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Lat t ice Theor ies f o r  Po ly m er / Sm al l-Mo lecule Mixt ur es and  
t he Co nf o rm at io nal Ent r o p y  Descr ip t ion o f  t he Glass 

Transit io n Tem p erat ur e 
 
Mem b rane osm om et ry  and  t he osm ot ic  p ressure expansion.   A porous 

membrane is insert ed in t he bot t om of  a capillary t ube.  The capillary leg on t he lef t  side 
of  t he membrane cont ains dist illed wat er.  A dilut e aqueous solut ion of  cellulase enzyme is 
placed on t he right  side of  t he membrane and bot h legs of  t he capillary t ube are f illed wit h 
liquid t o t he same height .  The air-liquid int erface in bot h legs of  t he capillary is exposed 
t o ambient  pressure pambient , and t he t emperat ure remains const ant  at  370C.  Scannng 
elect ron micrographs of  t he membrane reveal t hat  t he pores have an average diamet er of  
1000 angst roms ( i.e., 0.1 micron) , which t ranslat es int o a "molecular-weight  cut of f " of  
50,000.  Since cellulase is a biological macromolecule wit h an average molecular weight  of  
200,000, t he membrane prohibit s t he enzyme f rom dif fusing t hrough t he pores.  
However, solvent  molecules are allowed t o pass t hrough t he pores of  t he membrane. 
 

Quest ion:  Does dist illed wat er dif fuse f rom lef t -t o-right  or f rom right -t o-lef t  
t hrough t he membrane?  Answer: Wat er molecules dif fuse f rom lef t -t o-right . 
 

Explanat ion.  Dif fusion of  wat er molecules f rom lef t -t o-right  occurs t hrough t he 
porous membrane in response t o a gradient  in t he chemical pot ent ial of  wat er at  t he 
wat er-membrane int erface on bot h sides of  t he membrane.  The chemical pot ent ial of  
pure wat er on t he lef t  side is great er t han t hat  in t he aqueous solut ion of  t he enzyme on 
t he right  side.  The passage of  wat er f rom lef t -t o-right , across t he membrane, causes 
t he liquid level t o decrease on t he lef t  side and increase on t he right  side of  t he capillary.  
This "c apillary rise" in t he right  leg generat es addit ional hydrost at ic pressure t hat  
opposes t he dif fusion of  wat er t hrough t he membrane.  When equilibrium is est ablished, 
t his increase in hydrost at ic pressure on t he right  side prevent s furt her dif fusion of  t he 
solvent  (wat er)  and t he f low process ceases.  Alt ernat ively, one exposes t he right  leg of  
t he capillary t o an increased pressure, given by pambient  + π, where π is t he osmot ic 
pressure.  Now, t he height  of  liquid in bot h legs of  t he capillary remains t he same 
because t he hydrost at ic pressure gradient  opposes t he chemical pot ent ial gradient  t hat  
was at t ribut ed init ially t o dif ferences in solvent  concent rat ion on bot h sides of  t he 
membrane. 

 
The consequence of  chemical equilibrium.  When equilibrium is est ablished, t he 

pressure at  t he wat er-membrane int erface on t he lef t  side is pLeft , which is great er t han 
ambient  pressure due t o t he hydrost at ic cont ribut ion.  On t he right  side, t he pressure at  
t he int erface bet ween t he membrane and t he cellulase enzyme solut ion is pRight , which is 
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also great er t han ambient  pressure, but  pRight  is great er t han pLeft  due t o t he osmot ic 
pressure ef fect  described above.  The st at ement  of  chemical equilibrium for t he solvent  
on bot h sides of  t he membrane is; 

 
µPure Wat er(T, pLeft )  = µSolvent (T, pRight , xSolut e)  

 
where t he chemical pot ent ial of  pure wat er on t he lef t  side of  t he membrane is 
evaluat ed at  370C and pressure pLeft .  On t he right  side of  t he membrane, t he chemical 
pot ent ial of  wat er in t he aqueous solut ion is evaluat ed at  370C, pressure pRight  ( i.e., pRight  
Ð pLeft  = π) , and cellulase enzyme mole f ract ion xSolut e.  The pressure dependence of  t he 
solvent Õs chemical pot ent ial at  const ant  t emperat ure and composit ion yields t he part ial 
molar volume of  t he solvent  via a Maxwell relat ion based on t he ext ensive Gibbs f ree 
energy G of  a binary mixt ure.  There are t hree degrees of  f reedom for single-phase 
behaviour of  binary mixt ures.  Consequent ly, four independent  variables are required for 
a complet e descript ion of  an ext ensive t hermodynamic pot ent ial, such as G.  The 
appropriat e independent  variables are t emperat ure T, pressure p, and mole numbers of  
t he solut e and solvent  ( i.e., NSolute and NSolvent ) .  Hence; 
 

dG = - S dT + V dp + µSolvent  dNSolvent  + µSolute dNSolut e 
 
where S and V are t he ext ensive ent ropy and volume, respect ively, of  t he binary 
mixt ure.  The appropriat e Maxwell relat ion at  composit ion xSolut e t hat  allows one t o 
evaluat e t he pressure dependence of  t he chemical pot ent ial is; 
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The previous equat ion is based on t he fact  t hat  second mixed part ial derivat ives of  an 
exact  dif ferent ial, like t he ext ensive Gibbs f ree energy of  binary mixt ures, are not  
af fect ed by reversing t he order in which dif ferent iat ion is performed.  One int egrat es t he 
previous equat ion f rom pressure pLeft  t o pRight  at  const ant  t emperat ure and composit ion 
t o obt ain t he ef fect  of  pressure on t he chemical pot ent ial of  t he solvent  in t he aqueous 
solut ion on t he right  side of  t he membrane; 
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Pressure dependence of  t he part ial molar volume of  t he solvent  was neglect ed in t he 
previous result .  Now, t he st at ement  of  chemical equilibrium for t he solvent  on bot h 
sides of  t he membrane reduces t o; 
 

!  

µPureWater(T, pLeft) = µSolvent(T, pRight, xSolute) = µSolvent(T, pLeft, xSolute)+ " VSolvent 

 
The dilut e aqueous cellulase enzyme solut ion in t he right  leg of  t he capillary can be 
approximat ed as an ideal liquid mixt ure because Raoult Õs law is applicable at  inf init e 
dilut ion.  Hence, t he chemical pot ent ial of  t he solvent  at  t emperat ure T, pressure pLeft , 
and mole f ract ion xSolute is evaluat ed as follows; 
 

µSolvent (T, pLeft , xSolut e)  = µPure Wat er(T, pLeft )  + RT ln(1-xSolut e)  
 
In t he dilut e solut ion regime, where 1-xSolut e is very close t o unit y, one expands t he 
logarit hmic t erm about  xSolut e=0 in t he previous equat ion; 
 

ln(1-xSolute)  !  Ð xSolut e Ð (1/ 2)  {  xSolute} 2 Ð (1/ 3)  {  xSolute} 3 Ð É  
 
The st at ement  of  chemical equilibrium yields t he following osmot ic pressure expansion; 
 

!  
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Prob lem : Sket ch t he dif ference bet ween t he liquid height  in bot h legs of  t he capillary 

as a funct ion of  cellulase enzyme concent rat ion in dilut e aqueous solut ions 
at  370C and 600C.  Bot h liquids are incompressible t o a good approximat ion.  
Their densit ies are roughly t he same and equal t o t hat  of  pure wat er. 

 
The polymer concent rat ion in aqueous solut ion CPolymer, wit h dimensions of  grams solut e 
per solut ion volume, is relat ed t o t he mole f ract ion of  solut e xSolut e in t he dilut e solut ion 
regime as follows; 
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The osmot ic pressure expansion is rewr it t en in canonical form for molecular weight  and 
second virial coef f icient  det erminat ion via linear least  squares analysis of  π/ RTCPolymer vs. 
CPolymer; 
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The int ercept  yields t he inverse of  t he polymerÕs molecular weight  ( i.e., number-average 
molecular weight  for a dist ribut ion of  chain lengt hs)  and t he init ial slope corresponds t o 
t he second virial coef f icient  B, where; 
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The second virial coef f icient  and all higher virial coef f icient s in t he osmot ic pressure 
expansion vanish for dilut e polymer solut ions at  t he Θ-t emperat ure, where t he chains 
exhibit  unpert urbed dimensions and π is a linear funct ion of  polymer concent rat ion. 
 
 Analogy wit h t he virial expansion of  real gases.  Consider t he equat ion of  st at e for 
a van der Waals gas wit h at t ract ive int eract ion paramet er a and excluded volume 
paramet er b t hat  are calculat ed f rom t he crit ical const ant s.  In t erms of  molar volume v, 
which is equivalent  t o t he rat io of  molecular weight  MW and mass densit y ρ, t he 
following equat ions are applicable when b is signif icant ly less t han t he molar volume v; 
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One invokes t he following correspondences bet ween t he virial expansion of  a van der 
Waals gas and t he osmot ic pressure expansion for a dilut e polymer solut ion; 
 

( i)  Gas pressure p is analogous t o osmot ic pressure π 
( ii)  Gas densit y ρ is analogous t o polymer concent rat ion in solut ion CPolymer 
( iii)  Molecular weight  of  t he gas MW is analogous t o polymer molecular 

weight  MWPolymer 
( iv)  The second virial coef f icient  vanishes (and also changes sign)  at  t he 

Boyle t emperat ure, def ined by TBoyle = a/ bR = (27/ 8)TCrit ical, where 
ideal behaviour is achieved for a van der Waals gas.  The second virial 
coef f icient  vanishes (and also changes sign)  at  t he Θ-t emperat ure for 
dilut e polymer solut ions, where t he chains exhibit  unpert urbed 
dimensions in t he absence of  polymer-solvent  int eract ions.  Gas 
pressure scales linearly wit h densit y at  TBoyle and osmot ic pressure 
scales linearly wit h CPolymer at  t he Θ-t emperat ure.  

 
Lat t ice m o dels f o r  at herm al m ix t ur es w it h exc luded  v o lum e.  The major 

object ives of  t his sect ion are t o int roduce t he concept s of  lat t ices, mult iplicit y of  st at es, 
and Bolt zmannÕs ent ropy expression t o calculat e t hermodynamic propert ies of  mixt ures.  
One of  t he most  import ant  result s is t hat  t he second virial coef f icient  in t he osmot ic 
pressure expansion of  a dilut e polymer solut ion scales linearly wit h t he excluded volume 
per chain molecule, ident if ied by γ.  Excluded volume is inaccessible t o long chain 
molecules on a lat t ice because t hese sit es are occupied by chains t hat  were insert ed 
previously on t he same lat t ice.  Each solvent  molecule is modeled as a st ruct ure-less point  
part icle t hat  occupies one lat t ice sit e.  There is no ent ropic cont ribut ion associat ed wit h 
t he placement  of  solvent  molecules in empt y lat t ice sit es.  The ent ropy of  mixing is due 
solely t o t he mult iplicit y of  placing polymer molecules on int erconnect ed lat t ice sit es.  
Let Õs begin by count ing t he number of  ways t hat  each polymer molecule can occupy t he 
lat t ice.  The t ot al volume of  t he lat t ice corresponds t o solut ion volume V and γ represent s 
t he volume per chain t hat  is not  available t o ot her molecules.  If  A, wit h dimensions of  
inverse volume, is t he proport ionalit y const ant  t hat  relat es t he available lat t ice volume t o 
t he number of  conformat ions, or mult iplicit y, for placing each chain on t he lat t ice, t hen; 
 

Number of  conformat ions for t he 1st  polymer chain = AV 
Number of  conformat ions for t he 2nd polymer chain = A (V-γ)  
Number of  conformat ions for t he 3 rd polymer chain = A (V-2γ)  
Number of  conformat ions for t he it h polymer chain = A {V-[ i-1] γ}  

 
The mult iplicit y, or t ot al number of  dist inguishable ways t hat  NPolymer molecules can be 
insert ed int o t he lat t ice is obt ained via mult iplicat ion of  t he conformat ional f reedom for all 
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chains, as summarized above, and subsequent  division by (NPolymer) ! because all chains are 
ident ical in chemical st ruct ure.  Hence, t he number of  dist inguishable st at es for t his binary 
polymer-solvent  mixt ure is; 
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The corresponding ent ropy of  t he polymer solut ion is given by Bolt zmannÕs expression, 
where S = k lnΩ.  The mult iplicit y of  st at es Ω can be evaluat ed f rom t he previous 
expression for t he solut ion, pure polymer, and pure solvent  ( i.e., NPolymer = 0) .  Explicit  
evaluat ion of  t he ent ropy of  pure solvent  should not  be performed unt il one invokes t he 
approximat ion t hat  NPolymer Ð 1 !  NPolymer; 
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In general, iγ/ V is much less t han unit y for all values of  i in t he previous summat ion, so it  
is accept able t o expand t he logarit hmic t erms and ret ain only t he linear cont ribut ion.  
Since ln(1-x)  !  Ð x Ð O(x2) , one obt ains t he following result ; 
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Next , one evaluat es t he ext ensive ent ropy of  mixing for a binary syst em t hat  cont ains t he 
following number of  molecules of  polymer and solvent , respect ively, NPolymer and NSolvent .  
The calculat ion proceeds as follows; 
 

!  

" Smixing = S NPolymer,NSolvent( ) # S NPolymer,NSolvent= 0( ) # S NPolymer = 0,NSolvent( )  

 
where t he last  t wo t erms in t he previous equat ion represent  pure polymer and pure 
solvent , respect ively.  As ment ioned above, st ruct ureless solvent  molecules do not  
cont ribut e t o t he ent ropy of  mixing because t here is only one way t o insert  t hem in t he 
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lat t ice, bot h in t he pure st at e and in solut ion.  When one evaluat es t he ent ropy of  t he 
binary mixt ure, S(NPolymer,NSolvent )  requires part ial molar volumes of  polymer and solvent  in 
t he expression for solut ion volume V ( i.e., VSolut ion) ; 

 

! 

VSolution = nPolymerV Polymer +nSolventV Solvent  

 
where nPolymer and nSolvent  represent  mole numbers for polymer and solvent , respect ively.  
When one evaluat es t he ent ropy of  pure polymer in t he absence of  solvent , ext ensive 
volume V ( i.e., VPolymer)  can be calculat ed f rom t he previous equat ion if  t he solvent  t erm is 
omit t ed and t he part ial molar volume of  t he polymer is replaced by it s molar volume 
vPolymer.  Bolt zmannÕs ent ropy expression yields t he following ent ropy change upon mixing; 
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St at ist ical concept s have been employed t o calculat e a macroscopic t hermodynamic 
propert y, as illust rat ed above.  The specif ic det ails of  t he lat t ice are no longer required, as 
evidenced by t he fact  t hat  t he lat t ice paramet er A does not  appear in t he f inal expression 
for ΔSmixing.  The following sequence of  st eps is required t o relat e t he second virial 
coef f icient  in t he osmot ic pressure expansion t o t he excluded volume paramet er γ; 
 

(1)  t he Gibbs f ree energy of  mixing ΔGmixing for at hermal solut ions is calculat ed 
f rom t he ent ropy of  mixing via ÐT ΔSmixing because ΔHmixing = 0 

 
(2)  t he chemical pot ent ial dif ference bet ween t he solvent  in it s pure st at e 

and in t he polymer solut ion is calculat ed f rom t he mole number derivat ive 
of  ΔGmixing at  const ant  t emperat ure T, pressure p, and mole numbers of  
polymer nPolymer ( i.e., via part ial molar propert ies when t he concent rat ion 
dependence of  t he part ial molar volumes of  polymer and solvent  are 
neglect ed)  

 
(3)  t here is a direct  relat ion bet ween osmot ic pressure and t he chemical 

pot ent ial dif ference bet ween t he solvent  in it s pure st at e and in t he 
polymer solut ion 



Thermodynamic lat t ice t heories 
Conformat ional ent ropy descript ion of  Tg 

8 

 
Replacing kNAvogadro by t he gas const ant  and mult iplying ΔSmixing by ÐT yields an expression 
for t he Gibbs f ree energy of  mixing for binary polymer solut ions; 
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Now, one calculat es t he required chemical pot ent ial dif ference bet ween t he solvent  in it s 
pure st at e and in solut ion as follows when t he part ial molar volumes of  polymer and 
solvent  are independent  of  composit ion; 
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Division of  t he previous expression by t he product  of  RT and t he part ial molar volume of  
t he solvent  yields a relat ion bet ween excluded volume and osmot ic pressure; 
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The molar concent rat ion of  polymer in solut ion, given by t he rat io of  nPolymer and VSolut ion is 
equivalent  t o CPolymer, wit h dimensions of  grams polymer per solut ion volume, divided by 
t he polymerÕs molecular weight  MWPolymer.  The lat t ice model wit h excluded volume yields 
t he following osmot ic pressure expansion in which t he coef f icient  of  t he t erm t hat  is linear 
wit h respect  t o CPolymer relat es t he second virial coef f icient  and γ; 
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The product  of  γ and NAvogadro can be int erpret ed as t he excluded volume per mole of  
chain molecules, where a mole is based on t he molecular weight  of  t he ent ire chain, not  
simply t he repeat  unit .  As ment ioned f rom t he analysis of  membrane osmomet ry, linear 
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least  squares analysis of  π/ RTCPolymer vs. CPolymer yields t he polymerÕs molecular weight  
f rom t he int ercept  and t he second viral coef f icient  f rom t he slope.  Generalizat ion of  
t hese result s suggest s t hat  t he excluded volume vanishes when t he second virial 
coef f icient  is ident ically zero.  For example, when polymer chains exhibit  unpert urbed 
dimensions in a Θ-solvent , π/ RTCPolymer is not  a funct ion of  t he polymer concent rat ion in 
solut ion and t he excluded volume vanishes. 
 
 Flo ry -Hug g ins lat t ice t heo ry  f o r  f lex ib le po ly m er  so lut ions.   More det ailed 
considerat ions of  t he lat t ice are provided in t his sect ion for polymer-solvent  mixt ures t hat  
exhibit  ent ropic and ent halpic changes upon mixing.  Int erconnect ivit y of  lat t ice sit es t hat  
are occupied by t he same polymer chain imposes severe rest rict ions on t he 
conformat ional ent ropy of  mixing, and t hese const raint s become more severe when t wo 
polymers are mixed, t o t he ext ent  t hat  ΔSmixing is essent ially zero for polymer-polymer 
blends.  This int erconnect ivit y was ment ioned but  not  addressed in much det ail in t he 
previous sect ion. 
 
 Nomenclat ure:  The following not at ion is employed t o const ruct  t he Flory-Huggins 
lat t ice model. 
 
 NTot al = t ot al number of  individual lat t ice sit es 
 NSolvent  = number of  solvent  molecules, modeled as st ruct ure-less point  part icles. 
 NPolymer = number of  monodisperse polymer molecules, each one cont ains x segment s 
 xNPolymer = number of  segment s in t he lat t ice t hat  are occupied by polymer chains 
 NTot al = NSolvent  + xNPolymer 

 
 Assumpt ions.  Each sit e in t he t hree-dimensional lat t ice is large enough for eit her 
one solvent  molecule or one segment  of  t he polymer chain t o reside.  Hence, solvent  
molecules are approximat ely t he same size as t he polymer repeat  unit .  Segment s of  t he 
polymer chain do not  int eract  energet ically wit h each ot her, but  t hey int eract  non-
specif ically wit h solvent  molecules.  In ot her words, t here are no polar funct ional groups or 
charged species in t he main chain or sidegroup of  t he polymer t hat  int eract  preferent ially 
wit h t he solvent .  Each segment  of  t he polymer is equally accessible t o t he solvent .  Each 
polymer chain cont ains x segment s or repeat  unit s.  As illust rat ed in t he next  sect ion, t he 
occupat ional probabilit y of  each lat t ice sit e depend on t he number of  polymer molecules 
t hat  have already been placed on t he lat t ice.  In ot her words, t he fact  t hat  prior segment s 
of  t he same chain necessarily occupy lat t ice sit es does not  af fect  t he calculat ions below 
when subsequent  segment s of  t he chain are placed on t he lat t ice.  All of  t hese 
assumpt ions are considered t o calculat e t he combinat orial ent ropy of  mixing via st at ist ical 
analysis of  t he Òcount ing problemÓ because each permut at ion is considered t o be equally 
likely, analogous t o t he microcanonical ensemble in st at ist ical t hermodynamics.  The 
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int eract ion f ree energy of  mixing account s for energet ic ef fect s bet ween similar and 
dissimilar molecules but  ÒBolt zmann weight ing fact orsÓ are not  employed t o dist inguish 
dif ferent  permut at ions of  polymer chains conformat ions and st ruct ureless solvent  
molecules on t he lat t ice. 
 

Conformat ional ent ropy of  mixing ΔSmixing.  This development  begins by placing i 
polymer molecules on t he lat t ice and calculat ing t he occupat ional probabilit y for all x 
segment s of  t he i+1st  chain.  For example, if  t here are NTot al lat t ice sit es and x 
int erconnect ed sit es are required for each chain molecule t hat  has already been placed on 
t he lat t ice, t hen t here are Nt otal Ð ix sit es available for t he f irst  segment  of  t he next  
polymer molecule.  Now, int erconnect ivit y must  be considered for segment s 2 t hrough x 
via t he coordinat ion number z, or t he number of  nearest  neighbor sit es.  Typical 
coordinat ion numbers are 4 for t wo-dimensional lat t ices and 6 for t hree-dimensional 
lat t ices.  Hence, t here are a maximum of  z sit es available for t he second segment  of  t he 
chain and z-1 sit es available for segment s 3 t hrough x, but  some of  t hese sit es might  be 
occupied by polymer molecules t hat  have already been placed on t he lat t ice.  The f ract ion 
of  vacant  sit es on t he lat t ice κi af t er i polymer chains occupy sit es is {NTot al Ð ix} / Ntot al, and 
t his probabilt y fact or κi t oget her wit h t he coordinat ion number ( i.e., z or z-1) is required 
t o calculat e t he number of  sit es t hat  are available for segment s 2 t hrough x in t he i+1st  
chain.  Changes in t he probabilit y fact or κi are considered for dif ferent  chains, but  not  for 
dif ferent  segment s of  t he same chain.  In summary, t he number of  ways t hat  each 
segment  of  t he i+1st  chain can be arranged on t he lat t ice is; 
 

1st  segment : NTot al Ð ix 
2nd segment : zκi 
3 rd segment : (z-1)κi same for all remaining segment s 

 
Since all NPolymer chains are st ruct urally ident ical, t he mult iplicit y of  st at es, or number of  
dist inguishable ways of  placing t hese chains on t he lat t ice is obt ained via mult iplicat ion of  
t he occupat ional f reedom of  all x segment s in all chains, and subsequent  division by 
NPolymer!, as follows; 
 

!  

" =
1

NPolymer!
#
i=0

NPolymer $1

NTotal $ ix( )z%i z $1( )%i{ }
x$2

&
z $1
NTotal

'  

( 
) 

* 

+ 
,  

NPolymer (x$1)
1

NPolymer!
#
i=0

NPolymer $1

NTotal $ ix( )
x

 

 
This expression for Ω is not  rest rict ed t o t he dilut e solut ion regime, but  it  is almost  
impossible t o evaluat e t he combinat orial ent ropy of  mixing, as wr it t en, because t he t ot al 
number of  lat t ice sit es NTot al and t he number of  polymer molecules NPolymer are exceedingly 
large.  Bolt zmannÕs equat ion, S = klnΩ, is employed t o calculat e t he conformat ional 
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ent ropy of  mixing af t er subst ant ial manipulat ion of  t he mult iplicit y of  st at es.  The 
following approximat ions are invoked at  low polymer concent rat ions; 
 
(1)  The t erm wit hin t he product  on t he far right  side of  t he previous expression for Ω 

[ i.e. (NTot al Ð ix) x]  is wr it t en as a rat io of  t wo fact orials, which simplif ies t o a product  
of  x t erms t hat  are almost  ident ical in t he dilut e solut ion regime ( i.e., NSolvent  >> 
xNPolymer) ; 

 

!  

NTotal " ix( )x
#

NTotal " ix( )!
NTotal " x(i +1){ }!

= NTotal " ix( ) NTotal " ix " 1( ) NTotal " ix " 2( )... NTotal " ix " x+1( )
 

 
(2)  Explicit  evaluat ion of  t he product  in t he expression for Ω, wit h assist ance f rom t he 

dilut e solut ion approximat ion in st ep (1) , reduces t o; 
 

! 

"
i=0

NPolymer#1 NTotal # ix( )!
NTotal # x(i +1){ }!

=
NTotal! NTotal # x( )! NTotal # 2x( )!... NTotal # NPolymer#1( )x{ }!

NTotal # x( )! NTotal # 2x( )!... NTotal # NPolymer#1( )x{ }! NTotal # xNPolymer{ }!

=
NTotal!

NTotal # xNPolymer{ }!
=

NTotal!
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(3)  St irlingÕs approximat ion for t he fact orial when n is large; 
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is employed t o evaluat e lnΩ as follows; 
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Now, Bolt zmannÕs equat ion yields t he following expression for t he combinat orial ent ropy 
of  t he Flory-Huggins lat t ice model; 
 

! 

S
k

= NSolvent+ NPolymer( ) ln NSolvent+ xNPolymer( )"NSolventlnNSolvent

"(x"1)NPolymer 1" ln(z"1){ } "NPolymerlnNPolymer

 

 
Once again, t he ext ensive ent ropy of  mixing is calculat ed by evaluat ing t he previous 
equat ion for ( i)  dilut e polymer solut ions, ( ii)  pure polymer, and ( iii)  pure solvent .  In t he 
spirit  of  maint aining an incompressible syst em, t he size of  t he lat t ice for t he sum of  t he 
precursors ( i.e., NPolymer molecules in t he absence of  solvent  and NSolvent  molecules wit hout  
polymer)  is t he same as t he size of  t he lat t ice required t o accommodat e NSolvent  + NPolymer 
molecules in dilut e solut ion.  Hence, NSolvent  and NPolymer do not  change f rom t heir respect ive 
undilut ed st at es t o t he solut ion in t he expressions below. 
 

!  
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There is no combinat orial ent ropy associat ed wit h placing ident ical st ruct ure-less point  
part icles on all of  t he lat t ice sit es, t o simulat e pure solvent .  The indist inguishabilit y of  
solvent  molecules reduces t he mult iplicit y of  t his process t o unit y, but  just if icat ion of  t his 
st at ement  requires lÕHopit alÕs rule for t he last  t erm in S when NPolymer = 0.  Coordinat ion 
number z appears in t he expression for t he combinat orial ent ropy of  t he Flory-Huggins 
lat t ice, but  t he f inal expression for t he ent ropy of  mixing does not  depend on any lat t ice 
st ruct ural paramet ers.  This fact  is reassuring because t he lat t ice is only a crut ch t hat  
allows one t o simulat e t he mixing process.  From a dif ferent  viewpoint , however, t he 
coordinat ion number of  t he lat t ice appears in t he f inal expressions for t he ent ropy of  
mixing in GuggenheimÕs t heory t hat  has been applied by DiMarzio and Gibbs t o predict  
eit her increases or decreases in t he glass t ransit ion t emperat ure of  amorphous polymers 
at  higher diluent  volume f ract ions.  St at ist ical det ails about  t he lat t ice, or t he coordinat ion 
numbers of  t ransit ion met al complexes, are included in t he conformat ional ent ropy 
descript ion of  t he glass t ransit ion, based on GuggenheimÕs t heory of  mixt ures as 
described below.  The quant it ies in curly bracket s { }  in t he previous expression for t he 
Flory-Huggins ent ropy of  mixing represent  volume f ract ions ϕ of  solvent  and polymer, 
respect ively, as def ined by; 

 

! 

"Solvent=
NSolvent

NSolvent+ xNPolymer

,"Polymer =
xNPolymer

NSolvent+ xNPolymer
 

 
If  t he numbers of  molecules of  polymer and solvent , NPolymer and NSolvent , are re-expressed in 
t erms of  mole numbers and AvogadroÕs number, wit h kNAvogadro = R, and y represent s mole 
f ract ion, t hen t he previous mixt ure composit ion variables can be solved for mole f ract ions 
in t erms of  volume f ract ion as follows; 
 

!  

ySolvent =
x 1" # Polymer( )

# Polymer + x 1" # Polymer( )
; yPolymer =

# Polymer

# Polymer + x 1" # Polymer( )  

 
The molar ent ropy of  mixing Δsmixing is given by; 
 

!  

" #Smixing
k NSolvent + NPolymer( )

=
" #smixing

R
= ySolvent ln$ Solvent + yPolymer ln$ Polymer  

 
There is one major dif ference bet ween t his expression for t he combinat orial ent ropy of  
mixing of  a dilut e binary polymer solut ion and t he ideal Δsmixing for regular solut ions of  low-
molecular-weight  molecules.  The chain-like nat ure of  one of  t he component s dict at es t he 
need for volume f ract ions in t he f inal expression for Δsmixing, whereas volume f ract ions are 
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replaced by mole f ract ions for t he ideal ent ropy of  mixing of  regular solut ions of  small 
molecules.  The ext ent  of  randomness and chaos due t o t he mixing process is reduced by 
t he chain-like nat ure of  one or bot h component s.  Comparison of  equimolar binary 
mixt ures reveals t hat  Δsmixing is largest  for regular solut ions of  small molecules, 
int ermediat e for polymer solut ions, and smallest  for polymer-polymer blends. 
 

Int eract ion f ree energy of  mixing ΔGmixing and t he Flory-Huggins t hermodynamic 
int eract ion paramet er χ.  This calculat ion focuses on non-specif ic pairwise energet ic 
int eract ions bet ween species t hat  occupy nearest  neighbor sit es on t he lat t ice.  These 
int eract ions are exclusively int ermolecular for t he solvent , but  int ramolecular int eract ions 
bet ween dif ferent  segment s of  t he same polymer chain are allowed.  The following 
nomenclat ure is used t o describe t he various t ypes of  pairwise int eract ions; 
 

εSS int eract ion energy bet ween t wo solvent  molecules 
εPP int eract ion energy bet ween t wo polymer segment s on t he same chain ( i.e., 

int ramolecular)  or on dif ferent  chains ( i.e., int ermolecular)  
εSP int eract ion energy bet ween one solvent  molecule and one polymer segment  
z number of  nearest  neighbor sit es on t he t wo- or t hree-dimensional lat t ice 
zϕSolvent  number of  nearest  neighbor sit es occupied by solvent  
zϕPolymer number of  nearest  neighbor sit es occupied by polymer segment s 
 

Energ et ic  int e rac t ions w it h in t he p ure so lv ent  ( ϕSo lv ent  =  1 )  
The lat t ice is occupied complet ely by NSolvent  molecules.  For each sit e on t he lat t ice, 
excluding t he boundaries, t here are z nearest  neighbors which cont ain solvent  molecules 
t hat  int eract  wit h a solvent  molecule in t he sit e of  int erest , and t he energy of  int eract ion 
is εSS.  Hence, t he int eract ion energy is zεSS per sit e, which must  be mult iplied by t he t ot al 
number of  sit es t hat  cont ain solvent  ( i.e., NSolvent ) .  However, each pairwise int eract ion is 
count ed t wice by t his procedure, so t he cumulat ive int eract ion energy when solvent  
molecules occupy t he ent ire lat t ice is; 
 
  Pairwise int eract ion energy for pure solvent  = (1/ 2)NSolventzεSS 

 
Energ et ic  int e rac t ions w it h in t he und i lut ed  p o ly m er  ( ϕPo ly mer  =  1 )  
Now, t he lat t ice is occupied complet ely by NPolymer molecules wit h x segment s per chain.  
Hence, xNPolymer lat t ice cells are required t o describe t he undilut ed polymer.  Once again, 
excluding t he boundaries of  t he lat t ice, t here are z nearest  neighbor sit es which cont ain 
polymer segment s t hat  int eract  wit h t he segment  of  int erest  according t o εPP.  The 
int eract ion energy is zεPP per lat t ice sit e, which must  be mult iplied by xNPolymer sit es and 
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divided by 2 because each pairwise segment -segment  int eract ion has been count ed t wice.  
The t ot al int eract ion energy for t he undilut ed polymer is; 
 
  Pairwise int eract ion energy for pure polymer = (1/ 2)xNPolymerzεPP 

 
Energ et ic  int e rac t ions w it h in t he p o ly m er -so lv ent  m ix t u re 
The lat t ice cont ains bot h solvent  and polymer wit h volume f ract ions given by ϕSolvent  and 
ϕPolymer, respect ively.  Each calculat ion of  a pairwise int eract ion energy per solvent  sit e 
must  be mult iplied by NSolvent  and each calculat ion per sit e t hat  is occupied by a polymer 
segment  must  be mult iplied by xNPolymer.  Energet ic int eract ions occur bet ween similar 
molecules and dissimilar molecules.  As ment ioned above, int eract ions bet ween similar 
molecules are necessarily int ermolecular for t he solvent , but  t hey can be eit her int rachain 
or int erchain for t he polymer.  Consider all lat t ice sit es t hat  are occupied by solvent  
molecules; 
 
  Pairwise solvent -solvent  int eract ion energy = (1/ 2)NSolventzϕSolventεSS 
  Pairwise polymer-solvent  int eract ion energy = (1/ 2)NSolventzϕPolymerεSP 
 
Now, consider all lat t ice sit es t hat  are occupied by segment s of  a poymer chain;  
 
  Pairwise polymer-solvent  int eract ion energy = (1/ 2)xNPolymerzϕSolventεSP 
  Pairwise polymer-polymer int eract ion energy = (1/ 2)xNPolymerzϕPolymerεPP 
 
The ext ensive int eract ion f ree energy of  mixing is const ruct ed by subt ract ing pairwise 
int eract ion energies for pure solvent  and undilut ed polymer f rom all of  t he possible 
pairwise int eract ion energies t hat  exist  wit hin t he solut ion.  One obt ains t he following 
result ; 

ΔGmixing,int eract ion = (1/ 2)z {  (NSolventϕPolymer + xNPolymerϕSolvent )εSP 
 

- NSolvent (1 - ϕSolvent )εSS - xNPolymer(1 - ϕPolymer)εPP  }  
 
Subst it ut ion for polymer and solvent  volume f ract ions yields a rat her simple expression 
af t er rearrangement  t hat  illust rat es how some, but  not  all, solvent -solvent  and bot h 
int rachain and int erchain polymer segment -segment  int eract ions are disrupt ed in favour of  
non-specif ic solvent / polymer-segment  int eract ions; 
 

! 

"Gmixing,interaction = z
xNSolventNPolymer

NSolvent+ xNPolymer

#SP$
1
2 #SS+#PP( ){ }  
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The Flory-Huggins polymer-solvent  t hermodynamic int eract ion paramet er χ is def ined in 
t erms of  t he dif ference bet ween pairwise int eract ion energies on t he right  side of  t he 
previous equat ion; 

!  

" =
z

kT
#SP $ 1

2
#SS+#PP( ){ }  

 
Final expressions for t he ext ensive (ΔGmixing,int eract ion)  and molar (Δgmixing,int eract ion, per t ot al 
moles of  bot h component s)  int eract ion f ree energies of  mixing in binary polymer-solvent  
solut ions, provided below, are not  limit ed t o t he dilut e solut ion regime; 

 

!  

" Gmixing,int eraction = kT#NSolvent$ Polymer

" Gmixing,int eraction

kT NSolvent +NPolymer{ }
=

" gmixing,int eraction
RT

= #ySolvent$ Polymer

 

 
This is analogous t o t he 2-paramet er van Laar model for t he excess nonideal Gibbs f ree 
energy of  mixing, where t he van Laar quant it ies of  int erest  represent  a dimensionless 
int eract ion paramet er and t he rat io of  molar volumes of  bot h component s such t hat  t he 
ef fect  of  composit ion on Δgmixing,int eract ion ( i.e., per mole of  mixt ure)  requires t he mole 
f ract ion of  t he smaller component  and t he volume f ract ion of  t he larger component .  For 
regular ( i.e., nonideal)  binary mixt ures of  essent ially equi-sized small molecules wit h 
nonzero int eract ion energies, bot h van Laar paramet ers are ident ical and it  is necessary t o 
replace volume f ract ion by mole f ract ion in t he previous equat ion, which reduces t o t he 
Margules 1-paramet er symmet ric model for nonideal mixing where t he Flory-Huggins 
t hermodynamic int eract ion paramet er is analogous t o t he Margules const ant .  If  t he 
ext ensive int eract ion f ree energy of  mixing ΔGmixing,int eract ion were divided by t he t ot al number 
of  lat t ice sit es ( i.e., NSolvent+xNPolymer)  inst ead of  t he t ot al number of  molecules ( i.e., 
NSolvent+NPolymer)  in t he mixt ure, t hen t he ef fect  of  composit ion on t he int eract ion f ree 
energy of  mixing, per mole of  lat t ice sit es, requires a product  of  t he volume f ract ion of  
each component  in t he binary mixt ure.  The t emperat ure dependence of  χ governs t he 
ent ropic and ent halpic cont ribut ions t o t he int eract ion f ree energy of  mixing in t he 
previous equat ion.  For example, st andard formalism f rom classical t hermodynamics yields 
t he following result s for t he molar ent ropy and ent halpy of  mixing due t o energet ic 
int eract ions; 
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If  χ varies inversely wit h t emperat ure, t hen t he int eract ion f ree energy of  mixing is 
complet ely ent halpic in origin, whereas a t emperat ure-independent  value for χ implies t hat  
Δgmixing,int eract ion is solely due t o ent ropic ef fect s.  The dist inct ion bet ween ent ropic and 
ent halpic cont ribut ions t o t he Flory-Huggins t hermodynamic int eract ion paramet er for 
polymer-solvent  mixt ures is discussed f urt her in Chapt er#5  on ÒOrder paramet ers for 
glasses and t he concent rat ion dependence of  t he glass t ransit ion t emperat ureÓ. 

 
Complet e expression for t he Gibbs f ree energy of  mixing, part ial molar propert ies, 

and t he osmot ic pressure expansion.  Development s f rom t he previous t wo sect ions for 
t he conformat ional ent ropy of  mixing and t he int eract ion f ree energy of  mixing are 
combined t o calculat e t he ext ensive Gibbs f ree energy of  mixing; 
 

! 

"Gmixing ="Gmixing,interaction#T"Smixing = kT NSolventln$Solvent+ NPolymerln$Polymer+ %NSolvent$Polymer{ }
 
The following logical sequence of  calculat ions is appropriat e based on t he previous 
expression for ΔGmixing; 
 
(a) Chemical pot ent ial dif ference bet ween t he solvent  in solut ion and in t he pure st at e 
(b)  Osmot ic pressure expansion and ident if icat ion of  t he second virial coef f icient  
(c)  St abilit y crit eria based on t he chemical pot ent ial or act ivit y of  t he solvent  
(d)  Crit ical value of  t he Flory-Huggins polymer-solvent  t hermodynamic int eract ion 

paramet er at  t he upper crit ical solut ion t emperat ure ( i.e., UCST) , above which 
homogeneous single-phase behaviour exist s. 

(e) Relat ion bet ween t he upper crit ical solut ion t emperat ure and t he Θ-t emperat ure 
 
Init ially, one replaces t he number of  molecules of  polymer and solvent  ( i.e., NPolymer and 
NSolvent )  by t he product  of  AvogadroÕs number NAvogadro and mole numbers ( i.e., nPolymer and 
nSolvent ) .  Now, t he part ial molar Gibbs f ree energy of  mixing of  t he solvent  can be 
evaluat ed in a st raight forward manner via part ial dif ferent iat ion of  ΔGmixing wit h respect  t o 
nSolvent  at  const ant  t emperat ure T, pressure p, and moles of  polymer nPolymer.  The chemical 
pot ent ial dif ference bet ween t he solvent  in solut ion and in it s pure st at e is; 
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Whereas t he combinat orial ent ropic cont ribut ion t o t he previous expression is rest rict ed 
t o t he dilut e solut ion regime, t he cont ribut ion f rom energet ic int eract ions is applicable t o 
bot h dilut e and concent rat ed solut ions.  This limit at ion on t he conformat ional ent ropy of  
mixing is modif ied below, so t hat  t he Gibbs f ree energy of  mixing and t he chemical 
pot ent ial of  t he solvent  (or diluent )  can be employed in an order paramet er model for 
polymer-diluent  blends at  vanishingly small diluent  concent rat ion.  The osmot ic pressure 
expansion and ident if icat ion of  t he second virial coef f icient  for dilut e polymer solut ions is 
obt ained via ( i) division of  t he previous equat ion by t he part ial molar volume of  t he 
solvent , ( ii)  expansion of  t he logarit hmic t erm when ϕPolymer << 1 [ i.e., ln(1-ϕ)  !  Ð ϕ Ð (1/ 2)  
ϕ2 Ð (1/ 3)  ϕ3 - É ] , ( iii)  expression of  t he polymer volume f ract ion in t erms of  it s mass 
concent rat ion in solut ion CPolymer and molecular weight  MWPolymer, and ( iv)  rearrangement  t o 
arrive at  a virial expansion or power series for osmot ic pressure wit h respect  t o CPolymer.  
For example; 
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When very high-molecular-weight  polymer chains exhibit  unpert urbed dimensions in t he 
absence of  polymer-solvent  int eract ions at  t he Θ-t emperat ure, osmot ic pressure scales 
linearly wit h polymer concent rat ion and t he Flory-Huggins dimensionless int eract ion 
paramet er χ approaches a value of  0.5 in dilut e solut ion. 
 

Flory-Huggins ent ropy of  mixing for concent rat ed polymer solut ions.  Let Õs ret urn t o 
t he init ial formulat ion of  t he mult iplicit y of  st at es for placing NPolymer molecules on t he 
lat t ice, where each chain cont ains x segment s.  Wit hout  invoking any dilut e solut ion 
approximat ions; 
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!  

" #
z $1
NTotal

% 

& 
'  

( 

) 
* 

NPolymer (x$1)
1

NPolymer!
+
i=0

NPolymer $1

NTotal $ ix( )x  

 
The corresponding ext ensive ent ropy via Bolt zmannÕs equat ion is; 
 

!  

S
k

= ln" = x#1( )NPolymerln
z#1
NTotal

$ 

% 
& 

'  

( 
) # ln NPolymer!( ) + ln *

i=0

NPolymer#1

NTotal # ix( )
x+ 

,  
-  

.  
/  
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The combinat orial ent ropy of  mixing is const ruct ed f rom t he previous equat ion by 
adjust ing t he size of  t he lat t ice so t hat  it  accommodat es ( i)  {Nsolvent  + NPolymer}  molecules 
for t he mixt ure, ( ii)  NPolymer molecules in t he absence of  solvent , and ( iii)  NSolvent  molecules in 
t he absence of  polymer.  Hence, t he same number of  polymer or solvent  molecules is 
present  in solut ion and in t he respect ive Òpure st at esÓ.  Since t he mult iplicit y of  st at es Ω 
was based on t he placement  of  polymer chains on t he lat t ice, wit hout  considerat ion of  t he 
solvent , t he previous t wo equat ions are not  applicable t o calculat e t he combinat orial 
ent ropy when t he polymer is absent .  As illust rat ed by t wo previous lat t ice examples in 
t his chapt er, st uct ure-less solvent  molecules do not  cont ribut e t o t he ent ropy of  mixing 
because t here is only one way t o insert  t hem in t he lat t ice, bot h in t he pure st at e and in 
solut ion.  This convent ion is adopt ed here.  Realizing t hat  t he t ot al number of  lat t ice sit es 
is eit her ( i)  NSolvent  + xNPolymer for t he mixt ure, or ( ii)  xNPolymer in t he absence of  solvent , one 
obt ains t he following expression for t he ext ensive ent ropy of  mixing; 
 

!  
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The denominat or of  t he logarit hmic t erm in t he previous equat ion can be simplif ied wit h 
assist ance f rom St erlingÕs approximat ion for t he fact orial of  large numbers; 
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!  

"
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x

ln "
i=0

NPolymer #1

x NPolymer # i( )x
$ 
% 
& 

'  
(  
)  

= xNPolymer ln x+ x ln NPolymer!( )

= xNPolymer ln xNPolymer( ) #1{ }

 

 
Once again, t he combinat orial ent ropy of  mixing does not  depend on coordinat ion number 
z of  t he hypot het ical lat t ice used t o obt ain t hermodynamic result s.  The following 
expression for ΔSMixing is useful in Chapt er 4  when t he concent rat ion dependence of  t he 
glass t ransit ion t emperat ure is analyzed for t race amount s of  plast icizer, where t he slope 
of  Tg vs. diluent  concent rat ion is most  pronounced; 
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For concent rat ed polymer solut ions, Flory-Huggins analysis of  t he ext ensive combinat orial 
ent ropy of  mixing can be wr it t en concisely as; 
 

ΔSMixing = f (NPolymer,NSolvent ;x)  
 
where t he generalized funct ion f  is t emperat ure-independent . 
 
 Chem ical  st ab i l i t y  o f  b inary  m ix t u res.   Homogeneous binary mixt ures t hat  do 
not  exhibit  phase separat ion impose a few rest rict ions on t he Gibbs f ree energy and it s 
concent rat ion dependence.  One of  t he necessary condit ions for miscibilit y is t hat  t he 
Gibbs f ree energy of  a mixt ure should be less t han a weight ed sum of  pure component  
Gibbs f ree energies.  In ot her words, ΔGmixing must  be negat ive.  However, t his condit ion is 
not  suf f icient  t o achieve a single homogeneous phase.  This sect ion focuses on t he 
chemical st abilit y of  binary mixt ures via t hermodynamic analysis of  t he Gibbs f ree energy.  
Consider Ni moles of  pure component  i.  If  each component  exist s as a pure single phase, 
t hen t he phase rule ( i.e., f=c-p+2=2) suggest s t hat  ext ensive propert ies like t he Gibbs 
f ree energy of  pure component  i, Gi,pure, enjoy t hree degrees of  f reedom, where an 
addit ional degree of  f reedom is required because ext ensive funct ions depend on t ot al 
mass of  t he syst em.  If  t emperat ure T, pressure p, and mole numbers Ni are chosen as 
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t hree independent  variables for a unique descript ion of  Gi,pure, t hen Euler' s int egral t heorem 
for t hermodynamic st at e funct ions t hat  are homogeneous t o t he f irst -degree wit h respect  
t o t heir ext ensive independent  variables yields t he following result ; 
 

!  

Gi,pure T , p,Ni( ) = Ni

"Gi,pure

"Ni

# 
$ 
% 

& 
'  
(  
T ,p

= Niµi,pure T , p( ) 

 
where µi,pure(T,p)  is t he chemical pot ent ial of  pure component  i in it s reference st at e.  
Int ensive t hermodynamic propert ies like µi,pure, which is equivalent  t o t he molar Gibbs f ree 
energy of  pure component  i, are homogeneous funct ions of  t he zerot h-order wit h respect  
t o molar mass.  Hence, Euler's t heorem reveals t hat  µi,pure is not  a funct ion of  Ni.  This is 
consist ent  wit h t he phase rule which predict s t hat  only t wo degrees of  f reedom are 
required for a unique descript ion of  µi,pure.  If  an r-component  homogeneous mixt ure 
cont ains Ni moles of  component  i, t hen t he phase rule ( i.e., f=r-1+2=r+1)  indicat es t hat  
r+2 degrees of  f reedom are required for a unique descript ion of  ext ensive propert ies.  
Euler's int egral t heorem focuses on t he ext ensive independent  variables, yielding t he 
following expansion in t erms of  part ial molar propert ies for t he Gibbs f ree energy of  t he 
mixt ure ( i.e., int ensive variables, like T and p, are not  included in t he expansion) ; 
 

!  

Gmixture T , p,all _Ni( ) = Ni

i=1

r

" #Gmixture

#Ni

$ 
% 
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'  
(  
)  
T ,p,all _ N j j* i[ ]

= Ni

i=1

r

" µi T , p,composition( )  

 
where µi is t he chemical pot ent ial of  component  i in t he mixt ure.  The ext ensive Gibbs f ree 
energy of  mixing is const ruct ed as follows; 

 

! 

"Gmixing = Gmixture# Gi,pure
i=1

r

$ = Ni
i=1

r

$ µi T, p,composition( )#µi,pure T, p( ){ }  

 
Division by t he t ot al number of  moles of  all component s, NTot al = ∑1" i" r{Nj} , yields t he molar 
Gibbs f ree energy of  mixing; 
 

!  

" gmixing =
" Gmixing

NTotal

= yi
i=1

r

# µi T, p,composition( ) $µi ,pure T, p( ){ } 

 
where yi is t he mole f ract ion of  component  i in t he mixt ure.  Wit h t he aid of  act ivit y 
coef f icient  correlat ions, t he previous equat ion is useful t o generat e graphs of  Δgmixing vs. 
mole f ract ion of  eit her component  in binary mixt ures at  const ant  t emperat ure and 
pressure.  Chemical st abilit y analysis of  t hese graphs is discussed below. 
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 Shape of  Δgmixing vs. composit ion in binary and mult icomponent  mixt ures.  Based on 
t he previous equat ion, t he Gibbs f ree energy of  mixing, per t ot al moles of  bot h 
component s in binary mixt ures, is; 
 

!  

" gmixing = 1# y
2( ) µ

1
#µ

1,pure{ } + y
2

µ
2
#µ

2,pure{ }  

 
and t he inst ant aneous slope of  Δgmixing vs. t he mole f ract ion of  component  Ò2Ó, y2, at  
const ant  t emperat ure and pressure is calculat ed as follows; 
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The last  t wo t erms on t he right  side of  t he previous equat ion cancel because; 
 

!  

y1dµ1 + y2dµ2 = 0 
 
via t he Gibbs-Duhem equat ion at  const ant  t emperat ure and pressure.  Hence; 
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"y2

#gmixing
$ 
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' 
( 
) 
T ,p

= µ2 *µ2,pure{ } * µ1 *µ1,pure{ }  

 
If  one int roduces act ivit ies ai and act ivit y coef f icient s γi such t hat , at  const ant  T and p; 
 

!  

ai T, p,composition( ) = yi" i T, p,composition( )
µi #µi,pure T( ) = RTlnai T, p,composition( )  

 
t hen it  is possible t o evaluat e t he slope of  Δgmixing vs. composit ion ( i.e., mole f ract ion of  
species Ò2Ó, y2)  in t he concent rat ion limit s because; 
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Hence, if  Δgmixing is plot t ed vs. y2, t hen t he graph begins at  pure component  1 wit h 
Δgmixing=0 and an inf init ely negat ive slope, and culminat es at  pure component  2 wit h 
Δgmixing=0 and an inf init ely posit ive slope.  Some consequences of  t his result  are t hat  ( i) 
Δgmixing must  be negat ive near t he concent rat ion limit s for all mixt ures t hat  achieve 
t hermodynamic equilibrium, and ( ii)  when mixt ures separat e int o dist inct  phases, t hese 
phases can be highly concent rat ed in one of  t he component s, but  pure-component  phases 
are t hermodynamically disallowed.  These result s can be ext ended t o mult icomponent  
mixt ures.  Begin wit h t he molar Gibbs f ree energy of  mixing, recast  in t erms of  act ivit ies; 
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" gmixing = yi
i=1

r

# µi T, p,composition( ) $µi,pure T, p( ){ } = RT yi
i=1

r

# lnai  

 
If  one envisions a mult idimensional plot  and focuses on t he slope of  Δgmixing wit h respect  t o 
t he mole f ract ion of  component  k, t hen it  is necessary t o vary t he mole f ract ion of  one 
ot her component  ( i.e., yr, for example) .  Changes in yr are not  independent , but  t hey are 
equal and opposit e t o t he changes in yk t o insure t hat  all mole f ract ions sum t o unit y.  The 
following part ial derivat ive is of  int erest ; 
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and t he 2nd t erm in t he summat ion of  t he previous equat ion vanishes via t he Gibbs-Duhem 
equat ion at  const ant  t emperat ure and pressure; 
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"  
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Hence; 
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and; 
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yk + yr + yj =1
j =1 j"k[ ]

r#1

$  

 
Since all mole f ract ions in t he summat ion of  t he previous equat ion remain const ant  during 
dif ferent iat ion wit h respect  t o yk, it  follows t hat  dyr = - dyk, and one obt ains t he following 
mole f ract ion derivat ives; 
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The concent rat ion dependence of  Δgmixing in mult icomponent  mixt ures is; 
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This slope is ( i) inf init ely posit ive in t he limit  of  pure component  k ( i.e., yk⇒1,ak⇒1, 
yr⇒0,ar⇒0), and ( ii)  inf init ely negat ive in t he limit  of  ext remely dilut e mixt ures of  
component  k ( i.e., yk⇒0,ak⇒0,yr>0,ar>0).  Hence, if  phase separat ion is inevit able and 
t hermodynamic equilibrium is achieved, t hen mult icomponent  mixt ures will not  separat e 
int o pure component  phases because a lower Δgmixing can be achieved if  t he phases are 
slight ly impure. 
 
 Int ercept s and common t angent s t o Δgmixing vs. composit ion in binary mixt ures.  As 
illust rat ed in t he previous subsect ion, Euler's int egral t heorem and t he Gibbs-Duhem 
equat ion provide t he t ools t o obt ain expressions for Δgmixing, per t ot al moles of  bot h 
component s, and (∂Δgmixing/ ∂y2)T,p in binary mixt ures.  This informat ion allows one t o 
evaluat e t he t angent  line at  any mixt ure composit ion via t he point -slope formula.  For 
example, if  µ1=µ1*  and µ2=µ2*  when t he mole f ract ion of  component  2 is y2* , t hen; 
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The Taylor series expansion for t he t angent  line at  y2*  is t runcat ed af t er t he 1st -order 
t erm wit hout  int roducing any error; 
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where Tangent (y2;y2* )  represent s a linear funct ion of  y2 t hat  is t angent  t o Δgmixing vs. 
composit ion at  mole f ract ion y2* .  Simplif icat ion of  t he previous equat ion yields; 
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Tangenty2; y2
"( ) = 1# y2( ) µ1

"
#µ1,pure{ } + y2 µ2

"
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Evaluat ion of  t he t angent  line at  t he pure component  int ercept s provides useful 
informat ion about  t he chemical pot ent ials of  bot h component s in t he mixt ure at  
composit ion y2* .  For example; 
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Chemical st abilit y of  binary mixt ures is addressed via t he shape of  Δgmixing vs. composit ion.  
As illust rat ed below, t he t angent  line is crit ical in t his analysis because t he pure 
component  int ercept s of  a common t angent  t hat  cont act s Δgmixing vs. y2 at  t wo dif ferent  
point s on t he curve provide t he condit ions for chemical equilibrium of  a t wo-phase 
mixt ure.  Homogeneous single phase behaviour occurs at  all mixt ure composit ions when 
bot h of  t he following condit ions are sat isf ied; 
 
     (1)  Δgmixing < 0 
 
     (2)  (∂2Δgmixing/ ∂y2

2) T,p > 0 
 



Thermodynamic lat t ice t heories 
Conformat ional ent ropy descript ion of  Tg 

26 

If  t he 1st  condit ion is violat ed, t hen t he mixt ure split s int o at  least  t wo phases.  However, 
mixt ures t hat  achieve t hermodynamic equilibrium will not  violat e t he 1st  condit ion near 
pure component  boundaries, because t he slope of  Δgmixing vs. y2 is inf init ely negat ive near 
pure component  1, and inf init ely posit ive near pure component  2.  This can only occur if  
Δgmixing is negat ive near t he pure component  boundaries since, by def init ion, Δgmixing=0  
when y2=0 and y2=1.  The most  int erest ing sit uat ions occur when t he 1st  condit ion is 
sat isf ied and a region of  negat ive curvat ure exist s bet ween t wo regions of  posit ive 
curvat ure, such t hat  (∂2Δgmixing/ ∂y2

2) T,p changes sign smoot hly.  Under t hese condit ions, 
mixt ures exhibit  concent rat ion dependent  miscibilit y and one must  consider st able, 
met ast able, and unst able st at es t hat  are separat ed by binodal and spinodal point s, 
respect ively.  These t erms are def ined below wit hin t he cont ext  of  chemical st abilit y for 
binary mixt ures; 
 
Sp ino dal po in t s represent  t he boundary bet ween posit ive and negat ive curvat ure of  

Δgmixing vs. y2 at  const ant  T and p.  An equilibrium st at e on t he spinodal curve is 
def ined by (∂2Δgmixing/ ∂y2

2) T,p = 0.  Regions bet ween t he spinodal point s, where 
(∂2Δgmixing/ ∂y2

2) T,p < 0, are int rinsically unst able and violat e t he 2nd crit erion of  
chemical st abilit y.  If  one graphs Δgmixing vs. y2 isot hermally at  several dif ferent  
t emperat ures, t hen t he locus of  spinodal point s is known as t he spinodal curve on 
t emperat ure-composit ion axes.  The phrase, spinodal decomposit ion, describes t he 
kinet ics of  phase separat ion wit hin t he spinodal region where binary molecular 
dif fusion coef f icient s are negat ive, such t hat  mass t ransfer of  species 2 occurs 
f rom t he phase t hat  is more dilut ed wit h respect  t o species 2 t oward t he phase 
t hat  is more concent rat ed wit h respect  t o species 2.  Hence, spinodal 
decomposit ion describes a mechanism for t he kinet ics of  phase separat ion where 
dif fusion occurs in t he direct ion of  increasing concent rat ion gradient , but  decreasing 
chemical pot ent ial or decreasing Δgmixing. 

 
Binodal p o in t s represent  t he point s of  cont act  of  a common t angent  t o Δgmixing vs. y2 at  

const ant  T and p when a region of  negat ive curvat ure exist s bet ween t wo regions 
of  posit ive curvat ure.  If  one graphs Δgmixing vs. y2 isot hermally at  several dif ferent  
t emperat ures, t hen t he locus of  binodal point s is known as t he binodal curve on 
t emperat ure-composit ion axes, or t he t wo-phase envelope, which represent s t he 
experiment ally observed phase boundary under normal condit ions.  The binodal 
region exist s bet ween t he binodal and spinodal curves, where (∂2Δgmixing/ ∂y2

2) T,p > 0 .  
Mixt ures bet ween t he binodal and spinodal curves are int rinsically st able wit h 
respect  t o phase separat ion, because t he curvat ure st abilit y crit erion is sat isf ied, 
but  mixt ures can achieve t he lowest  Δgmixing if  t hey separat e int o more t han one 
phase, as ident if ied by point s of  cont act  of  t he common t angent  t o Δgmixing vs. 
composit ion. 
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St ab le st at es exist  when Δgmixing vs. y2 exhibit s posit ive curvat ure at  const ant  T and p.  

Hence, (∂2Δgmixing/ ∂y2
2) T,p > 0 and it  is not  possible for mixt ures t o achieve a lower 

Δgmixing by split t ing int o more t han one phase.  St able equilibrium st at es exist  out side 
of  t he binodal region where bot h requirement s of  chemical st abilit y are sat isf ied and 
single-phase behaviour prevails. 

 
Unst ab le st at es exist  when Δgmixing vs. y2 exhibit s negat ive curvat ure at  const ant  T and 

p, bet ween t he spinodal point s.  In t his region, (∂2Δgmixing/ ∂y2
2) T,p < 0.  Single-phase 

equilibrium st at es of  t his nat ure are complet ely disallowed, even if  t he 1st  st abilit y  
crit erion is sat isf ied. 

 
Met ast ab le st at es exist  in t he binodal region, bet ween t he binodal and spinodal curves, 

where (∂2Δgmixing/ ∂y2
2) T,p > 0, but  mixt ures can achieve a lower Δgmixing by split t ing 

int o more t han one phase. 
 
When a region of  negat ive curvat ure exist s bet ween t wo regions of  posit ive curvat ure on 
a graph of  Δgmixing, per t ot al moles of  bot h component s, vs. y2, and concent rat ion 
dependent  miscibilit y prevails, t he point s of  cont act  of  t he common t angent  ( i.e., binodal 
point s)  ident if y t wo dif ferent  phases ( i.e., α and β)  t hat  are in t hermodynamic equilibrium.  
Since chemical st abilit y is analyzed at  const ant  T and p, bot h coexist ing phases exhibit  t he 
same t emperat ure ( i.e., Tα=Tβ)  and t he same pressure in t he absence of  ext ernal f ields 
( i.e., pα=pβ) .  These are requirement s for t hermal and mechanical equilibrium, respect ively.  
The requirement  of  chemical equilibrium for component  k in a t wo-phase mixt ure is; 
 

µk(phase α) = µk(phase β)  
 
Since ( i)  st at es α and β correspond t o binodal point s and ( ii)  t he common t angent , by 
def init ion, not  only implies t hat  t hese st at es have t he same slope but  also share common 
int ercept s at  y2=0 and y2=1 , t he requirement  for chemical equilibrium is sat isf ied via t he 
propert ies of  t he t angent  line t o Δgmixing vs. composit ion.  For all met ast able and unst able 
st at es bet ween t wo binodal point s on a common t angent  line, single-phase mixt ures 
achieve a lower Δgmixing by split t ing int o phases α and β.  All propert ies of  t wo-phase 
mixt ures, which lie on t he common t angent  t o Δgmixing vs. composit ion bet ween point s α 
and β, are obt ained f rom a linear combinat ion of  t he propert ies of  phase α and phase β.  
PT Eubank and MA Barrufet  discuss "Simple algorit hms for t he calculat ion of  phase 
separat ion"  [ Chemical Engineering Educat ion, wint er (1988)] .  This publicat ion addresses 
Δgmixing vs. composit ion at  const ant  T and p for binary mixt ures t hat  exhibit  t he following 
propert ies; 
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(1)  four spinodals, four t hermodynamically allowed binodal point s, double phase 

separat ion ( i.e., α/ β and γ/ δ) , and one global minimum in Δgmixing 
 
(2)  four spinodals, t hree local minima in Δgmixing, t wo t hermodynamically allowed binodal 

point s, single phase separat ion ( i.e., α/ β) , and one t hermodynamically disallowed 
binodal point . 

 
"Physical chemist ry of  macromolecules" by C Tanford (Wiley, 1961, p.#248) illust rat es 
t he coalescence of  spinodal and binodal point s in part ially miscible mixt ures at  t he crit ical 
t emperat ure, where t he spinodal and binodal curves are t angent  t o each ot her.  If  t his 
phenomenon occurs upon raising t he t emperat ure, t hen t he crit ical point  is ident if ied as 
an upper crit ical solut ion t emperat ure ( i.e., UCST) , and homogeneous single-phase 
behaviour exist s above t he UCST.  If  coalescence of  spinodal and binodal point s occurs 
upon lowering t he t emperat ure, t hen t he crit ical point  is ident if ied as a lower crit ical 
solut ion t emperat ure ( i.e., LCST) , and homogeneous single-phase behaviour prevails below 
t he LCST.  "Polymer-polymer miscibilit y" by O Olabisi, LM Robeson, and MT Shaw 
(Academic Press, 1979, p.#21)  illust rat es some int erest ing t emperat ure-composit ion 
phase diagrams which exhibit  UCST' s, LCST' s, combinat ions of  t hese t wo crit ical point s, 
and "h our-glass" shaped phase behaviour.  "Th e inorganic chemist ry of  mat erials---how t o 
make t hings out  of  element s" by Paul J. van der Put  (Plenum, 1998, p.#348) illust rat es 
correspondences bet ween ( i) t he concent rat ion dependence of  t he Gibbs f ree energy of  
mixing and ( ii)  t he t emperat ure-composit ion phase diagram for a binary mixt ure t hat  
exhibit s single eut ect ic response at  t emperat ures t hat  are above, below, and coincident  
wit h t he eut ect ic t emperat ure. 
 
 The curvat ure crit erion for chemical st abilit y of  binary mixt ures via t he composit ion 
dependence of  t he chemical pot ent ial.  Begin wit h t he slope of  Δgmixing, per t ot al moles of  
bot h component s, vs. mole f ract ion of  component  2 f rom t he previous subsect ions and 
const ruct  t he curvat ure requirement  for chemical st abilit y as follows; 
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Now, dif ferent iat e t he Gibbs-Duhem equat ion for binary mixt ures wit h respect  t o y2 at  
const ant  t emperat ure and pressure t o evaluat e (∂µ1/ ∂y2)T,p and simplify t he curvat ure 
crit erion for chemical st abilit y.  For example; 
 

!  

y1dµ1 + y2dµ2 = 0

" µ1
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Binary mixt ures exist  as a single homogeneous phase when t he following condit ion is 
sat isf ied; 
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One arrives at  t he same result  by analyzing t he curvat ure ( i.e., second derivat ive) of  t he 
Gibbs f ree energy of  binary mixt ures, per t ot al moles of  bot h component s, wit h respect  t o 
t he mole f ract ion of  eit her component , inst ead of  Δgmixing.  Since y1>0, chemical st abilit y in 
binary mixt ures requires t hat  t he chemical pot ent ial (and act ivit y)  of  each component  
must  increase as t he syst em becomes more concent rat ed wit h respect  t o t he same 
component  at  const ant  t emperat ure and pressure.  In ot her words, if  t he following 
condit ions are violat ed; 
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t hen binary mixt ures split  int o t wo phases of  dif ferent  composit ion ( i.e., eit her liquid-liquid 
or solid-solid equilibrium).  At  const ant  T and p, chemical pot ent ials and act ivit ies are 
relat ed by; 

!  

µ1 T , p,y1( ) = µ1,pure T , p( ) + RT lna1 T , p,y1( )  

 
Now, t he crit erion for chemical st abilit y at  const ant  T and p can be expressed in t erms of  
t he concent rat ion dependence of  act ivit ies.  For example; 
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 Chemical st abilit y of  polymer-solvent  mixt ures on t he Flory-Huggins lat t ice.  Begin 
wit h t he solvent Õs chemical pot ent ial in polymer solut ions and apply t he previous 
inequalit y t hat  guarant ees t he exist ence of  single-phase behaviour.  One ident if ies mixt ure 
composit ions on t he spinodal curve when t he inequalit y becomes an equalit y.  Phase 
separat ion occurs via spinodal decomposit ion when t he inequalit y is reversed ( i.e., t he 
great er t han sign in t he previous equat ion is replaced by a less t han sign)  and t he 
chemical pot ent ial of  eit her species in binary mixt ures decreases at  higher concent rat ions 
of  t he same species.  Chemical st abilit y crit eria have been developed in t erms of  t he 
dependence of  chemical pot ent ials and t he molar Gibbs f ree energy of  mixing on mole 
f ract ions, whereas t he solvent Õs chemical pot ent ial is expressed most  convenient ly in 
t erms of  t he volume f ract ion of  polymer.  Since t he polymerÕs volume f ract ion decreases 
when t he solvent Õs mole f ract ion increases, t he previous curvat ure crit erion of  chemical 
st abilit y is reformulat ed as follows; 
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Hence, t here is an upper limit  on t he dimensionless polymer-solvent  int eract ion f ree 
energy of  mixing χ, imposed by chemical st abilit y analysis, t o guarant ee homogeneous 
single-phase behaviour of  polymer solut ions.  The previous inequalit y reveals t hat  t he 
upper limit  of  χ depends on t he polymerÕs degree of  polymerizat ion x and volume f ract ion 
ϕPolymer; 
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St rat egy t o det ermine if  phase separat ion occurs.  For monodisperse polymer 

chains, t he Flory-Huggins lat t ice was used t o develop t hermodynamic propert ies of  
polymer solut ions when t he molar volume of  t he solvent  mat ches t he molar volume of  one 
segment  of  t he polymer.  Since each segment  of  t he polymer chain represent s a repeat  
unit , t he rat io of  t he molar volume of  t he polymer t o t hat  of  t he solvent  corresponds t o 
t he degree of  polymerizat ion x, or t he number of  segment s per chain.  For a given number 
of  segment s x per chain and Flory-Huggins χ-paramet er, polymer solut ions will exhibit  
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homogeneous single-phase behaviour if  t he previous inequalit y is sat isf ied prior t o 
simplif icat ion for ( i) high-molecular-weight  chains and ( ii)  inf init e dilut ion.  In ot her words, 
t he χ-paramet er must  sat isfy t he following inequalit y for all polymer volume f ract ions; 
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Phase separat ion occurs when t his inequalit y is not  sat isf ied.  Spinodal point s are 
ident if ied at  solut ion composit ions where t he inequalit y becomes an equalit y.  However, 
binary mixt ures split  int o t wo phases whose composit ions lie on t he binodal curve.  As 
discussed above, pairs of  equilibrium st at es on t he binodal curve are ident if ied as point s 
of  cont act  of  a common t angent  t o Δgmixing, per t ot al moles of  bot h component s, vs. mole 
f ract ion at  const ant  t emperat ure and pressure, such t hat  a weight ed average of  
t hermodynamic propert ies of  t he t wo-phase mixt ure yields a local minimum of  Δgmixing for 
any overall mixt ure composit ion t hat  lies bet ween t wo binodal point s.  In summary, if  t he 
Flory-Huggins χ-paramet er is independent  of  polymer volume f ract ion in binary mixt ures, 
t hen one predict s t hat  phase separat ion occurs somewhere on t he phase diagram when 
t he previous inequalit y is not  sat isf ied for all values of  ϕPolymer.  Graphs of  Δgmixing, per t ot al 
moles of  bot h component s in t he binary mixt ure, vs. mole f ract ion provide t he most  
st raight forward approach t o ident if y point s on t he binodal curve and t he composit ion of  
t he coexist ing phases.  Numerically, one ident if ies t hese binodal point s by searching t he 
complet e phase space of  polymer mole f ract ions yPolymer unt il t wo dif ferent  composit ions at  
polymer mole f ract ions yPolymer#1 and yPolymer#2 share a common t angent  t o Δgmixing vs. 
composit ion wit h t he same slope [ i.e., (∂Δgmixing/ ∂yPolymer) T,p] .  Hence, one solves t wo 
nonlinear algebraic equat ions for yPolymer#1 and yPolymer#2 such t hat , at  t hese t wo 
composit ions of  t he binary mixt ure, t he slope of  Δgmixing vs. yPolymer is t he same as t he slope 
of  t he Tangent  Line t hat  connect s t hese t wo point s.  The relevant  equat ions are 
summarized below.  In some cases t hat  correspond t o ext remely high-molecular-weight  
polymers, it  could be necessary t o prevent  nonlinear equat ion solvers f rom gravit at ing 
t oward yPolymer#1 = yPolymer#2, inst ead of  ident ifying an essent ially pure-solvent  phase, 
because t he shape of  Δgmixing might  not  be capt ured wit h suf f icient  accuracy near t he 
pure-component  limit s; 
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Applicat ion of  t he previous set  of  equat ions t o binary mixt ures of  ( i)  equi-sized molecules 
( i.e., regular solut ions wit h x=1) , and ( ii)  solvent s and dimers ( i.e., x=2)  on t he Flory-
Huggins lat t ice yields t he following phase composit ions ( i.e., mole f ract ions when x=1 and 
volume f ract ions when x=2)  as t he dimensionless int eract ion f ree energy of  mixing χ 
increases syst emat ically.  There are t wo spinodal point s for each mixt ure invest igat ed 
because t he smallest  value of  t he χ-paramet er for bot h t ypes of  solut ions violat es t he 
curvat ure requirement  for chemical st abilit y. 
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A summary of  t he phase behaviour for binary mixt ures of  monomers and dimers wit h χ=2 
reveals t hat  t here are t wo spinodal point s at  dimer mole f ract ions corresponding t o yDimer = 
0.10 and 0.53, where {∂µSolvent / ∂yDimer} T,p = 0.  Point s of  cont act  of  t he common t angent  t o 
Δgmixing/ RT vs. yDimer ident if y t wo binodal point s at  yDimer = 0.03 and 0.74, where t he slope 
of  t he Tangent  Line is !  -0.2 (dimensionless) .  Hence, t his binary mixt ure split s int o a 
solvent -rich phase at  yDimer = 0.03 and a dimer-rich phase at  yDimer = 0.74 for all overall 
mixt ure composit ions bet ween t hese t wo values of  yDimer.  It  is ext remely import ant  t o 
emphasize t hat  t he curvat ure requirement  for chemical st abilit y of  binary mixt ures, as well 
as t he ident if icat ion of  binodal and spinodal point s when phase separat ion is favoured, 
must  be det ermined f rom an analysis of  eit her ( i)  t he Gibbs f ree energy of  mixing, per 
t ot al moles of  bot h component s in binary mixt ures, vs. mole f ract ion of  one of  t he 
component s, or ( ii)  t he Gibbs f ree energy of  mixing, per mole or volume of  lat t ice sit es, 
vs. volume f ract ion of  one of  t he component s.  Incorrect  predict ions about  chemical 
st abilit y occur when one analyzes t he Gibbs f ree energy of  mixing, per t ot al moles of  bot h 
component s in binary mixt ures, vs. volume f ract ion of  one of  t he component s.  The lever 
rule, based on simple mat erial balances for ( i)  t ot al moles of  t he mixt ure ( i.e., Moles Tot al)  
and ( ii)  moles of  dimers, allows one t o det ermine t he relat ive f ract ions of  bot h phases 
t hat  coexist  at  equilibrium.  For example; 
 



Thermodynamic lat t ice t heories 
Conformat ional ent ropy descript ion of  Tg 

34 

!  

MolesTotal = MolesDimer" rich
phase

+ MolesSolvent" rich
phase

y Dimer
Overall

MolesTotal = yDimer" rich
(0.74)

MolesDimer" rich
phase

+ yDimer" poor
(0.03)

MolesSolvent" rich
phase

y Dimer
Overall

= yDimer" rich
(0.74)

MolesDimer" rich
phase

MolesTotal

+ yDimer" poor
(0.03)

1"
MolesDimer" rich

phase

MolesTotal

# 

$ 
% 

& % 

'  

(  
% 

)  % 

MolesDimer" rich
phase

MolesTotal

=

y Dimer
Overall

" yDimer" poor
(0.03)

yDimer" rich
(0.74)

" yDimer" poor
(0.03)

=

y Dimer
Overall

" 0.03

0.74" 0.03

MolesSolvent" rich
phase

MolesTotal

=1"
MolesDimer" rich

phase

MolesTotal

=

yDimer" rich
(0.74)

" y Dimer
Overall

yDimer" rich
(0.74)

" yDimer" poor
(0.03)

=

0.74" y Dimer
Overall

0.74" 0.03

 

 
Phase equilibrium relat ions at  t he upper crit ical solut ion t emperat ure (UCST) .  The 

locus of  binodal point s maps out  t he binodal curve, whereas t he spinodal curve is obt ained 
by connect ing all of  t he spinodal point s.  The binodal and spinodal curves are t angent  t o 
each ot her when t he binodal and spinodal point s coalesce at  t he crit ical point .  This 
concept  is illust rat ed in t he following isot hermal graphs of  Δgmixing vs. composit ion at  
various t emperat ures.  Each graph is const ruct ed at  a dif ferent  t emperat ure for 
composit ion-independent  χ-paramet ers, where χ is a decreasing funct ion of  t emperat ure 
because t he solvat ion power of  t he solvent  increases at  higher t emperat ure. 

 
Kinet ics of  phase separat ion wit hin t he spinodal region; spinodal decomposit ion via 

t he unst eady st at e dif fusion equat ion wit h negat ive binary molecular dif fusion 
coef f icient s.  The t hermodynamics of  irreversible processes, for syst ems t hat  are not  t oo 
far removed f rom equilibrium, yield linear laws bet ween molecular f luxes and driving forces 
( i.e., gradient s)  whose t ensorial ranks are t he same or dif fer by an even int eger.  This 
classic t heorem is known as t he Curie rest rict ion for isot ropic syst ems, as proposed by 
Pierre Curie in 1903.  Hence, molecular f luxes for heat  and mass t ransfer are coupled via 
gradient s in t emperat ure and chemical pot ent ial of  one of  t he component s in binary 
mixt ures.  An import ant  consequence of  t hese linear laws is t hat  binary molecular dif fusion 
coef f icient s are proport ional t o t he mass f ract ion derivat ive of  t he dif ference bet ween 
chemical pot ent ials for bot h component s.  For example, if  ρ is t he overall mass densit y of  
t he mixt ure, αT is t he Onsager coef f icient  t hat  couples dif fusional mass f lux t o gradient s 
in t he chemical pot ent ial of  species A at  t emperat ure T, ωA represent s t he mass f ract ion 
of  species A, yA is t he corresponding mole f ract ion of  species A, aA is t he act ivit y of  
species A, and µA and µB are t he corresponding chemical pot ent ials of  A and B, whose 
molecular weight s are MWA and MWB, respect ively, wit h MWmixt ure as t he molecular weight  
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of  t he mixt ure, t hen binary molecular dif fusion coeff icient s DAB are given by [ see 
Transport  Phenomena for Chemical React or Design, by LA Belf iore, Wiley (2003), Ch.#25 , 
p.#707] ; 
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Hence, binary molecular dif fusion coeff icient s must  be posit ive for homogeneous single-
phase binary mixt ures under irreversible condit ions.  Phase separat ion wit hin t he spinodal 
region at  const ant  t emperat ure and pressure occurs spont aneously.  Mixt ures are unst able 
wit h respect  t o small t ime-dependent  f luct uat ions in composit ion and t here is no 
t hermodynamic barrier t o t he growt h of  t wo separat e phases.  The kinet ics of  t his 
process based on t he t heory of  dif fuse int erfaces, known as spinodal decomposit ion, 
obeys a modif ied version of  t he classic unst eady st at e dif fusion equat ion ( i.e., FickÕs 
second law of  dif fusion)  wit h negat ive binary molecular dif fusion coef f icient s, DAB < 0, 
because t he curvat ure requirement  for chemical st abilit y is not  sat isf ied.  FickÕs second 
law is modif ied for inhomogeneous binary solut ions because ( i)  t he f ree energy densit y is 
expanded as a polynomial in mole f ract ion ( i.e., densit y gradient  expansion)  wit h 
t runcat ion af t er t he second-order t erm, ( ii)  t he f ree energy funct ional is const ruct ed in 
t erms of  an int egral of  t his densit y gradient  expansion over t he ent ire solut ion volume, 
( iii)  t he chemical pot ent ial dif ference bet ween bot h component s is obt ained by 
dif ferent iat ing t he f ree energy funct ional wit h respect  t o mole f ract ion, ( iv)  linear laws 
f rom t he irreversible t hermodynamics of  binary mixt ures provide t he connect ion bet ween 
dif fusional mass f lux and chemical pot ent ial gradient , and (v)  t he unst eady st at e dif fusion 
equat ion ( i.e., mass balance) relat es t he accumulat ion rat e process t o t he divergence of  
dif fusional mass f lux [ see Phase separat ion by spinodal decomposit ion in isot ropic 
syst ems, JW Cahn, Journal of  Chemical Physics, 4 2 (1) , 93-99 (1965)] .  The second-order 
t erm of  t he densit y gradient  expansion for t he f ree energy densit y of  inhomogeneous 
binary mixt ures is responsible for t he fact  t hat  FickÕs second law cont ains an addit ional 
t erm.  Of  part icular import ance, dif fusional mass f lux of  one of  t he component s occurs in 
t he direct ion of  increasing concent rat ion gradient  of  t he same component  as t he syst em 
split s int o t wo phases.  Even t hough t his st at ement  seems t o cont radict  physical int uit ion, 
dif fusional mass f lux proceeds in t he direct ion of  decreasing chemical pot ent ial gradient  
during t he kinet ics of  phase separat ion as species A dif fuses int o a region of  higher ωA t o 
lower t he Gibbs f ree energy of  mixing. 

 
Phase separat ion bet ween t he binodal and spinodal curves via nucleat ion and 

growt h kinet ics.  Binary molecular dif fusion coef f icient s are posit ive in t his regime of  
phase-separat ion because t he curvat ure requirement  for chemical st abilit y is sat isf ied 
bet ween t he binodal and spinodal curves.  Now, small f luct uat ions wit hin t his met ast able 
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region decay because homogeneous mixt ures are int rinsically st able.  Larger f luct uat ions 
in mixt ure composit ion induce t he nucleat ion of  a second phase t hat  grows by normal 
dif fusion, and t he kinet ics of  phase separat ion, which includes nucleat ion and growt h, is 
described by a mechanism t hat  is similar t o t he kinet ics of  cryst allizat ion, as discussed in 
Chapt er#7. 
  

Gug g enheim Õs Lat t ice Theo ry  o f  A t herm al Mixt u r es 
 
Classical  t herm ody nam ic  analy sis o f  t he Gib b s f ree energ y  and  ent ro py  

o f  m ix ing .   The primary object ive of  t his sect ion is t o develop t he met hodology and f inal 
expressions for t he combinat orial ent ropy of  mixing ΔSMixing based on classical 
t hermodynamics of  at hermal mixt ures and st at ist ical considerat ions.  Since t here are no 
energet ic ef fect s associat ed wit h t he mixing process, t he ext ensive Gibbs f ree energy 
change is given by; 

! 

"GMixing =#T"SMixing  
 

Init ially, t he Gibbs f ree energy of  mixing is developed by invoking classical concept s for 
binary mixt ures.  Then, a probabilist ic int erpret at ion is employed t o evaluat e t he rat io of  
absolut e act ivit ies for polymer and solvent , such t hat  t he classical result  for t he at hermal 
ent ropy of  mixing is re-evaluat ed f rom a combinat orial viewpoint .  Consider a binary 
mixt ure t hat  cont ains NSolvent  molecules of  monomer, or solvent , molecules and NPplymer 
molecules of  polymer, where each chain has r-segment s.  Each segment  of  t he polymer 
chain occupies t he same volume as one of  t he solvent  molecules.  In t his single phase 
mixt ure of  r-mers and solvent , t he phase rule indicat es t hat  t here are t hree degrees of  
f reedom for int ensive propert ies.  Hence, t he ext ensive Gibbs f ree energy of  t he mixt ure is 
described complet ely by specifying four independent  variables (T,p,NSolvent ,NPolymer) .  One 
wr it es; 

! 

dGmixture = "SmixturedT +Vmixturedp+ µSolventdNSolvent+ µPolymerdNPolymer 

 
where S and V represent  ext ensive ent ropy and volume, respect ively, of  t he mixt ure.  
When t he mixt ure is analyzed at  const ant  t emperat ure T and pressure p, and t he chemical 
pot ent ial of  species i per molecule, µi, in t he mixt ure is wr it t en relat ive t o it s st andard 
st at e chemical pot ent ial µ0

i(T)  using absolut e act ivit y ai, t he following expression def ines 
t he st art ing point  t o calculat e t he mixt ureÕs ext ensive Gibbs f ree energy; 
 

! 

dGmixture = µSolvent
0 + kT lnaSolvent( )dNSolvent+ µPolymer

0 + kT lnaPolymer( )dNPolymer 

 
The numbers of  solvent  and polymer molecules are relat ed t o t he polymer volume f ract ion 
ϕ and t he t ot al number of  lat t ice sit es NTot al = NSolvent  + rNPolymer, which remains const ant  in 
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GuggenheimÕs model of  at hermal mixt ures t hat  cont ain molecules of  dif ferent  sizes.  The 
following expressions allow one t o relat e NSolvent , NPolymer, and t heir dif ferent ial changes t o ϕ; 

 

!  

rNPolymer = " NTotal;rdNPolymer = " dNTotal + NTotald"

NSolvent= 1#"( )NTotal;dNSolvent= 1#"( )dNTotal # NTotald"   

 
Dif ferent ial changes in t he mixt ureÕs ext ensive Gibbs f ree energy are wr it t en in t erms of  
dϕ when t he t ot al number of  lat t ice sit es NTot al remains const ant  ( i.e., dNTot al = 0) ; 
 

!  

dGmixture = NTotal

1

r
µPolymer

0 + kT lnaPolymer( ) " µSolvent

0 + kT lnaSolvent( )
# 
$ 
% 

& 
'  
(  
d)  

 
Upon int egrat ion f rom pure solvent , where ϕ=0, t o variable polymer concent rat ion at  
polymer volume f ract ion ϕ, one obt ains t he following ext ensive f ree energy funct ion for 
Gmixt ure(ϕ,NTot al) ; 
 

!  

Gmixture " ,NTotal( ) =GSolvent " = 0,NTotal( )+NTotal

1

r
µPolymer

0 + kT lnaPolymer( ) # µSolvent

0 + kT lnaSolvent( )$ 
% 
& 

'  
(  
)  
d"

0

"

*  

 
Now, it  is possible t o const ruct  an expression for t he Gibbs f ree energy of  mixing by 
subt ract ing a weight ed sum of  t erms for pure solvent  and pure polymer f rom t he previous 
equat ion for t he ext ensive Gibbs f ree energy of  binary mixt ures.  Volume f ract ions of  
solvent , 1-ϕ, and polymer, ϕ, represent  t he appropriat e weight ing fact ors for GSolvent  and 
GPolymer, respect ively, because t he t ot al number, or volume, of  lat t ice sit es does not  change 
for eit her of  t he pure component s or t he binary mixt ure.  For example; 
 

!  

" GMixing =Gmixture # ,NTotal( ) $#GPolymer # =1,NTotal( ) $ 1$#( )GSolvent # = 0,NTotal( )

=GSolvent # = 0,NTotal( ) + NTotal

1

r
µPolymer

0 + kT lnaPolymer( ) $ µSolvent

0 + kT lnaSolvent( )
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$# GSolvent # = 0,NTotal( ) + NTotal

1

r
µPolymer

0 + kT lnaPolymer( ) $ µSolvent

0 + kT lnaSolvent( )
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& 
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(  
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*  
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0

1

+
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$ 1$#( )GSolvent # = 0,NTotal( )

 

 
All pure-component  t erms cancel in t he previous calculat ion of  ΔGMixing, including µ0

Polymer, 
µ0

Solvent , and GSolvent (ϕ=0,NTot al) .  Upon rearrangement , t he ext ensive Gibbs f ree energy of  
mixing is simplif ied as follows; 
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!  

" GMixing =
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The argument  of  t he nat ural logarit hm in t he previous equat ion for ΔGMixing can be 
described as t he rat io of  t wo  occupat ional probabilit ies for sit es in t he lat t ice.  The 
numerat or corresponds t o t he occupat ional probabilit y of  a group of  r-int erconnect ed 
sit es by a single linear polymer chain.  The denominat or describes t he occupat ional 
probabilit y of  t he same group of  r-int erconnect ed sit es by r solvent  molecules.  Division of  
t he previous equat ion for ΔGMixing by t he t ot al number of  molecules yields t he Gibbs f ree 
energy of  mixing per molecule.  Then, one arrives at  t he molar Gibbs f ree energy of  mixing 
ΔgMixing via mult iplicat ion by AvogadroÕs number.  Since each lat t ice sit e cont ains suf f icient  
volume for one solvent  molecule or one segment  of  a polymer chain, and each linear chain 
consist s of  r-segment s, t he t ot al number of  molecules in t he binary mixt ure is; 
 

! 

Total _Number _of _Molecules = 1"#( )NTotal +
#

r
NTotal  

 
The molar Gibbs f ree energy ΔgMixing and ent ropy ΔsMixing of  mixing are calculat ed in 
dimensionless form as follows; 
 

!  
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Occupat ional  p r ob ab i l i t ies o f  t wo  ad jacent  lat t ice s i t es f o r  b inary  

m ix t ures o f  m o nom ers and  d im ers .   The primary object ive of  t his sect ion is t o 
illust rat e t he combinat orial aspect s of  placing t wo t ypes of  molecules in a lat t ice, which 
allows one t o evaluat e t he argument  of  t he nat ural logarit hm in t he previous equat ion for 
ΔgMixing and ΔsMixing.  There are N1 monomer molecules and N2 dimer molecules t hat  occupy a 
lat t ice which cont ains a f ixed t ot al number of  sit es given by NTot al = N1 + 2N2.  Consider 
one pair of  adjacent  sit es in t he lat t ice t hat  can be occupied or vacant .  This pair of  sit es 
has a few rest rict ions t hat  do not  apply t o any t wo sit es in t he lat t ice t hat  are chosen 
randomly.  The f requency of  occupat ion of  any given sit e by monomer or dimer is 
proport ional t o t heir volume f ract ions, 1-ϕ or ϕ, respect ively.  The occupat ional probabilit y 
of  t he adjacent  sit e, which is rest rict ed, depends on t he f ract ion of  sit es in t he lat t ice t hat  
are nearest  neighbors t o monomers and dimers.  The following possibilit ies exist ; ( i)  Bot h 
sit es are vacant  and, event ually, t hey will be occupied by monomers.  ( ii)  Bot h sit es are 
occupied by one dimer.  ( iii)  One sit e is occupied by monomer, and t he ot her sit e is 
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occupied by one segment  of  a dimer.  The second segment  of  t he dimer occupies a sit e 
t hat  is not  under considerat ion.  When bot h sit es under invest igat ion are not  occupied by 
t he same dimer, t he probabilit ies t hat  t hese t wo sit es are occupied by monomer and one 
segment  of  a dimer are independent  of  each ot her.  ( iv)  Each sit e is occupied by one 
segment  of  a dimer, but  t he same dimer does not  occupy bot h sit es.  The larger molecule 
( i.e., dimer or polymer in t he examples below)  enjoys conformat ional or orient at ional 
f reedom such t hat  each conformat ion/ orient at ion is equally probable because t hey all 
exhibit  t he same energy.  This is analogous t o t he microcanonical ensemble in st at ist ical 
t hermodynamics where ent ropy is relat ed direct ly t o t he Òmult iplicit y of  st at esÓ via 
combinat orial aspect s of  t he lat t ice. 

 
Lat t ice coordinat ion numbers and nearest  neighbor sit es.  If  t he coordinat ion 

number of  t he lat t ice is z, t hen each sit e, or each monomer, has z nearest  neighbors.  
There are zN1 sit es in t he lat t ice t hat  are adjacent  t o monomers.  If  one dimer occupies 
t wo adjacent  sit es under invest igat ion, t hen each segment  of  t he dimer has z-1 nearest  
neighbors t hat  correspond t o dif ferent  molecules.  There are 2(z-1)  nearest  neighbor sit es 
per dimer t hat  are occupied by dif ferent  molecules.  Hence, 2(z-1)N2 lat t ice sit es are 
adjacent  t o dimers and cont ain dif ferent  molecules. 

 
Probabilit y t hat  t wo adjacent  lat t ice sit es are occupied by monomers.  The 

monomer volume f ract ion 1-ϕ governs t he probabilit y t hat  t he f irst  sit e cont ains 
monomer.  Now, for one of  t he z nearest  neighbor sit es, consider t he f ract ion of  lat t ice 
sit es t hat  are adjacent  t o monomers, based on t he fact  t hat  zN1 sit es are nearest  
neighbors t o monomers and 2(z-1)N2 sit es cont ain dif ferent  molecules t hat  are adjacent  
t o dimers.  For t wo adjacent  lat t ice sit es under invest igat ion, t he probabilit y t hat  bot h are 
occupied by monomers is; 
 

! 

1"#( ) zN1

zN1 +2 z"1( )N2

= 1"#( )
z 1"#( )

z 1"#( )+# z"1( )
= 1"#( )

z 1"#( )
z"#

 

 
Probabilit y t hat  one sit e is occupied by monomer and t he adjacent  lat t ice sit e is 

occupied by one segment  of  a dimer.  Begin wit h t he monomer volume f ract ion 1-ϕ t o 
account  for t he occupat ional probabilit y of  t he f irst  sit e by monomer.  Then, consider t he 
f ract ion of  lat t ice sit es t hat  are nearest  neighbors t o dimers, which requires t hat  t he 
adjacent  sit e cont ains one segment  of  a dimer regardless where t he second segment  of  
t he dimer resides.  One obt ains t he following occupat ional probabilit y for t he sequence; 
monomer f irst  and one segment  of  a dimer second; 
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1"#( )
2 z "1( )N2

zN1 +2 z "1( )N2

= 1"#( )
# z "1( )

z 1"#( )+# z "1( )
= 1"#( )

# z "1( )
z "#

 

 
This probabilit y is t he same if  t he sit e occupat ion is reversed; t he f irst  sit e is occupied by 
one segment  of  a dimer and t he second sit e is occupied by monomer.  However, an 
addit ional fact or must  be considered.  Begin wit h t he dimer volume f ract ion ϕ t o account  
for t he occupat ional probabilit y of  t he f irst  sit e by one segment  of  a dimer.  Now, t here 
are only z-1 possibilit ies f rom a t ot al of  z nearest  neighbors for t he adjacent  sit e because 
t he second segment  of  t he same dimer must  reside elsewhere.  Af t er one account s for 
t he sit uat ion where t he adjacent  lat t ice sit e cont ains anot her molecule, t hen it  is 
necessary t o consider t he f ract ion of  sit es t hat  are nearest  neighbors t o monomers.  The 
second at t empt  t o det ermine t his occupat ional probabilit y yields t he following result  for 
t he sequence; one segment  of  a dimer f irst  and monomer second; 
 

!  

"
z #1
z

zN
1

zN
1
+ 2 z #1( )N2

= "
z #1
z

z 1#"( )
z 1#"( ) + " z #1( )

= " z #1( )
1#"
z #"  

 
Hence, one obt ains t he same result  based on t wo dif ferent  approaches. 
 

Probabilit y t hat  t wo adjacent  lat t ice sit es are occupied by dif ferent  dimers.  Begin 
wit h t he volume f ract ion of  dimers, 1-ϕ, for t he probabilit y t hat  t he f irst  sit e cont ains one 
segment  of  a dimer.  Once again, t here are only z-1 possibilit ies f rom a t ot al of  z nearest  
neighbors for t he adjacent  sit e because t he second segment  of  t he same dimer must  
reside elsewhere.  Now, one account s for t he sit uat ion where t he adjacent  lat t ice sit e 
cont ains anot her molecule, specif ically anot her dimer.  Hence, it  is necessary t o consider 
t he f ract ion of  lat t ice sit es t hat  are nearest  neighbors t o dimers.  This occupat ional 
probabilit y is; 
 

!  
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Probabilit y t hat  t wo adjacent  lat t ice sit es are occupied by t he same dimer.  Now, 

t he dimer volume f ract ion ϕ dict at es t he probabilit y t hat  t he f irst  sit e cont ains one 
segment  of  a dimer.  Then, t here is only one possibilit y f rom a t ot al of  z nearest  neighbors 
for t he adjacent  lat t ice sit e t o cont ain t he second segment  of  t he same dimer.  It  is not  
necessary t o consider neighboring sit e occupat ion by anot her molecule.  Hence, t he 
occupat ional probabilit y is; 

! 

"
1

z
 

 
Connect ion bet ween t hermodynamic act ivit ies and occupat ional probabilit ies yields 

macroscopic t hermodynamic mixing propert ies.  For a chosen pair of  adjacent  lat t ice sit es, 
one const ruct s t he rat io of  t wo dif ferent  occupat ional probabilit ies; bot h sit es are 
occupied by t he same dimer vs. t he f requency of  occupat ion of  bot h sit es by monomer.  
Then, one equat es t his result  t o t he rat io of  t hermodynamic act ivit ies of  dimer and 
monomer as follows; 
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aDimer

aMomoner
2 =
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z

1#"( )
z 1#"( )
z#"

=
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z 1#"( ){ }

2  

 
This yields an expression for t he ent ropy of  mixing, per mole of  molecules, for binary 
mixt ures of  monomers and dimers; 
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Except  at  t he pure-component  limit s ( i.e., ΔsMixing = 0 at  ϕ = 0 and 1) , t he ent ropy of  
mixing ( i)  is always posit ive, ( ii)  exhibit s asymmet ry about  ϕ = 0.5 because t he mixt ure 
cont ains molecules of  dif ferent  size, and ( iii)  unlike t he Flory-Huggins lat t ice t heory, 
GuggenheimÕs lat t ice model yields macroscopic t hermodynamic mixing propert ies t hat  
depend on t he coordinat ion number of  t he lat t ice, even t hough t his dependence of  ΔsMixing 
on z is very weak.  The maximum ent ropy of  mixing occurs when t he dimer volume 
f ract ion is ϕ = 0.66, independent  of  z, and {ΔsMixing/ R} Maximum !  0.70-0.75, wit h slight ly 
larger maximum ΔsMixing when t he coordinat ion number of  t he lat t ice is higher ( i.e., 
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3" z" 12) .  The maximum ent ropy of  mixing, per mole of  lat t ice sit es, occurs at  lower 
dimer volume f ract ion ( i.e., ϕ = 0.55) .  All of  t hese result s are summarized graphically and 
in t abular form for mixt ures of  monomers wit h dimers, t rimers, t et ramers, and pent amers 
at  t he conclusion of  t he next  sect ion t hat  considers mixt ures of  monomers wit h st raight -
chain r-mers. 
 

Com b inat o r ial  aspec t s o f  b inary  m ix t ures o f  so lv ent  ( i .e. ,  m onom er )  and  
st raig ht -chain r -m ers.   Overview.  The generalized met hodology developed in t he 
previous sect ion for binary mixt ures of  monomers and dimers is repeat ed here when 
dimers are replaced by linear amorphous polymers t hat  cont ain r-segment s per chain.  The 
primary object ive is t o obt ain a st at ist ical expression for t he molar ent ropy change upon 
mixing by considering t he occupat ional probabilit ies of  adjacent  pairs of  lat t ice sit es.  
DiMarzio and Gibbs employed t he f inal result  of  GuggenheimÕs derivat ion for ΔsMixing t o 
explain t he ef fect  of  plast icizers and ot her f lexible and rigid small molecules on t he glass 
t ransit ion t emperat ure of  linear polymers.  The conformat ional ent ropy descript ion of  t he 
glass t ransit ion t emperat ure, proposed by DiMarzio and Gibbs, monit ors t he decrease in 
conformat ional ent ropy of  a concent rat ed polymer-solvent  mixt ure as t emperat ure is 
reduced.  Tg is ident if ied as t he t emperat ure at  which t he conformat ional ent ropy of  t he 
mixt ure init ially vanishes upon cooling.  St at ist ical paramet ers of  t he lat t ice ( i.e., z)  and 
t he low-molecular-weight  addit ive can be chosen t o predict  eit her increases or decreases 
in t he polymerÕs Tg at  higher diluent  volume f ract ions.  Most  weakly int eract ing miscible 
addit ives t hat  yield single-phase polymer-diluent  mixt ures, including plast icizers, 
ant iplast icizers, ant ioxidant s, uv st abilizers, et c. reduce t he polymerÕs Tg at  higher diluent  
concent rat ions.  The most  not able except ions t o t his t rend are discussed in Chapt er#6  
f rom an energet ic viewpoint  by focusing on t he st abilizat ion of  met al d-elect rons when 
t ransit ion met al complexes coordinat e t o basic funct ional groups in t he sidechain of  polar 
polymers and increase t he glass t ransit ion t emperat ure.  DiMarzio and GibbsÕ conformat ion 
ent ropy descript ion of  Tg provides a combinat orial lat t ice t heory predict ion of  t he 
enhancement  in t he glass t ransit ion t emperat ure at  higher concent rat ions of  t ransit ion 
met al complexes f rom t he d-block of  t he Periodic Table. 

 
Volume f ract ions and nearest  neighbor considerat ions.  Once again, t he analysis 

below focuses on t wo adjacent  lat t ice sit es, where each sit e has z nearest  neighbors.  
However, complet e result s for t he ent ropy change upon mixing polymer and solvent  
requires a considerat ion of  r-int erconnect ed lat t ice sit es.  The mixt ure cont ains N1 solvent  
molecules and Nr linear polymers.  The t ot al number of  lat t ice sit es is given by NTot al = N1 + 
rNr.  Volume f ract ions of  polymer ϕ and solvent  1-ϕ are def ined below, based on t he 
rest rict ion t hat  each segment  of  t he polymer occupies t he same volume as a single 
solvent  molecule; 
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These volume f ract ions, 1-ϕ or ϕ, describe t he occupat ional probabilit y of  t he f irst  of  t wo 
adjacent  lat t ice sit es by solvent  or one segment  of  t he polymer, respect ively.  The 
f requency of  occupat ion of  t he second lat t ice sit e, which is adjacent  t o t he f irst  one, 
depends on nearest  neighbor considerat ions.  For example, zN1 lat t ice sit es are adjacent  
t o solvent  molecules.  The def init ion of  ÒqÓ provides t he number of  nearest  neighbor sit es 
( i.e., qz)  for all r segment s of  a single polymer chain t hat  are occupied by anot her 
molecule, eit her solvent  or a segment  of  a dif ferent  polymer chain.  Likewise, rz-qz 
represent s t he number of  nearest  neighbor sit es t o an r-segment  linear chain t hat  are 
occupied by segment s of  t he same polymer chain.  Considerat ion of  each segment  of  a 
single chain yields t he following calculat ion of  q.  Since t he chain is linear, t here are t wo 
end segment s t hat  have z-1 nearest  neighbor sit es occupied by ot her molecules.  For all r-
2 int erior segment s, t here are z-2 nearest  neighbor sit es per segment  occupied by ot her 
molecules.  Hence, q is relat ed t o r and z by t he following equat ion; 
 

!  

2 z" 1( ) + r " 2( ) z" 2( ) = qz

r "
2

z
r " 1( ) = q  

 
As expect ed, qz = 2(z-1)  when r = 2, which was employed in t he previous sect ion for 
binary mixt ures of  monomers and dimers.  Since t he mixt ure cont ains Nr polymer 
molecules, t here are qzNr lat t ice sit es t hat  are adjacent  t o r-mers which cont ain dif ferent  
molecules.  As ment ioned above, each possible conformat ion of  a polymer chain t hat  
cont ains r-segment s is assumed t o have t he same energy, which implies t hat  all of  t hese 
conformat ions [ i.e., on t he order of  z(z-1)r-2 !  zr-1]  are equally probable. 
 
 Probabilit y t hat  t wo adjacent  lat t ice sit es are occupied by solvent .  The f requency 
of  occupat ion of  t he f irst  lat t ice sit e by a solvent  molecule is given by it s volume f ract ion 
1-ϕ.  Occupat ion of  t he adjacent  sit e by anot her solvent  molecule is based on t he f ract ion 
of  sit es t hat  are nearest  neighbors t o solvent .  Since t here are zN1 sit es adjacent  t o 
solvent  molecules and qzNr sit es adjacent  t o polymer chains t hat  cont ain dif ferent  
molecules, t he probabilit y t hat  t wo adjacent  lat t ice sit es are occupied by solvent  is given 
by; 

!  

1" #( ) zN1

zN1 +qzNr

= 1" #( )
z 1" #( )

z 1" #( )+
q
r

z#
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Probabilit y t hat  one lat t ice sit e is occupied by solvent  and t he adjacent  sit e is 

occupied by one segment  of  a linear polymer.  Begin wit h t he f requency of  occupat ion of  
t he f irst  sit e by solvent , which is governed by t he solvent  volume f ract ion 1-ϕ.  Now, 
consider t he f ract ion of  lat t ice sit es t hat  cont ain dif ferent  molecules which are nearest  
neighbors t o all segment  of  linear polymer chains.  The result  of  t his sequence of  
occupat ional probabilit ies in which t wo adjacent  lat t ice sit es are populat ed by solvent  f irst  
and a segment  of  t he polymer chain second is; 

 

! 

1"#( ) qzNr

zN
1
+qzNr

= 1"#( )
q
r

z#

z 1"#( )+
q
r

z#
 

 
This t he problem could have been addressed by reversing t he sequence of  event s, such 
t hat  one considers t he probabilit y of  occupying t wo adjacent  lat t ice sit es in t he following 
order; one segment  of  a polymer chain f irst  and solvent  second.  Af t er t he f irst  lat t ice sit e 
is occupied by one of  t he r-segment  of  a linear polymer, wit h f requency of  occupat ion 
given by t he polymer volume f ract ion ϕ, it  is necessary t o insure t hat  t he adjacent  lat t ice 
sit e does not  cont ain anot her segment  of  t he same chain.  Hence, (q/ r)  represent s t he 
f ract ion of  lat t ice sit es adjacent  t o any segment  of  an r-segment  chain t hat  is occupied by 
dif ferent  molecules.  Then, one considers t he f ract ion of  adjacent  sit es t hat  cont ain 
solvent .  One obt ains t he following result  based on t his sequence of  event s; 
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"
q

r

zN1

zN1 +qzNr

="
q

r
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q

r
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Probabilit y t hat  t wo adjacent  lat t ice sit es are occupied by segment s of  t wo 

dif ferent  polymer chains.  Begin wit h t he polymer volume f ract ion ϕ t o account  for t he 
f requency of  occupat ion of  t he f irst  lat t ice sit e by one segment  of  t he polymer.  Next , it  
must  be guarant eed t hat  t he adjacent  lat t ice sit e cont ains a dif ferent  molecule, not  
anot her segment  of  t he same chain.  This considerat ion int roduces a fact or of  (q/ r) .  
Finally, t he f ract ion of  adjacent  lat t ice sit es t hat  are nearest  neighbors t o any segment  of  
t he polymer and occupied by dif ferent  molecules yields t he following result ; 
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q

r

qzNr

zN1 +qzNr

="
q
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q
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 Probabilit y t hat  t wo adjacent  lat t ice sit es are occupied by t wo segment s of  t he 
same polymer chain.  Once again, t he polymer volume f ract ion ϕ governs t he f requency of  
occupat ion of  t he f irst  lat t ice sit e by one segment  of  an r-mer.  The only remaining 
considerat ion is t hat  t he adjacent  lat t ice sit e cont ains a segment  of  t he same chain, not  
anot her molecule.  The desired result  is given by; 
 

!  

"
rz # qz
rz

=" 1#
q

r
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% 
& 

'  

( 
)  

 
 Ext rapolat ion of  occupat ional probabilit ies t o r-int erconnect ed lat t ice sit es, and t he 
relevant  t hermodynamic propert ies of  binary polymer-solvent  mixt ures.  The analysis of  
t wo adjacent  lat t ice sit es, discussed in t he previous sub-sect ions, is ext ended t o a set  of  
r-int erconnect ed sit es.  Only t wo occupat ional probabilit ies are required t o evaluat e t he 
classical t hermodynamic expression for t he Gibbs f ree energy and ent ropy of  mixing for 
at hermal binary mixt ures.  Begin wit h t he probabilit y t hat  t wo adjacent  lat t ice sit es are 
occupied by solvent  and ext end t his result  t o r lat t ice sit es.  Upon invoking t he 
assumpt ion t hat  t he addit ional r-2 sequent ial event s for sit e occupat ion by solvent  do not  
depend on t he f ract ion of  previous sit es already occupied by solvent  yields t he following 
result ; 
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Next , begin wit h t he probabilit y t hat  t wo adjacent  lat t ice sit es are occupied by t wo 
adjacent  segment s of  t he same polymer chain.  Invoke t he assumpt ion t hat  sequent ial 
occupat ional probabilit ies of  anot her r-2 int erconnect ed lat t ice sit es by segment s of  t he 
same polymer chain are not  a funct ion of  t he number of  previous sit es already occupied 
by segment s of  t he same chain.  This sequence of  r independent  event s yields; 
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The rat io of  classical t hermodynamic act ivit ies for polymer and solvent  is const ruct ed 
f rom t he rat io of  t he previous t wo occupat ional probabilit ies; r-int erconnect ed lat t ice sit es 
occupied by r-segment s of  t he same polymer chain vs. occupat ion of  t he same set  of  
sit es by r solvent  molecules.  The following equat ions summarize t hermodynamic mixing 
propert ies of  at hermal binary polymer-solvent  syst ems; 
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The f inal result  of  GuggenheimÕs combinat orial lat t ice descript ion of  binary polymer-
solvent  mixt ures for t he ent ropy of  mixing, per mole of  molecules, is; 
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This expression for t he ent ropy of  mixing, per mole of  molecules, in binary polymer-
solvent  syst ems reduces t o t he one present ed on page#41 for binary mixt ures of  
monomers and dimers when r = 2.  The previous equat ion is illust rat ed graphically below 
for mixt ures of  monomers wit h dimers, t rimers, t et ramers, and pent amers.  The result s 
are somewhat  misleading because t here are fewer molecules, but  t he same number of  
lat t ice sit es, in t he mixt ure as r increases, which causes t he maximum ent ropy of  mixing, 
per mole of  molecules, t o increase when t he larger component  in t hese binary mixt ures 
cont ains more segment s.  A bet t er comparison of  t he four binary mixt ures present ed in 
t he following f igure is obt ained by calculat ing t he ent ropy of  mixing, per mole of  lat t ice 
sit es.  To accomplish t his t ask, it  is necessary t o ret urn t o GuggenheimÕs original 
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development  of  t he ext ensive Gibbs f ree energy of  mixing, based on classical 
t hermodynamics; 
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and divide by t he t ot al number of  lat t ice sit es, NTot al, not  t he t ot al number of  molecules.  
Af t er mult iplicat ion by AvogadroÕs number, one obt ains t he desired result s for t he Gibbs 
f ree energy of  mixing Δg* Mixing and t he ent ropy of  mixing Δs* Mixing, per mole of  lat t ice sit es; 
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The fact or of  {ϕ+r(1-ϕ) }  on t he lef t  side of  t he f inal combinat orial expression for ΔsMixing, 
per mole of  molecules, must  be replaced by r t o obt ain Δs* Mixing, per mole of  lat t ice sit es. 
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The t able below compares t he maximum ent ropy of  mixing, and t he volume f ract ion of  t he 
larger component  in t hese binary mixt ures where t he maximum ent ropy of  mixing occurs, 
when calculat ions are based on moles of  molecules vs. moles of  lat t ice sit es. 
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Com par ison o f  t he  Max im um  Dim ension less Ent ropy  o f  Mix ing  ( i .e . ,  
d iv ided  by  R)  f o r  Binary  Mix t ures o f  Monom ers and  r -Mers on a 

Three- Dim ensional Cub ic  Lat t ice ( z = 6 )  
 

 
r -m er  

 
{ΔsMix ing} Max im um 

per mole of  
molecules 

ϕLar ger Sp ec ies @ 
{ ΔsMix ing} Max imum 

per  m o le  o f  
m o lec ules 

 
{Δs* Mix ing} Max im um 
per mole of lat t ice 

sit es 

ϕLar ger Sp ec ies @ 
{ Δs* Mix ing} Max imum 

per  m o le  o f  
lat t ic e si t es 

dimer 0.74 0.66 0.51 0.55 
t rimer 0.81 0.74 0.45 0.58 

t et ramer 0.87 0.78 0.42 0.60 
pent amer 0.94 0.81 0.40 0.61 

 
 It  should be obvious f rom t he previous t able and t he following f igure t hat  t he 
ent ropy of  mixing, per mole of  lat t ice sit es, in binary syst ems of  monomers ( i.e., solvent  
or diluent )  and r-mers decreases when t he larger species cont ains more int erconnect ed 
segment s.  This conclusion is independent  of  t he lat t ice coordinat ion number. 
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In summary, chain connect ivit y rest rict s t he conformat ional f reedom associat ed wit h 
placing large molecules on a lat t ice, and t hese rest rict ions become more severe when t he 
molar mass of  chain-like molecules increases. 

 

Gib b s-DiMarz io  Co nf o r m at ional Ent r op y  Desc r ip t ion o f  t he 
Glass T ransit io n f o r  Tet rahedral  Lat t ices 

 
 Ov erv iew  and  g ov erning  equat ions.  GuggenheimÕs lat t ice t heory, described 
above for polymer solut ions and mixt ures of  monomers and dimers, was modif ied by 
DiMarzio and Gibbs [ see EA DiMarzio & JH Gibbs, Mo lecular  in t erp ret at ion o f  g lass 
t em perat u re depression b y  p last ic iz ers, Journal of  Polymer Science, 1 A , 1417-
1428 (1963)]  t o obt ain an expression for t he conformat ional ent ropy S of  at hermal 
polymer-solvent  mixt ures.  One predict s t he glass t ransit ion t emperat ure of  mixt ures by 
( i)  monit oring t he decrease in S as syst ems are cooled and ( ii)  ident if ying t he t emperat ure 
at  which S vanishes init ially.  KauzmannÕs paradox addresses t he anomaly of  Ònegat iveÓ 
ent ropy, relat ive t o perfect ly ordered cryst als, below t he glass t ransit ion t emperat ure [ W 
Kauzmann, Chemical Reviews, 4 3 , 219 (1948)] .  Wit hin t he f ramework of  t he Flory-
Huggins approximat ions, t he t wo-phase boundary ( i.e., t ransit ion line)  on a t emperat ure-
pressure diagram for pure mat erials, t hat  separat es liquids f rom glasses, is described by 
zero conformat ional ent ropy.  Following Debenedet t i and Shell [ see equat ion 20 in 
Therm o dy nam ics and  t he g lass t ransi t ion in m odel energ y  landscapes, Physical 
Review E, 6 9 , 051102 (2004)] , it  is also possible t o equat e t he dimensionless 
conformat ional ent ropy of  binary polymer-solvent  mixt ures at  t he glass t ransit ion 
t emperat ure t o a small posit ive nonzero const ant  ( i.e., approximat ely 10% of  t he 
maximum conformat ional ent ropy of  ideal gases at  inf init ely high t emperat ure) , due 
primarily t o vibrat ional and crankshaf t  mot ion.  However, it  must  be emphasized t hat  t he 
act ual conformat ional ent ropy at  Tg is not  known.  When small molecules occupy more 
t han t hree sit es on a t et rahedral lat t ice, t he propensit y for int erconversion bet ween 
various rot at ional isomers is summarized in t erms of  Òdiluent  rigidit yÓ, ΔεDiluent , via t he 
energy dif ference bet ween local minima on t he pot ent ial energy surface for t rans, 
guache+, and gauche- rot at ional isomeric st at es.  St if fer addit ives exhibit  larger values of  
ΔεDiluent .  The most  import ant  paramet ers t hat  af fect  Tg are molecular size via rDiluent , rigidit y 
via ΔεDiluent , and concent rat ion ( i.e., volume f ract ion, 1-ϕ)  of  t he addit ive, as well as t he 
coordinat ion number z of  t he lat t ice, which summarizes packing ef f iciency or t he abilit y of  
funct ional groups in t he sidechain of  polar polymers t o occupy sit es in t he f irst -shell of  a 
t ransit ion met al complex.  It  is possible t o describe accurat ely t he ef fect s of  ( i)  molecular 
weight , ( ii)  addit ive concent rat ion, ( iii)  random copolymer composit ion, ( iv)  pressure, (v)  
crosslink densit y, and (vi)  mechanical st rain on t he glass t ransit ion t emperat ure of  
amorphous polymers via t he met hodology summarized below.  For example, one predict s 
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an increase in Tg at  higher st rain via conformat ional ent ropy formalism because orient ed 
chains have fewer accessible conformat ions and lower ent ropy relat ive t o unst ret ched 
random coils.  These predict ions cont rast  t hose f rom t he f ree-volume approach, which 
suggest s t hat  Tg decreases upon st ret ching if  PoissonÕs rat io is less t han 0.5 because 
syst em volume increases at  higher st rain.  The modif ied version of  GuggenheimÕs lat t ice 
model, employed by DiMarzio and Gibbs, is discussed below for t he dimensionless 
conformat ional ent ropy S of  polymer-solvent  mixt ures per segment  of  polymer.  St at ist ical 
t hermodynamics is required t o obt ain expressions for t he conformat ional f reedom of  
placing pure polymer and pure diluent  on t he lat t ice.  Unlike t he Flory-Huggins lat t ice, 
diluent s are not  necessarily modeled as st ruct ureless Òpoint Ó molecules t hat  occupy only 
one lat t ice sit e.  Pure-component  conformat ional ent ropies are calculat ed via part it ion 
funct ion formalism and added t o GuggenheimÕs t emperat ure-independent  ent ropy of  
mixing ΔsMixing t hat  was discussed in t he previous sect ion via classical t hermodynamics and 
Òlat t ice-count ingÓ considerat ions.  The Gibbs-DiMarzio expression is rest rict ed t o 
t et rahedral lat t ices in which z=4, and diluent  rigidit y becomes import ant  when t hese small 
molecules occupy at  least  four int erconnect ed lat t ice sit es.  If  t et rahedral bond angles are 
appropriat e, t hen t he conformat ional f reedom of  a t hree-segment  t wo-bond Òunit ed 
at omÓ diluent  molecule, wit h rDiluent  = 3, is not  af fect ed by diluent  rigidit y because f ree 
rot at ion about  eit her bond does not  af fect  t he shape of  t he molecule.  Hence, t he t hird 
t erm in t he following equat ion for t he conformat ional ent ropy of  miscible at hermal binary 
polymer-diluent  mixt ures cont ains a fact or of  { rDiluent  Ð 3}  t hat  is only applicable for 
t et rahedral lat t ices.  Furt hermore, t he ef fect  of  diluent  rigidit y should be excluded f rom all 
calculat ions when diluent  molecules occupy one, t wo, or t hree int erconnect ed lat t ice 
sit es.  All pure-component  t emperat ure-dependent  t erms in t he conformat ional ent ropy 
expression t hat  cont ain ef fect s of  molecular rigidit y must  be re-evaluat ed via st at ist ical 
t hermodynamic formalism, wit h a unique bond rot at ional energy assigned t o each allowed 
st at e, when t he lat t ice packing ef f iciency is described by a coordinat ion number z t hat  
dif fers f rom 4.  The diluent  volume f ract ion ( i.e., 1-ϕ) and t emperat ure dependence of  t he 
dimensionless conformat ional ent ropy of  binary mixt ures, per segment  of  polymer, for 
linear chains wit h inf init ely large molecular weight  ( i.e., rPolymer ⇒ ∞)  on a t et rahedral lat t ice 
( i.e., z=4)  is; 
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where; 
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and z1 = z, unless rDiluent  = 1 (z1 = 1) , and z2 = z Ð 1, unless rDiluent  = 1 or 2 (z2 = 1) .  
DiMarzioÕs expression for t he conformat ional ent ropy of  binary polymer-solvent  mixt ures 
considers addit ive molecules of  dif ferent  size, relat ive t o t he volume of  one segment  of  
t he polymer chain.  For example, t he diluent  volume f ract ion is; 
 

!  

1" # =
rDiluentNDiluent

rDiluentNDiluent + rPolymerNPolymer
 

 
when NDiluent  molecules of  t he addit ive each occupy rDiluent  lat t ice sit es and NPolymer molecules 
of  t he polymer each cont ain rPolymer segment s.  The Flory-Huggins lat t ice model is based on 
t he fact  t hat  each addit ive, or solvent , molecule occupies one lat t ice sit e, and it  is 
equivalent  in size t o one segment  of  t he polymer chain.  It  should be obvious t hat  larger 
addit ive molecules occupy more t han one sit e and reduce t he conformat ional ent ropy, 
which is consist ent  wit h t he fact  t hat  rDiluent  is great er t han one.  More rigid addit ives are 
described by larger values of  ΔεDiluent , whereas ΔεDiluent  = 0 corresponds t o inf init ely f lexible 
molecules wit h f ree rot at ion about  t he valence cone.  The int ramolecular int eract ion 
energy paramet er for t he polymer is obt ained by invoking t he concept  of  vanishingly small 
conformat ional ent ropy of  t he undilut ed polymer ( i.e., ϕ = 1)  at  it s pure-component  glass 
t ransit ion t emperat ure ( i.e., Tg,Polymer) .  In ot her words; 
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Since ΔεPolymer and Tg,Polymer always appear t oget her in t he previous equat ion as t he following 
dimensionless rat io, ΔεPolymer/ { kBolt zmannTg,Polymer} , one solves for t his dimensionless 
int ramolecular int eract ion energy of  t he polymer on a t et rahedral lat t ice, wit h z=4.  
Hence, ΔεPolymer/ { kBolt zmannTg,Polymer}  = 1.92 when z = 4 and SConformat ion ⇒ 0.  
 
 Flex ib le v s.  r ig id  add it iv es t hat  decrease a po ly m er Õs g lass t ransi t io n  
t em perat u re.  When small-molecule plast icizers occupy four lat t ice sit e ( i.e., rDileunt  = 4)  
and t he coordinat ion number of  t he lat t ice is z=4, t he polymerÕs glass t ransit ion 
t emperat ure decreases more if  t he addit iveÕs dimensionless energy barrier for 
int ramolecular conversion bet ween rot at ional isomers ( i.e., ΔεDiluent / kTg,Polymer)  is smaller.  For 
t hese specif icat ions ( i.e., z=4, rDiluent=4) , complet ely f lexible addit ives correspond t o t he 
lowermost  curve below where ΔεDiluent  = 0. 
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Predict ions for ΔεDiluent / kTg,Polymer = 5 are indist inguishable f rom t hose when ΔεDiluent / kTg,Polymer 
= 10, so t he asympt ot ic limit  of  Tg depression for inf init ely rigid small diluent s ( i.e., rDiluent  = 
4)  is revealed by t he uppermost  curve in t he f igure, above.  Diluent  concent rat ion ef fect s 
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encompass diluent  volume f ract ions ( i.e., 1-ϕ)  f rom 0  t o 25%.  In each graph, t he vert ical 
axis reveals t he rat io of  t he glass t ransit ion t emperat ure of  t he binary mixt ure relat ive t o 
t hat  of  t he undilut ed polymer ( i.e., Tg,Polymer) . 
 
 Ef f ec t  o f  m o lecular  s iz e o f  sem i- f lex ib le add it iv es.  When t he lat t ice 
coordinat ion number is z=4 and t he diluent  is not  inf init ely f lexible ( i.e., ΔεDiluent / kTg,Polymer = 
1) , glass t ransit ion t emperat ure depression is larger for smaller plast icizers, as illust rat ed 
below. 
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Tg depression vs. diluent  volume f ract ion exhibit s mildly nonlinear behaviour over t he 
composit ional range invest igat ed [ i.e., 0" {1-ϕ} " 0.25] , but  t his nonlinearit y becomes less 
apparent  as t he molecular size of  t he addit ive increases.  Predict ions for semi-f lexible 
diluent s wit h rDiluent  = 1000 are indist inguishable f rom t hose when rDiluent  = 5000, so t he 
asympt ot ic limit  of  Tg depression for ext remely large semi-f lexible plast icizers is illust rat ed 
by t he uppermost  curve in t he f igure, above.  Hence, if  semi-f lexible addit ives are 
complet ely miscible wit h t he polymer, t hen Tg should be depressed. 
 

Inf in i t e ly  r ig id  d i luent s t hat  inc r ease a po ly m erÕs g lass t ransi t io n  
t em perat u re.  When liquid-cryst alline-like rigid addit ives occupy more t han 10  lat t ice 
sit es per molecule, glass t ransit ion t emperat ures increase monot onically at  higher diluent  
volume f ract ions.  Predict ions below reveal t hat  t he increase in Tg is great er when rod-like 
diluent s exhibit  a larger Krat ky-Porod persist ence lengt h, which is capt ured in t he Gibbs-
DiMarzio conformat ional ent ropy model by ( i)  t he number of  lat t ice sit es per small 
molecule ( i.e., rDiluent ) , and ( ii)  ΔεDiluent  ⇒ ∞, wit h no possibilit y for int erconversion f rom one 
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rot at ional isomer t o anot her.  There exist s a crit ical diluent  volume f ract ion, approximat ely 
def ined by rDiluent { 1-ϕ} Crit ical !  8 , which decreases for rigid molecules wit h larger persist ence 
lengt hs, such t hat  liquid cryst alline alignment  of  t he addit ive occurs when it s 
concent rat ion exceeds {1-ϕ} Crit ical.  Conformat ional ent ropy simulat ions below reveal t hat  
t he glass t ransit ion t emperat ure of  t he mixt ure increases in response t o t his alignment . 
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Lat t ice Clust er  Theor y  Analy s is o f  Co nf o r m at io nal Ent ro p y  
and  t he Glass Tr ansit io n in  Am or pho us Po ly m ers 

 
 Overview.  Conformat ional ent ropy S is a basic quant it y in t heoret ical descript ions 
of  t he glass t ransit ion.  Karl Freed and coworkers at  t he Universit y of  Chicago (see 
references at  t he end of  t his sect ion)  discuss t his concept  f rom t he viewpoint  of  high-
dimensional lat t ice clust er t heory, which represent s a simple analyt ical ext ension of  t he 
GibbsÐDiMarzio model t o mixt ures of  semi-f lexible, int eract ing polymers composed of  
st ruct ured monomers.  This analysis provides a t heoret ical t ool for invest igat ing how t he 
glass t ransit ion of  amorphous polymers depends on chemical st ruct ure. 
 

Lat t ice clust er t heory is based on t wo major modif icat ions of  t he Flory-Huggins 
approximat ion t o t he f ree energy of  binary polymer-solvent  mixt ures.  First , unit ed at om 
models are used t o represent  individual monomers t hat  occupy several neighboring lat t ice 
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sit es.  The second improvement  involves a superior solut ion t o t he result ing lat t ice model.  
Syst emat ic correct ions t o t he Flory-Huggins f ree energy for non-random mixing are 
derived in t he form of  a high-t emperat ure one-dimensional clust er expansion.  This 
t heoret ical development  yields analyt ical solut ions by conf ining at t ent ion t o t he high-
pressure, high-molecular-weight , and fully f lexible-chain limit , which is ident if ied as 
simplif ied lat t ice clust er t heory. 

 
Some of  t he inadequacies of  t he Flory-Huggins lat t ice model for random mixing may 

be t raced t o inherent  limit at ions of  t he simple mean-f ield approximat ion t hat  was 
employed.  In order t o underst and t he origins of  t hese def iciencies, Freed and co-workers 
developed pert urbat ion met hods for calculat ing correct ions t o t he Flory-Huggins mean-
f ield approximat ion.  The t heory emerges in t he form of  a clust er expansion t hat  bears 
st rong resemblance t o Mayer's clust er expansion for non-ideal gases.  Correct ions t o t he 
Flory-Huggins lat t ice model arise f rom packing- and int eract ion-induced local correlat ions 
bet ween polymer and solvent  molecules.  The non-combinat orial port ion of  t he Helmholt z 
f ree energy is generat ed analyt ically by lat t ice clust er t heory as a single funct ion of  
composit ion, molecular weight , nearest -neighbor at t ract ive van der Waals int eract ions, 
and t emperat ure.  Lat t ice clust er t heory also includes t he ef fect s of  individual small-
molecule archit ect ure t hat  ext end over several lat t ice sit es and, t herefore, more closely 
resemble t he act ual molecular st ruct ure of  solvent s, addit ives, or diluent s.  Hence, by 
combining a signif icant ly more advanced solut ion t o t he lat t ice model of  polymers t hat  
considers monomer molecular st ruct ure, lat t ice clust er t heory exhibit s t he following 
charact erist ics; 

 
(a) it  explains a t emperat ure-independent  Òent ropic#Ó Flory-Huggins χ paramet er t hat  

originat es f rom t he packing of  monomers wit h dif ferent  sizes and shapes, 
 
(b)  it  reveals bot h composit ion and molecular-weight  dependence of  χ# as a 

consequence of  monomer molecular st ruct ure, compressibilit y, and non-random 
mixing ef fect s, 
 

(c)  it  predict s t he pressure dependence of  χ#, which was subsequent ly verif ied 
experiment ally, 
 

(d)  it  describes t he dependence of  χ# on chain archit ect ure and monomer sequences in 
copolymers, and 
 

(e) it  predict s novel phenomena, such as t he ordering of  cert ain block copolymers upon 
heat ing. 
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Lat t ice clust er t heory also provides a molecular explanat ion for t he fact  t hat  
poly(et hylene-co-propylene)  exhibit s dif ferent  miscibilit y wit h at act ic and head-t o-head 
polypropylene. 
 

An underst anding of  t he relat ionship bet ween monomer molecular st ruct ure and 
glass format ion is fundament al t o numerous pract ical applicat ions in polymer science and 
engineering.  It  should be emphasized t hat  glass format ion, or vit rif icat ion, is not  a t rue 
underlying equilibrium t ransit ion because t he phase t ransit ion exhibit s dependence on 
kinet ic phenomena, such as heat ing or cooling rat e and excit at ion f requency.  The 
equilibrium GibbsÐDiMarzio (#GD)# lat t ice model of  glass format ion has achieved signif icant  
success in explaining t he inf luence of  molecular paramet ers on glass format ion in 
polymeric mat erials.  In part icular, t he GD t heory describes how t he glass t ransit ion 
t emperat ure Tg varies wit h polymer molecular weight , pressure, blend composit ion, t he 
int roduct ion of  crosslinks and mechanical deformat ion in rubbers, and t he addit ion of  
plast icizers.  There is ample evidence f rom specif ic heat  measurement s t hat  f luid ent ropy 
decreases precipit ously near t he glass t ransit ion, support ing t he basic physical pict ure of  
t he Gibbs-DiMarzio model t hat  glass format ion is fundament ally relat ed t o t his ent ropy 
change.  The success of  t he lat t ice model proposed by DiMarzio and Gibbs can be t raced 
t o it s capacit y for describing, at  least  qualit at ively, t his basic aspect  of  glass format ion.  
However, t he GD t heory is based on a crude mean-f ield approximat ion for t he 
t hermodynamic ent ropy of  semi-f lexible chain polymers t hat  had been developed earlier by 
Flory for t he descript ion of  polymer melt ing.  This t heory predict s t hat  t he conformat ional 
ent ropy ext rapolat es t o zero at  f init e t emperat ures.  Following t he ideas of  Kauzmann, 
DiMarzio and Gibbs ident if y t his t ot al collapse of  conformat ional ent ropy wit h t he glass 
t ransit ion and describe Tg as a second-order phase t ransit ion whose underlying origin is 
t hermodynamic.  Several approximat ions embedded in t he GD t heory are cont roversial at  
low t emperat ures, and short comings of  t hese approximat ions have been emphasized 
repeat edly.  For example, t he GD t heory violat es a rigorous bound on t he ent ropy of  
molt en polymers.  Simulat ions of  polymeric liquids indicat e t hat  ent ropy S does not  vanish 
at  low t emperat ures, but  S approaches a low-t emperat ure plat eau.  These result s do not  
invalidat e t he GibbsÐDiMarzio approach t o glass format ion if  t he t heory is viewed 
qualit at ively t o imply t hat  glass format ion occurs when t he conformat ional ent ropy 
becomes suf f icient ly small t o cause st ruct ural arrest  and solidif icat ion at  low 
t emperat ures.  It  is reasonable t o use t he GD t heory for ext rapolat ing t hermodynamic 
propert ies f rom t he high-t emperat ure regime t o lower t emperat ures where t he t heory 
breaks down, t hus providing an est imat e of  t he point  at  which t he conformat ional ent ropy 
becomes crit ically small at  t he glass t ransit ion t emperat ure.  In view of  t hese inadequacies 
of  t he Gibbs-DiMarzio mean-f ield t heory, t he use of  lat t ice models remains valid for 
est imat ing t rends in t he glass t ransit ion in t erms of  molecular det ails such as monomer 
st ruct ure.  Ot her models, like t he AdamÐGibbs# t heory, proposes t hat  t he barrier height  
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associat ed wit h t hermally act ivat ed relaxat ion processes is inversely proport ional t o 
conformat ional ent ropy due t o t he increased cooperat ive mot ion t hat  must  occur in 
cooled liquids.  The Adam-Gibbs model of  t ransport  in cooled liquids agrees wit h 
measurement s and simulat ions of  cooled liquids, providing convincing evidence of  a link 
bet ween t ransport  processes and conformat ional ent ropy.  Proposed relat ions bet ween 
st ruct ural relaxat ion rat es and conformat ional ent ropy S imply t hat  rapid changes in t he 
t emperat ure dependence of  S should lead t o signif icant  changes in t he apparent  act ivat ion 
energies for viscous and dif fusive t ransport  in ÒsluggishÓ liquids t hat  exhibit  rat her long 
relaxat ion t imes.  Fragile glass-forming liquids exhibit  a large slope for act ivat ion energy 
vs. t emperat ure near Tg, whereas st rong glass-forming liquids exhibit  weak t emperat ure 
dependence of  t he act ivat ion energy.  The f ragilit y of  glasses can be predict ed by 
monit oring t he t emperat ure dependence of  conformat ional ent ropy, excluding t he 
vibrat ional cont ribut ion# near Tg.  The t emperat ure derivat ive of  S #just  below Tg can be 
used t o est imat e kinet ic f ragilit y t hat  is deduced f rom act ivat ed t ransport .  Hence, it  
seems reasonable t hat  correlat ions should exist  bet ween changes in liquid ent ropy, #or 
closely relat ed quant it ies,# and changes in liquid dynamics at  higher t emperat ures where 
liquids achieve t hermodynamic equilibrium.  Mean-f ield st udies of  glass format ion indicat e 
t hat  t here are t wo dist inct  t ransit ions associat ed wit h glass format ion; a dynamic 
t ransit ion wit h diverging relaxat ion t imes, t hat  is prevalent  in t he mode-coupling t heory of  
st ruct ural glass format ion#, followed by a t hermodynamic glass t ransit ion at  lower 
t emperat ures where conformat ional ent ropy vanishes, as described by DiMarzio and Gibbs.  
Simulat ions suggest  t hat  t he f irst  #dynamic t ransit ion lies close t o t he t emperat ure range 
where signif icant  changes begin t o occur in t he f luidÕs ent ropy.  There is convincing 
evidence for t he presence of  a higher t emperat ure mode-coupling t ransit ion, in which t he 
dynamics shif t  f rom homogeneous liquid-t ype mot ion t o more solid-like act ivat ed 
het erogeneous behavior, and a lower t emperat ure ideal glass t ransit ion at  which t he 
ent ropy vanishes.  Because monomer molecular st ruct ure exert s a signif icant  inf luence on 
t he magnit ude of  t he glass t ransit ion t emperat ure and on t he f ragilit y of  polymeric liquids, 
lat t ice clust er t heory has been employed recent ly t o describe t he import ant  
t hermodynamic consequences of  monomer molecular st ruct ure.  [ By including non-random 
mixing ef fect s arising f rom monomer st ruct ure, int eract ions, and f luid compressibilit y, 
lat t ice clust er t heory provides a signif icant ly improved t hermodynamic descript ion of  
many subt le molecular ef fect s in polymer blends t hat  cont ain plast icizers and ot her 
higher-molecular-weight  species.  Applicat ions of  lat t ice clust er t heory suggest  t hat  
monomer molecular st ruct ure exert s a st rong inf luence on t he t hermodynamic propert ies 
of  binary polymer blends t hat  has been verif ied experiment ally.]   Since conformat ional 
ent ropy S is a cent ral quant it y in t heories of  t he glass t ransit ion, lat t ice clust er t heory 
analysis begins by const ruct ing an expression for S f rom st at ist ical t hermodynamics.  The 
t emperat ure dependence of  S is developed f rom t he logarit hm of  t he Òdensit y of  st at esÓ 
via Bolt zmannÕs equat ion.  It  must  be emphasized t hat  t he glass t ransit ion is discussed 
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f rom lat t ice models, wit hout  any vibrat ional cont ribut ion t o conformat ional ent ropy.  Since 
t he vibrat ional component  might  be subst ant ial in some cases, correct ions for t he 
vibrat ional cont ribut ion t o S can be used t o modify or f ine-t une any predict ion of  
monomer molecular st ruct ure on Tg.  It  should also be emphasized t hat  t here are ot her 
def init ions of  conformat ional ent ropy, part icularly t he one based on excess ent ropy wit h 
respect  t o t he cryst al st at e. 

 
The lat t ice clust er t heory (LCT)  of  semi-f lexible macromolecules describes t he 

dependence of  conformat ional ent ropy on monomer molecular st ruct ure.  As ment ioned 
above, conformat ional ent ropy is a cent ral quant it y in t heories and comput er simulat ions 
of  t he glass t ransit ion, especially in t he GibbsÐDiMarzio (GD) t heory, which is widely used 
t o analyze glass t ransit ions in polymers.  Thus, it  is relevant  t o det ermine t he connect ion 
bet ween lat t ice clust er t heory and t he classic GD t heory, which is also based on a lat t ice 
model.  The GD t heory represent s addit ives as st ruct ure-less molecules, whereas LCT 
describes monomers as molecules t hat  ext end over several lat t ice sit es wit h specif ied 
archit ect ure.  Furt hermore, DiMarzio and Gibbs def ine t rans and gauche conformat ions 
based on rot at ional st at es of  t hree successive bonds, whereas LCT describes t hese 
conformat ions in t erms of  relat ive orient at ions of  t wo successive bonds.  This dif ference 
is insignif icant  for long-chain polymers.  The classic GD t heory t reat s only t he leading 
order cont ribut ion in bot h t he van der Waals int eract ion and t ransÐgauche conformat ional 
energies, so t he GD densit y of  st at es is ext ract ed f rom t he part it ion funct ion as t he 
coef f icient  of  t he Bolt zmann fact or.  The GD densit y of  st at es dif fers f rom t he lat t ice 
clust er t heory zerot h-order densit y of  st at es.  First , DiMarzio and Gibbs employ a 
HugginsÐGuggenhein-t ype count ing model for conformat ional ( i.e., combinat orial)  ent ropy, 
while t he zerot h-order LCT ef fect ively generat es t he less-accurat e Flory count ing wit h 
immediat e self -reversals permit t ed.  However, t he non-random mixing LCT cont ribut ions 
correct  for t his count ing dif ference and for t he removal of  immediat e self -reversals, so 
t his formal dif ference bet ween GD and zerot h-order LCT is inconsequent ial.  Second, 
DiMarzio and Gibbs use a Òmaximum-t erm approximat ionÓ t o evaluat e t he number of  
unoccupied lat t ice sit es, which is relat ed t o excess f ree volume, whereas t his excess f ree 
volume is det ermined wit hin lat t ice clust er t heory f rom t he equat ion of  st at e as a funct ion 
of  t emperat ure, pressure, and composit ion.  More explicit ly, lat t ice clust er analysis 
cont ains coordinat ion number z1 for t he second sit e occupied by t he addit ive, inst ead of  
z2 t hat  appears in t he Gibbs-DiMarzio expression for conformat ional ent ropy when t he 
number of  sit es available for t he t hird segment  of  t he addit ive is considered f rom a 
combinat orial viewpoint .  Consequent ly, t he present  LCT comput at ion of  conformat ional 
ent ropy represent s t he appropriat e ext ension of  t he GD t heory t o st ruct ured monomer-
polymer syst ems whose non-random mixing cont ribut ions t o t he f ree #e#n#e#r#g#y# #a#n#d 
conform#a#t #i#o#n#a#l# #e#n#t #r#o#p#y# #c#a#n#n#o#t # #b#e# #r#e#p#r#e#s#e#n#t #e#d# #i#n# #t #e#r#m#s o#f# i#n#d#e#p#e#n#d#e#n#t # #p#a#r#t #i#t #i#o#n# #f#u#n#c#t #i#o#n#s# 
#f#o#r# #i#n#d#i#v#i#d#u#a#l# #p#o#l#y#m#e#r# #c#h#a#i#n#s#.  Lat t ice clust er t heory expressions for conformat ional 
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ent ropy and f ree energy are rat her complex, but  t hey merely involve polynomials in 
volume f ract ions.  Hence, t hey can be evaluat ed# numerically.# 
 
References on lat t ice clust er t heory: 
Dudowicz, J; Freed, KF; & Madden, WG; Ro le o f  m o lec ular  st ruc t ure on t he  
t herm o dy nam ic  p ro per t ies o f  m elt s,  b lends,  and  c oncent rat ed  po ly m er  
so lut ions;  com par ison o f  Mont e Car lo  s im ulat ions w it h c lust e r  t heory  f o r  t he  
lat t ice m odel, Macromolecules, 2 3 , 4803-4819 (1990). 
 
Dudowicz, J; & Freed, KF; Ef f ec t  o f  m onom er  st r uc t ure and  c om pressib i l i t y  o n  
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Sanchez -Lacom b e St at ist ical  Ther m od y nam ic  Lat t ice- Flu id  

Theor y  o f  Po ly m er - So lv ent  Mixt ur es 
 

Overview.  The Flory-Huggins lat t ice t heory, present ed earlier in t his chapt er, does 
not  consider equat ion-of -st at e propert ies of  t he pure component s and cannot  predict  
phase separat ion of  polymer solut ions above t he upper-crit ical-solut ion t emperat ure ( i.e., 
LCST) .  Sanchez and Lacombe employed a t hree-dimensional lat t ice t o describe t he 
t hermodynamic propert ies of  polymer solut ions, based on t he mult iplicit y of  st at es of  
high-molecular-weight  chains t hat  require r-int erconnect ed lat t ice sit es.  Random mixing is 
assumed, and singlet  probabilit ies are evaluat ed in t erms of  species volume f ract ions.  
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Lat t ice f luid t heory describes disordered f luids, not  t he ordered cryst alline st at e.  Hence, 
t he Òclose-packedÓ st at e is disordered, wit h more resemblance t o t he glassy st at e t han 
t he cryst alline st at e.  Random close packing of  spheres corresponds t o a solid volume 
f ract ion of  ! 64%, whereas hexagonal-close-packed and face-cent ered cubic-close-packed 
arrangement s of  spheres are described by solid volume f ract ions of  74%.  Each CH2 group 
cont ribut es equally t o t he molecular close-packed volume of  normal alkanes.  When t he 
close-packed mass densit y of  alkanes is correlat ed wit h reciprocal chain lengt h, t he 
ext rapolat ed int ercept  for inf init e molecular weight  yields ρ !  0 .934  g/ cm3, and t he close-
packed molar volume is 15.0 cm3/ mol.  The ext rapolat ed paramet ers f rom vapour 
pressure dat a on normal alkanes agree favourably wit h act ual densit y dat a for linear 
polyet hylene; ρ !  0.904 g/ cm3. 

 
Mixing rules for lat t ice f luids. 
 
Summary.  In general, lat t ice-f luid t heory ( i)  account s for dif ferences in equat ion of  

st at e propert ies of  t he pure component s and ( ii)  includes a t hermodynamically 
unfavorable ent ropic cont ribut ion t o t he chemical pot ent ial of  eit her component  in t he 
mixt ure.  This af fect s dif fusional st abilit y via t he spinodal inequalit y, where t his ent ropic 
t erm f rom t he equat ion of  st at e cont ains nonzero pure-component  paramet er dif ferences, 
except  for hypot het ical mixt ures at  absolut e zero.  These t emperat ure-independent  pure-
component  paramet er dif ferences dest abilize polymer solut ions and cause incipient  phase 
separat ion.  This unfavourable ent ropic t erm is small and relat ively unimport ant  at  low 
t emperat ures, but  it  becomes large and dominant  near t he crit ical point  of  t he mixt ure.  In 
polymer solut ions and low-molecular-weight  regular solut ions, t his unfavourable ent ropic 
t erm is similar in magnit ude, but  t he favourable combinat orial ent ropic cont ribut ion 
t oward st abilit y is much smaller, and almost  insignif icant , for polymer solut ions.  Hence, 
vanishingly small combinat orial ent ropy in high-molecular-weight  polymer solut ions might  
cause t hese mixt ures t o be more suscept ible t o phase separat ion at  any t emperat ure. 

 
Heat s of  mixing at  inf init e dilut ion relat e direct ly t o energet ic int eract ion paramet ers 

in at hermal mixt ures.  Nonpolar solut ions t ypically exhibit  endot hermic ent halpies of  
mixing which, in some cases, become exot hermic at  high t emperat ures.  The lat t ice f luid 
t heory at t ribut es exot hermic energet ics t o t he t endency of  solvent  molecules t o 
experience volume cont ract ion when low concent rat ions of  polymer are int roduced, where 
t he magnit ude of  t he cont ract ion is proport ional t o t he solvent Õs isot hermal 
compressibilit y.  Macroscopic ( i.e., classical)  t hermodynamic just if icat ion for t his 
associat ion bet ween exot hermic heat s of  mixing and volume cont ract ion is provided in t he 
Appendix ( i.e., next  sect ion) .  This process is energet ically favourable because more 
int ermolecular int eract ions are operat ive among solvent  molecules when volume 
cont ract ion occurs.  In dilut e polymer solut ions wit h exot hermic energet ics, solvent  
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molecules experience a slight ly denser environment  t han in t he pure st at e.  In cont rast , 
ent ropy decreases in higher-densit y media yielding a t hermodynamically unfavourable 
lower ent ropy of  t he solvent .  Bet t er equat ion-of -st at e paramet ers for t he pure 
component s will increase t he predict ive power of  t he lat t ice f luid t heory, and re-evaluat ion 
of  t he mixing rules could increase it s f lexibilit y.  Finally, in t he dilut e regime, where lit t le 
overlap occurs bet ween polymer molecules and a non-uniform dist ribut ion of  polymer 
segment s exist s, t he mean-f ield approximat ions should be revisit ed and modif ied because 
t he lat t ice-f luid t heory employs uniform segment  dist ribut ion. 
 

A ddendum : 
The c onnect ion  b et ween exo t herm ic  energ et ics ( i .e. ,  heat s  o f  m ix ing )  and  
v o lum e c ont rac t ion o f  t he m ix t ure .   This analysis employs t he pressure dependence 
of  chemical pot ent ials t o def ine condensed phase act ivit y coef f icient s and t heir relat ions 
t o ent halpy changes upon mixing in non-ideal solut ions.  By def init ion, t he ent halpy of  
mixing vanishes for ideal solut ions, so exot hermic or endot hermic energet ics associat ed 
wit h t he mixing process represent  non-ideal ef fect s.  Begin wit h t he t ot al dif ferent ial of  
t he ext ensive Gibbs f ree energy G of  a mixt ure t hat  cont ains r-component s.  For single-
phase behaviour, t here are r+1 degrees of  f reedom, so r+2 independent  variables such as 
t emperat ure T, pressure p, and mole numbers of  each component  in t he mixt ure Ni are 
required for complet e specif icat ion of  an ext ensive t hermodynamic propert y like G in t he 
absence of  st rong ext ernal f ields.  The funct ional dependence of  G and it s t ot al dif ferent ial 
is; 

! 

G T, p,Ni 1"i"r[ ]( )
dG=#SdT+Vdp+ µidNi

i=1

r

$
 

 
From t he previous expression, one employs a Maxwell relat ions t o obt ain t he pressure 
dependence of  t he chemical pot ent ial µi of  species i in t he mixt ure, because second mixed 
part ial derivat ives of  exact  dif ferent ials like G do not  depend on t he order in which 
dif ferent iat ion is performed.  Hence; 
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where V is t he ext ensive volume of  t he mixt ure and t he quant it y on t he far right  side of  
t he previous equat ion is t he part ial molar volume of  species i in t he mixt ure.  Int egrat ion 
of  part ial molar volumes wit h respect  t o pressure yields t he ef fect  of  pressure on t he 
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chemical pot ent ial of  species i in t he mixt ure, whereas int egrat ion of  ideal gas molar 
volumes of  pure mat erials ( i.e., RT/ p)  wit h respect  t o pressure yields t he ef fect  of  low-
pressure condit ions on pure-component  chemical pot ent ials.  The overall object ive is t o 
const ruct  t he following chemical pot ent ial dif ference at  non-ideal pressure p, which is 
required for t he ext ensive Gibbs f ree energy of  mixing ΔGmixing and subsequent  evaluat ion 
of  t he ent halpy of  mixing; 

!  

µi,mixture p( ) " µi,pure p( )

#Gmixing = Ni µi,mixture p( ) " µi,pure p( ){ }
i=1

r

$  

 
This chemical pot ent ial dif ference, µi,mixt ure(p)  - µi,pure(p) , is formulat ed by convenient ly 
considering species i in t he mixt ure, and as a pure component , at  bot h non-ideal pressure 
p and low pressure p* , where p*  corresponds t o ideal condit ions; 
 

!  

µi,mixture p( ) " µi,pure p( ) =

µi,mixture p( ) " µi,mixture p
# $ 0( )[ ]

+ µi,mixture p
# $ 0( ) " µi,pure xi p

# $ 0( )[ ]
+ µi,pure xi p

# $ 0( ) " µi,pure p
# $ 0( )[ ]

" µi,pure p( ) " µi,pure p
# $ 0( )[ ]

 

 
where xi represent s t he mole f ract ion of  species i in t he mixt ure at  part ial pressure xip* .  
The f irst  t erm on t he right  side of  t he previous equat ion is obt ained by int egrat ing t he 
part ial molar volume of  species i wit h respect  t o pressure f rom ideal gas condit ions at  
pressure p*  t o non-ideal pressure p.  The second t erm vanishes because t he part ial 
pressure of  species i in t he mixt ure ( i.e., xip* )  mat ches t he t ot al pressure of  pure 
component  i under ideal gas condit ions.  The t hird t erm is evaluat ed by int egrat ing t he 
ideal gas molar volume of  pure-component  i ( i.e., RT/ p)  wit h respect  t o pressure bet ween 
t he low-pressure limit s of  p*  and xip* .  The fourt h t erm is evaluat ed by int egrat ing t he 
pure-component  molar volume of  species i, vi, wit h respect  t o pressure f rom ideal gas 
condit ions at  p*  t o non-ideal condit ions at  p.  Since vi is not  equivalent  t o RT/ p over t he 
ent ire range of  operat ing pressures, t he desired result  for t he chemical pot ent ial 
dif ference of  species i in t he mixt ure vs. t he undilut ed st at e at  non-ideal pressure p is; 
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! 

µi,mixture p( )"µi,pure p( ) = RTln xi + Vi " vi( )
p#$0

p

% dp 

 
Non-ideal ef fect s of  mixing are cont ained in t he second t erm on t he right  side of  t he 
previous equat ion.  This cont ribut ion vanishes for ideal solut ions because t he part ial molar 
volume of  species i in t he mixt ure is equivalent  t o it s pure-component  molar volume at  all 
operat ing pressures, provided t hat  ideal condit ions exist s f rom p*  t o p.  Condensed phase 
act ivit y coef f icient s γi summarize non-ideal mixing ef fect s as follows; 
 

!  

RT ln" i = Vi # vi( )
p$%0

p

& dp 

 
This def init ion is consist ent  wit h t he fact  t hat  γi ⇒ 1 describes ideal solut ion behaviour 
because t he part ial molar volume of  mixing ( i.e., dif ference bet ween part ial molar volume 
and pure-component  molar volume) vanishes for each component .  Focusing on t he 
ext ensive Gibbs f ree energy of  mixing, dividing t he expression by t he t ot al number of  
moles of  all species present , and ident ifying t he mole f ract ion of  species i as xi = Ni/ NTot al, 
one arrives at  t he molar Gibbs f ree energy of  mixing for non-ideal solut ions; 
 

!  

" gmixing =
" Gmixing

NTotal

= xi µi,mixture p( ) #µi,pure p( ){ }
i=1

r

$ = xi Gi # gi{ }
i=1

r

$ = RT xi ln xi + ln%i{ }
i=1

r

$  

 
Terms t hat  cont ain γi represent  t he non-ideal cont ribut ion t o ΔgMixing.  The molar ent halpy 
of  mixing for t hese non-ideal solut ions is obt ained by adding TΔsMixing t o t he previous 
expression for ΔgMixing.  Based on t he t ot al dif ferent ial of  t he ext ensive Gibbs f ree energy of  
a mult icomponent  mixt ure, MaxwellÕs relat ions reveal t hat  t he t emperat ure dependence of  
t he chemical pot ent ial of  species i yields t he part ial molar ent ropy of  species i; 
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Analogously, t he t emperat ure dependence of  t he chemical pot ent ial of  pure-component  i 
yields it s molar ent ropy.  Hence, t he molar ent ropy of  mixing ΔsMixing in non-ideal solut ions 
can be obt ained by t aking t he t emperat ure derivat ive of  ΔgMixing at  const ant  pressure and 
mixt ure composit ion.  Since act ivit y coef f icient s depend on t emperat ure, pressure and 
composit ion, t he f inal result  for ΔsMixing is; 
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Act ivit y coef f icient  t erms in t he previous equat ion represent  t he non-ideal cont ribut ion t o 
ΔsMixing.  For example, if  lnγi varies inversely wit h t emperat ure for each component  in t he 
mixt ure, t hen t he non-ideal cont ribut ion t o t he ent ropy of  mixing vanishes and all non-
ideal ef fect s are ent halpic, as illust rat ed below.  Now, it  should be obvious t hat  ideal 
solut ions are at hermal because t he ideal cont ribut ions t o ΔgMixing and ÐTΔsMixing are ident ical, 
yielding {ΔhMixing} Ideal = 0.  The molar ent halpy of  mixing ΔhMixing in non-ideal solut ions is 
calculat ed by adding ΔgMixing and TΔsMixing.  One obt ains t he following result ; 
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If  t he act ivit y coef f icient  for each component  is t emperat ure-independent , t hen all non-
ideal solut ion ef fect s are ent ropic in origin.  Similar conclusions about  t he t emperat ure 
dependence of  t he Flory-Huggins int ermolecular int eract ion paramet er χ in polymer-
solvent  mixt ures, based on it s ent halpic vs. ent ropic origin, are provided on page#17 of  
t his chapt er.  Of  part icular import ance here, one est imat es t he molar ent halpy of  mixing in 
non-ideal solut ions when t he part ial molar volume of  mixing for each component  depends 
on composit ion, but  not  t emperat ure and pressure.  Under t hese condit ions, t here is a 
st raight forward relat ion bet ween ΔhMixing and t he molar volume change upon mixing, as 
illust rat ed below; 
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!  
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At  t he macroscopic level of  descript ion, one concludes t hat  mixt ures experience volume 
cont ract ion relat ive t o linear addit ivit y when heat s of  solut ion are exot hermic.  The lat t ice-
f luid t heory of  Sanchez and Lacombe is consist ent  wit h t his conclusion f rom classical 
t hermodynamic analyses of  non-ideal mixt ures. 
 

Prob lem # 1  
St at ist ical analysis of  at hermal binary mixt ures t hat  cont ain t rimers and hexamers yields 
t he following expression for t he number of  dist inguishable ways ( i.e., t he mult iplicit y of  
st at es)  t o place molecules on a lat t ice of  f ixed size.  Trimers occupy t hree adjacent  lat t ice 
sit es and hexamers require six adjacent  sit es.  The mult iplicit y of  st at es is; 
 

! 

ln" = 3Ntrimer +6Nhexamer( ) ln 3Ntrimer +6Nhexamer{ } #5Nhexamer 1#
2
5 ln z( )#2Ntrimerz z#1( )  

 
where Ω describes t he number of  dist inguishable ways of  arranging t hese molecules on 
t he lat t ice, Nt rimer is t he number of  t rimers, Nhexamer is t he number of  hexamers, and z is t he 
lat t ice coordinat ion number ( i.e., t he number of  nearest  neighbor sit es t hat  surround each 
lat t ice sit e) .  Hint :  The t ot al number of  lat t ice sit es is 3Nt rimer + 6Nhexamer. 
 
(a) Obt ain an expression for t he volume f ract ion of  t rimers ϕt rimer in t erms of  Nt rimer and 

Nhexamer. 
 
Answer: ϕt rimer = 3Nt rimer /  {3Nt rimer + 6Nhexamer}  
 

(b)  Obt ain an expression for t he volume f ract ion of  hexamers ϕhexamer in t erms of  Nt rimer 
and Nhexamer. 
 
Answer: ϕhexamer = 6Nhexamer /  {3Nt rimer + 6Nhexamer}  

 
(c)  Obt ain an expression for t he conformat ion ent ropy of  mixing per mole of  lat t ice 

sit es. 
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All t erms in t he mult iplicit y expression t hat  cont ain lat t ice coordinat ion number z af fect  
t he combinat orial ent ropy via klnΩ, similar t o t he Flory-Huggins lat t ice, but  t he f inal 
expression for t he ent ropy of  mixing does not  depend on any lat t ice st ruct ural paramet ers 
t hat  are required t o simulat e t he mixing process. 

 
Prob lem # 2  
For inf init ely dilut e solut ions t hat  cont ain ext remely high-molecular-weight  polymer 
molecules, t he Flory-Huggins t hermodynamic int eract ion paramet er, per solvent  molecule 
or lat t ice sit e, exhibit s t he following t emperat ure dependence; 
 

! 

" = #0.25+
250

T 0 K( )  

 
(a) At  what  t emperat ure is phase separat ion init iat ed? 

 
Answer: 
The spinodal point  corresponds t o χ = 0.5 for t he condit ions described in t he 
problem st at ement .  Homogeneous solut ions t hat  do not  exhibit  spinodal 
decomposit ion require χ t o be less t han 0.5, whereas phase separat ion will occur if  χ 
is great er t han 0.5.  Hence, t he t emperat ure range where phase separat ion occurs 
is described by; 
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" =#0.25+
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T

0
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$ 0.5

T
0
K( ) % 250

0.75
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(b)  Does t he t emperat ure, calculat ed in part  (a) , represent  an upper or lower crit ical 
solut ion t emperat ure? 
 
Answer: 
Since phase separat ion occurs below 3330K, it  is described as an upper crit ical 
solut ion t emperat ure. 

 
(c)  Consider each t erm in t he t emperat ure-dependent  expression for χ and det ermine if  

it  arises f rom ent halpic int eract ions, ent ropic int eract ions, or some combinat ion 
t hereof . 
 
Answer: 
The int eract ion f ree energy of  mixing, per t ot al moles of  bot h component s in 
solut ion, is proport ional t o t he product  of  χ and T, as well as some composit ion-
dependent  fact ors.  As illust rat ed earlier in t his chapt er, st andard t hermodynamic 
formalism yields; 
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 Hence, t he fact or of  Ð0.25, which is dimensionless, cont ribut es favourably t o t he 

ent ropy of  mixing.  The t emperat ure-dependent  t erm t hat  cont ains a coef f icient  of  
250, wit h dimensions of  Kelvin, cont ribut es t o t he ent halpy of  mixing.  The mixing 
process is endot hermic because t he ent halpy of  mixing is always posit ive, except  at  
t he pure-component  limit s where eit her t he solvent  mole f ract ion or t he polymer 
volume f ract ion vanishes.  If  one describes t he mixing process by a chemical 
react ion, wit h pure component s as react ant s on t he lef t  side of  t he react ion, and 
t he homogeneous mixt ure as t he product  on t he right  side, t hen t he equilibrium 
const ant  for t his process increases at  higher t emperat ure, as expect ed for 
endot hermic react ions.  This is consist ent  wit h t he fact  t hat  t he proposed 
t emperat ure-dependent  expression for χ describes endot hermic mixing in which t he 
solvat ion power of  t he solvent  increases at  higher t emperat ure unt il one achieves a 
homogeneous solut ion above t he UCST ( i.e., T $ 3330K). 

 
(d)  Repeat  t he f irst  t hree part s of  t his problem if  t he t emperat ure-dependence of  t he 

Flory-Huggins int eract ion paramet er is given by; 
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!  

" = 0.75#
200
T

0
K( )  

Answer: 
The nat ure of  t he polymer-solvent  int eract ions and t he t ype of  solut ion phase 
behaviour have signif icant  ef fect s on t he sign of  bot h coef f icient s in t he proposed 
t emperat ure-dependent  expression for χ.  Now, homogeneous solut ions exist  below 
8000K, which is a lower crit ical solut ion t emperat ure because phase separat ion 
occurs at  higher t emperat ures.  Polymer-solvent  int eract ions have an adverse ef fect  
on t he ent ropy of  mixing, based on t he posit ive t emperat ure-independent  t erm ( i.e., 
0.75)  in t he expression for χ.  Mixing occurs exot hermically at  all t emperat ures, as 
described by t he t emperat ure-dependent  t erm, but  t he solvat ion power of  t he 
solvent  decreases at  higher t emperat ure.  This is apparent  f rom t he proposed 
expression, because at  higher t emperat ure ( i)  t he ent halpic cont ribut ion t o χ 
becomes less signif icant , ( ii)  χ increases, and ( iii)  χ exceeds t he crit ical value of  0.5  
at  8000K where t he f irst  evidence of  phase separat ion occurs.  


