and the Flory-Huggins dimensionless interaction
parameter x approaches a value of 0.5 in dilute solution.

Flory-Huggins entropy of mixing for concentrated polymer solutions. Let® return to
the initial formulation of the multiplicity of states for placing Ng, ., Mmolecules on the
lattice, where each chain contains x segments. Without invoking any dilute solution
approximations;
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0/% $ 1 (NP()Iymer (X$1) 1 N Polymer $l
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The corresponding extensive entropy via Boltzmann® equation is;

. Sz#1' +NpoymertL L
2-ln =(x#1)NPO|ymerlnm%#ln( F,o,ymer)+ln - (NTota,#lx)G

The combinatorial entropy of mixing is constructed from the previous equation by
adjusting the size of the lattice so that it accommodates (i) {Ngwent + Npoymerd Molecules
for the mixture, (ii) Npyymer Molecules in the absence of solvent, and (iii) Ng,y., Molecules in
the absence of polymer. Hence, the same number of polymer or solvent molecules is
present in solution and in the respective Qoure statesQ Since the multiplicity of states Q
was based on the placement of polymer chains on the lattice, without consideration of the
solvent, the previous two equations are not applicable to calculate the combinatorial
entropy when the polymer is absent. As illustrated by two previous lattice examples in
this chapter, stucture-less solvent molecules do not contribute to the entropy of mixing
because there is only one way to insert them in the lattice, both in the pure state and in
solution. This convention is adopted here. Realizing that the total number of lattice sites
is either (i) Nsyyent + XNpoymer fOr the mixture, or (ii) XN, e in the absence of solvent, one
obtains the following expression for the extensive entropy of mixing;

S Mixing = S (N Polymer N Solvent) #S (N Polymer N gotven = 0) #S (N Polymer = 0,N Solvent)

1 $ ' N popge #1 .4
= k:’(x # 1 N potymer %Vsmemzjil N poismer 2 # ln( Polymer* ) + ln_ :0 (N Sotvent + X[N Potymer 71 ]) 6g
1 $ ' AN potymer #1 4
#kgx H1)N 5y 1n§&]\2%2 #1n(N 1, 1) + In, * XN pypyer #1) 68
1 N potymer H1 4
*
= ki x# 1) N possmer N7 pogimer + 1n’8 i=0 NS,])V f(;l]vem + x[N Polymer ]) ;32
% -8 :0 X(N Polymer l) 88

The denominator of the logarithmic term in the previous equation can be simplified with
assistance from Sterling@ approximation for the factorial of large numbers;
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n x N # l' * —_ NPonmer N | *
. Polymer =X Polymer |*
$NPolymer #1 !

% " XNy, # z)§ = XNy INx+xI0(N,,,0,0,,Y)
=xN POlymer{ 1n(XN POlymer) # 1}

Once again, the combinatorial entropy of mixing does not depend on coordination number
z of the hypothetical lattice used to obtain thermodynamic results. The following
expression for ASy,., is useful in Chapter 4 when the concentration dependence of the
glass transition temperature is analyzed for trace amounts of plasticizer, where the slope
of T, vs. diluent concentration is most pronounced,

N Polymer_l

IT (N +X[ N iy’
ASV”Xing = k (X_l)NPOIymerIn (pPOIymer"' In =0 ( Solvent [ Polymer ])

N Polymer_l

AX
iI}) X( I\IPonmer - I)
N Polymer_l

=k (X - 1) I\IPonmerIn Prolymer — XNPolymer{In(XNPolymer) - 1} +X E ln{ I\lsiolvent"' X( NPonmer_ I)}
i=0

For concentrated polymer solutions, Flory-Huggins analysis of the extensive combinatorial
entropy of mixing can be written concisely as;

ASMixing = f(NPonmenNSolvent;X)
where the generalized function f is temperature-independent.

Chemical stability of binary mixtures. Homogeneous binary mixtures that do
not exhibit phase separation impose a few restrictions on the Gibbs free energy and its
concentration dependence. One of the necessary conditions for miscibility is that the
Gibbs free energy of a mixture should be less than a weighted sum of pure component
Gibbs free energies. In other words, AG,,, must be negative. However, this condition is
not sufficient to achieve a single homogeneous phase. This section focuses on the
chemical stability of binary mixtures via thermodynamic analysis of the Gibbs free energy.
Consider N, moles of pure component i. If each component exists as a pure single phase,
then the phase rule (i.e., f=c-p+2=2) suggests that extensive properties like the Gibbs
free energy of pure component i, G, enjoy three degrees of freedom, where an
additional degree of freedom is required because extensive functions depend on total
mass of the system. If temperature T, pressure p, and mole numbers N; are chosen as
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three independent variables for a unique description of G ,,., then Euler's integral theorem
for thermodynamic state functions that are homogeneous to the first-degree with respect
to their extensive independent variables yields the following result;

n

G &
G, T, ’Ni :N,'M' :Ni i,pure T’
z,pure( p ) % "Nl. (T’p :u,p ( p)

where w;,,.(T,p) is the chemical potential of pure component i in its reference state.
Intensive thermodynamic properties like u; ., Which is equivalent to the molar Gbbs free
energy of pure component i, are homogeneous functions of the zeroth-order with respect
to molar mass. Hence, Euler's theorem reveals that w,,. is not a function of N. This is
consistent with the phase rule which predicts that only two degrees of freedom are
required for a unique description of w,.. If an r-component homogeneous mixture
contains N, moles of component i, then the phase rule (i.e., f=r-1+2=r+1) indicates that
r+2 degrees of freedom are required for a unique description of extensive properties.
Euler's integral theorem focuses on the extensive independent variables, yielding the
following expansion in terms of partial molar properties for the Gibbs free energy of the
mixture (i.e., intensive variables, like T and p, are not included in the expansion);

r r

(T,p,all N.) =" N&)M( =" N./J.(T,p,composition)
-_ 1 l& m 1 l

G

mixture
i=1

i ) T,p,all_Nj[j*i] i=1
where y, is the chemical potential of component i in the mixture. The extensive Gibbs free
energy of mixing is constructed as follows;

r r

AGmixing = Gmixture - E Gi,pure = E Ni{l’li (T’ P, CompOSitiOI)l_ l'li,pure(T’ p)}

i=1 i=1

Division by the total number of moles of all components, Ny, = X,.+{N}, yields the molar
Gibbs free energy of mixing;

i gmixing = % = # Yi {Aul (T’ P, ComPOSitior)$Mi’pure(T, p)}

Total i=1

where vy, is the mole fraction of component i in the mixture. With the aid of activity
coefficient correlations, the previous equation is useful to generate graphs of Agns VS.
mole fraction of either component in binary mixtures at constant temperature and
pressure. Chemical stability analysis of these graphs is discussed below.
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Shape of Ag,..., VS. composition in binary and multicomponent mixtures. Based on
the previous equation, the Gibbs free energy of mixing, per total moles of both
components in binary mixtures, is;

"’ gmixing = (1 # yZ ){ l’ll #“l,pure} + yZ{I’lZ # l‘l2,pure}

and the instantaneous slope of Ag,., VS. the mole fraction of component @q vy,, at
constant temperature and pressure is calculated as follows;

J du du,
_Agmixin } = Au2 - AuZ, ure [ Aul - Aul, ure + yl{_l} + yZ{_}
{&yZ ’ T.p { g } { g } &yZ T.p &yZ T.p

The last two terms on the right side of the previous equation cancel because;
ydu, +y,du, =0

via the Gibbs-Duhem equation at constant temperature and pressure. Hence;

{i Agmixing } = { IJZ - I’IZ,pure} - { l’ll - I‘ll,pure}
(?yZ T.p

If one introduces activities a, and activity coefficients vy, such that, at constant T and p;

a(T, p,compositiof=y;",(T, p,composition
U # 1, ,6(T) = RTIng (T, p,composition

then it is possible to evaluate the slope of Agn, VS. composition (i.e., mole fraction of
species @Q y,) in the concentration limits because;

22 Thermodynamic lattice theories
Conformational entropy description of T,



1
n

$ '
o/en_#gmixing( :RT In%ll(
& Y2 T.p &al)
lim{a} =21lim{a} =0
y*l y* 0
Ilmo/e_#gmlxm ( =++
yo* 1&")72 g)
lim%—#g . ( =,+
y2* 0&"y2 g)

Hence, if AQ,.., IS plotted vs. y,, then the graph begins at pure component 1 with
AQmixing=0 and an infinitely negative slope, and culminates at pure component 2 with
AQmixing=0 and an infinitely positive slope. Some consequences of this result are that (i)
AQmixing Must be negative near the concentration limits for all mixtures that achieve
thermodynamic equilibrium, and (ii) when mixtures separate into distinct phases, these
phases can be highly concentrated in one of the components, but pure-component phases
are thermodynamically disallowed. These results can be extended to multicomponent
mixtures. Begin with the molar Gibbs free energy of mixing, recast in terms of activities;

"Gy =H V{11 (T. p.cOMPOSITO)S1,,,(T. P} = RT# y Ina
i=1 i=1

If one envisions a multidimensional plot and focuses on the slope of Ag,., With respect to
the mole fraction of component k, then it is necessary to vary the mole fraction of one
other component (i.e., y,, for example). Changes in y, are not independent, but they are
equal and opposite to the changes in y, to insure that all mole fractions sum to unity. The

following partial derivative is of interest;
dlna
Iy T.pall_y,

d 3 o
{_Agmixing} = RTE In 31{_'}
k T.pall _y; i=1 ﬁyk T,pall _y
and the 2" term in the summation of the previous equation vanishes via the Gibbs-Duhem

[i=kr] j[i=kr]
equation at constant temperature and pressure;

Li=kr]

" ydu,=RT" ydlna =0

i=1 i=1
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Hence;

(ye_#gmixing( = RT+ In a| O/qi(

n 1
& k T,p,all_yj[j*k’r] i=1 & yk T,p,all_yj[j*kvr]

and;
r

-1
Ve+Yo+ D=1
[i=K]

j=1[j=k

Since all mole fractions in the summation of the previous equation remain constant during
differentiation with respect to y,, it follows that dy, = - dy,, and one obtains the following
mole fraction derivatives;
Li=k
N =< =-Li=r

NS t.pa s O;i = k,r

The concentration dependence of Ag,n, IN Multicomponent mixtures is;

{i Agmixing} = RTIn{i}
k T.pall _y; &

This slope is (i) infinitely positive in the limit of pure component k (i.e., y,=1,a=1,
y=0,a=0), and (ii) infinitely negative in the limit of extremely dilute mixtures of
component k (i.e., y=0,a=0,y,>0,a>0). Hence, if phase separation is inevitable and
thermodynamic equilibrium is achieved, then multicomponent mixtures will not separate
into pure component phases because a lower Ag,., can be achieved if the phases are
slightly impure.

[i=kr]

Intercepts and common tangents to AQ,,.,, VS. composition in binary mixtures. As
illustrated in the previous subsection, Euler's integral theorem and the Gibbs-Duhem
equation provide the tools to obtain expressions for Ag,n., Per total moles of both
components, and (9Agu,ixing/ 9Y2)r, IN binary mixtures. This information allows one to
evaluate the tangent line at any mixture composition via the point-slope formula. For
example, if uw,=w,* and u,=w,* when the mole fraction of component 2 is y,*, then;
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" gmixing(yz = yg) = (1$ yg){ lul# $ l'll,pure} + yg{ l'lg $ HZ,pure}

& )
b % " :- ={l~1§ $ ,uz,pure} ${ l'll# $ lJl,pure}

T.pYy>=Y4

( %2 gmixing

The Taylor series expansion for the tangent line at y,* is truncated after the 1%-order
term without introducing any error;

2

Tangenty,:y; ) = AGuungl Y = ¥3 )+ [¥: - y;“]{i Agmixmg}
T.p.Y2=Y,

= (1 - y; ){A"’l’ik - Ml,pure} + y; {‘u; - A"’l’Z,pUI’e} + (yz - y; )[{M; - Auz,pure} - {MT - Aul,pure}]

where Tangent(y,;y,*) represents a linear function of y, that is tangent to AQ., VS.
composition at mole fraction y,*. Simplification of the previous equation yields;

Tangenfy,;y;) = (1- Y, { 14 — typuret + Yo{ 15 = Ho pure)

Evaluation of the tangent line at the pure component intercepts provides useful
information about the chemical potentials of both components in the mixture at
composition y,*. For example;

Tangent(y2 = 0,)72) = Ml #Au‘l,pure
Tangent(yz = 1, y;) = M; #Al’LZ,pure

Chemical stability of binary mixtures is addressed via the shape of Ag,n, VS. cOmposition.
As illustrated below, the tangent line is critical in this analysis because the pure
component intercepts of a common tangent that contacts Ag,,., VS. Y, at two different
points on the curve provide the conditions for chemical equilibrium of a two-phase
mixture. Homogeneous single phase behaviour occurs at all mixture compositions when
both of the following conditions are satisfied;

(1) Agmixing < 0
(2) (azAgmixing/ ay22)T,p > 0
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If the 1%t condition is violated, then the mixture splits into at least two phases. However,
mixtures that achieve thermodynamic equilibrium will not violate the 1% condition near
pure component boundaries, because the slope of Ag,,., VS. Y, is infinitely negative near
pure component 1, and infinitely positive near pure component 2. This can only occur if
AQmixing 1S Negative near the pure component boundaries since, by definition, Agyn,=0
when y,=0 and y,=1. The most interesting situations occur when the 1% condition is
satisfied and a region of negative curvature exists between two regions of positive
curvature, such that (0°Ag.,ixing/ 9Y,%)7, Changes sign smoothly. Under these conditions,
mixtures exhibit concentration dependent miscibility and one must consider stable,
metastable, and unstable states that are separated by binodal and spinodal points,
respectively. These terms are defined below within the context of chemical stability for
binary mixtures;

Spinodal points represent the boundary between positive and negative curvature of
AQmixing VS Y, at constant T and p. An equilibrium state on the spinodal curve is
defined by (0°AQmiing/ 9Y2%)7, = 0. Regions between the spinodal points, where
(02AQmining! 9Y2%)1, < 0, are intrinsically unstable and violate the 2" criterion of
chemical stability. If one graphs Ag,., VS- Y, isothermally at several different
temperatures, then the locus of spinodal points is known as the spinodal curve on
temperature-composition axes. The phrase, spinodal decomposition, describes the
kinetics of phase separation within the spinodal region where binary molecular
diffusion coefficients are negative, such that mass transfer of species 2 occurs
from the phase that is more diluted with respect to species 2 toward the phase
that is more concentrated with respect to species 2. Hence, spinodal
decomposition describes a mechanism for the kinetics of phase separation where
diffusion occurs in the direction of increasing concentration gradient, but decreasing
chemical potential or decreasing Ag,ixing-

Binodal points represent the points of contact of a common tangent to Ag,s VS. Y, at
constant T and p when a region of negative curvature exists between two regions
of positive curvature. If one graphs Ag..., VS. Y, isothermally at several different
temperatures, then the locus of binodal points is known as the binodal curve on
temperature-composition axes, or the two-phase envelope, which represents the
experimentally observed phase boundary under normal conditions. The binodal
region exists between the binodal and spinodal curves, where (0°Ag,ixing/ 9Y2°) 1, > 0.
Mixtures between the binodal and spinodal curves are intrinsically stable with
respect to phase separation, because the curvature stability criterion is satisfied,
but mixtures can achieve the lowest Ag,.., if they separate into more than one
phase, as identified by points of contact of the common tangent to AQyng VS.
composition.
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Stable states exist when AgQ,...s VS. Y, exhibits positive curvature at constant T and p.
Hence, (0°AQpmiing/ 92?1, > 0 and it is not possible for mixtures to achieve a lower
AQmixing DY Splitting into more than one phase. Stable equilibrium states exist outside
of the binodal region where both requirements of chemical stability are satisfied and
single-phase behaviour prevails.

Unstable states exist when Ag,.n, VS- Y, €xhibits negative curvature at constant T and
p, between the spinodal points. In this region, (0°Ag,ying/ 9Y.?)r, < 0. Single-phase
equilibrium states of this nature are completely disallowed, even if the 1% stability
criterion is satisfied.

Metastable states exist in the binodal region, between the binodal and spinodal curves,
where (0°Agmiing! 9Y2%)7, > 0, but mixtures can achieve a lower Ag,., by splitting
into more than one phase.

When a region of negative curvature exists between two regions of positive curvature on
a graph of Ag,., per total moles of both components, vs. y,, and concentration
dependent miscibility prevails, the points of contact of the common tangent (i.e., binodal
points) identify two different phases (i.e., a and p) that are in thermodynamic equilibrium.
Since chemical stability is analyzed at constant T and p, both coexisting phases exhibit the
same temperature (i.e., T,=T;) and the same pressure in the absence of external fields
(i.e., p,.=p;y). These are requirements for thermal and mechanical equilibrium, respectively.
The requirement of chemical equilibrium for component k in a two-phase mixture is;

w(phase a) = w(phase f)

Since (i) states a and f correspond to binodal points and (i) the common tangent, by
definition, not only implies that these states have the same slope but also share common
intercepts at y,=0 and y,=1, the requirement for chemical equilibrium is satisfied via the
properties of the tangent line to Ag,n, VS. cOmposition. For all metastable and unstable
states between two binodal points on a common tangent line, single-phase mixtures
achieve a lower Ag.n, by splitting into phases o and f. All properties of two-phase
mixtures, which lie on the common tangent to AQ,.., VS. composition between points o
and B, are obtained from a linear combination of the properties of phase o and phase f.
PT Eubank and MA Barrufet discuss "Simple algorithms for the calculation of phase
separation” [ Chemical Engineering Education, winter (1988)]. This publication addresses
AQmixing VS. COMposition at constant T and p for binary mixtures that exhibit the following
properties;
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(1) four spinodals, four thermodynamically allowed binodal points, double phase
separation (i.e., a/f and y/d), and one global minimum in Ag,ing

(2) four spinodals, three local minima in Agne: tWo thermodynamically allowed binodal
points, single phase separation (i.e., a/f), and one thermodynamically disallowed
binodal point.

"Physical chemistry of macromolecules” by C Tanford (Wiley, 1961, p.#248) illustrates
the coalescence of spinodal and binodal points in partially miscible mixtures at the critical
temperature, where the spinodal and binodal curves are tangent to each other. If this
phenomenon occurs upon raising the temperature, then the critical point is identified as
an upper critical solution temperature (i.e., UCST), and homogeneous single-phase
behaviour exists above the UCST. If coalescence of spinodal and binodal points occurs
upon lowering the temperature, then the critical point is identified as a lower critical
solution temperature (i.e., LCST), and homogeneous single-phase behaviour prevails below
the LCST. "Polymer-polymer miscibility” by O Olabisi, LM Robeson, and MT Shaw
(Academic Press, 1979, p.#21) illustrates some interesting temperature-composition
phase diagrams which exhibit UCST's, LCST's, combinations of these two critical points,
and "hour-glass" shaped phase behaviour. “The inorganic chemistry of materials---how to
make things out of elements” by Paul J. van der Put (Plenum, 1998, p.#348) illustrates
correspondences between (i) the concentration dependence of the Gibbs free energy of
mixing and (ii) the temperature-composition phase diagram for a binary mixture that
exhibits single eutectic response at temperatures that are above, below, and coincident
with the eutectic temperature.

The curvature criterion for chemical stability of binary mixtures via the composition
dependence of the chemical potential. Begin with the slope of Ag,..,, per total moles of

both components, vs. mole fraction of component 2 from the previous subsections and
construct the curvature requirement for chemical stability as follows;

A Y R Ty

9° J
— Ag,in } = {_(‘uz - Ml)} >0
{&yg ¢ T.p 0’})’2 T.p
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Now, differentiate the Gibbs-Duhem equation for binary mixtures with respect to y, at
constant temperature and pressure to evaluate (du,/dy,), and simplify the curvature
criterion for chemical stability. For example;

ndu, +y,du, =0

N

dl _ ’I’I‘l/l/2 l
%Y2(r, N%Y2(s,

Binary mixtures exist as a single homogeneous phase when the following condition is
satisfied;

$ 2 ' $ n ' $ XY G,
(yen_Z#gmixing( = (ye,,_ (/.12 * I‘ll)( =04+ ﬁ( %”l’l_z( — l(ye"u_Z( >0
&Y, )T,p &Y, )T’p & Y1)&Ys )T,p Y, &"Y, )T’p

One arrives at the same result by analyzing the curvature (i.e., second derivative) of the
Gibbs free energy of binary mixtures, per total moles of both components, with respect to
the mole fraction of either component, instead of Ag,.,- Since y,>0, chemical stability in
binary mixtures requires that the chemical potential (and activity) of each component
must increase as the system becomes more concentrated with respect to the same
component at constant temperature and pressure. In other words, if the following
conditions are violated;

TN T

n s n > O
% yl (T,p % y2 (T,p

then binary mixtures split into two phases of different composition (i.e., either liquid-liquid
or solid-solid equilibrium). At constant T and p, chemical potentials and activities are
related by;

Aul(T’p’yl) = Aul,pure(T’p)-l- RT |na1(T’p’y1)

Now, the criterion for chemical stability at constant T and p can be expressed in terms of
the concentration dependence of activities. For example;

{%} =RT{a|na1} >0
é)yl T.p &yl T.p
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Chemical stability of polymer-solvent mixtures on the Flory-Huggins lattice. Begin
with the solvent@ chemical potential in polymer solutions and apply the previous
inequality that guarantees the existence of single-phase behaviour. One identifies mixture
compositions on the spinodal curve when the inequality becomes an equality. Phase
separation occurs via spinodal decomposition when the inequality is reversed (i.e., the
greater than sign in the previous equation is replaced by a /ess than sign) and the
chemical potential of either species in binary mixtures decreases at higher concentrations
of the same species. Chemical stability criteria have been developed in terms of the
dependence of chemical potentials and the molar Gibbs free energy of mixing on mole
fractions, whereas the solvent@ chemical potential is expressed most conveniently in
terms of the volume fraction of polymer. Since the polymer@ volume fraction decreases
when the solvent®@ mole fraction increases, the previous curvature criterion of chemical
stability is reformulated as follows;

$
” uSolvent ( < O
& #Pal)mer) T.p
* 1,0 — (;$ * t * 1. 2 '
I'lSolvent (T’ p’#Polymer) lJPureSolvent (T’ p) - RTg/fn (1 #Polymer) + -l ;WPolymer l#Polymer§
* ; + 1 1 + 21#P0[ mer O
1* #Polymer X g

Hence, there is an upper limit on the dimensionless polymer-solvent interaction free
energy of mixing x, imposed by chemical stability analysis, to guarantee homogeneous
single-phase behaviour of polymer solutions. The previous inequality reveals that the
upper limit of x depends on the polymer® degree of polymerization x and volume fraction

1
1- {1 - x}(l - (pPolymer) 1 > ]

X < = = —
_ >>1 _ Dil
2 (pPol 'ymer (1 QOPOI 'ymer ) * 2 (1 (pP olymer ) Sallubttit(fn 2

=0

cpPonmer;

Ppor lymer

Strategy to determine if phase separation occurs. For monodisperse polymer
chains, the Fory-Huggins lattice was used to develop thermodynamic properties of
polymer solutions when the molar volume of the solvent matches the molar volume of one
segment of the polymer. Since each segment of the polymer chain represents a repeat
unit, the ratio of the molar volume of the polymer to that of the solvent corresponds to
the degree of polymerization x, or the number of segments per chain. For a given number
of segments x per chain and Flory-Huggins x-parameter, polymer solutions will exhibit
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homogeneous single-phase behaviour if the previous inequality is satisfied prior to
simplification for (i) high-molecular-weight chains and (ii) infinite dilution. In other words,
the x-parameter must satisfy the following inequality for all polymer volume fractions;

e (1)

n <
* *
2 Polymer (1 # Polymer )

Phase separation occurs when this inequality is not satisfied. Spinodal points are
identified at solution compositions where the inequality becomes an equality. However,
binary mixtures split into two phases whose compositions lie on the binodal curve. As
discussed above, pairs of equilibrium states on the binodal curve are identified as points
of contact of a common tangent to AQ,..g, Per total moles of both components, vs. mole
fraction at constant temperature and pressure, such that a weighted average of
thermodynamic properties of the two-phase mixture yields a local minimum of AQ,n, fOr
any overall mixture composition that lies between two binodal points. In summary, if the
Flory-Huggins x-parameter is independent of polymer volume fraction in binary mixtures,
then one predicts that phase separation occurs somewhere on the phase diagram when
the previous inequality is not satisfied for all values of @poyme,- Graphs of Ag,.ng Per total
moles of both components in the binary mixture, vs. mole fraction provide the most
straightforward approach to identify points on the binodal curve and the composition of
the coexisting phases. Numerically, one identifies these binodal points by searching the
complete phase space of polymer mole fractions yg,,,., until two different compositions at
polymer mole fractions Yepymess @nd Yeoymesz Share a common tangent to AQuing VS.
composition with the same slope [i.e., (0AQuixing/ Y roymer)Tpl- HENCE, ONE solves two
nonlinear algebraic equations for Ypumes: and Yeoymesz Such that, at these two
compositions of the binary mixture, the slope of Ag,ing VS. Yeoymer IS the same as the slope
of the Tangent Line that connects these two points. The relevant equations are
summarized below. In some cases that correspond to extremely high-molecular-weight
polymers, it could be necessary to prevent nonlinear equation solvers from gravitating
toward Yeoymes: = Yreoymers2, iNStead of identifying an essentially pure-solvent phase,
because the shape of Ag,.., Mmight not be captured with sufficient accuracy near the
pure-component limits;

31 Thermodynamic lattice theories
Conformational entropy description of T,



Ag miving = R T{(l = Y Potymer ) N0 + Y Polymer In Protymer T X (1 = Y Polymer )(pPolymer}

1 a 1 - oLtymer d
P Agmixmg =-In Dsoryens T ( Y oty ) Psotvent
RT &yPolymer

y Polymer d(pPolymer

+ ln(pPolymer +

T.p (pSolvent dy Polymer Polymer dy Polymer
dg
Polymer
_X(pPolymer + X(l - yPolymer) d
y Polymer
_ 'xyPolymer . d(pPolymer _ X _ q)Polymer(pS()lvent
(pPalymer - 1 ’ d - 2 =
- yPalymer + 'xyPalymer yPolymer (1 - yPolymer + .xyPalymer) yPolymerySalvem
— 1- Y Polymer =1 . d(pSolvent _ d(pPolymer
Dsotven: = 1 =i (pPalymer ’ d =T d
-y Polymer + Xy Polymer Polymer y Polymer
0 A 0 A Agmixing (@ yPalymer#Z) - Agmixing (@ yPolymer#l)
gmixing - gmixing -
&yPolymer &yPolymer y Polymer#2 ~ y Polymeri#1

T.P.@ Y poiymer 1 T.P.@ Y poiymer 42

Application of the previous set of equations to binary mixtures of (i) equi-sized molecules
(i.e., regular solutions with x=1), and (ii) solvents and dimers (i.e., x=2) on the Flory-
Huggins lattice yields the following phase compositions (i.e., mole fractions when x=1 and
volume fractions when x=2) as the dimensionless interaction free energy of mixing yx
increases systematically. There are two spinodal points for each mixture investigated
because the smallest value of the x-parameter for both types of solutions violates the
curvature requirement for chemical stability.

Effect of Interaction Parameter on Phase Compositions (Regular Solutions)
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Effect of Interaction Parameter on Phase Compositions (Solvent+Dimer)
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A summary of the phase behaviour for binary mixtures of monomers and dimers with y=2
reveals that there are two spinodal points at dimer male fractions corresponding to Ypimer =
0.10 and 0.53, where {dusyent/ Y pimerttp = 0. Points of contact of the common tangent to
AQmixing! RT VS. Ypimer identify two binodal points at yp,. = 0.03 and 0.74, where the slope
of the Tangent Line is ! -0.2 (dimensionless). Hence, this binary mixture splits into a
solvent-rich phase at yp,... = 0.03 and a dimer-rich phase at Yy, = 0.74 for all overall
mixture compositions between these two values of yp... It IS extremely important to
emphasize that the curvature requirement for chemical stability of binary mixtures, as well
as the identification of binodal and spinodal points when phase separation is favoured,
must be determined from an analysis of either (i) the Gibbs free energy of mixing, per
total moles of both components in binary mixtures, vs. mole fraction of one of the
components, or (ii) the Gibbs free energy of mixing, per mole or volume of lattice sites,
vs. volume fraction of one of the components. /ncorrect predictions about chemical
stability occur when one analyzes the Gibbs free energy of mixing, per total moles of both
components in binary mixtures, vs. volume fraction of one of the components. The lever
rule, based on simple material balances for (i) total moles of the mixture (i.e., Moles r,.)
and (ii) moles of dimers, allows one to determine the relative fractions of both phases
that coexist at equilibrium. For example;
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MOIe%otaI = MOIe%imer' rich + MOIe%olvent rich

phase phase
y Dimer MOIeSotal = yDimer" rich I\/I()Ie%imer” rich + yDimel" poorMOIe%olvenT rich
Overall (0.74) phase (0.03 phase
MOIe%imer' rich 36% MOIe%imer' rich %
y _ y phase + y " phase 7
Dimer — Y Dimer" rich Dimer” 5
overal (o7a  Moles,,, '”(‘S.ospfm%) Moles,, 9%
MOle%imer‘ rich yDimer " yDimer‘ poor yDimer " 003
phase — Overall (0.03 — Overall
MOIeSotal yDimer" rich "’ yDimer' poor 0'74" 003
(0.74) (0.03
MOle%olvent rich MOIe%imer“ rich yDimer" rich "’ yDimer 0'74" y Dimer
phase =1" phase — (0.74) Overall — Overall
MOIeSotal MOIe%otal yDimer" rich ! yDimer' poor 0'74" 003
(0.74) (0.03

Phase equilibrium relations at the upper critical solution temperature (UCST). The
locus of binodal points maps out the binodal curve, whereas the spinodal curve is obtained
by connecting all of the spinodal points. The binodal and spinodal curves are tangent to
each other when the binodal and spinodal points coalesce at the critical point. This
concept is illustrated in the following isothermal graphs of Ag,., VS. composition at
various temperatures. Each graph is constructed at a different temperature for
composition-independent y-parameters, where x is a decreasing function of temperature
because the solvation power of the solvent increases at higher temperature.

Kinetics of phase separation within the spinodal region; spinodal decomposition via
the unsteady state diffusion equation with negative binary molecular diffusion
coefficients. The thermodynamics of irreversible processes, for systems that are not too
far removed from equilibrium, yield /inear laws between molecular fluxes and driving forces
(i.e., gradients) whose tensorial ranks are the same or differ by an even integer. This
classic theorem is known as the Curie restriction for isotropic systems, as proposed by
Pierre Curie in 1903. Hence, molecular fluxes for heat and mass transfer are coupled via
gradients in temperature and chemical potential of one of the components in binary
mixtures. An important consequence of these linear laws is that binary molecular diffusion
coefficients are proportional to the mass fraction derivative of the difference between
chemical potentials for both components. For example, if p is the overall mass density of
the mixture, aoT is the Onsager coefficient that couples diffusional mass flux to gradients
in the chemical potential of species A at temperature T, w, represents the mass fraction
of species A, y, is the corresponding mole fraction of species A, a, is the activity of
species A, and u, and ug are the corresponding chemical potentials of A and B, whose
molecular weights are MW, and MW, respectively, with MW,_,.... as the molecular weight
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of the mixture, then binary molecular diffusion coefficients D, are given by [see
Transport Phenomena for Chemical Reactor Design, by LA Belfiore, Wiley (2003), Ch.#25,

p.#707];
) $ :uA & :uB *2 —_ #MWmixtureRT -$InaA(:|)_

#. = :
| $%, %MWA MW, 1|-2Tp MW, MW %%, | $Iny, 2,

n —_
DAB -

P

Hence, binary molecular diffusion coefficients must be positive for homogeneous single-
phase binary mixtures under irreversible conditions. Phase separation within the spinodal
region at constant temperature and pressure occurs spontaneously. Mixtures are unstable
with respect to small time-dependent fluctuations in composition and there is no
thermodynamic barrier to the growth of two separate phases. The kinetics of this
process based on the theory of diffuse interfaces, known as spinodal decomposition,
obeys a modified version of the classic unsteady state diffusion equation (i.e., Fick@
second law of diffusion) with negative binary molecular diffusion coefficients, D,z < O,
because the curvature requirement for chemical stability is not satisfied. Fick@ second
law is modified for inhomogeneous binary solutions because (i) the free energy density is
expanded as a polynomial in mole fraction (i.e., density gradient expansion) with
truncation after the second-order term, (ii) the free energy functional is constructed in
terms of an integral of this density gradient expansion over the entire solution volume,
(i) the chemical potential difference between both components is obtained by
differentiating the free energy functional with respect to mole fraction, (iv) linear laws
from the irreversible thermodynamics of binary mixtures provide the connection between
diffusional mass flux and chemical potential gradient, and (v) the unsteady state diffusion
equation (i.e., mass balance) relates the accumulation rate process to the divergence of
diffusional mass flux [see Phase separation by spinodal decomposition in isotropic
systems, JW Cahn, Journal of Chemical Physics, 42(1), 93-99 (1965)]. The second-order
term of the density gradient expansion for the free energy density of inhomogeneous
binary mixtures is responsible for the fact that Fick@ second law contains an additional
term. Of particular importance, diffusional mass flux of one of the components occurs in
the direction of increasing concentration gradient of the same component as the system
splits into two phases. Even though this statement seems to contradict physical intuition,
diffusional mass flux proceeds in the direction of decreasing chemical potential gradient
during the kinetics of phase separation as species A diffuses into a region of higher w, to
lower the Gibbs free energy of mixing.

Phase separation between the binodal and spinodal curves via nucleation and
growth kinetics. Binary molecular diffusion coefficients are positive in this regime of
phase-separation because the curvature requirement for chemical stability is satisfied
between the binodal and spinodal curves. Now, small fluctuations within this metastable
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region decay because homogeneous mixtures are intrinsically stable. Larger fluctuations
in mixture composition induce the nucleation of a second phase that grows by normal
diffusion, and the kinetics of phase separation, which includes nucleation and growth, is
described by a mechanism that is similar to the kinetics of crystallization, as discussed in
Chapter#7.

Guggenheim® Lattice Theory of Athermal Mixtures

Classical thermodynamic analysis of the Gibbs free energy and entropy
of mixing. The primary objective of this section is to develop the methodology and final
expressions for the combinatorial entropy of mixing ASy,, based on classical
thermodynamics of athermal mixtures and statistical considerations. Since there are no
energetic effects associated with the mixing process, the extensive Gibbs free energy
change is given by;

AGMixing = _TASMixing

Initially, the Gibbs free energy of mixing is developed by invoking classical concepts for
binary mixtures. Then, a probabilistic interpretation is employed to evaluate the ratio of
absolute activities for polymer and solvent, such that the classical result for the athermal
entropy of mixing is re-evaluated from a combinatorial viewpoint. Consider a binary
mixture that contains Ng,., mMolecules of monomer, or solvent, molecules and Npyyme
molecules of polymer, where each chain has r-segments. Each segment of the polymer
chain occupies the same volume as one of the solvent molecules. In this single phase
mixture of r-mers and solvent, the phase rule indicates that there are three degrees of
freedom for intensive properties. Hence, the extensive Gbbs free energy of the mixture is
described completely by specifying four independent variables (T,p,Ng,yent;Npoymer). ONE
writes;

d(Bmixture = _S‘nixturedT + Vmixturedp+ AuSoIvenFJI NSoIvent+ AuPonmerd NPonmer

where S and V represent extensive entropy and volume, respectively, of the mixture.
When the mixture is analyzed at constant temperature T and pressure p, and the chemical
potential of species i per molecule, w, in the mixture is written relative to its standard
state chemical potential u°(T) using absolute activity a, the following expression defines
the starting point to calculate the mixture® extensive Gibbs free energy;

dC’mixture = (:ugolvent+ kT In aSoIvent)dNSoIvent+ (:ugolymer-l_ kT In aPolymer)dNPonmer

The numbers of solvent and polymer molecules are related to the polymer volume fraction
¢ and the total number of lattice sites Nryy = Ngowent + Npoymer» Which remains constant in
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Guggenheim® model of athermal mixtures that contain molecules of different sizes. The
following expressions allow one to relate Ngyyen: Neoymer @nd their differential changes to o;

N Polymer =" NTotaI; rd N
NSolven’[= (1 # ! )N

Polymer= dN I+ NTotald

dl\ISoIvent= (1 # ! )dNTotaI # NTotaId !

Tota

Total?

Differential changes in the mixture® extensive Gibbs free energy are written in terms of
de when the total number of lattice sites Ny, remains constant (i.e., dN;,., = 0);

1 n l&
dGmixture = NTotal% (tu?’olymer + kT ln aPolymer ) (Mg‘olvent + kT ln aSolvent )( d)

Upon integration from pure solvent, where ¢=0, to variable polymer concentration at
polymer volume fraction ¢, one obtains the following extensive free energy function for

Gmixture(cp1NTotal);

Gmixture (" ’ NTotal) = GSolvent ( "= O’ NTotal) + NTatal *%]el: (l’lgolymer + kT ln aPolymer) # (l’lgolvent + kT ln aSolvent)§ d”
0

Now, it is possible to construct an expression for the Gibbs free energy of mixing by
subtracting a weighted sum of terms for pure solvent and pure polymer from the previous
equation for the extensive Gibbs free energy of binary mixtures. Volume fractions of
solvent, 1-¢, and polymer, ¢, represent the appropriate weighting factors for Gg,,.« and
Groymers r€spectively, because the total number, or volume, of lattice sites does not change
for either of the pure components or the binary mixture. For example;

" G G #’ NTotal)$#G <# = l’NTotal)$ (1 $#)G (# = O’NTOWI)

Mixing = Yixture ( Polymer Solvent

# 0/(1
= GSolvent (# = 0’ NTotal) + NTotal +|8L; (lugolymer + kT ln aP()lymer) $ (Au‘golvent + kT ll'l aS()lvent )i d#
0

= " Solvent

Ol ™~

, .y
$# G <# = O’ NTotal ) + NTotal -I-&g (tu?’olvmer + kT ln aPolymer ) $ (iugolvent + kT ln aSolvent )i d#
o T '
$(1 $ #)GS()lvent (# = O’ NTotal)

All pure-component terms cancel in the previous calculation of AGy,, inCluding u%syymers
Wesowents @NA Ggorent(9=0,N1o).  Upon rearrangement, the extensive Gibbs free energy of
mixing is simplified as follows;
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NTotal kT *1 $ Polymer. d) +) *1n$ Polymer. d) 1
r -0 /(ﬂSz)lvent ( 0 /(ﬂSolvent (
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Mixing ~—

The argument of the natural logarithm in the previous equation for AGy.,, can be
described as the ratio of two occupational probabilities for sites in the lattice. The
numerator corresponds to the occupational probability of a group of r-interconnected
sites by a single linear polymer chain. The denominator describes the occupational
probability of the same group of r-interconnected sites by r solvent molecules. Division of
the previous equation for AGy,,, by the total number of molecules yields the Gibbs free
energy of mixing per molecule. Then, one arrives at the molar Gibbs free energy of mixing
AQuixing Via multiplication by Avogadro® number. Since each lattice site contains sufficient
volume for one solvent molecule or one segment of a polymer chain, and each linear chain
consists of r-segments, the total number of molecules in the binary mixture is;

Total

Total _ Number _of _Molecules =(1- )N, + YN
r

The molar Gibbs free energy Agy.., and entropy Asy,, Of mixing are calculated in
dimensionless form as follows;

" N n . / ( / (
SMlxmg — # ngxmg — # 1 'I'ln g P()lymer ) d$ # $ 'l'l g P()lymer ) d$1
R RT $ + 7"(1 # $) aSolvent 0 aSolvent C

Occupational probabilities of two adjacent lattice sites for binary
mixtures of monomers and dimers. The primary objective of this section is to
illustrate the combinatorial aspects of placing two types of molecules in a lattice, which
allows one to evaluate the argument of the natural logarithm in the previous equation for
AQuixing @NA ASy,ing- There are N; monomer molecules and N, dimer molecules that occupy a
lattice which contains a fixed total number of sites given by N;,,, = N; + 2N,. Consider
one pair of adjacent sites in the lattice that can be occupied or vacant. This pair of sites
has a few restrictions that do not apply to any two sites in the lattice that are chosen
randomly. The frequency of occupation of any given site by monomer or dimer is
proportional to their volume fractions, 1-¢ or ¢, respectively. The occupational probability
of the adjacent site, which is restricted, depends on the fraction of sites in the lattice that
are nearest neighbors to monomers and dimers. The following possibilities exist; (i) Both
sites are vacant and, eventually, they will be occupied by monomers. (ii) Both sites are
occupied by one dimer. (iii) One site is occupied by monomer, and the other site is
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occupied by one segment of a dimer. The second segment of the dimer occupies a site
that is not under consideration. When both sites under investigation are not occupied by
the same dimer, the probabilities that these two sites are occupied by monomer and one
segment of a dimer are independent of each other. (iv) Each site is occupied by one
segment of a dimer, but the same dimer does not occupy both sites. The larger molecule
(i.e., dimer or polymer in the examples below) enjoys conformational or orientational
freedom such that each conformation/ orientation is equally probable because they all
exhibit the same energy. This is analogous to the microcanonical ensemble in statistical
thermodynamics where entropy is related directly to the QOmultiplicity of statesO via
combinatorial aspects of the lattice.

Lattice coordination numbers and nearest neighbor sites. If the coordination
number of the lattice is z, then each site, or each monomer, has z nearest neighbors.
There are zN, sites in the lattice that are adjacent to monomers. If one dimer occupies
two adjacent sites under investigation, then each segment of the dimer has z-1 nearest
neighbors that correspond to different molecules. There are 2(z-1) nearest neighbor sites
per dimer that are occupied by different molecules. Hence, 2(z-1)N, lattice sites are
adjacent to dimers and contain different molecules.

Probability that two adjacent lattice sites are occupied by monomers. The
monomer volume fraction 1-¢ governs the probability that the first site contains
monomer. Now, for one of the z nearest neighbor sites, consider the fraction of lattice
sites that are adjacent to monomers, based on the fact that zN, sites are nearest
neighbors to monomers and 2(z-1)N, sites contain different molecules that are adjacent
to dimers. For two adjacent lattice sites under investigation, the probability that both are
occupied by monomers is;

ZN, _ z(1- 3 z(1-
(l—(p) ZN1+2(Z—1)N2 _(1_(p) z(l—(p()+gzz—l) —(l—(p) (Z—(j)

Probability that one site is occupied by monomer and the adjacent lattice site is
occupied by one segment of a dimer. Begin with the monomer volume fraction 1-¢ to
account for the occupational probability of the first site by monomer. Then, consider the
fraction of lattice sites that are nearest neighbors to dimers, which requires that the
adjacent site contains one segment of a dimer regardless where the second segment of
the dimer resides. One obtains the following occupational probability for the sequence;
monomer first and one segment of a dimer second;
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(1-¢) lezJ(rzz_( Zl)_l\s]\]2 = (1-¢) o(z-1)  _ (1-¢) @(z-1)

This probability is the same if the site occupation is reversed; the first site is occupied by
one segment of a dimer and the second site is occupied by monomer. However, an
additional factor must be considered. Begin with the dimer volume fraction ¢ to account
for the occupational probability of the first site by one segment of a dimer. Now, there
are only z-1 possibilities from a total of z nearest neighbors for the adjacent site because
the second segment of the same dimer must reside elsewhere. After one accounts for
the situation where the adjacent lattice site contains another molecule, then it is
necessary to consider the fraction of sites that are nearest neighbors to monomers. The
second attempt to determine this occupational probability yields the following result for
the sequence; one segment of a dimer first and monomer second,;

. 2H#1 ZN, _az#l (1#7)
Z le+2(z#1)N2 Z z(l#")+"(z#1)

1#"
#”

=" (z#1)

Hence, one obtains the same result based on two different approaches.

Probability that two adjacent lattice sites are occupied by different dimers. Begin
with the volume fraction of dimers, 1-¢, for the probability that the first site contains one
segment of a dimer. Once again, there are only z-1 possibilities from a total of z nearest
neighbors for the adjacent site because the second segment of the same dimer must
reside elsewhere. Now, one accounts for the situation where the adjacent lattice site
contains another molecule, specifically another dimer. Hence, it is necessary to consider
the fraction of lattice sites that are nearest neighbors to dimers. This occupational
probability is;

z#1  2(z#1)N, _ . z#l " (z#1) o z#1" (z#1)
z zN +2(z#1)N, z Z(1#")+"(z#1) z z#"

n
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Probability that two adjacent lattice sites are occupied by the same dimer. Now,
the dimer volume fraction ¢ dictates the probability that the first site contains one
segment of a dimer. Then, there is only one possibility from a total of z nearest neighbors
for the adjacent lattice site to contain the second segment of the same dimer. It is not
necessary to consider neighboring site occupation by another molecule. Hence, the
occupational probability is;

1
Q—
Z

Connection between thermodynamic activities and occupational probabilities yields
macroscopic thermodynamic mixing properties. For a chosen pair of adjacent lattice sites,
one constructs the ratio of two different occupational probabilities; both sites are
occupied by the same dimer vs. the frequency of occupation of both sites by monomer.
Then, one equates this result to the ratio of thermodynamic activities of dimer and
monomer as follows;

Bimer _ :
Aytomoner (1-¢) A1-9) {z(1-g)}

This yields an expression for the entropy of mixing, per mole of molecules, for binary
mixtures of monomers and dimers;

n 1 1 0 O

SMixing — 1 i n ( )2i(< angd$1

R 288, (148} o dA(1#8)}F »
—2;${(z#$)ln(z#$ #8[In$ +(c#1)In(z#1)] #(1#8)[zInz+2In(1#$)]}

Except at the pure-component limits (i.e., ASy,,, = 0 at ¢ = 0 and 1), the entropy of
mixing (i) is always positive, (ii) exhibits asymmetry about ¢ = 0.5 because the mixture
contains molecules of different size, and (iii) unlike the Flory-Huggins lattice theory,
Guggenheim@ lattice model yields macroscopic thermodynamic mixing properties that
depend on the coordination number of the lattice, even though this dependence of ASy,
on z is very weak. The maximum entropy of mixing occurs when the dimer volume
fraction is ¢ = 0.66, independent of z, and {ASyying/ Ryaximum ! 0.70-0.75, with slightly
larger maximum Asy,,, When the coordination number of the lattice is higher (i.e.,

41 Thermodynamic lattice theories
Conformational entropy description of T,



3"z"12). The maximum entropy of mixing, per mole of lattice sites, occurs at lower
dimer volume fraction (i.e., ¢ = 0.55). All of these results are summarized graphically and
in tabular form for mixtures of monomers with dimers, trimers, tetramers, and pentamers
at the conclusion of the next section that considers mixtures of monomers with straight-
chain r-mers.

Combinatorial aspects of binary mixtures of solvent (i.e., monomer) and
straight-chain r-mers. Overview. The generalized methodology developed in the
previous section for binary mixtures of monomers and dimers is repeated here when
dimers are replaced by linear amorphous polymers that contain r-segments per chain. The
primary objective is to obtain a statistical expression for the molar entropy change upon
mixing by considering the occupational probabilities of adjacent pairs of lattice sites.
DiMarzio and Gibbs employed the final result of Guggenheim@ derivation for ASpixing 1O
explain the effect of plasticizers and other flexible and rigid small molecules on the glass
transition temperature of linear polymers. The conformational entropy description of the
glass transition temperature, proposed by DiMarzio and Gibbs, monitors the decrease in
conformational entropy of a concentrated polymer-solvent mixture as temperature is
reduced. T, is identified as the temperature at which the conformational entropy of the
mixture initially vanishes upon cooling. Statistical parameters of the lattice (i.e., z) and
the low-molecular-weight additive can be chosen to predict either increases or decreases
in the polymer@ T, at higher diluent volume fractions. Most weakly interacting miscible
additives that vyield single-phase polymer-diluent mixtures, including plasticizers,
antiplasticizers, antioxidants, uv stabilizers, etc. reduce the polymer@ T, at higher diluent
concentrations. The most notable exceptions to this trend are discussed in Chapter#6
from an energetic viewpoint by focusing on the stabilization of metal d-electrons when
transition metal complexes coordinate to basic functional groups in the sidechain of polar
polymers and increase the glass transition temperature. DiMarzio and GibbsOconformation
entropy description of T, provides a combinatorial lattice theory prediction of the
enhancement in the glass transition temperature at higher concentrations of transition
metal complexes from the d-block of the Periodic Table.

Volume fractions and nearest neighbor considerations. Once again, the analysis
below focuses on two adjacent lattice sites, where each site has z nearest neighbors.
However, complete results for the entropy change upon mixing polymer and solvent
requires a consideration of r-interconnected lattice sites. The mixture contains N; solvent
molecules and N, linear polymers. The total number of lattice sites is given by N;y = N; +
rN,. Volume fractions of polymer ¢ and solvent 1-¢ are defined below, based on the
restriction that each segment of the polymer occupies the same volume as a single
solvent molecule;
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These volume fractions, 1-¢ or ¢, describe the occupational probability of the first of two
adjacent lattice sites by solvent or one segment of the polymer, respectively. The
frequency of occupation of the second lattice site, which is adjacent to the first one,
depends on nearest neighbor considerations. For example, zN,; lattice sites are adjacent
to solvent molecules. The definition of GQyOprovides the number of nearest neighbor sites
(i.e., qz) for all r segments of a single polymer chain that are occupied by another
molecule, either solvent or a segment of a different polymer chain. Likewise, rz-qz
represents the number of nearest neighbor sites to an r-segment linear chain that are
occupied by segments of the same polymer chain. Consideration of each segment of a
single chain yields the following calculation of g. Since the chain is linear, there are two
end segments that have z-1 nearest neighbor sites occupied by other molecules. For all r-
2 interior segments, there are z-2 nearest neighbor sites per segment occupied by other
molecules. Hence, q is related to r and z by the following equation;

2(z" 1)+(r" 2)(z" 2)=qz

2
II_ II]‘=
2 ()=

As expected, gz = 2(z-1) when r = 2, which was employed in the previous section for
binary mixtures of monomers and dimers. Since the mixture contains N, polymer
molecules, there are gzN, lattice sites that are adjacent to r-mers which contain different
molecules. As mentioned above, each possible conformation of a polymer chain that
contains r-segments is assumed to have the same energy, which implies that all of these
conformations [i.e., on the order of z(z-1)"2! z"'] are equally probable.

Probability that two adjacent lattice sites are occupied by solvent. The frequency
of occupation of the first lattice site by a solvent molecule is given by its volume fraction
1-¢. Occupation of the adjacent site by another solvent molecule is based on the fraction
of sites that are nearest neighbors to solvent. Since there are zN,; sites adjacent to
solvent molecules and gzN, sites adjacent to polymer chains that contain different
molecules, the probability that two adjacent lattice sites are occupied by solvent is given
by;

" z fam zZ(1" #
)2 = A7)
zN, +qzN Z(1" #)+ 9 24
r
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Probability that one lattice site is occupied by solvent and the adjacent site is
occupied by one segment of a linear polymer. Begin with the frequency of occupation of
the first site by solvent, which is governed by the solvent volume fraction 1-¢. Now,
consider the fraction of lattice sites that contain different molecules which are nearest
neighbors to all segment of linear polymer chains. The result of this sequence of
occupational probabilities in which two adjacent lattice sites are populated by solvent first
and a segment of the polymer chain second is;

q
r

Zp
1- ﬂ: 1-
( (;D)lequZNr ( Cp)z(1_(p)+qz(p
X

This the problem could have been addressed by reversing the sequence of events, such
that one considers the probability of occupying two adjacent lattice sites in the following
order; one segment of a polymer chain first and solvent second. After the first lattice site
is occupied by one of the r-segment of a linear polymer, with frequency of occupation
given by the polymer volume fraction ¢, it is necessary to insure that the adjacent lattice
site does not contain another segment of the same chain. Hence, (q/r) represents the
fraction of lattice sites adjacent to any segment of an r-segment chain that is occupied by
different molecules. Then, one considers the fraction of adjacent sites that contain
solvent. One obtains the following result based on this sequence of events;

b4 M _ a d1-9)
raANgEIN T 1)+ D 2
r

Probability that two adjacent lattice sites are occupied by segments of two
different polymer chains. Begin with the polymer volume fraction ¢ to account for the
frequency of occupation of the first lattice site by one segment of the polymer. Next, it
must be guaranteed that the adjacent lattice site contains a different molecule, not
another segment of the same chain. This consideration introduces a factor of (q/r).
Finally, the fraction of adjacent lattice sites that are nearest neighbors to any segment of
the polymer and occupied by different molecules yields the following result;
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PANTaN, T 1o g)+ T2
r

Probability that two adjacent lattice sites are occupied by two segments of the
same polymer chain. Once again, the polymer volume fraction ¢ governs the frequency of
occupation of the first lattice site by one segment of an r-mer. The only remaining
consideration is that the adjacent lattice site contains a segment of the same chain, not
another molecule. The desired result is given by;

" rz#qz

§#)

Extrapolation of occupational probabilities to r-interconnected lattice sites, and the
relevant thermodynamic properties of binary polymer-solvent mixtures. The analysis of
two adjacent lattice sites, discussed in the previous sub-sections, is extended to a set of
r-interconnected sites. Only two occupational probabilities are required to evaluate the
classical thermodynamic expression for the Gibbs free energy and entropy of mixing for
athermal binary mixtures. Begin with the probability that two adjacent lattice sites are
occupied by solvent and extend this result to r lattice sites. Upon invoking the
assumption that the additional r-2 sequential events for site occupation by solvent do not
depend on the fraction of previous sites already occupied by solvent yields the following
result;

) $ 'l
" $ Zl\ll . n & 2(1" #) )
1" Hg—20 ) =(1" #g
O N g )

gL #)+?z#2

Next, begin with the probability that two adjacent lattice sites are occupied by two
adjacent segments of the same polymer chain. Invoke the assumption that sequential
occupational probabilities of another r-2 interconnected lattice sites by segments of the
same polymer chain are not a function of the number of previous sites already occupied
by segments of the same chain. This sequence of r independent events yields;

r-1 r-1
rZ-—Qqz
727 o=
rz r
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The ratio of classical thermodynamic activities for polymer and solvent is constructed
from the ratio of the previous two occupational probabilities; r-interconnected lattice sites
occupied by r-segments of the same polymer chain vs. occupation of the same set of
sites by r solvent molecules. The following equations summarize thermodynamic mixing
properties of athermal binary polymer-solvent systems;

q. r#l * r#l

" # _ . n g n -
a'Polymer _ %6 r z " ) g (1# )+ r /
r - tHL y # _2 —n/
aSolvent * " - (1# ) , r (1# ) /
) Ar) ¥ .

(1#" )+?z"/

0s,... g *

SM|X|ng =#OgM|xmg = 1 " 7|n2aPolymer5dn # 7|n2aP0|ymer5dn/

R RT + r(l# ) + 0 3 aSolvent 6 0 3 a‘Solvent

The final result of Guggenheim@ combinatorial lattice description of binary polymer-
solvent mixtures for the entropy of mixing, per mole of molecules, is;

%{#w(w#)} =$#In#$r(1$#)In(1$#)

+ (r$1)w°$#+#q£1n 1$#+#q£$#qln 4
r$q - r) & r) r &)0
q:r$%(r$l)
Z

This expression for the entropy of mixing, per mole of molecules, in binary polymer-
solvent systems reduces to the one presented on page#41 for binary mixtures of
monomers and dimers when r = 2. The previous equation is illustrated graphically below
for mixtures of monomers with dimers, trimers, tetramers, and pentamers. The results
are somewhat misleading because there are fewer molecules, but the same number of
lattice sites, in the mixture as r increases, which causes the maximum entropy of mixing,
per mole of molecules, to increase when the larger component in these binary mixtures
contains more segments. A better comparison of the four binary mixtures presented in
the following figure is obtained by calculating the entropy of mixing, per mole of lattice
sites. To accomplish this task, it is necessary to return to Guggenheim@ original
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development of the extensive Gibbs free energy of mixing, based on classical
thermodynamics;

AGMlxmg NTotal kT fln{ Polymer }d(p (pfln{ Polymer }d(p

r Solvent Solvent

and divide by the total number of lattice sites, N;,,, not the total number of molecules.
After multiplication by Avogadro@ number, one obtains the desired results for the Gibbs
free energy of mixing Ag*,, and the entropy of mixing As* ..., per mole of lattice sites;

ASL"g Ag;k\l"g Apy Apy
XN, - _ 1Xin, — |n (0] ymer d In (0] ymer d
- o f - f @

aSolvent Solvent

The factor of {@+r(1-¢)} on the left side of the final combinatorial expression for Asy.g.
per mole of molecules, must be replaced by rto obtain As*\,.,, per mole of lattice sites.

Guggenheim's Entropy of Mixing (per Mole of Molecules)

Molecules of Different Sizes on a Three-Dimensional Cubic Latti ce (z=6)
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The table below compares the maximum entropy of mixing, and the volume fraction of the
larger component in these binary mixtures where the maximum entropy of mixing occurs,
when calculations are based on moles of molecules vs. moles of lattice sites.
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Comparison of the Maximum Dimensionless Entropy of Mixing (i.e.,
divided by R) for Binary Mixtures of Monomers and r-Mers on a
Three-Dimensional Cubic Lattice (z=6)

cPLargerSpecies @ cPLargerSpecies @
r-mer {ASMixing} Maximum {ASMixing} Maximum {AS*Mixing} Maximum {AS*Mixing} Maximum
per mole of per mole of per mole of lattice per mole of
molecules molecules sites lattice sites
dimer 0.74 0.66 0.51 0.55
trimer 0.81 0.74 0.45 0.58
tetramer 0.87 0.78 0.42 0.60
pentamer 0.94 0.81 0.40 0.61

It should be obvious from the previous table and the following figure that the
entropy of mixing, per mole of lattice sites, in binary systems of monomers (i.e., solvent
or diluent) and r-mers decreases when the larger species contains more interconnected

segments. This conclusion is independent of the lattice coordination number.

Guggenheim's Entropy of Mixing (per Mole of Lattice Sites)

Molecules of Different Sizes on a Three-Dimensional Cubic Lattice (z=6)
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In summary, chain connectivity restricts the conformational freedom associated with
placing large molecules on a lattice, and these restrictions become more severe when the
molar mass of chain-like molecules increases.

Gibbs-DiMarzio Conformational Entropy Description of the
Glass Transition for Tetrahedral Lattices

Overview and governing equations. Guggenheim@ lattice theory, described
above for polymer solutions and mixtures of monomers and dimers, was modified by
DiMarzio and Gibbs [see EA DiMarzio & JH Gibbs, Molecular interpretation of glass
temperature depression by plasticizers, Journal of Polymer Science, 1A, 1417-
1428 (1963)] to obtain an expression for the conformational entropy S of athermal
polymer-solvent mixtures. One predicts the glass transition temperature of mixtures by
(i) monitoring the decrease in Sas systems are cooled and (ii) identifying the temperature
at which S vanishes initially. Kauzmann@® paradox addresses the anomaly of (hegativeO
entropy, relative to perfectly ordered crystals, below the glass transition temperature [W
Kauzmann, Chemical Reviews, 43, 219 (1948)]. W.ithin the framework of the Flory-
Huggins approximations, the two-phase boundary (i.e., transition line) on a temperature-
pressure diagram for pure materials, that separates liquids from glasses, is described by
zero conformational entropy. Following Debenedetti and Shell [see equation 20 in
Thermodynamics and the glass transition in model energy landscapes, Physical
Review E 69, 051102 (2004)], it is also possible to equate the dimensionless
conformational entropy of binary polymer-solvent mixtures at the glass transition
temperature to a small positive nonzero constant (i.e., approximately 10% of the
maximum conformational entropy of ideal gases at infinitely high temperature), due
primarily to vibrational and crankshaft motion. However, it must be emphasized that the
actual conformational entropy at T, is not known. When small molecules occupy more
than three sites on a tetrahedral lattice, the propensity for interconversion between
various rotational isomers is summarized in terms of Qliluent rigidityQ Aey,.., Via the
energy difference between local minima on the potential energy surface for trans,
guache+, and gauche- rotational isomeric states. Stiffer additives exhibit larger values of
Agpen- The most important parameters that affect T, are molecular size via Iy e, rigidity
via Aepent; @and concentration (i.e., volume fraction, 1-¢) of the additive, as well as the
coordination number z of the lattice, which summarizes packing efficiency or the ability of
functional groups in the sidechain of polar polymers to occupy sites in the first-shell of a
transition metal complex. It is possible to describe accurately the effects of (i) molecular
weight, (ii) additive concentration, (iii) random copolymer composition, (iv) pressure, (v)
crosslink density, and (vi) mechanical strain on the glass transition temperature of
amorphous polymers via the methodology summarized below. For example, one predicts
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an increase in T, at higher strain via conformational entropy formalism because oriented
chains have fewer accessible conformations and lower entropy relative to unstretched
random coils. These predictions contrast those from the free-volume approach, which
suggests that T, decreases upon stretching if Poisson® ratio is less than 0.5 because
system volume increases at higher strain. The modified version of Guggenheim@® lattice
model, employed by DiMarzio and Gibbs, is discussed below for the dimensionless
conformational entropy Sof polymer-solvent mixtures per segment of polymer. Statistical
thermodynamics is required to obtain expressions for the conformational freedom of
placing pure polymer and pure diluent on the lattice. Unlike the Flory-Huggins lattice,
diluents are not necessarily modeled as structureless (pointOmolecules that occupy only
one lattice site. Pure-component conformational entropies are calculated via partition
function formalism and added to Guggenheim@ temperature-independent entropy of
mixing As,, that was discussed in the previous section via classical thermodynamics and
Qattice-countingO considerations. The Gibbs-DiMarzio expression is restricted to
tetrahedral lattices in which z=4, and diluent rigidity becomes important when these small
molecules occupy at least four interconnected lattice sites. If tetrahedral bond angles are
appropriate, then the conformational freedom of a three-segment two-bond Qunited
atomO diluent molecule, with ry.., = 3, is not affected by diluent rigidity because free
rotation about either bond does not affect the shape of the molecule. Hence, the third
term in the following equation for the conformational entropy of miscible athermal binary
polymer-diluent mixtures contains a factor of {ry.. P 3} that is only applicable for
tetrahedral lattices. Furthermore, the effect of diluent rigidity should be excluded from all
calculations when diluent molecules occupy one, two, or three interconnected lattice
sites. All pure-component temperature-dependent terms in the conformational entropy
expression that contain effects of molecular rigidity must be re-evaluated via statistical
thermodynamic formalism, with a unique bond rotational energy assigned to each allowed
state, when the lattice packing efficiency is described by a coordination number z that
differs from 4. The diluent volume fraction (i.e., 1-¢) and temperature dependence of the
dimensionless conformational entropy of binary mixtures, per segment of polymer, for
linear chains with infinitely large molecular weight (i.e., Iy, mer = ©) ON a tetrahedral lattice
(i.e., z=4) is;
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f

and z, = z, unless rouenr = 1 (z, = 1), and z, = z B 1, unless rges = 1 0r 2 (z, = 1).
DiMarzio® expression for the conformational entropy of binary polymer-solvent mixtures
considers additive molecules of different size, relative to the volume of one segment of
the polymer chain. For example, the diluent volume fraction is;

f N

1" #= Diluent’ Y Diluent
r N +r

N

Diluent’ ¥ Diluent Polymer' Y Polymer

when Ng,.. molecules of the additive each occupy ry., lattice sites and Ng,,,, Molecules
of the polymer each contain rg,,... Segments. The Flory-Huggins lattice model is based on
the fact that each additive, or solvent, molecule occupies one lattice site, and it is
equivalent in size to one segment of the polymer chain. It should be obvious that larger
additive molecules occupy more than one site and reduce the conformational entropy,
which is consistent with the fact that rp,. IS greater than one. More rigid additives are
described by larger values of Aepyent, Whereas Aep.e = 0 corresponds to infinitely flexible
molecules with free rotation about the valence cone. The intramolecular interaction
energy parameter for the polymer is obtained by invoking the concept of vanishingly small
conformational entropy of the undiluted polymer (i.e., ¢ = 1) at its pure-component glass

transition temperature (i.e., Ty pyme)- IN Other words;
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Since Aepyymer aNd T poymer @lways appear together in the previous equation as the following
dimensionless ratio, Agpyymerd {Keoitzmann T g poymert, ON€  Solves for this dimensionless
intramolecular interaction energy of the polymer on a tetrahedral lattice, with z=4.
Hence, Aepyymed {Keotzmann T g roymery = 1.92 when z = 4 and S, ormation = 0.

Flexible vs. rigid additives that decrease a polymerB glass transition
temperature. When small-molecule plasticizers occupy four lattice site (i.e., Ipjeunt = 4)
and the coordination number of the lattice is z=4, the polymer@ glass transition
temperature decreases more if the additive@ dimensionless energy barrier for
intramolecular conversion between rotational isomers (i.e., Aepyen/ KTy poymer) IS sSmaller. For
these specifications (i.e., z=4, ry.«=4), completely flexible additives correspond to the
lowermost curve below where Aepjyent = 0.

Effect of Diluent Rigidity on Tg Depression
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Predictions for Aepjen/ KTy poymer = 5 are indistinguishable from those when Aepen KT poiymer
= 10, so the asymptotic limit of T, depression for infinitely rigid small diluents (i.e., I'yjen =
4) is revealed by the uppermost curve in the figure, above. Diluent concentration effects
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encompass diluent volume fractions (i.e., 1-¢) from 0 to 25%. In each graph, the vertical
axis reveals the ratio of the glass transition temperature of the binary mixture relative to
that of the undiluted polymer (i.e., T poymer) -

Effect of molecular size of semi-flexible additives. When the lattice
coordination number is z=4 and the diluent is not infinitely flexible (i.e., Aepen/ KTy polymer =
1), glass transition temperature depression is larger for smaller plasticizers, as illustrated
below.

Effect of Semi-Flexible Diluent Size on Tg Depression
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T, depression vs. diluent volume fraction exhibits mildly nonlinear behaviour over the
compositional range investigated [i.e., 0" {1-¢}" 0.25], but this nonlinearity becomes less
apparent as the molecular size of the additive increases. Predictions for semi-flexible
diluents with rpux = 1000 are indistinguishable from those when ry.. = 5000, so the
asymptotic limit of T, depression for extremely large semi-flexible plasticizers is illustrated
by the uppermost curve in the figure, above. Hence, if semi-flexible additives are
completely miscible with the polymer, then T, should be depressed.

Infinitely rigid diluents that increase a polymerB® glass transition
temperature. When liquid-crystalline-like rigid additives occupy more than 10 lattice
sites per molecule, glass transition temperatures increase monotonically at higher diluent
volume fractions. Predictions below reveal that the increase in T, is greater when rod-like
diluents exhibit a larger Kratky-Porod persistence length, which is captured in the Gibbs-
DiMarzio conformational entropy model by (i) the number of lattice sites per small
molecule (i.e., Ipent),» @and (i) Agpjens = ©, With no possibility for interconversion from one
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rotational isomer to another. There exists a critical diluent volume fraction, approximately
defined by rpien{1-9}ciica ! 8, Which decreases for rigid molecules with larger persistence
lengths, such that [liquid crystalline alignment of the additive occurs when its
concentration exceeds {1-¢}q.uica- CoOnformational entropy simulations below reveal that
the glass transition temperature of the mixture increases in response to this alignment.

Tg Enhancement w/ Infinitely Rigid Diluents
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Lattice Cluster Theory Analysis of Conformational Entropy
and the Glass Transition in Amorphous Polymers

Overview. Conformational entropy Sis a basic quantity in theoretical descriptions
of the glass transition. Karl Freed and coworkers at the University of Chicago (see
references at the end of this section) discuss this concept from the viewpoint of high-
dimensional lattice cluster theory, which represents a simple analytical extension of the
GibbsbDiMarzio model to mixtures of semi-flexible, interacting polymers composed of
structured monomers. This analysis provides a theoretical tool for investigating how the
glass transition of amorphous polymers depends on chemical structure.

Lattice cluster theory is based on two major modifications of the Flory-Huggins
approximation to the free energy of binary polymer-solvent mixtures. First, united atom
models are used to represent individual monomers that occupy several neighboring lattice
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sites. The second improvement involves a superior solution to the resulting lattice model.
Systematic corrections to the Flory-Huggins free energy for non-random mixing are
derived in the form of a high-temperature one-dimensional cluster expansion. This
theoretical development yields analytical solutions by confining attention to the high-
pressure, high-molecular-weight, and fully flexible-chain limit, which is identified as
simplified lattice cluster theory.

Some of the inadequacies of the Flory-Huggins lattice model for random mixing may
be traced to inherent Ilimitations of the simple mean-field approximation that was
employed. In order to understand the origins of these deficiencies, Freed and co-workers
developed perturbation methods for calculating corrections to the Flory-Huggins mean-
field approximation. The theory emerges in the form of a cluster expansion that bears
strong resemblance to Mayer's cluster expansion for non-ideal gases. Corrections to the
Flory-Huggins lattice model arise from packing- and interaction-induced local correlations
between polymer and solvent molecules. The non-combinatorial portion of the Helmholtz
free energy is generated analytically by lattice cluster theory as a single function of
composition, molecular weight, nearest-neighbor attractive van der Waals interactions,
and temperature. Lattice cluster theory also includes the effects of individual small-
molecule architecture that extend over several lattice sites and, therefore, more closely
resemble the actual molecular structure of solvents, additives, or diluents. Hence, by
combining a significantly more advanced solution to the lattice model of polymers that
considers monomer molecular structure, lattice cluster theory exhibits the following
characteristics;

(a) it explains a temperature-independent Gentropic® Flory-Huggins x parameter that
originates from the packing of monomers with different sizes and shapes,

(b) it reveals both composition and molecular-weight dependence of y# as a
consequence of monomer molecular structure, compressibility, and non-random
mixing effects,

(c) it predicts the pressure dependence of x# which was subsequently verified
experimentally,

(d) it describes the dependence of y#on chain architecture and monomer sequences in
copolymers, and

(e) it predicts novel phenomena, such as the ordering of certain block copolymers upon
heating.
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Lattice cluster theory also provides a molecular explanation for the fact that
poly(ethylene-co-propylene) exhibits different miscibility with atactic and head-to-head

polypropylene.

An understanding of the relationship between monomer molecular structure and
glass formation is fundamental to numerous practical applications in polymer science and
engineering. It should be emphasized that glass formation, or vitrification, is not a true
underlying equilibrium transition because the phase transition exhibits dependence on
kinetic phenomena, such as heating or cooling rate and excitation frequency. The
equilibrium GibbsBEDiMarzio (&D)#attice model of glass formation has achieved significant
success in explaining the influence of molecular parameters on glass formation in
polymeric materials. In particular, the GD theory describes how the glass transition
temperature T, varies with polymer molecular weight, pressure, blend composition, the
introduction of crosslinks and mechanical deformation in rubbers, and the addition of
plasticizers. There is ample evidence from specific heat measurements that fluid entropy
decreases precipitously near the glass transition, supporting the basic physical picture of
the Gibbs-DiMarzio model that glass formation is fundamentally related to this entropy
change. The success of the lattice model proposed by DiMarzio and Gibbs can be traced
to its capacity for describing, at least qualitatively, this basic aspect of glass formation.
However, the GD theory is based on a crude mean-field approximation for the
thermodynamic entropy of semi-flexible chain polymers that had been developed earlier by
Flory for the description of polymer melting. This theory predicts that the conformational
entropy extrapolates to zero at finite temperatures. Following the ideas of Kauzmann,
DiMarzio and Gibbs identify this total collapse of conformational entropy with the glass
transition and describe T, as a second-order phase transition whose underlying origin is
thermodynamic. Several approximations embedded in the GD theory are controversial at
low temperatures, and shortcomings of these approximations have been emphasized
repeatedly. For example, the GD theory violates a rigorous bound on the entropy of
molten polymers. Simulations of polymeric liquids indicate that entropy S does not vanish
at low temperatures, but S approaches a low-temperature plateau. These results do not
invalidate the GibbsBDiMarzio approach to glass formation if the theory is viewed
gualitatively to imply that glass formation occurs when the conformational entropy
becomes sufficiently small to cause structural arrest and solidification at low
temperatures. It is reasonable to use the GD theory for extrapolating thermodynamic
properties from the high-temperature regime to lower temperatures where the theory
breaks down, thus providing an estimate of the point at which the conformational entropy
becomes critically small at the glass transition temperature. In view of these inadequacies
of the Gibbs-DiMarzio mean-field theory, the use of lattice models remains valid for
estimating trends in the glass transition in terms of molecular details such as monomer
structure. Other models, like the AdambBGibbs#theory, proposes that the barrier height
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associated with thermally activated relaxation processes is inversely proportional to
conformational entropy due to the increased cooperative motion that must occur in
cooled liquids. The Adam-Gbbs model of transport in cooled liquids agrees with
measurements and simulations of cooled liquids, providing convincing evidence of a link
between transport processes and conformational entropy. Proposed relations between
structural relaxation rates and conformational entropy S imply that rapid changes in the
temperature dependence of Sshould lead to significant changes in the apparent activation
energies for viscous and diffusive transport in GluggishO liquids that exhibit rather long
relaxation times. Fragile glass-forming liquids exhibit a large slope for activation energy
vs. temperature near T, whereas strong glass-forming liquids exhibit weak temperature
dependence of the activation energy. The fragility of glasses can be predicted by
monitoring the temperature dependence of conformational entropy, excluding the
vibrational contribution#near T,. The temperature derivative of S #ust below T, can be
used to estimate kinetic fragility that is deduced from activated transport. Hence, it
seems reasonable that correlations should exist between changes in liquid entropy, 8r
closely related quantities,#and changes in liquid dynamics at higher temperatures where
liquids achieve thermodynamic equilibrium. Mean-field studies of glass formation indicate
that there are two distinct transitions associated with glass formation; a dynamic
transition with diverging relaxation times, that is prevalent in the mode-coupling theory of
structural glass formation# followed by a thermodynamic glass transition at lower
temperatures where conformational entropy vanishes, as described by DiMarzio and Gibbs.
Simulations suggest that the first #ynamic transition lies close to the temperature range
where significant changes begin to occur in the fluid@ entropy. There is convincing
evidence for the presence of a higher temperature mode-coupling transition, in which the
dynamics shift from homogeneous liquid-type motion to more solid-like activated
heterogeneous behavior, and a lower temperature ideal glass transition at which the
entropy vanishes. Because monomer molecular structure exerts a significant influence on
the magnitude of the glass transition temperature and on the fragility of polymeric liquids,
lattice cluster theory has been employed recently to describe the important
thermodynamic consequences of monomer molecular structure. [By including non-random
mixing effects arising from monomer structure, interactions, and fluid compressibility,
lattice cluster theory provides a significantly improved thermodynamic description of
many subtle molecular effects in polymer blends that contain plasticizers and other
higher-molecular-weight species. Applications of lattice cluster theory suggest that
monomer molecular structure exerts a strong influence on the thermodynamic properties
of binary polymer blends that has been verified experimentally.] Since conformational
entropy S is a central quantity in theories of the glass transition, lattice cluster theory
analysis begins by constructing an expression for Sfrom statistical thermodynamics. The
temperature dependence of Sis developed from the logarithm of the Qlensity of statesO
via Boltzmann® equation. It must be emphasized that the glass transition is discussed
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from lattice models, without any vibrational contribution to conformational entropy. Since
the vibrational component might be substantial in some cases, corrections for the
vibrational contribution to S can be used to modify or fine-tune any prediction of
monomer molecular structure on 7,. It should also be emphasized that there are other
definitions of conformational entropy, particularly the one based on excess entropy with
respect to the crystal state.

The lattice cluster theory (LCT) of semi-flexible macromolecules describes the
dependence of conformational entropy on monomer molecular structure. As mentioned
above, conformational entropy is a central quantity in theories and computer simulations
of the glass transition, especially in the GibbsBDiMarzio (GD) theory, which is widely used
to analyze glass transitions in polymers. Thus, it is relevant to determine the connection
between lattice cluster theory and the classic GD theory, which is also based on a lattice
model. The GD theory represents additives as structure-less molecules, whereas LCT
describes monomers as molecules that extend over several lattice sites with specified
architecture. Furthermore, DiMarzio and Gibbs define trans and gauche conformations
based on rotational states of three successive bonds, whereas LCT describes these
conformations in terms of relative orientations of two successive bonds. This difference
is insignificant for long-chain polymers. The classic GD theory treats only the leading
order contribution in both the van der Waals interaction and transbgauche conformational
energies, so the GD density of states is extracted from the partition function as the
coefficient of the Boltzmann factor. The GD density of states differs from the lattice
cluster theory zeroth-order density of states. First, DiMarzio and Gibbs employ a
HugginsbGuggenhein-type counting model for conformational (i.e., combinatorial) entropy,
while the zeroth-order LCT effectively generates the less-accurate Flory counting with
immediate self-reversals permitted. However, the non-random mixing LCT contributions
correct for this counting difference and for the removal of immediate self-reversals, so
this formal difference between GD and zeroth-order LCT is inconsequential. Second,
DiMarzio and Gibbs use a Qmaximum-term approximationO to evaluate the number of
unoccupied lattice sites, which is related to excess free volume, whereas this excess free
volume is determined within lattice cluster theory from the equation of state as a function
of temperature, pressure, and composition. More explicitly, lattice cluster analysis
contains coordination number z, for the second site occupied by the additive, instead of
z, that appears in the Gbbs-DiMarzio expression for conformational entropy when the
number of sites available for the third segment of the additive is considered from a
combinatorial viewpoint. Consequently, the present LCT computation of conformational
entropy represents the appropriate extension of the GD theory to structured monomer-
polymer systems whose non-random mixing contributions to the free g#8Hgy# &b
conform&tisaaBatts gy anao b e e settsd Hatstth g olthdegendsnttgatitis st netion st
Hou mmd it aaly pohymn et ghdmst Lattice cluster theory expressions for conformational

58 Thermodynamic lattice theories
Conformational entropy description of T,



entropy and free energy are rather complex, but they merely involve polynomials in
volume fractions. Hence, they can be evaluated#umerically.#
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Sanchez-Lacombe Statistical Thermodynamic Lattice-Fluid
Theory of Polymer-Solvent Mixtures

Overview. The Flory-Huggins lattice theory, presented earlier in this chapter, does
not consider equation-of-state properties of the pure components and cannot predict
phase separation of polymer solutions above the upper-critical-solution temperature (i.e.,
LCST). Sanchez and Lacombe employed a three-dimensional lattice to describe the
thermodynamic properties of polymer solutions, based on the multiplicity of states of
high-molecular-weight chains that require r-interconnected lattice sites. Random mixing is
assumed, and singlet probabilities are evaluated in terms of species volume fractions.
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Lattice fluid theory describes disordered fluids, not the ordered crystalline state. Hence,
the Gclose-packedOstate is disordered, with more resemblance to the glassy state than
the crystalline state. FRandom close packing of spheres corresponds to a solid volume
fraction of ! 64%, whereas hexagonal-close-packed and face-centered cubic-close-packed
arrangements of spheres are described by solid volume fractions of 74%. Each CH, group
contributes equally to the molecular close-packed volume of normal alkanes. When the
close-packed mass density of alkanes is correlated with reciprocal chain length, the
extrapolated intercept for infinite molecular weight yields p ! 0.934 g/cm?3, and the close-
packed molar volume is 15.0 cm3/ mol. The extrapolated parameters from vapour
pressure data on normal alkanes agree favourably with actual density data for linear
polyethylene; p! 0.904 g/ cm?.

Mixing rules for lattice fluids.

Summary. In general, lattice-fluid theory (i) accounts for differences in equation of
state properties of the pure components and (ii) includes a thermodynamically
unfavorable entropic contribution to the chemical potential of either component in the
mixture. This affects diffusional stability via the spinodal inequality, where this entropic
term from the equation of state contains nonzero pure-component parameter differences,
except for hypothetical mixtures at absolute zero. These temperature-independent pure-
component parameter differences destabilize polymer solutions and cause incipient phase
separation. This unfavourable entropic term is small and relatively unimportant at low
temperatures, but it becomes large and dominant near the critical point of the mixture. In
polymer solutions and low-molecular-weight regular solutions, this unfavourable entropic
term is similar in magnitude, but the favourable combinatorial entropic contribution
toward stability is much smaller, and almost insignificant, for polymer solutions. Hence,
vanishingly small combinatorial entropy in high-molecular-weight polymer solutions might
cause these mixtures to be more susceptible to phase separation at any temperature.

Heats of mixing at infinite dilution relate directly to energetic interaction parameters
in athermal mixtures. Nonpolar solutions typically exhibit endothermic enthalpies of
mixing which, in some cases, become exothermic at high temperatures. The lattice fluid
theory attributes exothermic energetics to the tendency of solvent molecules to
experience volume contraction when low concentrations of polymer are introduced, where
the magnitude of the contraction is proportional to the solvent@ isothermal
compressibility. Macroscopic (i.e., classical) thermodynamic justification for this
association between exothermic heats of mixing and volume contraction is provided in the
Appendix (i.e., next section). This process is energetically favourable because more
intermolecular interactions are operative among solvent molecules when volume
contraction occurs. In dilute polymer solutions with exothermic energetics, solvent
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molecules experience a slightly denser environment than in the pure state. In contrast,
entropy decreases in higher-density media yielding a thermodynamically unfavourable
lower entropy of the solvent. Better equation-of-state parameters for the pure
components will increase the predictive power of the lattice fluid theory, and re-evaluation
of the mixing rules could increase its flexibility. Finally, in the dilute regime, where little
overlap occurs between polymer molecules and a non-uniform distribution of polymer
segments exists, the mean-field approximations should be revisited and modified because
the lattice-fluid theory employs uniform segment distribution.

Addendum:

The connection between exothermic energetics (i.e., heats of mixing) and
volume contraction of the mixture. This analysis employs the pressure dependence
of chemical potentials to define condensed phase activity coefficients and their relations
to enthalpy changes upon mixing in non-ideal solutions. By definition, the enthalpy of
mixing vanishes for ideal solutions, so exothermic or endothermic energetics associated
with the mixing process represent non-ideal effects. Begin with the total differential of
the extensive Gibbs free energy G of a mixture that contains r-components. For single-
phase behaviour, there are r+1 degrees of freedom, so r+2 independent variables such as
temperature T, pressure p, and mole numbers of each component in the mixture N, are
required for complete specification of an extensive thermodynamic property like G in the
absence of strong external fields. The functional dependence of G and its total differential
IS;

G(T’ P Ni[]sisr])
dG=-SdT+Vdp+ EyidNi

i=1

From the previous expression, one employs a Maxwell relations to obtain the pressure
dependence of the chemical potential w, of species i in the mixture, because second mixed
partial derivatives of exact differentials like G do not depend on the order in which
differentiation is performed. Hence;

#n _ & #” & \ /
S o -
P T,composition $ Ni P.T.N;

[0 )ra*i]

where V is the extensive volume of the mixture and the quantity on the far right side of
the previous equation is the partial molar volume of species i in the mixture. Integration
of partial molar volumes with respect to pressure yields the effect of pressure on the
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chemical potential of species i in the mixture, whereas integration of ideal gas molar
volumes of pure materials (i.e., RT/ p) with respect to pressure yields the effect of low-
pressure conditions on pure-component chemical potentials. The overall objective is to
construct the following chemical potential difference at non-ideal pressure p, which is
required for the extensive Gibbs free energy of mixing AG,,,, and subsequent evaluation
of the enthalpy of mixing;

Aui,mixture(p) " lui,pure (p)

#G iing = $ N, {iui,mixture (p ) " i pure (p )}
i=1

This chemical potential difference, W mixue(P) - Wowe(P), is formulated by conveniently
considering species i in the mixture, and as a pure component, at both non-ideal pressure
p and low pressure p*, where p* corresponds to ideal conditions;

Hiniure(P)" B pure(P) =
[Hisoe (P) " e (P8 O)
(P78 0)" thy (507 $ 0)]
il e (x:0° S 0)" (7S 0)]
[Hire(P) o (P 0]

where Xx; represents the mole fraction of species i in the mixture at partial pressure xp*.
The first term on the right side of the previous equation is obtained by integrating the
partial molar volume of species i with respect to pressure from ideal gas conditions at
pressure p* to non-ideal pressure p. The second term vanishes because the partial
pressure of species i in the mixture (i.e., xp*) matches the total pressure of pure
component i under ideal gas conditions. The third term is evaluated by integrating the
ideal gas molar volume of pure-component i (i.e., RT/ p) with respect to pressure between
the low-pressure limits of p* and xp*. The fourth term is evaluated by integrating the
pure-component molar volume of species i, v;,, with respect to pressure from ideal gas
conditions at p* to non-ideal conditions at p. Since v; is not equivalent to RT/p over the
entire range of operating pressures, the desired result for the chemical potential
difference of species iin the mixture vs. the undiluted state at non-ideal pressure p is;
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P _
:ui,mixture( p) _/Ji,pure( p) =RTIn X + f(V| _V|)dp

px=0

Non-ideal effects of mixing are contained in the second term on the right side of the
previous equation. This contribution vanishes for ideal solutions because the partial molar
volume of species i in the mixture is equivalent to its pure-component molar volume at all
operating pressures, provided that ideal conditions exists from p* to p. Condensed phase
activity coefficients y, summarize non-ideal mixing effects as follows;

This definition is consistent with the fact that y, = 1 describes ideal solution behaviour
because the partial molar volume of mixing (i.e., difference between partial molar volume
and pure-component molar volume) vanishes for each component. Focusing on the
extensive Gibbs free energy of mixing, dividing the expression by the total number of
moles of all species present, and identifying the mole fraction of species i as x; = N/ N4
one arrives at the molar Gibbs free energy of mixing for non-ideal solutions;

n r

G, .. N — 4
" gmixing = % :$ xi{l'li,mixture (p)#l’li,pure (p)} :$ xi{Gi #gl} = RT$ ‘xi{lnxi + In %
=1 =1 i=1

Total
Terms that contain y; represent the non-ideal contribution to Agyn.,- The molar enthalpy
of mixing for these non-ideal solutions is obtained by adding TAs,,, to the previous
expression for Agy.n,- Based on the total differential of the extensive Gibbs free energy of
a multicomponent mixture, Maxwell® relations reveal that the temperature dependence of
the chemical potential of species i yields the partial molar entropy of species i;

(%) :_(&_S) -5
01T p,composition aNi TN 1z jar i

Analogously, the temperature dependence of the chemical potential of pure-component i
yields its molar entropy. Hence, the molar entropy of mixing Asy,, in non-ideal solutions
can be obtained by taking the temperature derivative of Agy,,, at constant pressure and
mixture composition. Since activity coefficients depend on temperature, pressure and
composition, the final result for Asy,, IS;
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p,composition i= p.composition p

=ix{s §}=—R2x In>g+|ny,+T( l’?T )
=—R;Elxi Inxi+(%)

p,composition

p,composition

Activity coefficient terms in the previous equation represent the non-ideal contribution to
ASyixing- FOr example, if Iny; varies inversely with temperature for each component in the
mixture, then the non-ideal contribution to the entropy of mixing vanishes and all non-
ideal effects are enthalpic, as illustrated below. Now, it should be obvious that ideal
solutions are athermal because the ideal contributions to Agy,, and BTAs,,,, are identical,
yielding {Ahyyingtiea = 0. The molar enthalpy of mixing Ahy,,, in non-ideal solutions is
calculated by adding Agyin, and TAS,.,,- One obtains the following result;

\ Iny,
AhMlxmg R T ’ E ( 07 0,,Tyl
i=1

) p,composition

If the activity coefficient for each component is temperature-independent, then all non-
ideal solution effects are entropic in origin. Similar conclusions about the temperature
dependence of the Flory-Huggins intermolecular interaction parameter x in polymer-
solvent mixtures, based on its enthalpic vs. entropic origin, are provided on page#17 of
this chapter. Of particular importance here, one estimates the molar enthalpy of mixing in
non-ideal solutions when the partial molar volume of mixing for each component depends
on composition, but not temperature and pressure. Under these conditions, there is a
straightforward relation between Ahy,,, and the molar volume change upon mixing, as
illustrated below;
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' p,composition i=1
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Mixing

At the macroscopic level of description, one concludes that mixtures experience volume
contraction relative to linear additivity when heats of solution are exothermic. The lattice-
fluid theory of Sanchez and Lacombe is consistent with this conclusion from classical
thermodynamic analyses of non-ideal mixtures.

Problem#1

Statistical analysis of athermal binary mixtures that contain trimers and hexamers yields
the following expression for the number of distinguishable ways (i.e., the multiplicity of
states) to place molecules on a lattice of fixed size. Trimers occupy three adjacent lattice
sites and hexamers require six adjacent sites. The multiplicity of states is;

InQ = (3N hexamer) In{ 3Ntrlmer Nhexame} - 5Nhexamer(1_ % In Z) - 2Ntrimerz(z_ 1)

+6N

trimer

where Q describes the number of distinguishable ways of arranging these molecules on
the lattice, N e iS the number of trimers, N, ..mer IS the number of hexamers, and z is the
lattice coordination number (i.e., the number of nearest neighbor sites that surround each
lattice site). Hint: The total number of lattice sites is 3N ;imer T 6 Niexamer-

(a) Obtain an expression for the volume fraction of trimers @ me iN terms of N,mer and

Nhexamer'

AnSWQr: cptrimer = 3Ntrimer / {3Ntrimer + 6Nhexamer}

(b) Obtain an expression for the volume fraction of hexamers Qneamer IN t€rms of Nijimer
and Nhexamer'

AnSWQr: cphexamer = 6Nhexamer / {3Ntrimer + 6Nhexamer}

(c) Obtain an expression for the conformation entropy of mixing per mole of lattice
sites.
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ASmixing = k{ In Q(Ntrimer' Nhexamer) - In g2(Ntrimer = 0’ Nhexamel) - ln Q(Ntrimer’ Nhexamer: )}
= k[ 3N +6N In{ 3Ntr|mer Nhexame} - 6Nhexamerln{ 6Nhexame} - 3Ntrimer In{ 3Ntrimer}]

3Ntrimer In 3Ntrimer + 6 Nhexamerl n 6 Nhexamer
3Ntrimer + 6Nhexamer 3Ntrimer + 6 I\Ihexamer
ASnixing
+6N

trimer hexamer)

= _k

3 (NAvogadro) R{ (ptrlmer In (ptnmer + (phexamerln (phexame}

trimer hexamer

All terms in the multiplicity expression that contain lattice coordination number z affect
the combinatorial entropy via k/nQ, similar to the Flory-Huggins lattice, but the final

expression for the entropy of mixing does not depend on any lattice structural parameters
that are required to simulate the mixing process.

Problem#2

For infinitely dilute solutions that contain extremely high-molecular-weight polymer
molecules, the Flory-Huggins thermodynamic interaction parameter, per solvent molecule
or lattice site, exhibits the following temperature dependence;

T(°K)

(a) At what temperature is phase separation initiated?

=-0.25+

Answer:
The spinodal point corresponds to x = 0.5 for the conditions described in the
problem statement. Homogeneous solutions that do not exhibit spinodal

decomposition require x to be less than 0.5, whereas phase separation will occur if

is greater than 0.5. Hence, the temperature range where phase separation occurs
is described by;

250
=-0.25+—F/——==0.5
X T(°K)
T(°K) = 20 _ 39k
0.75
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(b) Does the temperature, calculated in part (a), represent an upper or lower critical
solution temperature?

Answer:
Since phase separation occurs below 333°K, it is described as an upper critical
solution temperature.

(c) Consider each term in the temperature-dependent expression for x and determine if
it arises from enthalpic interactions, entropic interactions, or some combination
thereof.

Answer:

The interaction free energy of mixing, per total moles of both components in
solution, is proportional to the product of x and T, as well as some composition-
dependent factors. As illustrated earlier in this chapter, standard thermodynamic
formalism yields;

O/$I gm‘ ing,int ti n( . ‘%T' )O 1
" Smixin int eraction # PO = #Ry oven+ olymer, 1 = Ry oven+ olymer
o t & $T p,composition selvent Po / $T 2p,composition 4 selvent Fab
* 8 % Qi it eracion (O -8
n h o ) - #T2 ¥, mixing,int eractlon*l - #RT2 + ht - 25(R +
mixing,int eraction /$T& T )2p’comp05ition ySoIvent Polymer] $T2pycomposmon ySoIvent Polymet

Hence, the factor of £0.25, which is dimensionless, contributes favourably to the
entropy of mixing. The temperature-dependent term that contains a coefficient of
250, with dimensions of Kelvin, contributes to the enthalpy of mixing. The mixing
process is endothermic because the enthalpy of mixing is always positive, except at
the pure-component limits where either the solvent mole fraction or the polymer
volume fraction vanishes. If one describes the mixing process by a chemical
reaction, with pure components as reactants on the left side of the reaction, and
the homogeneous mixture as the product on the right side, then the equilibrium
constant for this process increases at higher temperature, as expected for
endothermic reactions. This is consistent with the fact that the proposed
temperature-dependent expression for x describes endothermic mixing in which the
solvation power of the solvent increases at higher temperature until one achieves a
homogeneous solution above the UCST (i.e., T $ 333%K).

(d) Repeat the first three parts of this problem if the temperature-dependence of the
Flory-Huggins interaction parameter is given by;
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v =0.75% 220

7(°K)
Answer:

The nature of the polymer-solvent interactions and the type of solution phase
behaviour have significant effects on the sign of both coefficients in the proposed
temperature-dependent expression for x. Now, homogeneous solutions exist below
800°K, which is a lower critical solution temperature because phase separation
occurs at higher temperatures. Polymer-solvent interactions have an adverse effect
on the entropy of mixing, based on the positive temperature-independent term (i.e.,
0.75) in the expression for x. Mixing occurs exothermically at all temperatures, as
described by the temperature-dependent term, but the solvation power of the
solvent decreases at higher temperature. This is apparent from the proposed
expression, because at higher temperature (i) the enthalpic contribution to x
becomes less significant, (ii) x increases, and (iii) x exceeds the critical value of 0.5
at 800°K where the first evidence of phase separation occurs.
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