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Abstract

The theoretical development for one-dimensional, coupled migration of solutes with different ionic

mobilities through clay soils that behave as ion-restrictive membranes, referred to as clay membrane

barriers (CMBs), is presented. The transport formulation is based on principles of irreversible

thermodynamics and accounts explicitly for coupling effects of hyperfiltration (ultrafiltration) and

chemico-osmotic counter-advection associated with clay membrane behavior in the absence of

electrical current. Since, by definition, no solute can enter a ‘‘perfect’’ or ‘‘ideal’’ membrane, the

concept of an implicit coupling effect, such that the effective salt-diffusion coefficient, Ds* approaches

zero as the chemico-osmotic efficiency coefficient, x approaches unity is introduced. The theoretical

development also illustrates that, even in the absence of membrane behavior, traditional advective–

dispersive transport theory based on a constant value of Ds* for the solutes may not be appropriate for

simulating transient transport in reactive (ion exchanging) systems. This potential limitation is

illustrated through simulations for solute mass flux involving the migration of a binary salt solution

(KCl) through a clay barrier with exchange sites saturated with a single exchangeable cation (e.g.,

Na + ) that enters the pore solution upon ion exchange with the salt cation (K + ).
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1. Introduction

Miscible contaminant (i.e., solute) transport is an important consideration with respect

to the design and performance of engineered containment barriers constructed with low-
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permeability soils (e.g., clays). Solute transport analyses for engineered barrier materials,

such as compacted clay liners and soil–bentonite cutoff walls (Fig. 1), typically are

performed using solutions to the advective–dispersive equation (e.g., Shackelford, 1988,

1990; Rabideau and Khandelwal, 1998). In these analyses, the advective term is based on

Darcy’s law for solution flux in response to a hydraulic gradient, and solute diffusion is

described by Fick’s first law for diffusive flux in response to a concentration gradient.

Mechanical dispersion commonly is negligible relative to diffusion for the low-flow

conditions and short distances of transport (V 1 m) typically associated with engineered

containment barriers (Shackelford, 1988; Mitchell, 1993).

Advective–dispersive transport theory represents a limiting case of the more general

coupled flux transport theory in that coupling terms (hyperfiltration, chemico-osmosis) are

assumed to be negligible (Yeung, 1990; Shackelford, 1997). While this assumption is

appropriate in the case of the relatively high flow rate conditions associated with coarse-

grained soils (e.g., aquifers), use of advective–dispersive transport theory for engineered

containment barriers constructed with low-permeability soils may not be appropriate. For

example, the results of several laboratory studies have shown that some clay soils have the

ability to act as semipermeable membranes that restrict the passage of solutes (e.g., Kemper

and Rollins, 1966; Olsen, 1969; Kemper and Quirk, 1972; Fritz andMarine, 1983; Keijzer et

al., 1997; Malusis et al., 2001a). Such membrane behavior also results in chemico-osmosis,

or the movement of liquid in response to a solute concentration gradient (Olsen, 1969, 1985;

Mitchell et al., 1973; Barbour, 1986; Barbour and Fredlund, 1989; Neuzil, 2000).

Models that account for restricted solute transport and/or chemico-osmotic flux

resulting from the presence of soil membrane behavior have been developed (Bresler,

1973; Greenberg et al., 1973; Barbour and Fredlund, 1989; Yeung, 1990; Yeung and

Mitchell, 1993). For example, Bresler (1973) developed a model accounting for chemico-

osmosis during solute migration in unsaturated soils. Barbour and Fredlund (1989) used an

approach similar to that of Bresler (1973) to characterize chemico-osmotic consolidation

in clay soils. However, the diffusive solute flux in both of these models was assumed to be

Fig. 1. Vertical and horizontal containment scenarios (Co>CL) for clay membrane barriers (CMBs) (after Malusis

et al., 2001b; Shackelford et al., 2001).
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governed solely by Fick’s first law and, therefore, salt sieving effects associated with soil

membranes were not explicitly included in the model formulations.

Greenberg et al. (1973) presented a more rigorous transport model based on coupled

flux theory to simulate the transient migration of water and salt (NaCl) in which both

chemico-osmosis and restricted diffusion are included in the formulation. The model was

used to simulate NaCl migration through a groundwater aquitard due to saltwater

(seawater) intrusion. However, Greenberg et al. (1973) did not include electrical coup-

ling or the dissociation of the electrolyte into separate ionic species in the model for-

mulation.

Yeung (1990) and Yeung and Mitchell (1993) developed a model based on principles

of irreversible thermodynamics that describes the simultaneous movement of liquid,

electricity and ions through soil membranes under isothermal conditions. Their model

describes the simultaneous transport of a single cation and a single anion of a strong (i.e.,

fully dissociating) electrolyte, and can be used to evaluate solute transport under the

application of electrical current, such as in the case of electrokinetic remediation.

However, the model is not valid for systems containing multiple cation or anion species,

such as systems in which additional ionic species are introduced into the pore fluid due

to ion exchange of reactive solutes during transient transport (e.g., see Olsen et al.,

2000).

In all of these models, membrane behavior is quantified by a ‘‘chemico-osmotic

efficiency coefficient,’’ x, commonly referred to as the ‘‘reflection coefficient’’ (Staver-

man, 1952; Katchalsky and Curran, 1965) or the ‘‘osmotic efficiency coefficient,’’ r
(Kemper and Rollins, 1966; Olsen et al., 1990). The term chemico-osmosis is used herein

to distinguish chemico-osmosis from other osmotic phenomena, such as electro-osmosis

and thermo-osmosis, and the chemico-osmotic efficiency coefficient is designated herein

as x since r is routinely used in geotechnical and geoenvironmental engineering

applications to designate stress or electrical (specific) conductance (e.g., Mitchell, 1993;

Malusis et al., 2001a,b; Malusis and Shackelford, 2002). However, the x used herein

should not be confused with the ‘‘the coefficient of solute permeability at zero volume

flow’’ as defined by Katchalsky and Curran (1965).

In general, x ranges from zero (x = 0) for nonmembranes to unity (x = 1) for ‘‘perfect’’

or ‘‘ideal’’ membranes. However, clay soils that exhibit membrane behavior typically only

partially restrict the passage of solutes (i.e., 0 <x < 1) and, therefore, are considered

‘‘nonideal’’ membranes (Kemper and Rollins, 1966; Olsen, 1969; Bresler, 1973; Fritz and

Marine, 1983; Olsen et al., 1990; Mitchell, 1993). Nonetheless, the aforementioned model

formulations suggest that membrane behavior may affect solute migration through

engineered clay containment barriers with x>0, herein referred to as clay membrane

barriers (CMBs). Little investigation into the potential effects of membrane behavior on

solute transport through CMBs has been performed. Since the application of the

advective–dispersive equation for solute transport analysis represents a limiting case in

which the potential influence of membrane coupling is ignored (i.e., x = 0), a direct

comparison of solute transport based on advective–dispersive theory versus coupled

solute transport theory that accounts for membrane behavior is needed.

This paper presents the theoretical development for a model that can be used to

simulate transient, one-dimensional, coupled solute transport through reactive (i.e., ion
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exchanging) clay membrane barriers (CMBs). The theory for the model represents an

extension of the theory presented by Yeung (1990) and Yeung and Mitchell (1993) for the

special case in which no electrical current exists across the soil. Coupled solute flux and

transport expressions are compared to traditional advective–dispersive expressions to

illustrate the differences between the two theories and to evaluate the potential implica-

tions of using advective–dispersive theory to model reactive solute transport through a

CMB.

2. Theoretical background

The governing equations for coupled solute transport through a soil are derived from

simultaneous flux equations for water, current, ion and heat migration across a charged

membrane in response to hydraulic, electrical, chemical and thermal gradients, respec-

tively (Katchalsky and Curran, 1965). The flux equations are based on the second law of

thermodynamics adapted for nonequilibrium systems in which irreversible processes

occur. This approach is valid provided that (1) local equilibrium is established, such that

any infinitesimal subsystem of the overall system is in equilibrium, (2) the fluxes are

related linearly to the driving forces and (3) Onsager’s reciprocal law is valid for the

system (Yeung and Mitchell, 1993).

The linear relationship between fluxes Ji and driving forces Xi is expressed mathemati-

cally as follows:

Ji ¼
XN
j¼1

LijXj ð1Þ

where i = 1, 2,. . . N and Lij are phenomenological coefficients that relate the flux of type i

to the gradient of type j. In general, a system with N fluxes and driving forces contains N 2

phenomenological coefficients that must be evaluated. However, this matrix of coefficients

can be considered symmetric in accordance with Onsager’s reciprocal law, or

Lij ¼ Lji ð2Þ

Therefore, the number of independent coefficients is reduced from N2 to [(N + 1)N]/2.

The validity of Eq. (2) with respect to chemical coupling and electrical coupling in soil

systems has been demonstrated experimentally by Abd-el-Aziz and Taylor (1965) and

Olsen (1969).

2.1. Conceptual framework

The thermodynamics associated with the movement of water, current, ions and heat in a

soil system is based on a simple conceptual model that consists of two compartments

separated by a homogeneous charged membrane of thickness L, as shown in Fig. 2. Each

compartment may contain a different pressure (P), electrical potential (W), chemical

potential (l) and/or solution temperature (T), such that hydraulic, electrical, chemical and
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thermal gradients, respectively, are maintained across the membrane. However, no

gradients exist in either compartment (Katchalsky and Curran, 1965; Yeung, 1990).

The system in Fig. 2 can be considered as either a continuous or discontinuous system

for the purpose of describing the dissipation of free energy due to irreversible processes.

The state variables in a continuous system are functions of both time and space, and the

driving forces at any point within a continuous system are represented by the gradients of

the state variables at that location and a given time. Conversely, the state variables in a

discontinuous system are only functions of space. In practical terms, the continuous

approach includes the transient case, whereas the discontinuous approach represents only

the steady-state case (i.e., the gradient of each state variable is constant throughout the

membrane). A continuous system is considered in this study in accordance with Yeung

(1990).

2.2. Coupled flux equations

The rate of dissipation of free energy by irreversible processes in a continuous, one-

dimensional soil membrane is described by the dissipation function, U[M L� 1 t� 3], that

can be written for isothermal conditions as follows (Katchalsky and Curran, 1965; Yeung,

1990):

U ¼ �q
BP

Bx
� I

BW
Bx

�
XN
i¼1

J d
i

Blc
i

Bx
ð3Þ

where q is liquid flux [L t� 1], P is the liquid pressure [M L � 1 t � 2], I is electrical current

[C�L� 2 t� 1], W is electrical potential [V], Ji
d is the molar diffusive flux of solute i [mol

L� 2 t� 1], li
c is the chemical potential of solute i [M L2 mol � 1 t � 2] and the variable N in

the summation represents the total number of solutes in the system.

The dissipation function in Eq. (3) assumes the following general form in terms of

fluxes Ji and driving forces Xi:

U ¼
XN
i¼1

JiXi ð4Þ

Fig. 2. Conceptual framework for soil –water–electrolyte system (after Yeung, 1990).
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Therefore, a set of N-coupled flux equations for a system containing M ( =N� 2) ionic

species in accordance with the postulate of linear phenomenological equations (Eq. (1))

may be written as follows:

q ¼ �L11
BP

Bx
� L12

BW
Bx

�
XM
i¼1

L1;iþ2

Blc
i

Bx
ð5aÞ

I ¼ �L21

BP

Bx
� L22

BW
Bx

�
XM
i¼1

L2;iþ2

Blc
i

Bx
ð5bÞ

J d
j ¼ �Ljþ2;1

BP

Bx
� Ljþ2;2

BW
Bx

�
XM
i¼1

Ljþ2;iþ2

nDj*cj

RT

Blc
j

Bx
; j ¼ 1; 2; . . . ; M ð5cÞ

Eqs. (5a)–(5c) represent the most general case for coupled fluxes under isothermal

conditions. The degree of complexity associated with the solution of these equations is

related to the number of solutes that are present in the system, i.e., an increase in the

number of solutes in a system increases the number of coefficients Lij that must be

evaluated, as well as the number of equations necessary to define the system. As a result,

most previous theoretical developments of coupled flux equations have been limited to

migration of a single salt (Abd-el-Aziz and Taylor, 1965; Groenevelt and Bolt, 1969;

Olsen, 1969; Greenberg et al., 1973; Groenevelt and Elrick, 1976; Yeung, 1990; Yeung

and Mitchell, 1993).

For example, Yeung (1990) and Yeung and Mitchell (1993) present coupled flux

equations for a soil system containing a single anion and a single cation of a strong (i.e.,

fully dissociating), binary electrolyte (e.g., NaCl). In this case, M = 2 and the coupled flux

equations are written as follows based on Eqs. (5a)–(5c):

q ¼ �L11
BP

Bx
� L12

BW
Bx

� L13
Blc

c

Bx
� L14

Blc
a

Bx
ð6aÞ

I ¼ �L21
BP

Bx
� L22

BW
Bx

� L23
Blc

c

Bx
� L24

Blc
a

Bx
ð6bÞ

J dc ¼ �L31
BP

Bx
� L32

BW
Bx

� L33
Blc

c

Bx
� L34

Blc
a

Bx
ð6cÞ

J da ¼ �L41
BP

Bx
� L42

BW
Bx

� L43
Blc

c

Bx
� L44

Blc
a

Bx
ð6dÞ

where subscripts c and a represent the cation (solute 1) and anion (solute 2), respectively.
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2.3. Phenomenological coefficients, Li j

Yeung (1990) and Yeung and Mitchell (1993) also provide a detailed derivation of the

relationships between the phenomenological coefficients Lij and measurable soil param-

eters. These relationships, written herein with respect to the total cross-sectional area of the

soil, are as follows (Yeung, 1990):

L11 L12 L13 L14

L21 L22 L23 L24

L31 L32 L33 L34

L41 L42 L43 L44

2
666666664

3
777777775

¼

kh
cw
þ k2e

nre*
ke � xk hCc

cw
þ keCcuc*

re*
� xk hCa

cw
� keCaua*

re*

ke nre* nCcuc* �nCaua*

� xk hCc

cw
þ keCcuc*

re*
nCcuc*

nDc*Cc

RT
0

� xk hCa

cw
� keCaua*

re*
�nCaua* 0 nDa*Ca

RT

2
6666666664

3
7777777775

ð7Þ

where kh is hydraulic conductivity [L t � 1], cw is the unit weight of water [M t � 2 L� 2], ke
is electro-osmotic conductivity [L2 t � 1 V � 1], re* is the effective electrical conductivity of

the porous medium [C�t� 1 L� 1 V � 1], C is molar solute concentration [mol�l � 3], u* is

effective ionic mobility [L2 t � 1 V � 1], D* is the effective self-diffusion coefficient [L2

t � 1], R is the universal gas constant [8.314 J/mol�K], T is the absolute temperature [T], n is

the total soil porosity and the subscripts a and c represent the anion and cation,

respectively. The ‘‘effective’’ coefficients (i.e., u*, D*, re*) account for the tortuous nature
of the pathways for solute migration in soil systems and are related to the coefficients in

free solution as follows (Alshawabkeh and Acar, 1996):

re* ¼ sareo; u* ¼ sauo; D* ¼ saDo ð8Þ

where sa is the dimensionless apparent tortuosity factor (0 < sa < 1) as defined by

Shackelford and Daniel (1991).

Since Eqs. (6a)–(6d) are based on the explicit assumption that only one cation species

and one anion species are migrating through the porous medium, the formulation of Yeung

(1990) and Yeung and Mitchell (1993) is valid only when (a) no additional solutes are

present in the porous medium, (b) there is no net exchange of either species with the

porous medium (e.g., the cation exchange sites of a clay soil are completely filled with the

transported cation, and the anion is not sorbed) or (c) steady-state transport has been

reached (i.e., ion exchange processes are complete). These limitations can be significant

with respect to engineered soil containment barriers, considering that contaminant sources

often contain mixtures of chemical species, and ion exchange during transient transport
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through a clay barrier is a common and desirable process for retarding the movement of

potentially harmful chemical species. Thus, a more general coupled flux theory that

includes the coupling mechanisms described by Yeung (1990) and Yeung and Mitchell

(1993) but also accounts for multiconstituent pore fluids that result from ion exchange

processes during transient transport is needed (e.g., see Olsen et al., 2000).

3. Theoretical development

The theory developed by Yeung (1990) and Yeung and Mitchell (1993) can be extended

by accounting for additional ionic species in accordance with the general coupled flux

equations (Eqs. (5a)–(5c)), and by defining the phenomenological coefficients to describe

any solute species. For example, phenomenological coefficient Lj + 2,1 ( = L1, j + 2; see Eq.

(2)) can be defined for any solute j in accordance with Eq. (7) as follows:

Ljþ2;1 ¼ L1; jþ2 ¼
�xCjk h

cw
F

keCjuj*

re*
ð9Þ

where the ‘‘F ’’ term in Eq. (9) is positive if species j is a cation and negative if species j is

an anion. Similarly, the coefficients Lj + 2,2 ( = L2, j + 2) can be defined based on Eq. (7) as

follows:

Ljþ2;2 ¼ L2; jþ2 ¼ FnCjuj* ð10Þ

Finally, the coefficients Lj + 2,i + 2 can be defined as follows:

Ljþ2;iþ2 ¼
0; jp i

nDj*Cj

RT
; j ¼ i

8<
: ð11Þ

Substitution of Eqs. (9)–(11) and the definitions for L11, L21 ( = L12) and L22 given by

Eq. (7) into Eqs. (5a)–(5c) yields the following set of coupled flux equations for M

solutes:

q ¼ � kh

cw
þ k2e

nre*

� �
BP

Bx
� ke

BW
Bx

�
XM
i¼1

� xCikh

cw
F

keCiui*

re*

� �
Blc

i

Bx
ð12aÞ

I ¼ �ke
BP

Bx
� nre*

BW
Bx

�
XM
i¼1

ðFnCiui*Þ
Blc

i

Bx
ð12bÞ

J dj ¼ � � xCjk h

cw
F

keCjuj*

re*

� �
BP

Bx
� ðFnCjuj*Þ

BW
Bx

� nDj*Cj

RT

Blc
j

Bx
;

j ¼ 1; 2; . . . ; M ð12cÞ
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3.1. Coupled flux without electrical current

The specific case involving the influence of membrane behavior on solute transport

through a CMB is illustrated by considering the condition in which no electrical current

exists across the soil (Katchalsky and Curran, 1965). This condition typically is relevant

for engineered containment applications in that most containment systems do not involve

application of an electrical current across the soil barrier. Substitution of I = 0 into Eq.

(12b) and rearrangement yields the following expression for the electrical potential

gradient, BW/Bx, in terms of the hydraulic and chemical gradients:

BW
Bx

I¼0

¼ � ke

nre*

BP

Bx
�
XM
i¼1

F
Ciui*

re*

� �
Blc

i

Bx

 ð13Þ

In addition, for dilute solutions (Yeung, 1990; Yeung and Mitchell, 1993)

Blc
i

Bx
¼ RT

Ci

BCi

Bx
ð14Þ

Thus, substitution of Eqs. (13) and (14) into Eqs. (12a) and (12c) yields the following

set of coupled flux equations for M solutes:

q ¼ qh þ qp ¼ khih þ kpip ¼ � kh

cw

BP

Bx
þ xkh

cw

Bp
Bx

ð15aÞ

J dj ¼ xCjkh

cw

BP

Bx
þ n �Dj*

BCj

Bx
F

Cjuj*

re*
RT
XM
i¼1

ðFui*Þ
BCi

Bx

" #
;

j ¼ 1; 2; . . . ; M ð15bÞ

where qh [L t � 1] represents hydraulic liquid flux in accordance with Darcy’s law, qp

[L t� 1] is chemico-osmotic liquid flux, ih is the hydraulic gradient, ip is the chemico-

osmotic gradient and p represents chemico-osmotic pressure [M L � 2 t� 2] that is related

to the concentration of solutes in dilute solution by the van’t Hoff expression, or

p ¼ RT
XM
i¼1

Ci ð16Þ

The chemico-osmotic liquid flux, qp, in Eq. (15a) represents the flux of liquid across a

soil membrane from a lower solute concentration to a higher solute concentration, i.e.,

opposite to the direction of solute diffusion.

Although the van’t Hoff expression is limited to dilute solutions, Fritz (1986) notes that

the van’t Hoff expression is accurate to within 5% for solutions containing monovalent

salts (e.g., NaCl) at concentrations up to 1 M. Since clays typically exhibit membrane

behavior only at solute concentrations < 1 M (e.g., Kemper and Rollins, 1966; Kemper

and Quirk, 1972; Malusis et al., 2001a,b; Shackelford et al., 2001), use of the van’t Hoff

equation is appropriate under the conditions assumed in this development.
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The summation term in Eq. (15b) can be separated into individual summation terms for

the cation and anion species to yield

J dj ¼ xCjk h

cw

BP

Bx
� n Dj*

BCj

Bx
F

Cjuj*

re*
RT Rðu�*Þ

BC�
Bx

� Rðuþ*Þ
BCþ
Bx

� �� �
ð17Þ

where the subscripts ‘‘ + ’’ and ‘‘� ’’ represent cations and anions, respectively. The

effective electrical conductance, re*, also can be expressed in terms of the individual

mobilities of the cations and anions as follows (Alshawabkeh and Acar, 1996):

re* ¼ FðRAz�Au�*C� þ RAzþAuþ*CþÞ ð18Þ

where F is Faraday’s constant ( = 96,500 C/equivalent). Furthermore, the self-diffusion

coefficient is related to the ionic mobility by the Nernst equation, that can be written in

‘‘effective’’ form for diffusion in soil as follows (Alshawabkeh and Acar, 1996):

Dj* ¼ uj*RT

FAzjA
ð19Þ

Substitution of Eqs. (18) and (19) into Eq. (17) yields the following diffusive flux

expression:

J dj ¼ xCjk h

cw

BP

Bx

� n Dj*
BCj

Bx
FDj*CjAzjA

�
RD�*Az�A BC�

Bx
� RDþ*AzþA BCþ

Bx

�
RD�*Az�A2C� þ RDþ*AzþA2Cþ
� �

" #
ð20Þ

3.2. Salt-diffusion coefficients

The effective diffusion coefficients, D*, in Eq. (20) are self-diffusion coefficients

based on the individual mobility of each species without regard to the requirement for

electroneutrality in solution (e.g., see Yeung, 1990). However, diffusive migration of

ionic species in a typical waste containment scenario represents a mutual or salt-

diffusion process whereby ions travel together in the same direction through the soil

(Shackelford and Daniel, 1991). The ‘‘F ’’ term in Eq. (20) represents the interaction

among multiple ionic species during salt diffusion. This interaction is characterized by

electrical potential gradients generated between the cations and anions in response to

different ionic mobility of each species, which slows the faster-moving ions and

speeds the slower moving ions (Robinson and Stokes, 1959; Shackelford and Daniel,

1991).

Vinograd and McBain (1941) developed a general expression for the salt-diffusion

coefficient of an ionic species in a free solution, Dsj, containing multiple solutes as a
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function of the self-diffusion coefficients of all species in the solution. This expression can

be written for one-dimensional diffusion in soil as follows (see Appendix A):

Dsj* ¼ saDsj ¼ Dj*F
Dj*CjAzjA

BCj

ðRD�*Az�ABC� � RDþ*AzþABCþÞ
ðRD�*Az�A2C� þ RDþ*AzþA2CþÞ

� �
ð21Þ

Substitution of Eq. (21) into Eq. (20) yields the final expression for the diffusive solute

flux of any solute species j in a soil system containing M solutes as follows:

J d
j ¼ xCjk h

cw

BP

Bx
� nDs j*

BCj

Bx
ð22Þ

The first term in Eq. (22) represents a diffusive coupling term that arises due to the soil

membrane behavior, while the second term represents traditional diffusion in the form of

Fick’s first law. The diffusive coupling term has been termed salt sieving (McKelvey and

Milne, 1962; Groenevelt et al., 1980), hyperfiltration (de Marsily, 1986) and streaming

current (Mitchell, 1993). The form of Eq. (22) is essentially the same as that previously

reported by Groenevelt et al. (1980), although their approach in arriving at Eq. (22) differs

substantially from the current approach. If the soil exhibits no membrane behavior, then

x = 0, and Eq. (22) reduces to the traditional form of Fick’s first law, or

J dj
x¼0

¼ �nDs j*
BCj

Bx

 ð23Þ

The effective diffusion coefficient in Fick’s first law typically is assumed to be constant

for a given porous medium and solute, provided that the medium is homogeneous.

However, Eq. (21) indicates that Dsj* is a function of the absolute concentration and

concentration gradient of each solute, as well as the self-diffusion coefficient of each

solute. Therefore, the value of Dsj* is influenced by interactions among species j and all

other ionic species in solution, and these interactions tend to be dominated by the species

with greater concentration and/or concentration gradient. In practical terms, Eq. (21)

suggests that Dsj* may vary with both time and location within a homogeneous medium

during transient transport.

3.3. Total coupled solute flux

The total flux of a solute species j, or Jj [mol�L� 2 t � 1], in a soil (neglecting

mechanical dispersion) is represented by the combined processes of advection and

diffusion, or

Jj ¼ J aj þ J dj ¼ qCj þ J dj ð24Þ
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where Jj
a is the advective flux [mol�L� 2 t � 1]. For the case of soils exhibiting membrane

behavior, the general expression for Jj is obtained by substituting Eqs. (15a) and (22) into

Eq. (24) to yield (e.g., see Mitchell, 1993):

Jj ¼ ð1� xÞqhCj þ qpCj � nDsj*
BCj

Bx
ð25Þ

The first term in Eq. (25) represents the advective term that is reduced by a factor of

(1�x) due to the membrane behavior of the soil. In physical terms, the factor (1�x) is

considered to represent the process of hyperfiltration whereby solutes are filtered out of

solution as the solution passes through the membrane under a hydraulic gradient (e.g., see

Fritz and Marine, 1983). The second term in Eq. (25) represents counter-advection of

solutes due to chemico-osmosis that occurs opposite to the direction of solute diffusion

and also is opposite to the direction of the hydraulic liquid flux in a typical containment

scenario. The remaining term in Eq. (25) represents solute diffusion in the form of Fick’s

first law. Under the condition that the soil does not exhibit membrane behavior (i.e.,

x = 0), qp = 0, and Eq. (25) reduces to the form of the traditional advective–diffusive

solute flux, or

Jj
x¼0

¼ qhCj � nDsj*
BCj

Bx

 ð26Þ

3.4. Coupled solute transport

The governing partial differential equations (PDE) for one-dimensional, coupled

transport of an ionic species, j, under transient conditions is obtained by substituting

Eq. (26) into the following mass balance expression, or

BQj

Bt
¼ �jJj ¼ � B

Bx
ð1� xÞqhCj þ qpCj � nDsj*

BCj

Bx

� �
ð27Þ

where Qj [mol�L� 3] represents the total moles (aqueous plus solid (adsorbed) phases) of

species j per unit total volume of porous medium (i.e., solids plus voids), that can be

expressed as

Qj ¼ ðnþ qdKdjÞCj ð28Þ

where qd is the dry density of the soil [M L� 3], and Kdj is the distribution coefficient

[L3 M � 1] that accounts for linear, reversible and instantaneous partitioning of species j

between the soil solids and the aqueous solution. Assuming steady hydraulic liquid flux

(i.e., qh = constant) through a homogeneous, incompressible soil (i.e., n = constant), Eq.

(27) can be written as follows upon substitution of Eq. (28):

Rdj

BCj

Bt
¼ ðx � 1Þvh

BCj

Bx
� vp

BCj

Bx
� Cj

Bvp

Bx
þ Dsj*

B
2Cj

Bx2
þ BDsj*

Bx

BCj

Bx
ð29Þ
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where vh is the hydraulic seepage velocity ( = qh/n), vp is the chemico-osmotic seepage

velocity ( = qp/n), and Rdj represents the retardation factor of species j (Freeze and Cherry,

1979), or

Rdj ¼ 1þ qdKdj

n
ð30Þ

The value of Rdj for nonreactive (nonadsorbing) solutes (e.g., Cl � ) is unity (i.e.,

Rd = 1), whereas Rdj for reactive (adsorbing) solutes is greater than unity (i.e., Rd>1). In

general, the Rdj values in Eqs. (29) and (30) should explicitly account for the competition

among cations for the available exchange sites (e.g., see Charbeneau, 1981, 1982).

3.5. Coupled solute transport with ion exchange for a single exchangeable cation

The primary advantage of the model presented herein relative to the model developed

by Yeung (1990) and Yeung and Mitchell (1993) is the ability to simulate the more general

and typically more appropriate case of salt migration through a clay membrane barrier in

which the cation species is reactive (i.e., Rd>1) and, thus, undergoes ion exchange at the

clay particle surfaces. For example, consider the simplified case of coupled flux for a

single cation (c) and anion (a) of a strong (i.e., fully dissociating) salt through a clay–

water system where the exchange sites of the clay particles are filled with a single

exchangeable cation species (x) that may enter the solution phase as a result of ion

exchange with the salt cation. In this analysis, the salt anion is assumed to be nonreactive

(i.e., Rda = 1). The resulting total flux equations for the individual cation and anion species,

in accordance with Eq. (25), are as follows:

Jc ¼ ð1� xÞqhCc � qpCc � nDsc*
BCc

Bx
ð31aÞ

Ja ¼ ð1� xÞqhCa � qpCa � nDsa*
BCa

Bx
ð31bÞ

Jx ¼ ð1� xÞqhCx � qpCx � nDsx*
BCx

Bx
ð31cÞ

where, in accordance with Eqs. (15a) and (16),

qp ¼ xkh

cw
RT

BCc

Bx
þ BCa

Bx
þ BCx

Bx

� �
ð32Þ

and, based on Eq. (21), the effective salt-diffusion coefficients are as follows:

Dsc* ¼ saDsc

¼ sa Dc þ
DcCcAzcA

BCc

ðDaAzaABCa � DcAzcABCc � DxAzxABCxÞ
ðDaAzaA2Ca þ DcAzcA2Cc þ DxAzxA2CxÞ

� �
ð33aÞ
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Dsa* ¼ saDsa

¼ sa Da �
DaCaAzaA

BCa

ðDaAzaABCa � DcAzcABCc � DxAzxABCxÞ
ðDaAzaA2Ca þ DcAzcA2Cc þ DxAzxA2CxÞ

� �
ð33bÞ

Dsx* ¼ saDsx

¼ sa Dx þ
DxCxAzxA

BCx

ðDaAzaABCa � DcAzcABCc � DxAzxABCxÞ
ðDaAzaA2Ca þ DcAzcA2Cc þ DxAzxA2CxÞ

� �
ð33cÞ

The resulting governing equations for transport of the salt cation and salt anion, based

on Eq. (29), are as follows:

Rdc

BCc

Bt
¼ ðx � 1Þvh

BCc

Bx
� vp

BCc

Bx
� Cc

Bvp

Bx
þ Dsc*

B
2Cc

Bx2
þ BDsc*

Bx

BCc

Bx
ð34aÞ

BCa

Bt
¼ ðx � 1Þvh

BCa

Bx
� vp

BCa

Bx
� Ca

Bvp

Bx
þ Dsa*

B
2Ca

Bx2
þ BDsa*

Bx

BCa

Bx
ð34bÞ

where, in accordance with Eq. (32),

vp ¼ qp

n
¼ xkh

ncw
RT

BCc

Bx
þ BCa

Bx
þ BCx

Bx

� �
ð35Þ

The pore-fluid concentration of the exchangeable cation Cx at any location and time can

be determined based on the solution of Eqs. (34a) and (34b) using the following

requirement for electroneutrality in solution:

Cx ¼
CaAzaA� CcAzcA

AzxA
ð36Þ

Concentration profiles for the three ionic species may be obtained by simultaneous

solution of (Eqs. (34a) Eqs. (34b) Eqs. (36) using a numerical method, and can be used in

conjunction with Eqs. (31a)–(31c) to evaluate the total flux of each species for a given

time and location in the system.

The approach described above is valid provided that the exchange sites of the clay are

filled with a single cation species. In reality, most clay soils contain multiple species of

exchangeable cations. For example, while many processed, commercially available

bentonites are considered sodium bentonites, these soils typically contain an appreciable

amount of other exchangeable cations, such as Ca2 + and Mg2 + (Stern and Shackelford,

1998; Shackelford et al., 2000). However, these divalent cations tend to be attracted more

strongly to the soil surface than sodium due to the higher charge and, as a result, typically

are not as readily exchangeable as sodium (Mitchell, 1993). A more rigorous analysis that
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includes the potential contribution of multiple exchangeable cations could be performed

by expanding the definition of qp (Eq. (32)), expanding the electroneutrality constraint

(Eq. (36)), and incorporating retardation factors that account for competition among

cations for the exchange sites, such as described by Charbeneau (1981, 1982). Such rigor

results in a more complex model that requires more input parameters.

3.6. Solute transport without membrane behavior

For nonmembrane behavior, the chemico-osmotic efficiency coefficient is zero (i.e.,

x = 0). Thus, chemico-osmotic liquid flux does not occur (i.e., qp = vp = 0) and, con-

sequently, Bvp/Bx = 0. In this case, the resulting expressions for total flux of the salt cation,

salt anion, and exchangeable cation from Eq. (26) are given as follows:

Jc
x¼0

¼ qhCc � nDsc*
BCc

Bx

 ð37aÞ

Ja
x¼0

¼ qhCa � nDsa*
BCa

Bx

 ð37bÞ

Jx
x¼0

¼ qhCx � nDsx*
BCx

Bx

 ð37cÞ

Similarly, from Eqs. (34a) and (34b), the transport equations for the salt cation (Rdc>1)

and salt anion (Rda = 1) are given as follows:

Rdc

BCc

Bt
x¼0

¼ vh
BCc

Bx
þ Dsc*

B
2Cc

Bx2
þ BDsc*

Bx

BCc

Bx

 ð38aÞ

BCa

Bt
x¼0

¼ vh
BCa

Bx
þ Dsa*

B
2Ca

Bx2
þ BDsa*

Bx

BCa

Bx

 ð38bÞ

Eqs. (38a) and (38b) represent advective–dispersive transport, but are nonlinear

equations that must be solved numerically due to the variable nature of the effective

salt-diffusion coefficients, Dsc* and Dsa* , resulting from the presence of the desorbed

exchangeable cation species (see Eqs. (33a) and (33b)). As steady-state transport is

approached, ion exchange becomes complete and the exchangeable cation species

eventually disappears from the soil (i.e., as t!l, Cx! 0). As a result, the electro-

neutrality constraint (Eq. (36)) at steady state reduces to

ðCaAzaAÞss ¼ ðCcAzcAÞss ð39Þ

or, in differential form,

ðBCaAzaAÞss ¼ ðBCcAzcAÞss ð40Þ
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where the subscript ‘ss’ represents steady state. Substitution of Eqs. (39) and (40) along

with Cx=BCx = 0 into Eqs. (33a) and (33b) reveals that

ðDsc*Þss ¼ ðDsa*Þss ¼ Ds* ð41Þ
where Ds* is given by the Nernst–Einstein equation (Shackelford, 1989), or

Ds* ¼ saDs ¼
Dc*Da*ðAzaAþ AzcAÞ
ðDa*AzaAþ Dc*AzcAÞ

ð42Þ

Thus, Ds* is the same for both the cation and anion and is a constant value, provided that

the apparent tortuosity factor, sa, is constant for the porous medium.

In ion exchanging systems, Eq. (42) and, therefore, Eqs. (38a) and (38b) are valid only

after ion exchange processes are complete (i.e., at steady state). However, a common

assumption in traditional advective–dispersive solute transport analyses is that the values

of Dsc* and Dsa* in Eqs. (38a) and (38b) can be represented by Ds* during transient

transport. If Ds* is constant, then BDs*/Bx = 0, and Eqs. (38a) and (38b) reduce to the

traditional one-dimensional, advective–diffusive solute transport equations, or

Rdc

BCc

Bt
x¼0

¼ vh
BCc

Bx
þ Ds*

B
2Cc

Bx2

 ð43aÞ

BCa

Bt
x¼0

¼ vh
BCa

Bx
þ Ds*

B
2Ca

Bx2

 ð43bÞ

The primary advantage of Eqs. (43a) and (43b) relative to Eqs. (38a) and (38b) is that

closed-form analytical solutions of Eqs. (43a) and (43b) are available for a variety of initial

and boundary conditions.

For example, the analytical solution for time-dependent diffusive flux (i.e., vh = 0) of

solute j [M L� 2 t � 1] at the exit boundary of a soil (i.e., at x = L) based on a constant source

concentration [i.e., Cj(x = 0,t) =Coj], perfectly flushing conditions [i.e., Cj(x = L,t) = 0], and

no solutes initially in the soil [i.e., Cj(0 < xV L,t= 0) = 0] is given by Crank (1975) as

follows:

J dj ðL; tÞ
x¼0

¼ nDs*Coj

L
þ 2nDs*Coj

L

Xl
m¼1

cosðmpÞexp � Ds*m
2p2t

Rd jL2

� � ð44Þ

or for advective–diffusive transport (i.e., vh>0) based on Rabideau and Khandelwal (1998)

as follows:

JjðL; tÞ
x¼0

¼ Co j exp
vhL

2Ds*

� �
nvh

2sinh vhL

2Ds*

� �
8><
>:


þ nDs*

2p2

L3

� �Xl
m¼1

ð�1Þ2m2

v2
h

4Ds*
2 þ m2p2

L2

exp
v2h

4Ds*
2
þ Ds*m

2p2

L2

� �
t

Rdj

� �9>=
>;

ð45Þ
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where p is the operational constant ( = 3.14159. . .). Similar initial and boundary conditions

as described above were employed by Greenberg et al. (1973) to describe the coupled

transport of NaCl through a clay aquitard below a saltwater aquifer. The problem geometry

for this situation is analogous to the problem geometry associated with containment of

miscible pollutants with engineered clay barrier materials (Shackelford, 1997). In addition,

the perfectly flushing exit boundary condition is recommended as a conservative approach

for design of vertical barriers, such as cutoff walls (Rabideau and Khandelwal, 1998).

However, as suggested earlier, these analytical solutions do not account for the influence of

interactions among multiple ionic species on the rate of solute diffusion during transient

transport in ion-exchanging systems.

3.7. Comparison of analytical and numerical solutions for x=0

Time-dependent concentration profiles for the salt cation and salt anion based on the

coupled theory can be obtained by solving (Eqs. (34a), (34b), (36)) iteratively using a

numerical approach, such as an implicit-in-time, centered-in-space finite difference

algorithm (e.g., see Malusis, 2001). This solution produces similar results as the analytical

solutions of the advective–dispersive equation given by Eqs. (44) and (45) for the limiting

case in which x= 0, provided that Rd = 1 for the solutes or, if Rd>1 for the salt cation, the

free-solution self-diffusion coefficient for the exchangeable cation, Dox, is equivalent to

the free-solution self-diffusion coefficient for the salt cation, Doc (i.e., Dox =Doc).

For example, consider the transport of a simple salt, such as potassium chloride (KCl),

through a soil containment barrier (L= 1 m) in which chloride (Cl� ) is a nonreactive

solute with Rd = 1 and potassium (K + ) is a reactive solute with Rd = 5. The free-solution

self-diffusion coefficients, Do, for Cl � and K + and the free-solution salt-diffusion

coefficient, Ds, for KCl are given in Table 1 (see Shackelford and Daniel, 1991) along

with resulting values for Do* and Ds* assuming sa = 0.1. Diffusion coefficient values for

Na + and NaCl also are given in Table 1 for comparison. The Ds (or) values in Table 1

essentially represent the mean of the Do (or) values for the individual ionic species.

In this example, the numerical model accounts for desorption of an exchangeable cation

species x that replaces the reactive K + in solution to satisfy electroneutrality. Therefore,

Table 1

Self-diffusion and salt-diffusion coefficients for K + , Na + and Cl � system

Chemical

species

Free-solution

self-diffusion

coefficient,a

Do� 1010 (m2/s)

Free-solution

salt-diffusion

coefficient,a

Dso� 1010 (m2/s)

Effective

self-diffusion

coefficient,b

Do*� 1010 (m2/s)

Effective

salt-diffusion

coefficient,b

Ds*� 1010 (m2/s)

K + 19.6 – 1.96 –

Na + 13.3 – 1.33 –

Cl� 20.3 – 2.03 –

KCl – 19.93 – 1.993

NaCl – 16.10 – 1.610

a Limiting values at 25 jC (from Shackelford and Daniel, 1991).
b Ds* = saDso and Do* = saDo, where sa = 0.1.
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the numerical model also requires a value of the free-solution self-diffusion coefficient,

Dox, for exchangeable species x. The analytical solutions to the advective–dispersive

equation (Eqs. (44) and (45)) do not account for desorption of an exchangeable cation

species and, therefore, require only the Ds* value for the salt (i.e., KCl). Thus, traditional

advective–dispersive theory inherently violates electroneutrality during transient transport

in ion-exchanging systems, as noted earlier. This inherent limitation in the traditional

theory is avoided if we assume that Dox =Doc( = 19.6� 10� 10 m2/s) as shown by the exit

flux values (i.e., J(x = L)) for Cl � and K + in Fig. 3. The results in Fig. 3 indicate excellent

Fig. 3. Comparison of numerical and analytical results for the case where the salt cation (K + ) and exchangeable

cation (Na + ) have the same ionic mobilities (x = 0, L= 1 m, Co = 0.1 M, sa = 0.1, kh = 10
� 10 m/s,

Doa = 20.3� 10� 10 m2/s, Dox =Doc = 19.6� 10� 10 m2/s). (a) ih = 0; (b) ih = 10.
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agreement between the numerical solution and the analytical solutions for pure diffusion

(ih = 0; Fig. 3a) and advection–dispersion (ih = 10; Fig. 3b), since there is no difference

between the ionic mobility of the salt cation (K + ) and exchangeable cation species.

In real systems, the mobility of the exchangeable cation is not likely to be

equivalent to the mobility of the salt cation. For example, sodium (Na + ) typically

is the predominant exchangeable cation in fine-grained soils containing bentonite. The

free-solution self-diffusion coefficient for Na + (13.3� 10� 10 m2/s in Table 1) is

considerably smaller than that for K + . The resulting flux values versus time for this

condition are illustrated in Fig. 4a for ih = 0 and in Fig. 4b for ih = 10. The results

Fig. 4. Comparison of numerical and analytical results for the case where the salt cation (K + ) and exchangeable

cation (Na + ) have different ionic mobilities (x = 0, L= 1 m, Co = 0.1 M, sa = 0.1, k = 10 � 10 m/s,

Doa = 20.3� 10� 10 m2/s, Doc = 19.6� 10� 10 m2/s and Dox = 13.3� 10� 10 m2/s). (a) ih = 0; (b) ih = 10.
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indicate that transport of Cl � based on the numerical solution appears to be retarded

relative to the results from the analytical solutions. This apparent retardation effect is

due to the fact that some of the Cl � also migrates with the slower Na + rather than

K + until ion exchange is complete. In addition, the Cl � flux for ih = 10 displays

initial leveling at a value less than the steady-state flux. Similar behavior was reported

by Shackelford et al. (1999) in a theoretical study of electrical conductivity break-

through curves associated with transport of CaCl2 through a sodium (Na) saturated soil

in which the mobility of the exchangeable cation (Na + ) was less than the mobility of

the salt cation (Ca2 + ). The results in Fig. 4 also show that flux values given by the

analytical solutions are equivalent to the flux values given by the numerical solution

after ion exchange is complete and steady-state conditions have been established. At

steady state, Na + no longer is released into solution, and, therefore, Cl � , migrates

with K + in accordance with the combined mobility for the two species (i.e.,

= 1.993� 10� 10 m2/s).

3.8. Implicit coupling

Examination of the coupled solute flux given in Eq. (25) indicates that solute flux may

be affected by membrane behavior due to (1) hyperfiltration, whereby the advective flux is

reduced by a factor of (1�x), and (2) counter-advection of solutes (i.e., qpCj) due to

chemico-osmotic liquid flux ( qp) opposite to the direction of the hydraulic liquid flux ( qh).

These coupling effects are defined explicitly in the mathematical formulation and, thus, are

considered explicit coupling effects. Based on Eq. (25), the total solute flux, J, can be

expressed as the sum of a hyperfiltrated advective flux, Jha, a chemico-osmotic counter-

advective flux, Jp, and a diffusive flux, Jd, or (Shackelford et al., 2001; Malusis et al.,

2001b)

J ¼ Jha þ Jp þ Jd ð46Þ

Recall that an ‘‘ideal’’ CMB (i.e., x = 1) completely prohibits the passage of solutes.

Thus, by definition, as x! 1 (i.e., as the CMB approaches an ‘‘ideal’’ CMB), the total

solute flux, J, must approach zero.

For example, consider the case of a CMB separating a source reservoir containing a salt

solution (C>0) and an exit reservoir containing pure water (i.e., C = 0). Only components

Jha and Jd in Eq. (44) can cause solutes to migrate into the CMB, since Jp occurs from low-

solute concentration to high-solute concentration (i.e., toward the source reservoir). Based

on Eq. (25), Jha! 0 as x! 1 because the factor (1�x)! 0. However, Jd does not

approach zero because the theory does not explicitly correlate x with Ds*. Thus, an

implicit coupling effect between x and Ds* and, more specifically, between x and sa, is
inherent, such that Ds* (or sa) must approach zero as x approaches unity. This implicit

coupling effect has recently been shown experimentally by Malusis and Shackelford

(2002). Failure to recognize this implicit coupling effect can result in solute concentration

profiles existing within an ‘‘ideal’’ CMB (i.e., x = 1), which is impossible (e.g., see Soler,

2001).
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4. Conclusions

The theoretical development of a coupled solute transport model based on principles of

irreversible thermodynamics to describe one-dimensional solute migration through clay

membrane barriers (CMBs), or clay barriers that exhibit membrane behavior, is presented

herein. The model is based on the assumption that no electrical current exists across the

soil, and is valid for simulating salt migration through a clay barrier in which the salt

cation species is reactive (i.e., Rd>1) and, thus, undergoes ion exchange at the clay particle

surfaces during transient transport and is replaced in solution by an exchangeable cation

species. This case typically is more appropriate for describing transient solute transport in

waste containment applications, considering that ion exchange during transient transport

through a clay barrier is a common and desirable process for retarding the movement of

potentially harmful chemical species.

Model simulations for the limiting case in which the chemico-osmotic efficiency

coefficient, x, is zero are presented and illustrate that the presence of a desorbed

exchangeable cation species (i.e., Na + ) in the pore fluid during transient transport can

affect the migration rate of the anion associated with a strong (i.e., fully dissociating)

binary salt (i.e., KCl). Since traditional advective–dispersive theory does not account for

the interactions among multiple solute species, analytical solutions to the advective–

dispersive equation do not match the results from the numerical model unless (1) the

mobilities of the reactive salt cation and exchangeable cation are equal, or (2) steady-state

transport of the reactive salt cation has been achieved and, thus, ion exchange processes

are complete.

Examination of the governing equations for coupled solute transport reveals

that solute migration through a clay membrane barrier may be reduced relative

to a nonmembrane soil due to explicit coupling effects that include both hyperfil-

tration and chemico-osmotic counter-advection. Hyperfiltration and counter-advec-

tion are considered explicit coupling effects because these effects are represented

explicitly in the governing equations for coupled solute transport. However, the

coupled transport model does not account for the inherent correlation between

x and the effective salt-diffusion coefficient, Ds*. By definition, no solutes can enter

the pores of an ‘‘ideal’’ membrane (i.e., x = 1). As a result, Ds* must approach zero as

x approaches unity. This relationship between Ds* and x represents an implicit

coupling effect that should be considered when modeling solute transport through a

CMB.
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Appendix A. Development of expression for salt-diffusion coefficient of ions in mixed

electrolytes

A.1. Theoretical development

Vinograd and McBain (1941) studied the diffusion of ions in free solutions containing

mixed electrolytes. For the case in which the ions diffuse in the same direction (i.e., salt

diffusion), Vinograd and McBain (1941) developed the following expression for the

‘‘practical’’ salt-diffusion coefficient of any cation in a mixture of ions:

DsþjNþ ¼ kþRT
AzþA

jNþ þ NþAzþA
Rk�

jN�
Az�A

� Rkþ
jNþ
AzþA

Rk�N� þ RkþNþ

 !" #
ðA:1Þ

where Ds + is the salt-diffusion coefficient of the cation of interest [L2 t� 1], N is solute

concentration in normality, k is equivalent conductance, R is a modified gas constant, T is

absolute temperature, z is ion valence and subscripts + and � represent cations and

anions, respectively. The summation terms in Eq. (A.1) account for all cationic and anionic

species in the electrolyte mixture. Similarly, the salt-diffusion coefficient for an anion,

Ds� , in a mixture of ions is as follows:

Ds�jN� ¼ k�RT
Az�A

jN� � N�Az�A
Rk�

jN�
Az�A

� Rkþ
jNþ
AzþA

Rk�N� þ RkþNþ

 !" #
ðA:2Þ

Based on Eqs. (A.1) and (A.2), we may write a general expression for the salt-diffusion

coefficient of any ionic species j as follows:

DsjjNj ¼
kjRT
AzjA

jNjFNjAzjA
Rk�

jN�
Az�A

� Rkþ
jNþ
AzþA

Rk�N� þ RkþNþ

 !" #
ðA:3Þ

where the ‘‘F ’’ term is positive if species j is a cation and negative if species j is an anion.

The modified gas constant in Eqs. (A.1–A.3) is related to the universal gas constant, R,

as follows:

R ¼ R

F2
ðA:4Þ

where F is Faraday’s constant [96,500 C]. Also, solute normality can be expressed in terms

of molar concentration, C, based on the following expression:

Nj ¼ AzjACj ðA:5Þ

Substitution of Eqs. (A.4) and (A.5) into Eqs. (A.3) yields

DsjjCj ¼
kjRT
AzjAF2

jCjFCjAzjA
Rk�jC� � RkþjCþ

Rk�Az�AC� þ RkþAzþACþ

� �� �
ðA:6Þ
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Equivalent conductance, k, is related to ionic mobility, u, as follows (Katchalsky and

Curran, 1965):

k ¼ Fu ðA:7Þ
Substitution of Eq. (A.7) into Eq. (A.6) and rearrangement yields

Ds jjCj ¼
ujRT

AzjAF
jCjF

ujRTCj

F

Ru�jC� � RuþjCþ
RuþAzþACþ þ Ru�Az�AC�

� �
ðA:8Þ

Furthermore, the relationship between the self-diffusion coefficient for any species j,

Dj, and its ionic mobility, uj, is given by the Nernst equation (Shackelford and Daniel

1991), or

Dj ¼
ujRT

FAzjA
ðA:9Þ

Substitution of Eq. (A.9) into Eq. (A.8) yields the following expression for the

‘‘practical’’ salt-diffusion coefficient, Dsj:

Ds jjCj ¼ DjjCjFDjAzjACj

RD�Az�AjC� � RDþAzþAjCþ

RD�Az�A2C� þ RDþAzþA2Cþ

� �
ðA:10Þ

Therefore, Dsj* can be expressed for one-dimensional diffusion in soil as follows:

Dsj* ¼ saDsj Dj*F
Dj*CjAzjA

BCj

ðRD�*Az�ABC� � RDþ*AzþABCþÞ
ðRD�*Az�A2C� þ RDþ*AzþA2CþÞ

� �
ðA:11Þ

Consider the case of one-dimensional diffusion of the single cation and single anion of

a strong (i.e., fully dissociating) binary electrolyte (e.g., NaCl, KCl). Based on Eq. (A.11),

we can write the following expressions for the cation (+) and the anion (� ):

Dsþ* ¼ Dþ*þ
Dþ*AzþACþ

BCþ

D�*Az�ABC� � Dþ*AzþABCþ

D�*Az�A2C� þ Dþ*AzþA2Cþ

� �
ðA:12aÞ

Ds�* ¼ D�*�
D�*Az�AC�

BC�

D�*Az�ABC� � Dþ*AzþABCþ

D�*Az�A2C� þ Dþ*AzþA2Cþ

� �
ðA:12bÞ

Based on the requirement for electroneutrality in solution, the molar concentration of

the cation, C + , is related to the molar concentration of the anion, C� , at any given

location as follows:

AzþACþ ¼ Az�AC� ðA:13Þ

or, in differential form,

AzþABCþ ¼ Az�ABC� ðA:14Þ
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Substitution of Eqs. (A.13) and (A.14) into Eqs. (A.12a) and (A.12b) yields the

Nernst–Einstein equation (Shackelford, 1989), or:

Dsc* ¼ Dsa* ¼ Ds*
Dc*Da*ðAzaAþ AzcAÞ
ðDa*AzaAþ Dc*AzcAÞ

ðA:15Þ

Eq. (A.15) is consistent with the requirement that the rate of diffusion of the cation and

anion in an aqueous single-salt system must be the same to satisfy electroneutrality (e.g.,

Robinson and Stokes 1959).
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