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ABSTRACT

The structural analysis of area-time hydrologic process of monthly precipitation is based on the concept
that these processes are composed of deterministic components specified by periodic parameters and a stationary
stochastic component, with the coefficients of the periodic parameters following regional trends.

Sets of monthly precipitation series at stations within two regions are used as examples to demonstrate
the structural composition. Region I, located in eastern North Dakota, South Dakota, and Minnesota has 41
monthly precipitation stations; Region II, located in eastern Nebraska has 29 monthly precipitation stations.
Both have such precipitation characteristics so that the above concept of structural analysis may be incorpor-
ated,

Mathematical models for the periodicity and trends in parameters are inferred, with five regional con-
stants and three regression coefficients for each of the two regions. When the periodicity and regional trends
in parameters are removed, the stationary stochastic components of monthly precipitation series are found to be
approximately time independent processes. In addition they follow closely the identical three-parameter gamma
probability distribution. The independent stationary stochastic components of monthly precipitation are highly
cross correlated, with the lag-zero cross correlation coefficient found to be primarily a function of the in-
terstation distance. This correlation coefficient may be more generally specified as a function of the sta-
tions location within the region, the interstation distance, the azimuth of the straight line connecting the
stations, and the time of the year.

The developed methodology permits the genmeration of new samples consisting of a set of time series for
a region, either at the observed station points or at any new grid of points.
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CHAPTER I

INTRODUCTION

This introductory chapter describes the approach
used in studying the regional extraction of infor-
mation on various hydrologic parameters and in de-
scribing the hydrologic processes, particularly the
area-time properties of monthly precipitation. The
objectives of this study are defined. Also as an in-
troduction to subsequent chapters, the procedures used
in the investigations are outlined and the related
contributions in literature are cited.

1.1. Basic Approach for Regional Extraction of

Information on Hydrologic Parameters.
physical random processes found in nature are four-
dimensional space-time processes, x{x,y,z,t} ; X, ¥,
z are the space coordinates of any point, and t is
the time. When a surface (i.e., area, region, river
basin) is considered, the process becomes an area-time
process, x{x,y,t; za} ; 2zq 1is well defined for the
surface either as a constant or as a function of x
and y . A line-time process is represented by x{x,t;
Y4; zd} ; ya and zq are functions only of x . Fi-
nally, the point-time process is defined as x{t; xg,
¥d, zd} , with the precise coordinates of the point,

xd’ Yd) zd .

Statistical parameters, which are usually used to
describe the point-time, line-time, area-time, and
space-time hydrologic processes and which must be es-
timated from the data, include the following parame-
ters based on moments: mean, variance (standard devi-
ation), coefficient of variation, autocorrelation co-
efficients, skewness and kurtosis coefficients, the
amplitudes and phases of the harmonics of periodic pa-
rameters, the lag cross correlation coefficients, etc.
The regression coefficients of polynomials used to de-
scribe the trends in these parameters must also be es-
timated from data. The classical approach used in ob-
serving natural multi-dimensional processes is to de-
fine the space by a set of points and to observe the
time varying processes at these points. The processes
are then analyzed as a set of point-time processes.
If the individual point-time processes are observed at
discrete times, or are averaged or totaled over time
intervals, instead of being recorded continuously,
then the variable values are available at a set of
points and at a set of discrete times or time inter-
vals. The continuous processes have then been approx-

The basic geo-

imated by N discrete observations in time for each
of the M discrete points. For example, in the case
of the area-time processes, the M regional stations

(points) and the N time intervals result in a total
of MN observations.

Hydrologic area-time processes are usually depen-
dent both in area and in time. Thus a dependent area-
time process with a total of MN observations has in-
formation on population characteristics equivalent to
an effective number of points, Mg<M , and an effective
sample size, NesN, of an equivalent area-time stochas-
tic process which is independent both in area and in
time. Since the product Mg Ne is usually much small-
er than MN , the station-time approach to study the
area-time dependent hydrologic continuous processes
(such as the classical station-year approach in hydro-
logy) has much less information than the product MN
for independent processes. However, it should be not-
ed that Mg Ng is usually greater than N .

Two among several problems may be relevant in hy-
drologic investigations of area-time processes:

(1) To improve the reliability of estimated hy-
drologic parameters at a given i-th point of observa-
tion by using all observations at M points, including
the point of interest. The basic hypothesis is that
the time series data of M-1 points around the given
i-th point have additional information which can im-
prove the estimates of models and parameters of the
i-th point-time series beyond that information con-
tained only in the N observations at that point.

(2) To estimate the basic hydrologic parameters
of time series at m points other than the observed
M points, with these m points being inside or very
close to the area of the M points. This is equiva-
lent to transferring information inside an area from
the M points with observed time series to the m new
points having no observations.

The problems of improving the reliability in es-
timates of models and parameters at given points are
numerous for the 1line-time, area-time, and space-time
processes. The case of area-time processes is used in
this study as an example of investigating the improve-
ment of model and parameter estimations. This is done
because a great many hydrologic stochastic processes
are referred to an area (such as river basin, region,
lake or reservoir surface, infiltration surface, etc).
Precipitation, evaporation, effective precipitation
(precipitation minus evaporation), unit area runoff,
infiltration, unit area erosion, temperature, Snow
depth, unit area snow melt, and other similar vari-
ables are typical area-time hydrologic stochastic pro-
cesses. The monthly random area-time precipitation
process is used as a representative process for the
further investigation. Because precipitation is a pe-
riodic-stochastic time process for time units of less
than one year, the monthly discrete time series of
precipitation at M points in a region provide both
an example and testing data for the following analysis.

The problems studied are now defined as follows:

(1) To determine the best method for estimating
the parameters of x{t; X4, ¥4, zd} process, the pre-
mise is that a set of point-time series, x{xj, ¥i, t;
zg} , i=1,2,...,M, has more information than a par-
ticular point-time series, x{t; x4, ¥4, zda} . There-
fore, estimates of the parameters of x{t; x4, ¥d, zq}
using all x{xi, ¥i, t; zqg} observed samples should
be more reliable (unbiased, and more efficient, i.e.
having lower sampling variances), than using only the
observed sample of the x{t; xg, ¥d, zd} point-time
process.

(2) The premise is that the estimates of parame-
ters at a set of points, of the process x{x;, ¥i» t
zq} , with j=1,2,...,M, of the general area- ime” pro-
cess x{x, ¥y, t; zg} , by using the observed data of
individual point-time series, x{xj, yj;, t; zq} , i=1,
2,...,M, may or may not represent the same points in
the area defined.

The underlying assumption for the solution of the
above two problems is that the mathematical models



used to describe approximately the
time processes are the same for all M(or M#+m) point-
time processes. However, their parameters vary over
the area with a well defined trend which may be de-
scribed by functions. In general, this is valid for
any point in the area defined by the M observational
points. In other words, the mathematical description
models, and their parameters, of all periodic-stochas-
tic point-time processes in the area are jointly in-
ferred by using all data of the M available point-
time series.

individual point-

A classical concept in climatology and hydrology
is the concept of regional homogeneity or non-homoge-
neity. The usual understanding of this concept is that
various basic parameters change only slightly over a
region; thus the region can be considered homogeneous
for that parameter and for a given climatologic or hy-
drologic random variable. Since all parameters of any
random process continuously change to some extent
along a line, in an area, or in a space, the homogene-
ity would become an objective concept only if the
rates of change, 3v/@x, 3v/3y, and 3v/3z , of a pa-
rameter v , are prescribed in advance as to the rates
of change tolerable within the definition of homogene-
ity. Integrated over the range of x, y, or z , these
rates would give the 1limits of parameter fluctuations
along a line, across an area, or over a space, for
which the term homogeneity could be used.

The approach to be used in this study does not
divide regions into hydrologically or climatologically
homogeneous or non-homogeneous regions. It does, how-
ever, divide the regions into those for which simple
first or second-order polynomical functions can fit
well the areal changes in the parameters studied, and
those which have large changes so that higher-order
orthogonal polynomials (the third, the fourth and
higher-order polynomials) must be used to fit well the
regional variation of the parameters studied. Usually,
the gently rolling and flat continental areas will
have a regional change of parameters which may be well
described by the first-order (small areas) and the
second-order polynomials (large areas). A proper sta-
tistical inference must be made to support any conclu-
sion concerning the goodness of fit. Highly rolling
and mountainous terrains would require third or higher
order polynomials. Because an increase in the order
of the polynomial requires more points for an accurate
estimate of a larger number of polynomial coefficients,
the accuracy of coefficients estimates wusually de-
creases with an increase of the polynomial order. This
is true because usually the number of polynomial coef-
ficients increases and the number of observation
points decreases with the increase of orographic com-
plexity. When this complexity is very large, the idea
of determining a deterministic regional trend surface
for the parameters may become untenable because of the
low accuracy in the estimation of the polynomial coef-
ficients. A change in the approach may then be neces-
sary by using another method of transferring the in-
formation on parameters from the (M-1) - points to the
i-th point, or from the M points of observations to
m points inside the same area which have none or
a limited number of observations.

All hydrologic parameters may be assumed either
to follow a deterministic, periodic time process with
the periods equal to known astronomical cycles or to
be constants in time (properties of stationary pro-
cesses of a given order). However, both the average
values of these periodic parameters and the coeffi-
cients of their periodic functions follow determinis-
tic trend functions.

The regional extraction of information concerning
hydrologic parameters offers the following advantages:

(1) The mathematical description models of time
series structure are more adequate when developed from
and tested on a large set of point-time series;

(2) The regional estimation of time series pa-
rameters gives more reliable estimates;

(3) The models and parameters can be obtained at
all points of interest, rather than only at the points
of observations, which are usually selected on the ba-
sis of various convenience factors;

(4) The future points of interest for the area-
time hydrologic processes may not be known at the pre-
sent time; however, the reliable estimation methods
using regional extraction of information enable the
future reconstruction of both models and parameters of
the time series at these points of interest;

(5) The study of the regional extent of extreme
events, such as floods and droughts, may be made much
simpler and more accurate if related to a systematic
grid of points, from either the analytical or the data
generation methods of solution, than if related only
to points of the observed time series;

(6) The use of regional extraction of informa-
tion will result in a more accurate generation of a
set of point-time series, both at the observed and at
any new grid of points.

In cases for which either the use of the historic
(observed) discrete point-time series, or the use of
analytical methods to solve problems cannot yield re-
liable results for probability related problems, the
data pgeneration method (Monte Carlo or experimental
statistical method) may be the only approach for find-
ing reliable answers. This approach would then con-
sist of three stages: (a) the regional extraction of
information for models and parameters; (b) the genera-
tion of a set of samples of a given size at a set of
points, either at the observed points or at any new
grid of points; and (¢) the use of these generated
samples for finding the area-time properties of random
variables related to the problems being studied (such
as finding the most reliable characteristics of re-
gional droughts). However, the studies of this paper
are limited to the first subject, namely the regional
extraction of information. This is a prerequisite for
the reliable solutions to the latter two subjects.

Two approaches appear feasible for the joint re-
gional estimation of parameters at a set of points:
(a) by fitting a trend function through the set of pa-
rameter estimates of individual point-time series in
such a way that the deviations between the function
and the individual estimates may be inferred to be on-
ly the sampling variations, with the trend function
fitted by some appropriate technique; and (b) by de-
veloping procedures of joint estimation of parameters
at the selected points using all the data from a set
of observed points, and without the fitting of trend
functions. The first approach may be divided into two
alternatives: the use of equal weights for all points
in a least-square fitting procedure for the selected
trend functions; and the use of different weights for
the point estimates, because of unequal variances of
the point estimates.

The development of fast digital computers pres-
ents a relatively economical approach to the regional



extraction of information on hydrologic parameters. An
optimum is sought between the total available informa-

tion 1in data, the reliability (accuracy, efficiency)
in the extracted information, and the cost of extrac-
tion. Computers have permitted the use of much more

sophisticated statistical methods in estimating models
and their parameters than the precomputer computation-
al devices permitted.

The underlying approach for investigations is il-
lustrated by the following example: the precipitation
of a region is measured by rain gages at a set of

points, with the observations totaled into monthly
time series. The study is concerned with the regional
variation of the basic parameters of these monthly

precipitation series, as deterministic regional popu-
lation properties, and the annual periodicity in many
of the parameters of the time series. Once the deter-
ministic models of space and time variations have been
inferred as mathematical functions with estimated co-
efficients, these deterministic variations can be re-
moved from the series, with the remaining stochastic
components of monthly series well approximated by a
second-order or higher-order stationary stochastic
process. The particular investigation is related to
the regional dependence among the standardized, ap-
proximately independent, second-order stationary sto-
chastic variables of monthly precipitation. Because
these variables are standardized, and their higher-
order moments and boundaries are approximately equal
for all months, they may have the same probability
distribution and be mutually dependent but identically
distributed random variables. It is expected that the
correlation coefficients between the pairs of these
variables would follow a well defined decay function
dependent on the distance, in addition to occasionally
being dependent on the orientation, season, and posi-
tion of the pairs of stationms.

This study is further directed toward demonstrat-
ing the application of the simplified, but appropriate
regional models to two regions having a relatively
small rate of change in parameters with longitude and
latitude. A comparison of the basic statistics for the
stochastic variables of the two regions is made to
demonstrate that only sampling variations are involved
in the distribution characteristics for these stan-
dardized, approximately independent, identically dis-
tributed stationary stochastic components of monthly
precipitation series.

1.2. General Objectives of Investigations on Re-
gional Extraction of Information. One of the general
objectives of these investigations relates to those
water resources problems which depend on both the area
and the time characteristics of the problem. Such a
problem is the evaluation of the area-time probabilis-
tic characteristics of hydrologic droughts. For
droughts many descriptors are relevant, particularly
such properties as the areal extent, total water defi-
cit, duration, maximum unit-time deficit, and shape of
uninterrupted water deficiencies. To find the joint
probability distribution of a set of drought descrip-
tors, for series samples of a given size, and consid-
ering all descriptors as random variables, the most
reliable regional information for mathematical models
and parameters of the drought defining hydrologic ran-
dom variables should be extracted. The joint distri-
bution of drought descriptors cannot be more accurate
than the accuracy in estimating the mathematical mod-
els and their parameters in the structural analysis of
this area-time hydrologic stochastic process.

Atmospheric circulation determines the basic char-
acteristics of precipitation and evaporation in a re-
gion. In general, the further a region is from the
oceanic sources of moisture and the smaller the oro-
graphic effect on precipitation and evaporation, the
smaller is the total annual precipitation. In cases of
small precipitation, evaporation usually takes a large
portion of the precipitation, which results in a
smaller runoff. This situation is accompanied by a
larger variability of precipitation and runoff, both
across the region and in time.

Because of definite climatic patterns and river
basin characteristics, it can be expected that the ba-
sic hydrologic parameters exhibit some deterministic
regional characteristics. At present the regional
variations of hydrologic properties are mainly deter-
mined statistically from the observed data. In the fu-
ture one should expect other inputs, such as those re-
sulting from studies on atmospheric circulation, pat-
terns of deposition of moisture, and on evaporation.

In the absence of solid physical information on
the regional variation of the basic hydrologic parame-
ters concerning precipitation, another objective of
this investigation is to utilize as much as possible
the statistical methods of extracting the maximum in-
formation on the regional variation of hydrologic pa-
rameters. This variation can be expected to be in the
form of a deterministic regional trend surface func-

tion with an increase of its complexity as the area
increases. The distance from the sources of moisture
may change significantly, and the patterns of atmo-
spheric circulation and orographic effects may also

change as the area increases. It can be expected that
the goodness of fit of a hypothesized mathematical
trend surface function to point estimates of a hydro-
logic parameter will decrease, on the average, as the
size of the region increases.

A criticism can be made that the efforts in vari-
ous water resources analyses have been directed more
towards understanding the structural composition of
hydrologic point-time processes than towards under-
standing the line-time, area-time, and space-time pro-
cesses. However, an expansion of the interrelated wa-
ter resource uses across a region, the regional varia-
tions of the basic hydrologic parameters deserve as
much attention as the analysis of their time proper-
ties.

Therefore, the objective of this paper is to
study the regional properties of hydrologic parameters
by using trend functions fitted to their point esti-
mates. The general joint estimates of a parameter at
a set of points in a region by techniques other than
by fitting trend functions are not considered in this

paper.

1.3. Procedures Used in Investigations. In gen-
eral cases of area-time hydrologic stochastic process-
es, the hydrologic parameters usually vary over the
basic astronomical time periods in a complex periodic
process, and across an area in a complex deterministic
trend surface. Fitting the periodic changes in param-
eters by a limited number of harmonics in the Fourier
analysis of periodic processes and the area variation
in parameters by a trend function, usually as a poly-
nomial with a limited number of terms, poses the prob-
lem of determining the cut-off points as to the number
of harmonics and the number of polynomial terms. When
properties of underlying processes are simple, such as




in the case of time independent, but area dependent,
multivariate normal processes, or both time and area
dependent multivariate normal processes with relative-
ly simple time and area dependence models, the proper
statistical inference techniques can be designed to
decide upon these cut-off points. However, the ana-
lytical approach for designing these inference tech-
niques for more complex processes may itself be of
questionable reliability. Therefore, the dilemma of
selecting the cut-off points may be resolved in such
a way that the individual harmonics and the individual
polynomial terms beyond the cut-off point mainly rep-
resent sampling errors. The neglected harmonics and
polynomial terms should then contribute only relative-
ly small percentages to the explanation of either the
total periodic variation or the total regional deter-
ministic variation in estimates of the parameter under
consideration.

A significant part of periodic estimates of a pa-

rameter may represent sampling errors. This can be
demonstrated in estimating parameters by increasing
the sample size in steps, and each time comparing the

deviations from each smooth fitted periodic function
having a limited number of harmonics. The variance of
these deviations decreases with an increase of the
sample size N . The eventual convergence of this vari-
ance to approximately zero, as N goes to infinity,
justifies the use of a small number of harmonics for
the population periodic function of a parameter. Sim-
ilarly, the variance of deviations of the point esti-
mates of a parameter about fitted polynomials, having
a limited number of terms, decreases with an increase
of the sample size N . This variance may also be as-
sumed to converge to approximately zero when N goes
to infinity, justifying the use of a deterministic
polynomial function with a small number of terms, as a
good approximation to the regional population trend
surface.

Periodic movements and regional surface trends of
various hydrologic parameters may be close in many
cases to be proportional, or simply related, to the
periodicity and trend surface functions of the mean.
This property may significantly decrease the number of
parameters and coefficients which must be estinmated.
A simplification in the description of the area-time
monthly precipitation process can be accomplished in
five ways: (a) by neglecting the harmonics of periodic
parameters having relatively small amplitudes; (b) by
neglecting the small magnitude terms, with relatively
small regression coefficients, in deterministic re-
gional polynomial trends; (c) by using the proportion-
ality, or simple relations existing between the peri-
odic functions of basic parameters; (d) by using the
proportionality, or simple relations, existing between
the trend surface functions of basic parameters; and
(e) by properly inferring that some parameters and co-
efficients are not significantly different from a con-
stant either over the time period of 12 months or over
the region under study. These will be the major pro-
cedures used in this paper to economize on the total
number of parameters and/or coefficients to be esti-
mated for the area-time monthly precipitation process.

1.4. Regional Hydrologic Information. The region-
alizing of .parameters of a random phenomenon has in-
terested hydrologists for a long time. The drawing of
smoothed isolines for a set of point estimates of a
parameter is equivalent to fitting a complex trend
surface. However, this approach does not use a test of
goodness of fit of these smoothed isolines to the es-
timated values. Assigning weights to point estimates,

in determining the overall regional averages of param-
eters, has also been of constant interest to hydrolo-
gists. Recently, Amorocho and Brandstetter [1] studied
the problem of estimating regional description parame-
ters based on the density of a network of precipita-
tion stations. Alternative methods of weighting the
estimates of parameters of precipitation stations on
irregularly spaced networks were developed by Whitmore,
Van Eeden, and Harvey [2]. Several computer approaches
to the computation of mean areal depth of precipita-
tion are given by Akin [3] using available historic
records. Solomon, Denouviller, Chart, Wooley, and
Cadou [4] employ a technique whereby a dense square
grid is placed over a region and grid points assigned
within local boundaries previously selected. Once the
grid is assigned, various hydrologic parameters can be
rapidly determined for the area by the use of a com-
puter.

Instead of using the subjective approach of
smoothing the interpolated isolines between a set of
point estimates of a parameter, an objective approach
is preferred. Fitting the trend surface functions and
testing the goodness of fit represents an objective
approach to regional estimation of hydrologic parame-
ters. When the polynomials are used, and the procedure
is to fit and test, in a sequence, the trends of the
first-, second-, or higher-order terms, the approach
is objective only if the testing criteria are pre-
scribed. :

The problem of fitting the trend functions to the
line, area and space variations of basic hydrologic
parameters is also very old. In addition to the mean
areal depth of precipitation, the manner in which the
mean of a point-time series changes over an area has

been of continuous interest. This type of problem is
currently found in nearly all geophysical disciplines.
In geology, the character of the earth's crust is
studied by surface mapping, and estimates of the

thickness of ore deposits and similar thicknesses are
made. Krumbein [5] has used irregularly spaced sam-
pling points to study the polynomial functions of best
fit for use as trend surfaces. Chidley and Keys [6]
have also investigated the use of trend surface func-
tions. Mandelbaum [7] provides a criterion of fitting
these functions, based on the step-by-step variation
in the explained variance by the fitted polynomials
with an increase of the number of polynomial terms.
Trend surfaces have been used in the extension of
rainfall records by Unwin [8]. In the case of gravita-
tional data, Simpson [9] points out that 'There is
some question whether or not the removal of regional
effects from gravity may be effectively accomplished
by the method of least squares. One of the basic as-
sumptions in the application is that the regional be a
relatively low order effect." Oldham and Sutherland
[10] have looked for regional trends in experimental
data using orthogonal polynomials. The latter refers
to equal spaced sampling points on a cartesian grid.
These authors suggest that no unique solution should
be expected for the terminology "...'regional effect'
is in itself ambiguous.'" In discussing mapped data
analyzed into "trend" and "residuals", Grant [11] re-
inforces this position, and points out that, based on
labor and cost considerations, polynomial fitting has
objective advantages over smoothing and gridding meth-
ods.

The dependence among the precipitation point-time
series in a region is usually studied by using the
linear correlation for these series taken pairwise.
Then the correlation coefficients are expected to be



related to the distance and the azimuth angle of ori-
entation between stations. Sometimes, all these pair-
wise correlation coefficients of the M precipitation
stations in a region are presented in the form of an
MxM square correlation matrix. Hutchinson [12] uses
a second-order polynomial for fitting the decay of the
zero lag cross-correlation coefficients with the in-
terstation distance. Huff and Shipp [13] present areal
correlation coefficients for storm, monthly and sea-
sonal rainfall, with no mathematical functional rela-
tions sought using the distance or azimuth. Steinitz,
Huss, Manes, and Alperson [14], in evaluating the op-
timum station network size for pressure and wind
fields, arrive at a nonlinear exponential decay func-
tion, p=A exp(Bd) + 1-A , with p , the zero lag cross-
correlation coefficient between the series of two sta-
tions, A and B , coefficients to be estimated from
the data, and d , the interstation distance. Alexeyev
[15] uses a similar correlation mathematical model in
the form p=1/(1+Ad) . This relationship consists of
the first two terms in the power expansion of the pre-
vious model. Hendrick and Comer [16] evaluated the
space correlation for daily precipitation in Vermont
by using the model p=A+Bd-dC sin (220° - 2¢) , with
A, B and C , coefficients to be estimated, and p ,
d and ¢ , the correlation coefficient, distance and
azimuth, respectively. Cornish, Hill, and Evans [17]
used the z-transform for o , and considered a linear
plus a sinusoidal regression with distance and time of
the year for the precipitation in Australia. Caffey
[18] evaluated the correlation patterns for annual

precipitation series in the United States by applying
a weighted exponential decay function for p as a
function of the interstation distance and the azimuth
angle.

Since one objective of this study is to solve the
problems of estimating regional drought characteris-
tics in probability terms, a brief review of refer-
ences related to the regional aspects of drought is
given here. The evaluation of hazards caused by large
continental droughts has long been of interest.
Tannehill [19] and Campbell [20] made early studies of
the continental drought phenomenon. The former gives a
vivid history of the early United States in its fight
to endure droughts, while the latter discusses a simi-
lar situation in Australia. Yevjevich, Saldarriaga,
and Millan [21, 22, 23] present the concept of large
continental drought in a stochastic hydrologic setting
while Barger and Thom [24], and Hershfield [25] showed
how water shortages affected local farmers. The re-
gional drought aspects have been evaluated subjective-
1y in Australia by Foley [26] in 1957 and again in a
more recent symposium, and by Maher [27] in 1967. Some
rigor is needed in these methods for the objective

.definition and evaluation of droughts.

Agreement continues to persist that (i) drought
must be defined in terms of water use; (ii) precipita-
tion is one of the best single drought determining
random processes; and (iii) a probabilistic area-time
approach is needed for objective drought investigation
and evaluation.



CHAPTER II

AREA-TIME MATHEMATICAL MODELS
FOR PRECIPITATION PARAMETERS

This chapter presents the mathematical models for
the structure of both the point-time series and the
areal variation of basic parameters combined as a
joint area-time structure necessary to reduce the M
regional point-time series of monthly precipitation to
M standardized, identically distributed, second-order
or third-order stationary stochastic variables, inde-
pendent in sequence but dependent among themselves.
These stochastic components of the precipitation time
series are then cross correlated for the study of the
areal dependence, and regional models are investigated
to determine the relationship of the simple lag-zero
cross correlation coefficients with distance between
the corresponding pairs of stations.

2.1. Mathematic Model for Time Structure of

Monthly Precipitation. Define the random variable val-
ues Xp . as the precipitation for a given station
i (i=1,2,...,M) , with M the number of stations stud-
ied in a region, p=1,2,...,n , the sequence of years,
n the sample size expressed in years, 7t=1,2,...,w ,
the sequence of intervals within the year, and w the
number of intervals of discrete series in a year (for
the monthly precipitation, w=12) . Also define ep, ¢
as the standardized random variable with the periodic-
ity of the mean and the standard deviation removed
from the station series as

e = PeT T 2.1

in which u; is the periodic mean and o 1s the pe-
riodic standard deviation for the station series over
the interval w within the year.

The new variable ¢ ,T  may be a second-order or
third-order stationary random process; however, in the
case of stationarity, it is either independent or de-
pendent in sequence. Generally, the variable ep . may
have periodicities in the autocorrelation coeffpcients
and in the third- and fourth-order parameters. The
general autoregressive linear model with periodic sec-
ond-order parameters may be expressed as

m
EP,T = kzl uk,T-kEp,r-k * Sm,TEP,T 2 2.2
i '

with § =[1- O o pps _]
m, T jo1 jo beridawdtlisiliey

where 1=max(i,j) , m is the order of the model, ay
is the k-th periodic autoregressive coefficient of
ep,r which is a function of the periodic autocorrela-
tion coefficients pg,; , and Ep o is a second-order
stationary and indepen&ent stochastic variable.

The periodic parameters u; , oJr , and ok . in
Eqs. 2.1 and 2.2 are symbolized by v . The mathemat-
ical description of the periodic variation of w; is
represented in the Fourier series analysis by

h(v)
VMoo= oW+ E

i i Cj{u] cos[ljt+9j(v)] s 2.3

in which v is the average value of v, , C.(v) the
amplitude, ej(u} the phase, j indexes the’sequence
of harmonics” (j=1,2,...,h) , and h(v) denotes the
total number of significant harmonics to be inferred,
while A=2r/w 1is the basic frequency of the periodic
process.

The general mathematical model of the time struc-

ture of Xp,t then becomes
h(p
= C. AjT+8. +
*p,t u o+ jzl J(u] cos[rjT+ J[u)]

{ h(o) _ }
o+ 2 Cj[u) cas[A31+ej(c}] .

m h(e,)
21 (?k + jgl Cj(ak) cos[lj(t-k)+ej[ak}])

eP’T'k * Sm,r EPpTE ’ 2.4
in which the arguments u , o, S and o for Cj
and 983 refer to parameters in the Fourier series de-
scription of the periodicity with h(p) , h(o) and

h (o)
monics.

the torresponding numbers of significant har-

An assumption may be made that each periodic pa-
rameter has the same number of significantLIJ harmonics
with the selected value of h so that hﬁdz . This is
equivalent to stating that the same harmonics are
present in each parameter, but with different ampli-
tudes and phases. This may be justified if it can be
physically inferred that the precipitation producing
factors induce the same type of harmonics. Based on
statistical inference techniques used this may not be
true; however, it may be true for the effects of the
physical process in generating precipitation. If a
different number and different harmonics are inferred
as significant, the h value becomes h(u) , h(g) and
h(uk)'s , as shown in Eq. 2.4.

When Eq. 2.4 is applied to monthly precipitation
with w=12 , the maximum number of harmonics for all
periodic parameters is w/2 or 6 , However, it is shown
by various studies that for a monthly precipitation
process, one, two, or a maximum of three harmonics are
sufficient for each periodic parameter. Furthermore,
other simplifications may be introduced and supported
by regional tests.

A simple model for the monthly precipitation se-
ries could be obtained under the following conditions:

(a) Only the first harmonic having a period of 12
months has an amplitude significantly greater than for
the non-periodic process;

(b) The autocorrelation coefficients for the pre-
cipitation series in general are not periodic, and for
monthly series the aj values, especially aj , are not
significantly different from zero, so that ak’1=0 and

Sp,e=1 » with e, =€, . .



The simplified model, with the periedic u; and

or , and with the above hypotheses of time series
structure for monthly precipitation, is
xp,r = p o+ Cl(u) cos{11+el(u)]
+ {o + €, (o) cos[rr+0,(a)]} B 2.5

The Ep,T series is then an independent, standardized,
stationary random variable at any station. When £, -
is computed from o7 by Eq. 2.5, the subscript p,t
may be rqplaced by "i ; that is Ep,tT by £&; , with
i= wp-1) + 1

2.2. Regional Structural Models for Basic Hydro-
logic Parameters. Let the hypothesis be that the re-
gional variation of any parameter v can be obtained
from the M point estimates v; (i=1,2,...,M) , and is
well described in the form of a trend surface function

vo= ¥ X,Y) § 2.6

with X and Y the coordinates (latitude and longi-
tude] of point positions. In sampling the population
function Y¥(X,Y) by a limited number of station points
and 2 limited number of observations for each point
during n years, the estimate of both the type of the
function Y¥(X,Y) and its coefficients by a sample fit-
ted surface f(X,Y) requires a regression equation
such as

v fOLY) + ¢ s 2.7

in which £ represents the sampling deviations and the
differences between the true regional surface function
and the fitted function. The larger the number of
points and the larger the sample size N=nw , the
smaller should be the variance of ¢ , and the better
are the estimates of the function and its parameters.
By accepting £(X,Y) as the best estimate of Y(X,Y) ,
and by removing the trends in all parameters, the ran-
dom variable ¢ is contained within the range of the

individual Ep,t series.
Because Y¥(X,Y) is a continuous function, it can
always be expanded in a power series form. When a

polynomial in X and Y of the order t

Eq. 2.6 becomes

is selected,

v o= Bl + 82 X + 63 Y +
2 2
84 X7+ BS Yo o+ 66 XY+, ., . 4
t t-1 t
Be X + B X Y+ Y+ 0(XY),2.8
with B85 , i=1,2,...,k+t , being regression coeffi-

cients to be estimated by the method of least squares
for the regional parameter v from its m estimates
vy » and 0(X,Y) being the remaining expansion error.

Under the assumption that a first-order bivariate
regression linear trend is adequate in order to ac-
count for the major variation over the region of any
parameter v of the monthly precipitation process Xp, 1
Eq. 2.8 becomes a simple plane, i

v=B o+ B X+ B Y+ O0X,Y) 4 2.9
with 0(X,Y) an error term.
The boundaries of trend surfaces are greatly af-

fected by the estimates v; of those stations located
near the edges of a region. These estimates may intro-

duce undesirable values of vj at these edges, as a
kind of distortion, when the coefficients 85 of Egs.
2.8 or 2.8 are estimated by a least squares method.
The proper approach in estimating the g; coefficients
is not only for them to be as close as possible to the
population values but also to have a2 minimum of dis-
tortion on the trend surfaces at the boundaries. To
minimize the boundary effects, the trend surfaces may

be fitted to a larger region having more stations,
rather than the region under study with M stations.
The £; coefficients of Eqgs. 2.8 or 2.9 are then es-

timated for all stations but are applied only to the
small interior region defined by M stations.

To evaluate the fitted function v = £(X,Y) of
v = ¥Y(X,Y) , estimated from the v. values, the resid-
uals e; = vi-v should be investigated. The standard
error of the fitted V can be used for this evaluation.
However, a regional plot of ej values and an inter-
pretation of isolines of e; usually will show clusters
of subregions with positive and negative ej values.
These 'cells'" of positive and negative residuals, sep-
arated by isolines of e;=0 , are the results of areal
dependence in the e; values. Because of a very high
correlation between the underlying stochastic station-
ary process {£;} at close points, the estimates wvj
of any parameter v around its true function v = ¥(X,Y)
must also be areally dependent. Therefore, large
"cells" of e; with opposite signs, which are located
in different sectors of the region under study, may
imply that some minor surface trends have not been
taken into account by the estimated function U =
f£(X,Y) . The larger a region, the greater is the prob-
ability of having cells distributed randomly over the
entire vregion, and the smaller is the likelihood of
inferring by visual inspection of the e; isolines,
that there is an unaccounted trend remaining.

To further simplify the analysis of regional pat-
terns in hydrologic parameters in general, and in pa-
rameters of monthly precipitation in particular, some
other hypotheses are worth testing. Let the hypothesis
be that the variation of the estimated point means Xj
over the region, with 1i=1,2,...,M , accounts for the
variation in all other parameters of Eq. 2.5 such that
the surface trends in population values of other pa-
rameters are proportional to the surface trend in the
population mean. Then Eq. 2.5 becomes

Cl(
xp,T = p{l + - cos[hr+al(u)]} +
& CI(U)
u{a—+ cosIlr+ﬁl(U]]} EP,T , 2.10

with the ratios Cy(u)}/w , o/p , and Cj(0)/u assumed
to be the regional constants, and p varying as a trend
plane u = Bl + 82 X + 83 Y . If the simple models of
Eqs. 2.5 and 2.9 are rejected by proper statistical
tests, then the above hypothesis for the model of Eq.
2.10 and the more complex models of Eqs. 2.4 and 2.8
can be used. The phase angles which may be assumed not
to vary over the region can be tested as such. As a
consequence, three ratios of parameters and two param-
eters can be studied as they change over the region,
namely: Cy(v)/u , o/u, Cy(o)/v , 81(») , and 83(0)
The hypotheses to be tested are that these three ra-
tios and two parameters are not significantly differ-
ent from regional constants, being subject only to
sampling variation over the region because of the lim-
ited number of points m and the limited sample size
of n years for the point-time series.



This sampling variation can also be evaluated by
observing how the isolines of these three ratios and
two parameters vary over the region, whereas the ratio
can be evaluated by studying its variation in compari-
son with the variation of isolines of the numerator of
the ratio. If no marked areal trend can be rightfully
inferred, the hypothesis can then be accepted for this
ratio as a regional constant. Also, the comparison of
the original statistics of the numerator of the ratio
and the ratio itself may be useful. For example, if
the ratio is truly a regional constant, its variance
should be small, and much smaller when compared to the
variance of the numerator.

2.3. Removal of Time Periodicity and Regional
Trends in Parameters. In order to remove both the de-
terministic periodicity and the deterministic regiomal
trends of parameters, a combined area-time structural
analysis is needed. The basic premise is that once the
deterministic area-time components in the parameters
of the basic random variable of precipitation X, ¢
have been estimated (both the mathematical models and
their coefficients) and have been removed from all the
point-time series, a second-order stationary indepen-
dent area-time stochastic process would remain. When
this is shown to be the case, then {g;} is the basic
stochastic process to be studied. To accomplish this,
it is first necessary to estimate a minimum set of pa-
rameters for Egs. 2.9 and 2.10, namely the three re-
gression coefficients of Eq. 2.9 and the five regional
constant parameters of Eq. 2.10. The stochastic pro-
cess {E;} can then be considered as a multivariate,
identically distributed, stationary area-time process,
areally dependent but time independent. In other terms,
the discrete point series at various stations are mu-
tually dependent, identically distributed time inde-
pendent variables. To justify this reduction to sto-
chasticity, in this simple area-time process of month-
ly precipitation, the three main conditions must be
satisfied:

(a) All point £j series are approximately stan-
dardized variables (with the expected mean of zero and
the variance of unity);

(b) They have
lower boundary; and

approximately the same expected

(¢) The skewness coefficients of M point-time
series cannot be distinguished statistically from a
constant.

2.4. Analysis of Area-Time Stationary Stochastic
Component of the Monthly Precipitation Area-Time Pro-
cess. Once the inferred periodic and trend functions
of basic parameters have been used to reduce the set
of monthly precipitation time series to a stationary
area-time process, the following tests are pertinent:

(a) Test that the process is independent in time;

(b) Test that the point-time series in the region
are identically distributed variables; and

(¢) Tests for the type of dependence among series
with a development of the regional mathematical depen-
dence model.

The time independence of £, . is tested by using
the correlograms of individual gémple time series of
the £, . variable, and the average correlogram, with
the tolérance limits for independent series drawn

about the expected correlograms. The hypothesis of
identically distributed EP,T for all M points in
the region is tested by comparing their distribution
parameters as estimated from the observed individual M
time series. When these two basic tests show that the
Ep,t series are time independent, identically distrib-
uted variables, the series are designated by £; , with
i=1,2,...,N , and N=un , and the investigation of re-
gional dependence can be undertaken.

The present problem is the investigation of a
stationary area-time process, represented by M point-
time series, independent in time but dependent areally.
It is usually carried out in regard to the areal de-
pendence, using the linear correlation matrix. This
matrix is a diagonally symmetric, square matrix with
elements p; ; and a major diagonal having all ele-
ments equal f% unity. The pj ; correlation coefficient
is the simple linear lag zeTd  correlation coefficient
between the i-th and j-th series.

Let di, be defined as the interstational dis-
tance between the series of the i-th and j-th stations,
and ¢; : be the corresponding azimuth of the straight
line coffecting these two statioms. Then

2 2
4 5 = 10xp? ) %, 2.1
and
) a Xi-X.
ﬁl, = tan ?;:T? A 232

for Xi , Yi and Xj , Yj , the respective coordinates
for stations 1 and j

The hypothesis is that the relationship between
the correlation coefficients and the four parameters
X,Y,d and ¢ is a continuous, positive definite
function of the form

P "P{X:sts¢) L] 2.13

with o any opj, j value, and X , Y, d and ¢ the
corresponding values of Xj , Yj , dj j and ¢j,j -
The X and Y , as the longitude and {atitude of the
station position, imply that the relation p=£f(d,¢) may
change from one point to another inside the region.
Generally, the simple linear correlation coefficient
between the & series at stations 1 and j is a
function of absolute position of one of the two sta-
tions, the interstation distance, and the orientation
of the line connecting the two statioms.

The approximation of the unknown population func-
tion ¥(X,Y,d,¢) is made by a selected function f(X,
Y,d,¢) with its parameters estimated from a limited
number of points and a time series of sample size N at
each point. This results in

o= £(,Y,d, ) + ¢, 2.14

in which ¢ are the deviations resulting both from the
use of an inappropriate function, and from the sam-
pling errors in estimating its coefficients due to the
sampling errors in the individual Tj 4 correlation
coefficients used as estimates of p; ;°. The larger
: 1,%

the sample size N and the larger the umber M of
points, the smaller should be the variance of ¢ .

It is difficult to study, test, and infer the ef-
fect of the position (X,Y) on pj j for given d and
4 . For that purpose, much more inf%rmation is needed.
Generally, the effect of (X,Y) position is significant



when the region is extremely uneven topographically,
or when the precipitation over the different subre-
gions varies. However, for a topographically homoge-
neous region, the assumption that pj j is independent
of the absolute position seems to be justified.

It can easily be shown that the pj j values are
functions not only of the distance d; ;  but also of
the orientation of the connecting straight line, mea-
sured by ¢; ; . However, the effect of ¢; ; in most
cases is much’smaller than the effect of dijj ; thus
Eq. 2.14 can be simplified to p=f(d) only as a first
general approximation.

When there is some evidence that pj 3 , for given
di, and ¢i j varies in the region witﬂ X and Y,
proper statistical tests are needed to support the ac-
ceptance of the hypothesis that pj j 1is independent
of absolute position. 1In a region with a very dense
network of precipitation stations, this hypothesis can
be meaningfully tested by subdividing the region and
testing whether the functions of ¥(d,¢) , estimated
for each subregion, deviate significantly among them-

selves. If the hypothesis of pi,j being independent
of ¢4 j is advanced, then the frequency distribution
of rj]j is tested for their circular distribution.

For this study of the ¥(d,¢) function, a definite
relationship of particular properties is required in

advance. The range of p for the function should be
between 1 and 0 for all values of d . For d=0 by
definition p=1 , and for d== , p should be zero,

because for two widely spaced precipitation stations,
the variables £; and £ should be independent. Func-
tions which satisfy these conditions are available in
the literature.

Several functions relating the estimated inter-
station correlation coefficients pj,j with the in-
terstation distance dj j 2and the azimuth ¢5,4 have
been selected for this study. They are listed in Table
2.1. Details regarding these functions are discussed
in Chapters 3 and 4, where the application of these
models to actual data is made. Models I and II of Ta-
ble 2.1 follow from the work by Caffey [18] but have
the disadvantage that the intercept is not o=1 for
d=0 . Model IT 1is the first term of Model I, with ¢
independent of the orientation between stations. Model
III is used by Steinitz et. al. [14], and has bias in-
troduced by the parameter A because p converges to
1-A as d goes to infinity, which is contrary to the
hypothesis of p=0 for d== . This model can be used
despite p converging to 1-A , because:

(a) The limits of the region studied may be in-
sufficient to provide the large d values needed for
showing how o behaves at the right extreme;

(b) Model III admits the lower bound of (=0 for
A=1 , which is the anticipated value for A when d be-
comes a large value, with B negative; and

(c) The intercept of p=1 for d=0 is of greater
importance than p=0 for the very large values of d.

Model IV of Table 2.1 is similar to Model III. It
has the linear term Cd which could possibly give a
negative p for large d . Whether o will be nega-
tive depends on the limits of the observed values of r

and d . However, the obtained relationship p=f(d) is
only valid for estimating the coefficients in the re-
lation equation within the range of the observed r
and d .

TABLE 2.1

Regional Dependence Mathematical Models for
the Stationary Stochastic Components of
Monthly Precipitation Series

Model Number Function
I p = A exp (Bd + Cd cos 28 + Dd sin 29)
11 p = A exp (Bd)
I1I p = A exp (Bd) + 1-A
v p = A exp (Bd) + Cd + 1-A
AU o =A+ Bd + Cd2 + Dd3 + Ed4 + Fds
VI T E L
VII o= (1+A)™"
VIII p = exp(Ad)}
IX p = exp(Ad)/(1 + Bd)
r 5@ @ o M]—o.so
Model V is a fifth order polynomial but is in-
cluded in this study for comparative purposes. This

model also has the property that p=A for d=0, and
p may not be defined for d infinite. The remaining
models fulfill the boundary conditions of p=1 for d=0
and p=0 for d== .

Model VI is a simple one-parameter function,
which lends itself to a linear transformation. Such a
transformation takes the form of

Lejgwaa 2.15

p

For d=0 , p=1 , and for d very large or approaching
infinity, ¢ approaches zero, as should be.

Model VII does not require the exponent n to be
1 and as a result inhibits simple linearization. Model
VIII is a simple exponential decay. It can be linear-
ized, as can Model II, but with one less coefficient.
Model IX which is a combination of Models VI and VIII
has the advantages of the exponential decay for small
d and the inverse relationship to d for large d ,
in cases where the exponential decay may otherwise
force p to zero too rapidly. Model X forces the ex-
ponent n=0.50 of Model VII in an attempt to modify
Model VI.

Models of Table 2.1 represent the simplified re-
lations between the interstation lag-zero cross corre-
lation coefficient and the interstation distance.
Nothing restricts d except that it is the distance
between the i-th and j-th stations. A matrix of d ,
with the elements being the di,j values for a given
set of M stations, can be obtained for regions with
existing stations, or for regions with stations speci-
fied as the intersections of a cartesian grid. In any
case, the dimension M and elements di, determine
the matrix of correlation coefficients through the use
of a selected relationship, p=¥(d), defining the space
dependence of the §&; process, if p has been deter-
mined to be independent of ¢ .



CHAPTER III

APPLICATION CF MODELS TO REGION I

A joint area-time model of the important regional
parameters describing the monthly precipitation series
over a set of points is presented in this Chapter.
This model is designed for a region which covers parts
of North Dakota, South Dakota, and the state of Minne-
sota. Some parameters are studied as regional con-
stants, while the others vary over the region. The
models of Chapter II allow the reduction of the random
part of monthly precipitation into an ensemble of sta-
tionary, identically distributed stochastic variables,
independent in time and dependent among themselves.

The demonstration of the application of models in
Region I, with a large number of station series,
starts with a reduction of the applicable area. Appli-
cable stations are limited to those in a subregion
having an area internal to the total area. This inter-
nal area contains only about one-half of all stations,
while all other stations are used only to minimize the
bias of the model at the boundaries of the reduced
area.

3.1. Data Assembly for Region I. Region I was
selected as an area having a relatively simple varia-
tion of the basic parameters. This required mild topo-
graphical variations over the region. Mountain ranges,
where sudden changes of precipitation parameters are
found, were excluded from this study.

The area was selected in such a way as to satisfy
the criteria used in the Hydrology Data Unit of the
Hydrology and Water Resources Program of the Depart-
ment of Civil Engineering at Colorado State University;

(1) A minimum continuous series
monthly precipitation;

of 40 years of

(2) Allow for a change in station location dur-
ing the period of observation of less than one mile in
horizontal direction and less than 100 feet in eleva-
tion; and

(3) No more than three years of missing data es-
timated by using data of adjacent stations for any one
series during the period of observation.

Region I in the North Central Continental United
States covers an area of 53,300 square miles. It lies
between 92.50 and 100.00 degrees west longitude, and
43.75 and 47.75 degrees north latitude.

Seventy-seven precipitation stations were select-
ed for use in investigations, each with 40 years of
monthly values (N=480 values) for the period 1931-1970.
The position of Region I within the U.S.A. is shown in
Fig. 3.1. The locations of the 77 stations are given
in Fig. 3.2., upper graph, with the coordinates origin
at 100.00 degrees west longitude and 43.75 degrees
north latitude. This origin is used for many of the
graphs which demonstrate the analysis of the regional
distribution of parameters. Table 1 in the Appendix
gives the station identity number, which is identical
to the U.S. Weather Bureau index number, station name,
degrees west longitude, degrees north latitude, feet
above the mean sea level, the 40-year monthly mean and
the 40-year monthly standard deviation. The index num-
ber is prefixed with 21 for Minnesota, 32 for North
Dakota, 39 for South Dakota and 47 for Wisconsin (one
border station included). No station has more than

5.62 percent of its monthly values estimated by data
from the adjacent stations, and 30 stations had no
missing monthly values. Of the 36,960 monthly values,
0.62 percent are estimated by using the normal ratio
method, Clark and O'Connor [28].

IO%OO“W

Fig. 3.1. Location within U.S.A. of Region I, used as
the example for the regionalization of parameters of
monthly precipitation series.
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Fig. 3.2. Positions of 77 stations of Region I, upper

chart; the positions of 41 stations of Region I, lower
chart. :



An area with only 41 stations was placed internal
‘to the area of the 77 stations. Figure 3.2., lower
graph, shows these stations, and Table 2 in Appendix
indicates the station number and percent of area of
the Thiessen polygons for each of the 41 stations. The
objectives in selecting an internal area having only
41 stations are = (1) to minimize the boundary distor-
tions in fitting the regional trend functions for pa-
rameters, and (2) to provide a closed network for the
outer bounds in the Thiessen polygon net for the 41
stations by using the entire 77 stations.

General precipitation features given in Fig. 3.3,
show the average of monthly means, Xj , of the 77 sta-
tions. It changes almost linearly from the western
boundary (1.5 inches) to the eastern border (2.5 inch-
es), with a slight south-north decrease. The general
standard deviation, si , of monthly series varies in a
like manner, increasing from the western border (L.5
inches) to the eastern border (2.0 inches).

*80 f304 302 29
.84 * 207 232
" A
213 215 j
19y { e 2.24
175 200 ¥ feze q
] 44

T L] Ll 1 L]
1.55 .
W7 .L’Y{‘ I.'I"OI "]
v'sy L7 %o
¢ 195 H
€195 1794
62 1?5 .92 o192
*1700 J
166 1.68
4 1§o 56 o
205 17 e =
.73 .ISS
.58 180 *LE8 ’
== o ies "V e i
”2'-‘7 sl48 *.96
' .57 190 i
I.O-““a 50 sise .97 2.n51°°3.|w..
| * fiss LT L7 200 'l.e‘a
L d
160 194
hza| "158 * Pea 90 XI
Oo 11 L 1 A L L L L lzD‘l L L
0.0 15 30 45 60 75

Fig. 3.3. Isolines of the 40-year general monthly mean
Xi , upper graph, and the 40-year monthly standard de-
viation s; , lower graph.

Major storms usually enter the region from the
southwest and move through the region toward the north-
east central zone. The eastern sector receives cold
polar air from the north during most of the year. For
prolonged periods moist warm air is supplied from the
South, mainly from the Gulf of Mexico.

3.2. Time Variation of Parameters. The stochas-
tic component Ep, T » assumed to be a second-order sta-
tionary and ergodic process, is obtained from the
monthly precipitation series Xp, 1 at any station i ,
i=1,2,...,M , with p=1,2,...,n", and 71=1,2,...,0 , M
the number of station, n the number of years, and w
the number of intervals within the year. In the case
of Region I, M=77 , n=40 and w=12 for the Ilarge
area, and M=41 , n=40 and w=12 for the subregion.

The hypothesis is that the monthly means follow
the periodic cycle of the year, represented by the
Fourier series of Eq. 2.3. For the estimated sample
monthly means, m_ , the fitted Eq. 2.3 is then of the
form

h(u)
po= X + E C.(u) cos[rjr+8.(w)] 4 3l

=g 9 J
J
in which ¥ (or m,.) is the average of w values of m.
The ratio of the variance szfuT} of the fitted u. to
the variance s4(m;) of the estimated monthly means
m, is used to select the cut-off point in determining
the significant h(u) harmonics, since the ratio in-
creases with an increase of the number of harmonics
h(y) .

Equation 2.3 1is
for Eq. 3.1 and u.
function o
viations S .

applied similarly to that done

to obtain the fitted periodic

for the estimated monthly standard de-
This gives

h(o)
o, =S ¢+ T C.(0) cos[rjr+8.(0)] i 3.2
B !

with S_ the mean of the w values of s; . Once h(u)
and h(c) have been inferred, the differences (me-ue)
and (s¢-0;) are considered the random sampling vari-
ations. This means that the annual cycle in basic pa-
rameters m; and s; is accounted for with only h(u)
and h(¢) significant harmonics, respectively.

For the m; and s; series studied, h(u)=h(o)=1
is hypothesized and tested by statistical analysis of
all M time series. Table 3.1 presents the percent of
variance of both the monthly mean, m;, and the monthly
standard deviation, s, , explained by the fitted 12-
month harmonic of p, and o, for the area with the
entire 77 stations. From 83.1 to 98.3 percent of the
variance, or on the average 92.6 percent, is explained
by the 12-month harmonic in the case of m; , and from
75.5 to 98.4 percent of the variance, or om the aver-
age 91.1 percent, is explained by this first harmonic
in the case of s; . The second (6-month) harmonic
explains only an average of 3.42 percent of the vari-
ance of m; , and 2.66 percent of s; , while the third
(4-month) harmonic has the corresponding figures of
1.02 and 2.21 percent. The average unexplained vari-
ances of m; and s; by the first harmonic, 7.4 and
8.9 percent, respectively, mean that on the average
the remaining five harmonics (second through sixth)
would explain only 1.5 and 1.8 percent, respectively.
The differences in the order of magnitude of contribu-
tion between the first and all other five harmonics
are large; thus a decision to retain only the first
harmonic in p;. and o;p seems justified. The gain in
the explained variance due to the second and the third
harmonics is not commensurate with the additional work
required or the accuracy of the additional parameters
required.

To test the significance of harmonics, the dis-
tributions of amplitudes of harmonics should be known
under the assumption that both m; and s, are pe-
riodic. A criterion that at least 90 percent of the



TABLE 3.1

Percent of Variance of Monthly Means m

and Monthly Standard

Deviations s , Explained by the First Harmonic (12-month

harmonic) of U and o, . (Underlined figures denote extremes).

: For Monthly | For Monthly - For Monthly | For Monthly

:;;;iin Mean Standard gﬁ;;i:n Mean Standard
m Deviation, s m_ Deviation, S,
1 .932 .928 40 .938 .976
2 .974 .878 41 .965 .941
3 .939 .933 42 .964 .889
4 .951 .960 43 .877 .935
5 .950 .871 44 .928 .917
6 .934 .956 45 .907 .960
7 .947 .894 46 .903 .968
8 .936 .933 47 .901 .955
9 .959 .945 48 .913 .964
10 .934 .904 49 .880 .915
11 .950 .847 50 .879 .958
12 .901 .949 51 .933 .933
13 .924 .806 52 .914 .924
14 .976 .984 53 .905 .968
15 .952 .014 54 .937 .934
16 .960 .905 55 .907 .899
17 .952 .915 56 .936 .919
18 .923 .908 57 955 .942
19 .942 .889 58 .859 .891
20 .983 .947 59 .914 .950
21 .941 .849 60 .841 .848
22 .944 .904 61 .895 .948
23 .930 .947 62 .946 .905
24 .907 .783 63 .875 .933
25 .967 .909 64 .927 .818
26 .935 .870 65 .934 .958
27 .935 .938 66 .868 .895
28 .945 .909 67 .894 .936
29 .917 911 68 .926 .938
30 .983 .982 69 .877 .755
31 .933 .868 70 .923 .911
32 .971 .980 71 .902 .882
33 .937 .818 72 .857 .800
34 .977 .965 73 .869 .833
35 .940 .960 74 .831 .815
36 .969 .947 75 .926 .969
37 .956 .937 76 .917 .959
38 .914 .956 77 .933 .761
39 .920 .873
Average 0.926 0.911
variance of m; for 80 percent of the station series harmonics significant in the case of m; and 19 sta-

for n=40 be explained by u. , and a criterion that at
least 85 percent of the variance of s; for 80 percent
of the station series for n=40 be explained by o, ,
are simple objective approaches to determine h(p) and
h(g) , respectively. By this criterion, all m; and
s, parameters of the 77 stations in Region I may be
adequately approximated by only the 12-month harmonic
of the wu, and o; periodic functions. The Fisher
g-test is used and is premised on having a normal pop-
ulation distribution of residuals about u; and o .
Under this hypothesis the critical g values for wu;
and for 12 values are 0.683 and 0.788 at the five and
one percent levels for the first harmonic, and 0.367
and 0.399 at the five and one percent levels for the
second harmonic, respectively. At both the five and
one percent levels, the 12-month harmonic has an am-
plitude significantly greater than zero in fitting u,

and o, functions to m; and s; in all but station
numbers 24, 69 and 77 for the one percent level. At
the five percent level, 34 stations have the second

tions in the case of s; . The hypothesis of normal
distribution of deviations of m; or s; from u; and
g; may be well satisfied. However, these deviations
m_-y. and s.-0. are mutually dependent, and because
of the periodicity in y,; and or , the variances of
these deviations are also periodic. Therefore, the
Fisher's test is not applicable, though it gives the
approximate results. However, in 64 of the 77 stations,
or 83.2 percent, 90 percent of the variance of m; 1is
explained by only the 12-month harmonic of 1y , while
for 65 of the 77 stations, or 84.3 percent, 85 percent
of the variance of s, 1is explained by only the 12-
month harmonic in o .

Figure 3.4 gives the correlogram and the graph of
spectral densities for the first station out of the 77
station series given in Table 1 of the Appendix. The
correlogram is very close to be the 12-month cosine
function, while the spectrum has a significant spike
only at the 12-month frequency. Similar spectra can be
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shown for nearly all 77 series. These spectra also
support the conclusion that the first harmonic in the
m, series, computed from the x T series, is the most
important, and the higher-order "harmonics (the second
through the sixth) can be neglected.
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Fig. 3.4. Correlogram (upper graph) and spectrum (low-
er graph) of the first precipitation series (station 1)
of Table 1 in the Appendix.

The values of h(u)=h(o)=1 satisfy the objective
of obtaining a minimum number of parameters using a
minimum number of significant harmonics, and in nearly
all cases the 12-month harmonic is required to account
for the annual c¢ycle in monthly means and monthly
standard deviations. Therefore, only the first harmon-
ic is necessary for both the p; and or functions in
Region I.

3.3. Regional Variation in Parameters. Because
only the 12-month harmonic is selected to account for
the annual cycle in the basic parameters of x )T for
all stations, interest is focused on how the basic pa-
rameters, represented by X (or m) , C; () , &1(1) ,
E} » C1(0) , and 87(¢) , vary over the Region I.

Of major interest is the general sample monthly
mean, X or Wm; . Figure 3.3 shows its overall varia-
tion within Region I for the 40-year observation peri-
od. Because of a marked west to east increase and a
slight south to north decrease, the simple linear
plane trend for X over Region I is investigated first
instead of starting with a quadratic or higher-order
polynomial function. The hypothesis of regional vari-
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ation in X; is then

By = By

+ BZXi + BSYi » 5.3
in which uj denotes the fitted regional means Xj and
81 , Bp and B3 are the regression coefficients to be
estimated. Xj , the longitude coordinate, is refer-
enced to X,=100.00 degrees west longitude as the zero
abscissa, and Y; , the latitude coordinate, is refer-
enced to Y,=43.75 degrees north latitude as the zero
ordinate. Table 3.2 presents the general statistics
for the sample series of 77 stations. The parameter Xj
has the general average 1.902, the variance 0.107, the
relatively small skewness coefficient 0.091, and the
excess coefficient -1.243. Equation 3.3, by using the
simple least-square approach for estimating By 5 B2 5
and Bs s becomes

By = 1.45870 + 0.14095X; - 0.04452Y; 3.4
With the statistically significant regression coeffi-
cients as shown in Eq. 3.4, this trend plane gives an
explained variance of 94.8 percent for the regional
variation of Xj; . This high percentage of explained
variance, using such a simple model as Eq. 3.4 and the
simple least-square estimation method, is as much a
surprising result as that obtained in explaining the
variation of m; and o, by only the first harmonic.

Figure 3.5 presents the differences between the

estimated sample means Xj and the fitted model of
means u; by Eq. 3.4. The isolines of differences are

drawn with a stress given to the zero isoline. The
differences show that the sample means, X;, are larger
than the model means i , in the middle, southwestern,
and northeastern sectors, with a maximum value of 0.13
inches. The negative differences dominate the north-
west, eastcentral, and southeastern sectors, with a
minimum value of -0.20 inches.

Degrees Lotiude

45
Degrees Longitude

Fig. 3.5. Differences, and isolines of differences
the estimated means and the
least-square approach.
location.

of
fitted mean by simple
The point denotes the station



TABLE 3.2

Average Statistics for Regional Parameters
for the Set of 77 Station Series

Coefficient Skewness Excess Chi-Square
Regional Standard of Coef- Coef- of Normal
Parameter Average Variance Deviation Variation ficient ficient Fit
Ei 1.902 .107 BT .172 .091 -1.243
Cl,i{u) 1.537 .026 .162 .105 -.027 - .800
Bl,i(u] 2.840 .011 .107 .038 .086 - .455 14.31
;t,i 1.185 .021 .147 .124 .128 - .958
Cl,i(c) 772 .009 .099 .128 .078 - .380
Bl,i(o) 2.705 .025 .160 .059 .082 - .097 6.02
Cl,i[u]fiﬁ .818 .005 .074 .090 .292 373 20.71
E;’ifii .629 .002 .048 .076 -.043 - .057 3.90
Cl,i(U)/EE .412 .007 .055 .134 .074 - 737 7.32

The fit by Eq. 3.4 was made by using the least
square method, giving each Xj value the same weight.
Figure 3.3, lower graph, shows that the standard devi-
ation s; increases similarly as x; does. A more
proper approach in estimating g1 , B2 and B3 is by
giving weights 1/s; to the deviatioms (Xj-uj) . This
makes the relative deviations (Ei-ui}/si have a more
homogeneous variance than was found in the case of us-
ing only the (xj-uji)-deviations for the least square
fitting. The weighted deviations can represent amn im-
provement in the estimation of models and coefficients
of the type of Eq. 3.3. For example, by using this
weighted approach for the case of Xj , g1=1.4518 ,
g2=0.1394 , and 83=-0.0405 , with an explained vari-
ance for X; of 98.04 percent instead of the 94.8 per-
cent shown for the equal-weight approach. Figure 3.6
shows the (Xj-upj)-deviations and their isolines for
the case of weighted least-square approach.

Y]
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Fig. 3.6. The same points and isolines as in Fig. 3.5

except that the weighted least-square estimation ap-
proach is used for standardized deviationms.
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The clustering of positive and negative differ-
ences (Xj-pj) into cells, as shown in Figs. 3.5 and
3.6, may be the result, as postulated earlier, of the
areal dependence amongst the station series. 1In spite
of the individual differences, these cells may be in-
ferred as being randomly distributed over the region,
separated by, the zero isoline. No particularly strong
trend seems present in the areal distribution of the
cells. Therefore, the remaining 5.2 or 1.96 percent of
variation in ¥j unaccounted for by the model is at-
tributable to sampling variation, and the mean Xj
changes approximately linearly over Region I.

The five other regional parameters, ClgiE“} ,
el,i(u} £ E},i-» Cl’igc) , and 8y i(a) , are also hy-
pothesized to have linear regionfﬁ variation. Their
general statistics are given in Table 3.2. The iso-
lines of the amplitude C; j(u) , of the 12-month har-
monic in the mean, are shofm in the upper graph of Fig.
3.7. These isolines suggest an east-west trend with
the lowest values in the west (1.3 isoline) and the
highest values in the east (1.7 isoline}. On the first
glance, the variation does not seem linear as was
found for X; . Under the hypothesis of fitting a trend
plane for the regional variation in Cy j(u) , the 77.1
percent of its variance is explained by

cl’i(u) = 1.33470 + 0.06329X; - 0.01816Y; 3.5
Because Cl,i(“} is a function of the second moment of
variable values, the expected sampling variation of
deviations about a fitted trend plane should be great-
er than for the mean X; . The amplitude Cl,i(“) has
a regional mean 1.537, variance 0.026, and skewness
coefficient -0.027. It is expected that the weighted
least-square fit would increase the explained variance
of Cl,i(“) #

Because the trend planes are fitted to both Xj
and Cj j(#) as the first approximations, another hy-
pothesis is advanced, namely that the ratio cl,iC“)/ii
is a regional constant. This is equivalent to stating
that the regional variation in Cp j(u) is accounted
for by the regional variation in Xj . It is expected
that the variation in this ratio about its mean value
would be highly reduced. The mean for 77 regional val-
ues of this ratio is 0.818, the variance is 0.005 and



the skewness coefficient 0.292. Because of the very
small value of the variance of C; ;(u)/Xj , this ratio
may not be significantly different from its mean value.
In other words, the inference is that the variation of
the ratio about its mean is only the result of the
sampling variation. The mean ratio is then considered
to be a regional constant. Figure 3.7, lower graph,
shows how this ratio changes over Region I. The 0.90
and 0.80 1isolines are north-south oriented, with the
regional variation highly reduced. The variance of
C; ;1 (u)/X; of 0.005 is only 18 percent of the variance
0£’0.026 of Cy,i(u) . The 22.9 percent of the variance
0.026 of Cy .(v]) , unexplained by Eq. 3.5, is 0.006;
this is greé%er than the variance of this ratio. 1In
other words, the use of this ratio has a smaller sam-
pling variance than the use of the trend plane of Eq.
3.5 for the amplitude Cl,i(u} ;
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Fig. 3.7. The isolines of the amplitude Cj, j(u) for

the mean y. , upper graph; and the isolines of the

ratio Cy ;(w)/X; , lower graph.

Dividing the ratio into equal frequency class in-
tervals, and testing with chi-square statistic for the
difference between this ratio and its average value of
0.818, for a normal distribution of the ratio with the
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mean 0.818 and the variance 0.005, the chi-square is
20.717. This relatively large computed chi-square is
mainly obtained because the normal 'distribution for
the ratio might not be the best hypothesis; twice as
many ratios fall in the central class interval con-
taining the mean 0.818 in case of normal distribution
than in the other class intervals. Because of the high
dependence of the ratio over the region, the chi-
square test may not be the best test. Therefore, for
all practical purposes this ratio may be considered a
regional constant.

Figure 3.8, upper graph, gives the isolines of
5.,j » the mean of the 12 values of s, standard devi-
ations for each of the 77 individual x, . series,
while the lower graph gives the isolines of $ ;/Xj
Equation 3.2 gives the values for 5. j . There is a
difference between the sj estimates of Fig. 3.3, lower
graph, and the 5. i individual means of s, of Fig.
3.8, upper graph; the 3}’i values are smaller than the
s; values. Because of periodicities in the standard
deviations, and the use of Eq. 3.2, the regionaliza-
tion is done for 3p j rather than for sj . There is
a general increase in 5. ; values from the west to the
east, as for the previolsly studied parameters. The
mean for the 77 values of 5. j is 1.185, the variance
0.021, and the coefficient of skewness 0.128. However,
a uniform change from the isoline 1.0 to the isoline
1.2 in Fig. 3.8 suggests that a trend plane may also
well represent the regional variation of s j With
this hypothesis the plane is

o, = 1.03990 + 0.05794X; - 0.0SZTTYi 3.6

Equation 3.6 explains 81.6 percent of the variance of
g'r,i "

Considering the ratio 5. ;j/X; as a new regional
parameter, which has a mean 0.629, variance 0.002, and
skewness coefficient -0.043 for the 77 station series,
this reduced variance of 0.002 as compared with the
variance 0.021 for S, j is about 10 percent. In this
case, using the trend plane of Eq. 3.6, the unaccount-
ed variation of S j is approximately 0.039, or about
two times the variance of this ratio. By using the 77
estimates of E},i/ii , and considering them to be nor-
mally distributed about their mean, 0.629, as a result
of random sampling variation only, the computed chi-
square for 11 equal probability class intervals is
3.90. This value is not significant at the 95 percent
level because the critical chi-square is 16.9, regard-
less of the fact that the 77 ratios are mutually de-
pendent values. The ratio 5, i/Xj 1is selected as a
regional constant of 0.629. The disolines and point
values of this ratio are also shown in Fig. 3.8, lower
graph. Its variation, with the 0.65 isoline in the
west and the 0.60 isoline in the east, is now east-
west oriented; however, this supports the hypothesis
that 5; 4 and X; are close to being proportional
parameters.

The isolines of the amplitude of 12-month harmon-
ic of the monthly standard deviation are shown in Fig.
3.9, upper graph. The regional variation of C1,i(9)
has a general west-east increase. Consequently, for
the hypothesis of a trend plane,

C. .(g) = 0.65824 + 0.02697X. + 0.00534Y, ¢ 3.7

T i i
The explained variance in C;,;(0) by Eq. 3.7 is only
37.6 percent. The very small regression coefficient
for Y; of 0.00534 shows very small variation in
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Fig. 3.8. The isolines of the parameter 5. ; , the
mean of 12 values of s standard dev1at:|.on upper
graph; and the isolines of the ratio S j/Xj , lower
graph.
[o) in north-south direction. The fit by Eq. 3.7

seems relatively poor. The mean of 77 values of C; (@)
is 0.772, the variance 0.009 and the skewness coeffi-
cient 0. 078. The unexplalned variance of Cl j(@) by
Eq. 3.7 is 0.0056. The ratio Cl’licjfxl has 4 mean of
0.412, variance 0.007 and skewness coefficient 0.074.
The isolines of deviations of this ratio from its mean
value are given in Fig. 3.9, lower graph. Only the
major isolines are drawn. Though the variance of this
ratio of 0.007 is relatively high in comparison with
the unexplained variance of Cj, i(@) by Eqg. 3.7 of
0.0056, or nearly 20 percent greater, this ratio can
still be considered as approximately a constant of
0.412, and its variation over the region may also be
considered as random sampling variation. Assuming the
ratio is mnormally distributed about 0.412 with vari-
ance 0.007, the chi-square is 7.3. Because this chi-
square is relatively small, the ratio is inferred to
be a regional constant.

The isolines and point values of the phase angles,
81,1 (w) for the periodic . , and 8; j(¢) for the
periodic o , are shown in the upper and loyer graphs
of Fig. 3.10, respectively. For &1 j(u) the isoline
values range from 2.7 to 3.0, and for 81,i(@) from
2.5 tc 2.9, both increasing in the east- -west direction,
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Fig. 3.9. The isolines of the a.m'plltude C1,i(9) of 12-
month harmonic of the monthly standard devmtlon, up-
per graph and the isolines of deviations of the ratio
Cl'i(a)/'fi from the mean ratio of 0.412, lower graph.

The trend planes for these two parameters are

Bl,i{u} = 3.05755 - 0.03?15)(i = 0.03608Yi i 3.8

5,1
The variation in 81,i(w) 1is hypothesized to result
only from sampling varlatlon, normally distributed
with mean 2.840 and variance 0.011, and a chi-square
of 14.31 is obtained, which is not significant at the
95 percent significance level for 11 equal probability
class intervals. Therefore, the parameter Bl i(u) is
practically a regional constant having a value of
2.840. The regional variation in €3 i(¢) may also be
hypothesized to be the result of a sampllng variation.
Thus the parameter would be a regional constant of
2,705. Assuming a normal distribution of By l[c)
with mean 2.705 and variance 0.025, a chi- square of
6.02 is obtained, which is not significant at the 95
percent level. The east-west pattern in B1,i(1) and
&1, j(@) may, therefore, be the result of reglonal de-
pendence of sampling variation rather than a popula-
tion characteristic. Because there is no physical rea-
son why the phases for the periodic mean and the peri-

2.98795 - 0.05317Xi = 0.03815Yi 3.9



odic variance should be different, a further simplifi-
cation is obtained by setting 81,i(#)=01,i(0) . 1In
that case either 6=2.840 or the average 81 =2,772 are
used. Regardless of the advantages of this unique 81
value, the two distinct constants of 2.840 and 2. ?05
will be used here in further analysis of monthly pre-
cipitation.
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Fig. 3.10. The isolines and point-values of the phase
angles: the 61 i (1) of the 12-month harmonic in pe-

riodic m; , uppér graph; and the 61,100
month harmonic in periodic s. , lower graph.

of the 12-

The Fourier series representation of a periodic
parameter has two parts: the average of the parameter
and the periodic variation about it. In the case of
mr,i , Xj is the series mean, and Cy j(n) and 81,i (W)
are the amplitude and phase which détermine the peri-
odic variation. The regional range in the isolines of
Xi 1s approximately 0.75 inches while for Cy,iln) it
is about half that amount, or 0.40 inches. The’ coeffi-
cient of variation of Xj is 0.172, which is 1.63 times
that for Cj j(u) , while the mean of X; is 1.24 times
that for Cl l[u) The regional variability in xl is
greater than’in Cy j(u) . The fact that the major re-
gional variation exists in the mean Xj rather than in
the periodic fluctuation about the mean, measured by
Cl,i(“] , suggests that the trend plane which accounts
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for the variation in X; is the most important aspect
in the regionalization of precipitation parameters.

Applying a similar analysis to s; ,is the monthly
standard deviation, the range of reglonal variation in
sT i 1s about 0. 40 inches, while in Cy,i(o) , the
first harmonic amplltude of sr,i , it is C.20 inches.
The regional mean of Sp j is 1.18; this is 1.53 times
greater than the mean of Cj j(¢) which is 0.772. How-
ever, the regional coefficients of variation for 51,14
and Cp j(o) are approximately equal, namely 0.124 and
0.128. "Again the maJor regional variation is in the
mean 51.1 rather than in the regional variation of the
amplitude of the first harmonic. The linear trend
planes, which explain variances of 81.6 percent for
St,i and 37.6 percent for Cj ; (o) , support the con-
clusion that the parameter c% periodic variation is
the more difficult of the two to regionalize. This is
due to a greater regional random sampling variation.

With the above regional models for various param-
eters, the second-order stationary component, E

T
for any station series, with both the numerator and
denominator divided by X , becomes
X . C. (w)
—% -1 - cos[l'r'ral[u)]
EP,T = s Cltc} « 3.10
= + = cos[}.r-rﬂl(c)]

Replacing X by Eq. 3.4, and the other five parameters
Cl(l-'}/f » 8100 s¢/x , Cy(e)/x , and 81 (¢) by their
values, 0.8187, 2.8402, 0.6293, 0.4120, and 2.7053,
respectively, then Eq. 3.10, for a given i-th station,
having coordinates X3 and Y; , becomes

P,
T.45870 + 0.14095K; - 0.04452Y,

-1 - 0.8187 c05(1% . 2.340:)

S "

Three approaches for selecting the sample parame-
ters were considered for determining &£p,r , as a sta-
tionary stochastic component. The first approach is
made using Ep,r of Eq. 3.11 as Model A. The second
approach is similar to Model A, except that, in place
of the constant ratio Cj,j(0)/X , the constant value
0.772 is used for Cl’i(c') in the form of Model B,

0.6293 + 0.4120 cos(% + 2‘7033] 3.11

X o C, ()
={ I,E,-_ 1 - li' cos[lT+91(U)]} x ,

s
(—;) X + Cl(a] cos[i\ﬁelfc]}

3.12

which still has five regional contants, but with a
linear trend surface for X . The third approach, Model
C, is in computlng the E series utilizing the lin-
ear regression equations ifi the form of linear surface
trends, fitted to each of the six regional parameters,
X, C ,8M ,5 ,C(),and 8;(s) In the
case of Model C, using the best estimates of regres-
sion coefficients for parameters, a reduction in the
total number of parameters is made from 77 x 12 x 2 =
1848 parameters in the case of the use of the non-

parametric approach, or the use of all sample values
of m¢ and s at the 77 stations, to a maximum of
6 x 3 = 18 regression coefficients of the six most im-

portant parameters. For Models A and B the total num-
ber of regional regression coefficients to be esti-
mated is reduced to three (81, B, and B3) for X , and
the five regional constants, for a total of eight.

The economy in the number of estimates and the
simplification in models are the major characteristics
of the above regionalization of parameters of monthly



precipitation., More complex models are not justified
due to time and regional sampling errors. Equation
3.11 is used in reducing Xp,t to Ep =L, random vari-
ables. However, further 1mprovements may be obtained
in the estimated coefficients of this equation by us-
ing the weighted least-square fits for determining the
parameters of both the periodic and regional models.

3.4. Testing Sequential Independence of Station-
ary Stochastic Components. To determine how closely
£ where £; is equal to & ,T 0 approximates an
independent stationary stochastic process, as a result
of the simplifying assumptions for the deterministic
periodic time and regional trend variatioms in the ba-
sic parameters, the correlogram of each £; series of
the 77 monthly precipitation series is tested for sig-
nificant departures. This is done on the 95 percent
probability level, from the correlogram of an indepen-
dent series. Only the first 20 lags of correlograms
are used. The 95 percent tolerance levels, T, and 1y ,
for an independent series are computed by

4 (95%) = - 3.13
with k lag, t=%1.96 being the deviates from the stan-
dard normal distribution for a two-tail test that py=0
for k>0 for the &; series, and N sample size. Table
3.3 presents the number of 1y values for the lags 1
through 20 which are outside the tolerance limits for
the 77 region stations and the 41 subregion stations
of monthly precipitation series. The serial correla-
tion coefficients ry for the lags 1, 5, 8, 11, 12 and
19 in Table 3.3 are often outside the tolerance limits
and for more than 4 series (5 percent of 77). The ry
values of other lags also have some tendency to be
outside the tolerance limits. The same observations
are valid for the sample of 41 series in the subregion

TABLE 3.3

Number of Serial Correlation Coefficients of
£. Outside the Tolerance Limits (T.L.) of an
' Independent Series

Number of Station Series

Lags 77 41

1 31 14

Z 4 2

3 4 3

4 5 1

5 11 7

6 3 1

7 6 1

8 18 8

9 7 4

10 1 0

11 14 1

12 48 24

13 3 0

14 2 2

15 3 2

16 1 0

17 2 2

18 5 1

19 12 1

20 8 2

Total outside T.L. 188 76
Number without values

of T and T, 109 38

Total numbered ry computed | 1540 820

Percent outside 12.2 9.3
Percent without values

of r; and 7113 7zl 4.6

corr (T
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The first serial correlation coefficient, rj , is
affected both by some dependence in the monthly pre-
cipitation values due to the dependence inherent in
hydrometeorological synoptic situations from day to
day, and by an incomplete vremoval of harmonics of the
periodic parameters, as the serial correlation coeffi-
cient ri; demonstrates. By neglecting the numbers of
r; and 1) values outside the tolerance limits, the
new percentages of 1Ty values outside these limits are
also given in Table 3.3. In that case, for the 41 sta-
tion series, only 4.6 percent of ri values are outside
the tolerance limits, instead of 9.3 percent as in the
case where 3] and 17, are included.

For example, the correlograms of two station se-
ries (nos. 8 and 22) out of the 77 series are present-
ed for £; in Fig. 3.11. For station no. 8 several T}
values are outside (but close to) the tolerance limits,
while station no. 22 has a correlogram relatively well
confined within the 95 percent tolerance limits.

The correlation coefficient corr(ry j, T J} be-

tween the first serial correlation coefficients Ty,4
and r%’j of the i-th and j-th series of £; is glven

by [29
r2 )
llj_]

2(N+2) (N+4)

NN-2) (1] ; *

N+2 -2
1,i* T1,5° = W1 Pi.j [1 %

3.14

of the lag-zero correlation
coefficients of the £j series for the i-th and j-th
stations. Because the average, T; , of all series is
about 0.08, its square is about 0.0064 -and the term in
the brackets of Eq. 3.14 is, therefore, very close to
unity. Even if one would use the individual values of
1,4 and T, 1nstead of using the average, Ty , to
replace Ty,i and ry, in Eq. 3.14, the term in the
bracket is $till close  to unity. Therefore, Eq. 3.14
may be accurately replaced by

) =

with ﬁi,j the estimates

N+2 .2

mpi’j 3.15

corr[rl’i, rl,j

The effective number of stations in the region for
corr(r » T1, j) , assuming the £; are mutually un-
correlated serles
M, = L , 3.16
1+ corr(rl,i, rl,j)(M_l)
i —_— . ~2
with corr(rl’i, rl,j] estimated by (N+2}pi,j/(N-l]
The average Ei j for the 77 station £ series
»
is 0.264, and the estimate of corr(rl 0 T j] is
2 E]
0.266. Then Eq. 3.16 gives Me=3.63 for M=77 . Simi-
larly, for M-41 , the values are Az J—-0 .348 , the es-

timate of corr(rl i T ) is 0. 351, and M =2.72.
Figure 3.12 gives the average correlogram, Ty=
f(k) for the ¢&; series of 77 stations, with the tol-

erance limits (ry), and (rklb at the 95 percent level,
computed by
var r Li
+t_k' =
- M
e

1 = N-k
+t
N-k+1 (N-k+1) .m—e

™ Py

3.17

Similarly, Fig. 3.13 gives the average correlogram for
the 41 subregion stations. These two average correlo-
grams lead to the following conclusions:
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Fig. 3.11. Correlograms of £, stochastic components with 95

percent tolerance limits for Station series nos. 8 and 22.

_(1) In both cases, 77 and 41 stations, the ?l
and T, are outside but close to the tolerance limits;

(2) All other T's
tolerance limits;

(3) The 95 percent probability level of toler-
ance limits implies that only one T, value out of
twenty should be outside the limits; in these cases
there are two instead of one value outside the limits;

are either on or within the

(4) The squares of T; and T, are about one
percent (0.12), which has 1little effect on the time
dependence of the £; series; for all practical pur-
poses, they can be neglected.

Thus the £; series may be considered as time in-
dependent processes.
{7
oiof k
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Fig. 3.12. The average correlogram of the 77 series of
£i variables (Region I), with the corresponding 95
percent tolerance limits.

The average of the means of the £; independent
stochastic components of the 77 precipitation series
is 0.033 and the variance of the means is 0.007. The
means of approximately standard &; variables can be
considered the same. The average of the 77 sample
standard deviations of £; is 1.067, with a variance
of 0.006.

The selected regional model of Eq. 3.11
plishes the following:

accom-
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(1) It removes the series periodicities and the
regional trend in the basic parameters;

(2) It provides an approximately standard (0,1),
stationary, sequentially uncorrelated set of stochas-
tic variables; and

(3) It reduces the number of periodicity and
trend parameters to only eight for the monthly precip-
itation series observed in Region I.
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Fig. 3.13. The average correlogram of the 41 series of
E; variables (subregion to Region I), with the corre-
sponding 95 percent tolerance limits.

3.5. Analysis of Independent Identically Distri-
buted Stochastic Components. In structural analysis
and mathematical description of monthly precipitation
series it is useful to determine the form of the prob-
ability distribution function for the £; series. The
assumptions made and tests performed, in removing the
periodicity and regional trends in the major parame-
ters, lead to the conclusion that the computed E. se-
ries is approximately an independent, standardized
stochastic variable, which has absorbed into its fre-
quency distributions the major time and areal random
sampling variations of the parameters. By standard-
izing a set of non-normal random variables, differ-
ences can appear only in the autocovariances and the
third-order and fourth-order parameters. For the g3
series, the conclusion of time independence (at least
by the series being 1linearly uncorrelated) implies
that they are second-order stationary processes. Since
their probability distributions can have different




asymmetry and kurtosis, the basic problem is to inves-
tigate whether the various £ series have skewness and
excess coefficients which are significantly different
from being constants.

The differences between the estimated constants
for the regional ratios of parameters in Eq. 3.11 and
the estimates from trend functions of the paraneters
evaluated at the observed points have a tendency to be
greater as the distance from the geographical centroid
of the region increases. This can be inferred from
Figs. 3.7 through 3.10, in which the largest differ-
ences appear to be located at the edges of Region I.
However, when only the 41 stations of the interior
subregion are used, the differences at these new
boundaries are reduced. This fact reinforces the as-
sumption of identically distributed, second-order sta-
tionary, E; series. Regardless of this decreasing ef-
fect at the boundaries for the 41 stations, the analy-
sis of identically distributed £. stationary variables
is performed here for all 77 stations of Region I.

Using a standard computer program, tests were
performed for each £; to determine whether the fre-
quency distribution curve can be well fitted by one of
three basic probability distribution functions: the
normal distribution, the three-parameter lognormal
distribution, and the three-parameter gamma distribu-
tion. Because the £ variables have been standard-
ized, E(£3)=0 and E(var£j)=1 , to fit the normal func-
tion, the values of the skewness and excess coeffi-
cients are crucial. In fitting a bounded three-parame-
ter function, either lognormal or gamma, the variation
in the estimated lower boundaries is decisive in de-
termining the f£it of these functions to the actual
distribution of these 77 station §&; series.

The variables £; of 77 stations, with i=1,2,...,N
and N=un=480 , were found to fit the three-parameter
gamma probability function,

1 a-1
f = —a— (&- - 3.18
©) = gwpgy & exee/s)
with o the shape parameter, § the scale parameter,

and vy the lower boundary. The chi-square values for
the 77 fits were computed using 20 class intervals of
equal probability with 17 degrees of freedom and were
tested at the 95 percent significance level. For the
77 stations, 7.7 percent were found to be unacceptable
as three-parameter gamma distributed variables, while
for the 41 station subregion, only stations 15 and 26,
or 5 percent of the 41 stations, have the computed
chi-squares greater than the critical value 27.6.

Table 3.4 shows the basic statistics and the com-
puted chi-square values for fitting the three distri-
bution functions to the 41 series of the subregion. In
case of the normal function, none of the 41 stations

have computed chi-squares less than the critical value.

For the three-parameter lognormal function, 21 series
have unacceptable chi-squares. All series are posi-
tively skewed, and the regional average skewness coef-
ficient for the 41 series is 1.155. The averages of
the maximum likelihood estimates of the three-parame-
ter gamma distribution function are as follows: (1) the
lower boundary vy=-1.694, with a variance of 0.003;
(2) the shape parameter &=2.620, with a variance of
0.090; and (3) the scale parameter £=0.668, with a
variance of 0.004. In addition, the average mean for
the 41 variables is 0.042, with a range in the means
of 0.379, from -0.127 to 0.252, and the average vari-
ance is 1.136, with a range in the variances of 0.704,
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from 0.914 to 1.616. Although the £; variables are
considered to be standardized, they do not have a mean
of zero and an exact variance of unity, due to the
simplifications made in the time and areal determinis-
tic functions describing the variations in the parame-
ters. However, the ensemble of the £; variables is
treated as if it had mean zero and variance unity.

Considering the regional variation in the lower
boundary to be a sampling variation, a fit of the nor-
mal function to this variation is tested and made,
with a mean of -1.694 and a standard deviation of
0.056, regardless that the theoretical distribution is
not normal. The normal function has a chi-square of
1.72 using five class intervals for the 41 values of

¥ , which is not significant in comparison with the
critical chi-square of 7.81 at the 95 percent Ilevel
with three degrees of freedom. Therefore, all £ se-

ries may be considered identically distributed random
variables, (considering the third-order stationarity),
with all parameters of the three-parameter gamma prob-
ability distribution function being regional constants.
The three sample parameters are each estimated for the
three-parameter gamma distribution function as the av-
erage of the estimates for the 41 series.

The 41 series of £; variables in the subregion
may then be considered as independent, standardized,
third-order stationary, identically distributed random
variables, with a three-parameter gamma probability
density function. Table 3.5 gives the mean, variance,
standard deviation and skewness coefficient for the
mean, and the variance, standard deviation, skewness
coefficient, and minimum observed value of the 41 com-
puted E; series, as well as the lower boundary, shape,
and scale parameters of the 41 fitted three-parameter
gamma distribution functions. The average of the means,
0.042, with a variance of 0.008, is close to :zero,
while the average of the variances is 1.135, with a
variance of 0.022, and is close to unity. The average
of the 41 standard deviations is 1.063, with a vari-
ance of 0.002, while the average skewness coefficient
is 1.156, with a variance of 0.033. The small varia-
tions of the & , 8 , and ¥ estimates about the aver-
age values of 2,620, 0.668, and -1.694, as well as the
small variations of the above general parameters, im-
ply that the £; variables computed by Eq. 3.1l are
from identically distributed, third-order stationary
stochastic process.

3.6. Regional Correlation Structure for Identi-
cally Distributed Stochastic Variables. The linear re-
gional dependence between the identically distributed
ensemble of stationary stochastic variables is inves-
tigated for the lag-zero cross correlation coeffi-
cients as related to the interstation distance, d, and
its azimuth, ¢ , or its plane normal angle, & . Ten
models are studied as given in Table 2.1. The first
model relates the lag-zero cross correlation coeffi-
cient of any pair of stations to their distance and
plane normal angle, following Caffey [18]. The next
nine models are the investigations for a simple depen-
dence between the lag-zero cross correlation coeffi-
cient and the distance.

All of the ten models chosen are nonlinear in d,
because the graphical plot of the (r,d)-points shows a
nonlinear relationship. The unknown coefficients are
estimated by using a nonlinear least-squares fitting
procedure, Dixon [30]. Models III, IV, and V are ap-
plied to all the correlation coefficients of the cor-
relation matrix (actually only t#e upper triangle of
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the matrix due to symmetry) and for the following:
(1) the raw data, or the x ,t Series; (2) the series
€p,1 computed by the non-parametric standardization
method (x, --mj}/s; for each station; and (3) the &3
series obtained by Eq. 3.11. The other models are ap-

plied only to the correlation matrix for the £; series.

TABLE 3.5

Four Statistics of the Various Parameters
of the 41 E; Stochastic Variables

Standard Skewness

Parameter Average Variance deviation coefficient
Mean .042 .008 .092 .306
Variance 1.135 .022 .150 .972
Standard

deviation 1.063 .002 .068 L7453
Skewness

coefficient! 1.1%56 .033 .181 .633
Minimum

value

observed =1.651 .003 . 056 175
Shape

parameter 2.620 .090 301 . 972
Scale

parameter -668  .004 .063 414
Lower

boundary -1.694 .003 .056 .247

The nonlinear least-squares fit
points of the function

p = f(d; A,B,...,F) F 3:19

is made by using the Gauss-Newton iteration on
A,B,...,F given the initial values for these coeffi-
cients. The functions used contain from 1 to 6 coef-
ficients. Their initial computational values are given
in Table 3.6. The mean square error 1is computed at
each iteration until the tolerance of less than 105
is satisfied for the change in the mean square error
between iterations. However, this may not always as-
sure optimum coefficient values for the model; the al-
gorithm used selects the parameter which provides a
maximum reduction in the error sums of squares, Dixon
[30].

to the (r,d)-

Model I, when applied to p=f(d,8) , has an ex-
plained variance of 90.0 percent; this is 30 percent-
age points above Caffey's [18] method, which gives 60

percent of the explained variance for the annual pre-
cipitation series. The expression of Model I when com-
pared with Model II offers very little in the way of
the increased explained variance, namely only 2.6 per-
centage points, with twice as many parameters required.
Model I is computationally more cumbersome because of
having two independent variables. Model II fits the
data well but does not satisfy the condition of p=1 at
d=0 . The fitted p=f(d) , for this model, accounts for
87.4 percent of the variation of the Ei correlation
matrix. The coefficients for Models I and II, as well
as for the other models, are given in Table 3.7.

Models 1III, IV, and V, fitted to the set of
(r,d)-points taking two series at a time, are applied
to the two samples series, of 41 and of 77 stations.

Model III is computationally convenient, since it re-
quires about half the computer time of Model IV and
about one-tenth of computer time of Model V to esti-
mate the model coefficients for the £. sample series

of 41 stations, with 861 terms, or 41 variances and
820 lag-zero cross correlation coefficients. The pre-
liminary trials suggest that the azimuth ¢ , or the

plane angle 8 , is not an
scribing the changes in the

important parameter in de-
r parameter over the re-

gion. The inferred model, as the estimate of p=£f(d) ,
is

r=0.613¢ 00 4 o387 3.20
with an explained variance for r of 94.2 percent. This
model is selected as the regional, mathematical con-

in the correlation
variable. Only two
and B .

densation of information contained
matrix for the 41 series of the £,
coefficient’ must be estimated, A

The interstation distances may also be expressed
as the upper triangle of a symmetric matrix with the
distances obtained from the station coordinates. The
d values range from 12 to 312 miles for Region I. The
constant (1-A) in Model III is introduced because for
d=0 the value of r should be equal to one. The use
of the coefficients (1-A) in this model is unrealistic
for large distances of continental dimensions, because
r=0.387 for d== . In general, for d approaching in-
finity, r should approach zero, although there are
other opinions, Steinitz et. al. [14]. For the 77 sam-
ple stations, Model III is selected as the best of the
three models, with the explained variance for r of
87.4 percent for the 3003 values of r and d , with
d ranging from 4 to 424 miles. The A coefficient is
larger than for the 41 stations (0.722 in contrast to
0.613), showing that A increases as the range of d
increases. It can be expected that A goes to unity as
d goes to infinity.

TABLE 3.6

Initial Computational Values of Coefficients in the Relation p=f(d)
of Equation 3.19 with One to Six Terms

Number of

Coefficients A B C D E F n
1 0.001
2 0.500 -0.010
2 1.000 - .050
3 1.000 -0.001 -0.080
4 0.900 -0.005 1.000 1.000

-4 -8 -10 -10

6 1.000 -0.006 0.3x10 -1.0x10 2.5x10 -1.0x10
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Figure 3.14 presents the (r,d)-points and the
fitted r=f(d) functions of the 41 series for the x,, .
series by using Model IV in graph (1). The same is
done both for the e, ; series obtained by nonparamet-
ric standardization ~fethods and by using Model IV in
graph (2), and for the E; series obtained by using
Model III in graph (3). The bias on the extreme right
due to the constant (1-A) can be seen in all three
cases, forcing the fitted function upwards at large
distances (say at 200-300 miles). Another important
feature of these fitted functions is the range of the
dispersion of observed points around the function as
measured by RZ , the explained variance of r . These
are shown in the last column of Table 3.7. The two
graphs of Fig. 3.15 present a comparison of the fitted
r=f(d) functions for the (r,d)-points of the 41 sta-
tion series. The first three curves represent Model IV,
applied to the (r,d)-points, as follows: for the Xp ¢
series with an 88.4 percent explained variance of T,
and T=0.721 , line (1); for the &; series obtained
by Eq. 3.11 with a 91.4 percent explained variance of
r , and T1=0.598 , line (2); and for the nonparametri-
cally obtained ep,; series, with a 92.2 percent ex-
plained variance of r , and T=0.580 , line (3). if
the small differences in percentages of explained
variances are disregarded, line (2) is close but above
line (3), with both lines (2) and (3) significantly
below line (1). This shows that the removal of the pe-
riodic and regional trend variations in parameters
significantly decreases the vertical position of the
r=f(d) curve. Both Eq. 3.11 and the nonparametric
methods of removing the periodicity and trends in pa-
rameters give very close r=f(d) functions for the ¢&;
series.

Lines (4), (5), and (6) of Fig. 3.15 represent the
r=f(d) functions for Models V, III, and IV fitted to
the (r,d)-points, with Eq. 3.11 used in producing the
g, series. They explain 94,0, 94.2, and 91.4 percent
of the variance of r , respectively. Considering the
explained variance attributed to each fitted model to
be about the same, these three curves appear to be
similar, except for large values of d .

Models VI, VII, VIII, and IX of Tables 2.1 and 3.7,
shown as lines (6), (7), (8), and (9) in the two
graphs of Fig. 3.16, meet the requirements of p=1 for
d=0 , and p=0 for d== . Models VI and VII, which are
computationally more expensive than Model III, have
the explained variances of 89.8 and 90.8 percent, re-

d
00 l ] I
0 100 200 300
Miles
Fig. 3.15. Comparisons of the fitted r=f(d) functions:

(1) Model IV, Xp, 1 series
(2) Model IV, £p ¢ series
(3) Model IV, Ep,t series

(4) Model V, &y  series
(5) Model III, Ep rseries
(6) Model IV, gp’; series

spectively. Model VII has two parameters, requiring
more than twice the computational time to converge to
constants with a 10-5 tolerance in the mean square er-
ror. The coefficients of Model VI, given by Alexeyev
[15] as r=(1 + 0.006)~1 , fall within the ranges quo-
ted, namely 0.005<A<0.10, and A=0,006. Model VII is a
modification of Model VI to improve the symmetry of
fit about the (r,d)-points for the values of 0<d<150
miles and especially for the values of 0<d<75 miles.
Model VII, which is

34
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Fig. 3.14. Correlation coefficient, r , versus the interstation distance, d , and the fitted function r=Ae  +

Cd+1-A (solid 1line); (1) for the historical xp ¢
rically determined e, . series, A=0.315, B=-0.0281, C=-
ries obtained by Model III, A=01613, B=-0.011.

series, A=0.315, B=-0.0242, C=-
0.00217, and T=AeBd+1-A ,

0.00062, (2) for the nonparamet-
and (3) for the regional g; se-
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Fig. 3.16. Comparison of the fitted r=f(d) function
for the &; series for different models of Table 2.1

and Table 3.7. Line numbers coincide with the model

numbers in these two tables.

accounts for 90.8 percent of the variation in r , and
the exponent is close to -0.50; perhaps this value of
-0.50 would be superior to the use of minus one as
used in Model VI. The selection of the exponent be-
tween 0.50 and 1.00 is not pursued further in this pa-
per. However, when the exponent is 0.50, defining the
model as Model X,

r=(1+0.0189)70%0 |
which accounts for 91.6 percent of the variation in r.
The fitted Model VII, line (7) of Fig. 3.16, decreases
initially faster than 1line (6), but is close to line
(3) and the line of the models wusing the (1-A) term
and the six-term polynomial. Model VIII, which is a
simple exponential function, explains 78.8 percent of
the variation in r . Combining Model VIII with Model
VI, as a gamma-type function, designated as Model IX,
explains 90.4 percent of the variation in r . Model IX
produces a more rapid drop for small values of d than
does Model VI,

3.22

There is very little difference between the best
fitted models except for the symmetry of the (r,d)-
points about the fitted r=f(d) function. Model VII or
Model X are best in this respect, but each requires
twice as much computer time as Model VI.

25

For the following reasons it is difficult to
study the distribution of Tt values about the Ffitted
function:

(1) The distribution of r is not readily ob-

tainable for the Ei
gamma distribution;

(2) The dependence structure p=f(d) should be
introduced in deriving the sampling distributions f(r)
for given d ;

(3)

its to converge to

variables of the three-parameter

The bound of p=1 requires all tolerance lim-
p=l for d=0 .

Perhaps a good approach to placing tolerance lim-
its on the r=f(d) functions is to transform the r val-
ues into the Fisher's 3z variables, with the standard
deviation of z defined as

g_ = 3.23

1
£ N3
in an interval 4&d . For €ach d , the model p=f(d)
gives the estimated population value. Assuming z to
be normally distributed, N(zp, 0z), the tolerance lim-
its, z, and zgy , at the 95 percent level are

=z 3.24

z + 1.960
u,? o z

This z transformation takes care of the fact that £(d)
is bounded by p=+1 , because z for p=1 becomes infi-
nite.
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Fig. 3.17. Model III, upper graph, and Model VII ,
lower graph for Region I with correspond-

ing 95 percent tolerance limits.



Another approach is to consider the standard er-
ror of the estimate of the fitted p=£f(d) function.
This standard error of the estimate, s, , is a measure
of the size of residuals (the standard error or dif-
ferences between the observed and the estimated values
of r). Then the residuals may be assumed to be nor-
mally distributed with the mean of zero and the vari-
ance s% for each interval Ad about a given d .

£; variables. This information is shown in Table 3.8.
‘Table 3.8 also gives the percentage of points outside
these limits in comparison with the expected percent-

age for the assumptions used in deriving either the
distribution of r about p=f(d) or the distribution
of the residuals (r-p). Figure 3.17 gives the toler-

ance limits for the p=f(d} functions of £; , namely
for Model III (upper graph) and Model VII (lower
graph), with the 95 percent tolerance limits computed

Model III and Model VII are selected to illus- by Eq. 3.24.
trate the computation of the tolerance limits for the
Table 3.8

Tolerance Limits for p=f(d) Models for the &i Series for 41 Stations

Percentage Standard
fisesa e Eq, i3n2d of points Error of
Distarice Model | o=£(d) Tolirance ilmlts o$t51ie Estimate Peiizntage of POlE;: outside
Miles Values 1 2 1’ "2 Sp = =
0 1.000 -- —-
50 740 777 | .696
100 111 .590 .645 | .528 18.1 0.047 23.3 5.5
200 .454 .522 .380
300 .409 484 .332
0 1.000 -- --
50 .724 764 | .679 14.2 0.037 29.0 8.5
100 VII .592 646 | .529
200 .457 .522 | .380
300 .384 458 .304
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CHAPTER IV

APPLICATION OF MODELS TQ REGION II

Region II is in the North Central Continental
United States covering an area of 20,000 square miles.
It lies between 96.00 and 99.50 degrees west longitude,
and 40.00 and 42.50 degrees north latitude. This re-
gion demonstrates that a smaller number of monthly
precipitation series from gauging stations in a topog-
raphically homogeneous area can effectively be wused
for regionalizing the basic parameters of series,
without using the subregion approach as it was done
for Region I. Each of the resulting stochastic Ei
variables obtained from the regionalization of the
basic parameters, by accounting for the annual cycli-
city and regional trends in these parameters, are
shown to follow the same three-parameter gamma proba-
bility distribution function. In addition, the linear
correlation structure of the stochastic &j variables
can be modeled with a similar p=f(d) relationship
for Region II, as was previously shown for Region I,
with p  the lag-zero cross correlation coefficient
and d the interstation distance between any two sta-
tions of monthly precipitation series.

Since Region IT is used to demonstrate the pro-
cedures developed, it is not necessary to reiterate
all the details as presented in Chapter III.

4.1, Data Assembly for Region II. Region II
which has relatively simple variation of the basic
parameters over the area satisfies the following three
criteria: (1) a minimum continuous series of 30 years
of monthly precipitation; (2) a change in station lo-
cation during the 30-year period of less than one mile
in horizontal direction and less than 100 feet in ele-
vation; and (3) no more than three years of missing
data for any one series estimated by wusing data from
adjacent stations.

Twenty-nine precipitation stations are selected
for investigation, each with 30 years of monthly val-
ues (N=360 values) for the period 1931-1960. The
position within the U.S.A. of Region II is shown in
Fig. 4.1. The locations for these 29 stations are
given in Fig. 4.2., with the coordinates origin at
99.50 degrees west longitude and 40.00 degrees north
latitude. This origin is wused for all subsequent
graphs in the analysis of the regional distribution of
parameters. Table 3 in the Appendix gives the infor-
mation for Region II similar to that given for Region

I, The identity number is prefixed with 25 for
Nebraska.
99.50°w
' 9|6.00°'W
\\-{_"-‘_ _'I-__._‘
— 1
o 2 42.50° N
— 40.00°N

Location within U.S.A. of Region II used as
the second example for the regionaliza-
tion of parameters of monthly precipitation
series.
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Fig. 4.2. Positions of 29 stations, with numbers for

the Nebraska study Region.II.

Climatic features are given in Fig. 4.3. in the
form of the variation of the general monthly mean, x;,
for the individual stations (i=1,2,...,M) , with M
being the total number of stations. The series means
change over the Region II almost linearly, Fig. 4.3
upper graph, from the Northwest corner with a value of
1.8 inches to the Southeast corner having a value of
2.2 inches, with a southwest-northeast orientation of
isolines. The series standard deviation, Fig. 4.3
lower graph, varies in a similar manner with values of
1.8 in the Northwest and 2.0 in the Southeast, again

with the isolines oriented approximately southwest-
northeast.
4.2. Time Variation of Parameters. The stochas-

tic component &p . is obtained from the monthly pre-
cipitation series Xi,p,t at any station 1,
i=1,2,...,M , with p=1,2,...,n , and 71=1,2,...,u , M
being the number of stations, n the number of years,
and w the number of intervals within the year. In
the case of Region II, M=29 , n=30 , and w=12.

The periodicity in the monthly means are approxi-
mated by the Fourier series of Eq. 2.3. For the esti-
mated sample monthly means, m;, the fitted Eq. 2.3 is
then of the form of Eq. 3.1. Similarly,Eq. 2.3 ap-
plies to o; resulting in a fitted periodic function

for the estimated monthly standard deviations. Once
h(u) and h(g) have been inferred, the differences
(m;-ut) and (s¢-0;) are considered random sampling
variations.

For the m; and s; series first studied, h(p)=
h(o)=1 is hypothesized and tested by statistical anal-
ysis of all M time series. Table 4.1 presents the
percent of the variance of the monthly mean, m; , and
of the monthly standard deviation, s; , explained by
the fitted 12-month harmonic of u; and o; for all
29 stations of Region II. From 87.2 to 93.5 percent
of the variance, or 90.6 percent, on the average, is
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Fig. 4.3. Isolines of the 30-year general monthly

mean Xj , upper graph, and the 30-year

monthly standard deviation sj, lower graph.

explained by the single 12-month harmonic in the case
of m¢ . From 76.0 to 97.0 percent of the variance,
or on the average 90.1 percent, is explained by this
first harmonic in the case of s;. The second (6-month)
harmonic explains only an additional 3.08 percent of
the variance of m; , and 2.73 percent for s. , while
the third (4-month) harmonic has the corresponding
figures of 2.44 and 1.70 percent. The average unex-
plained variances of m; and s; by the first harmonic
are 9.4 and 9.9 percent, respectively. This means that
the remaining five harmonics (second through sixth)
would allow only 1.8 or 2.0 percent, on the average,
respectively. The differences in the order of magni-
tude of contributions by the first and all the other
five harmonics are such that a decision to retain only
the first harmonic in p; and o is justified.

28

To test for the significance of harmonics in mq
and s; , the same criteria are used for Region II as
for Region I; that is at least 90 percent of "the vari-
ance of m; for 80 percent of the station series is
explained by u;, and that at least 85 percent of the
variance of s; for 80 percent of the station series
is explained by o;. If this criteria is met, the m,
and s, parameters for the 29 stations in Region II
may be adequately approximated using only the 12-month
harmonic in the wu; and o, periodic functions. For
the first harmonic in wu;, only 17 of the 29 series
(55 percent) exceed the 90 percent level; however, if
the level is lowered to 88 percent, 28 of the 29 sta-
tion series (96 percent) are included. This is con-
sidered sufficient for accepting the hypothesis. For
the monthly standard deviation, s¢, 24 of the 29 sta-
tion series (82 percent) exceed the 85 percent cut-off
level, and the hypothesis is accepted.

Figure 4.4. gives the correlogram and the spec-
tral graph for the first of the 29 stations given in
Table 3 of Appendix. The correlogram closely resembles
the 12-month cosine function, while the spectrum has a
significant spike only at the 12-month frequency. Sim-
ilar graphs can be shown for nearly all of the 29
series. These graphs also support the conclusion that
the first harmonic in the m; series, computed from
the xp,t series, is the most important, and that the
higher-order harmonics (the second through the sixth)
can be neglected.

1.0 rrk
05
0
-05}
L L k
R - ) 20 30
Va
150 |
100
L
50F
f
o 4] 0.l 02 03 04 05
Fig. 4.4. Correlogram (upper graph) and spectrum (lo-

wer graph) of the first precipitation ser-
ies (station 1) of Table 3 in the Appendix.



Table 4.1

Percent Variance of Monthly Means, m;, and
Monthly Standard Deviations, Sos Explained by
the First Harmonic (12-Month Harmonic) of u_ and UT.

(Underline denotes extreme values)

Station For Monthly For Monthly
Number Mean m Standard
T Deviation Sr
1 90.4 89.1
2 91.9 93.8
3 90.7 97.0
4 92.4 89.0
5 90.9 93.0
6 88.7 83.3
7 88.9 87.4
8 92,5 96.3
9 91.5 92.8
10 93.1 92.2
11 88.6 96.7
12 91.0 92.9
13 88.4 76.0
14 91.9 95.5
15 89.0 95.4
16 91.6 89.5
17 89.7 80.6
18 89.6 90.9
19 89.3 87.3
20 89.8 81.7
21 93.1 95.0
22 88.9 90.3
23 87.2 78.3
24 91.8 89.9
25 89.8 92.5
26 90.9 93.2
27 93.2 93.9
28 91.8 87.3
29 93.5 92.9
Average 90.6 90.1

The values of h(u)=h(c)=1 satisfy the objective
of obtaining a minimum number of parameters with a
necessary minimum number of significant harmonics, and
in all cases the 12-month harmonic is required to ac-
count for the annual cycle in the monthly means and
monthly standard deviations. Therefore, only the
first harmonic is used for both the u; and o. func-
tions in Region II.

4.3. Regiomal Variation in Parameters. Because
only the 12-month harmonic is selected to account for
the annual cycle in the basic parameters of xﬁ’T for
all stations, attention is focused on how the basic
parameters, represented by x, Cy(u), 81(u), 5S¢, Ci(o)
and 91(6], vary over the Region II.

Of major interest is the general sample monthly
mean, X or m; . Figure 4.3. shows its overall varia-
tion over Region II using the 30-year observation
period. Because the marked southeast to northwest de-
crease is normal to the isolines, which are also close
to being parallel, first the simple linear plane trend
for x over Region II is investigated following Egq.
3.3. The coordinate Xj is referenced to 99.50 de-
grees west longitude as the zero abscissa, and the co-
ordinate Y; is referenced to 40.00 degrees north
latitude as the zero ordinate. Table 4.2 presents the
general statistics for the sample series of 29 sta-
tions. The parameter xj has the general average
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2.034, variance 0.031, skewness coefficient 0.407, and
excess coefficient -0.588. Equation 3.3, by using the
simple least-square approach of estimating 81, B2,
and Bz , becomes

pi=

1.8055 + 0.2014)(i - 0.1015‘1’i 4.1

With the statistically significant regression coeffi-
cients shown in Eq. 4.1, this trend plane gives an
explained variance which is 88.4 percent of the re-
gional variatior of x; . This high percentage of ex-
plained variance of Xj by such a simple model, Eq
4.1, is as surprising as being able to explain the
variation of m; and o; by the first harmonic. The
lower explained variance by Eq. 4.1 in comparison with
Eq. 3.4 can be explained by the reduced sample size,

30 years for Region II as compared with 40 years for
Region I.

Figure 4.5 presents_ the differences between the
estimated sample means xj and the fitted model means
uj given by Eq. 4.1. The isolines of differences are
drawn with a stress on the zero isoline. The differ-
ences show that the sample means, E}, are larger than
the model means 1y , in the middle, northwestern and
eastern sectors, with a maximum value of 0.10 inches.
The negative differences dominate the central sectors,
with a minimum value of -0.12 inches in the northeast.

The fit by Eq. 4.1 is made by using the least
square method and giving each x; value the same
weight. Figure 4.3, lower graph, shows that the stan-
dard deviation s; increases as xj increases. A
more proper approach in estimating 8;, B, and B3
is to give weights 1/s; to the deviations (x;-ui) ,
thus using the relative deviations (xj-uj)/s; which
have a more homogeneous variance than using only the
(xi-uj)-deviations in the least square fitting method.
The weighted deviations can be an improvement in the
estimation of models and coefficients of the type con-
tained in Eq. 3.3. for example, using this weighted
approach for the case of Xj; , the new Eq. 4.1 has
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Fig. 4.5. Differences and isolines of differences of
the estimated means and the fitted mean by

simple least-square approach.



Table 4.2

Average Statistics for Regional Parameters for
Set of 29 Station Series of Region II

Regional Standard | Coefficient |Coefficient | Coefficient
Parameter Avg. | Variance | Deviation | of Variation |of Skewness of Excess
Ii 2.034 .031 .178 .087 .407 - .588

€p,i0) [1.618 .011 .107 .066 .742 - .028
al,i(u) 2.963 .005 .074 .025 -.593 - .126

ET’i 1.326 .016 .127 .096 .781 - .080
C1,i(°3 .824 .012 111 .134 .875 1.613
91,if°) 2.784 .005 .075 .027 -.631 1.684
Cl,i(U)/;i 798 .002 .054 .068 .273 - .625
E;’i/§; .652 .0008 .029 .045 .118 -1.043
cl,i(a]/i.l .406 .002 .050 .125 .140 - .730

81=1.8060, $,=0.1959, and &3=-0.0965, with an ex-
plained variance for xj of 96.4 percent instead of
the 88.4 percent shown above for the equal-weight
least-square approach. Figure 4.6. shows the (xj-uji)
-deviations and their isolines using the weighted
least-square approach.

A clustering of the positive and negative differ-

ences (xj-uj) into cells, as shown in Figs. 4.5. and
4.6, 1is the result, as postulated earlier, of the
areal dependence amongst the station series. These

cells, in contrast to the individual differences, may
be inferred as being randomly distributed over the
region, separated by the zero isoline. No particular-
ly strong trend seems present in the areal distribu-
tion of the cells, at least as inferred by a visual
inspection. Therefore, it is attractive to conclude
that the remaining 11.2 or 3.6 percent of the varia-
tion in xj , unaccounted for by Eq. 4.1, is attribut-
able to sampling variation, or that the values of the
mean xj change in an approximately linear manner
over Region II.

The five other regional parameters, Cj j(u) ,
61,1 (), st,i, C1,i(9), and 81 j(9), are also ﬂypoth-
esized to have a linear vregional variation. Their
general statistics are given in Table 4.2. The iso-
lines of the amplitude, Cj j(u), of the 12-month
harmonic in the mean are shown in Fig. 4.7., upper
graph. These isolines suggest a northwest to south-
east trend with the lowest values in the northwest
(1.5 isoline) and the highest values in the southeast
(1.7 isoline). At first glance, the variation does
not seem to be linear. The amplitude Cj j(u) has a
regional mean 1.618, variance 0.011 and skewness coef-
ficient 0.742,

Following the approach used for Region I, the
hypothesis is advanced, that the ratio C1,i(u)/x; is
a regional constant. The mean for the 29 individual
values of this ratio is 0.798, the variance is 0.002,
and the skewness coefficient is 0.273. Because of the
very small value of the variance of Cl,iflo/ii,this

ratio may be considered as not being significantly
different from its mean value. Figure 4.7 , lower
graph, shows how this ratio changes over Region II.
The 0.75, 0.80, and 0.85 isolines are north-south ori-
ented, with the regional variation highly reduced. The
variance of Cp,j(u)/xj , 0.002, is only 18 percent of
the variance of Cl,i(“J , 0.011, the same percent as
was found for Region I.

The upper graph of Fig. 4.8. gives the isolines
of S.y s the mean of the 12 values of standard
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Fig. 4.6. The same points and isolines as in Fig.

4.5. except that the weighted least-square
estimation approach is used for standardi-
zed deviations.
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Fig. 4.7. The isolines of the amplitude Cl,i(“] for
the mean u; , upper graph; and the iso-
lines for the ratio Cp, j(#)/xj , lower
graph.

deviations s; for each of the 29 individual xj p,1
series, while the lower graph gives the isolines ~of
5;,i/X; . There is a difference between the s; es-
timates shown in Fig. 4.3., lower graph, and the 35,y
individual means of s; shown in Fig. 4.8., upper
graph; with the 5; j values smaller than the sj
values. Because of periodicities in the standard de-
viations and the use of Eq. 3.2, the regionalization
is done for §t,i but not for s;j. There is a general
increase in 3¥,j values from the northwest to the
southeast as for the previously studied parameters.
The mean for the 29 values of 5 j is 1.326, variance
0.016, and coefficient of skewness 0.781. The uniform
change from the 1.5 isoline to the 1.2 isoline in Fig.
4.8. suggests that a trend plane may also well repre-
sent the regional variation of §q,;i .
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Fig. 4.8. The isolines of the parameter s; j , the
mean of 12 values of s; standard devia-
tions, upper graph; and the isolines of
the ratio 5, ij/Xj , lower graph.
Considering the ratio 5t,i/Xj as a new regional
parameter, it has a mean equal to 0.652, with a var-

iance of 0.0008, and a skewness coefficient of 0.118.
For the set of 29 station series, this reduced var-
iance of 0.0008 when compared with the variance 0.016
of 5 , is only about 5 percent.

»

The ratio E}’ijii is selected as a regional
constant equal to 0.652. The isolines and point values
for this ratio are also shown in Fig. 4.8., lower
graph. Its small variation, with the 0.65 isoline
winding throughout the area supports the hypothesis
that S; i and Xj closely approximate the propor-
tional parameters.



The isolines for the amplitude of the 12-month
harmonic of the monthly standard deviation are shown
in the upper graph of Fig. 4.9. The mean of the 29
individual values of Cl,i[“) is 0.824, with variance
0.012 and skewness coefficient 0.875. The ratio
Cl’i[c)/§} has a mean of 0.406, variance 0.002 and
skewness coefficient 0.140. The isolines of the ratio
are given in the lower graph of Fig. 4.9., and show
that the hypothesis of the ratio being a constant is
well founded.

The isolines
angles, 91,i(H)
for the periodic

and point values for the phase
for the periodic wur¢, and 61,1(0)
gr, are shown in Fig. 4.10., the up-

per and lower graphs of Fig. 4.10., respectively. For
€1,;(#) the isoline values range from 2.80 to 3.05
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Fig. 4.9. The isolines of the amplitude Cj j(¢) of

12-month harmonic of the monthly standard
deviation, upper graph; and the isolines of
the ratio Cj j(0)/xj , lower graph.
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and for 31,1(03

from 2.7 to 2.8, with increases from

the southeast to northwest corners of Region II.

The variation in 67 j(u) is considered to result

only from sampling variation.
with mean 2.963 and variance 0.005,
regional constant equal to 2.963.

tion in

variation,
constant
northwest pattern in both
quite likely the result of regional dependence

gional

The parameter 61 j(u),
is selected as a
The regional varia-

81,i(c) may also be considered the sampling

and the parameter may be considered a re-
equal to 2.784. The southeast-
€1,i(w) and 831,j(0) is
in

sampling variations rather than a population charac-
teristic. As stated for Region I, there is no physical
reason why the phases for the periodic mean and the

periodic standard deviation

should be different. A
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The isolines and point values of the phase

angles: the 61 j(u) of the 12-month har-
monic in periodic m; , upper graph; and
the 61,i(9) of the 12-month harmonic in
periodic st , lower graph.



further simplification may be obtained by putting
81,10:)=61,3(7) In that case either £1=2.963 or
thé average ©1=2.873 is used. Regardless of the ad-
vantages of this unique ®; value, both constants,
2.963 and 2.784, will be used in the further analysis
of monthly precipitation.

The regional range in the isclines of is
approximately 0.40 inches, while for Cjp j(¢) it is
about half that, or 0.20 inches. The coefficient of
variation of xj is 0.087, which is 3.5 times that
for Cl’i(u], while the mean of i} is 1.27 times
that for Cl,i(U} . The regional variability is then
much greater in xj than in Cj () The fact that
the major regional variation exists in the mean Xxj
rather than in the periodic fluctuation about the mean,
measured by Cj j(u) , suggests that_the trend plane
which accounts for the variation in xj  is the most
important aspect of the regionalization of precipita-
tion parameters.

xi

Applying a similar analysis to the monthly
standard deviation s; j, the range of regional varia-
tion in St,i is about (.30 inches, while in_ Cl,i{a}
it is 0.20 inches. The regional mean of s¢ i is
1.32; this is 1.61 times the mean of Cl,i(U) ., which
is 0.824. However, the regional coefficient of varia-
tion for 'S¢ i is 0.096 which is only 71 percent of
that for Cl,iﬁa) F

_ Again the major regional variation is in the mean
st,i rather than in its periodic fluctuation. This
supports the conclusion that the parameter of periodic
variation is more difficult to regionalize.  Although

it has a greater consistency over the regiom, it also
a greater regional random sampling variation.

With the above regional models for various
parameters, the second-order stationary £p,;  compo-

nent for any station series is

p:‘
1.8055+.2014Ki-0.1015Yi

-1 - 0.798 cos(% +2.963)

Pt 0.652 + 0.406 cos("—g + 2.734)

This was obtained by following Eq. 3.11 with u. from
Eq. 4.1 replacing _xj , and five other parameters
Cy()/x, 81(w), s</X, C1(o)/x, and 87(0) of Region II
being replaced by their constant values, 0.798, 2.963,
0.652, 0.406, and 2.784, respectively.

4.4. Testing Sequential Independence of Stationa-
ry Stochastic Components. To determine how closely
Ei=fp,r approximates an independent stationary sto-
chastic process as a result of the simplifying assump-
tions made for the deterministic periodic time and
regional trend variations in the basic parameters, the
correlogram of each £ series from the 29 monthly
precipitation series of Region II is tested to deter-
mine whether it significantly departs, on the 95 per-
cent probability level, from the correlogram of an
independent series. Only the first 20 lags are used
in the correlograms, with the tolerance limits set at
the 95 percent level as computed by Eq. 3.13.

Table 4.3 presents the number of rg  values for
the lags 1 through 20 which are outside the tolerance
limits. The serial correlation coefficients r for
the lags 1, 8, and 13 in Table 4.3 are often outside
the tolerance limits.
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Table 4.3

Number of Serial Correlation Coefficients
of Ei Outside the 95 Percent Tolerance Limits

Number of

Lag Deviations

[Tl R B e s B S 0 S R

MR W RUNO RO OO RO RWD

Total T 580

k

Deviations

computed

47

Percent of Deviations 8.10

Total Deviations less those

for r, and Tz

1 33

Percent 5.69

The first serial correlation,
Region II, as it was in Region I, by some physically
justified dependence in the monthly precipitation, as
well as by the non-removal of harmonics other than the
first one in the periodic parameters. By neglecting
the numbers of r; and rjz values outside the tolerance
limits, the new percentages of rk values outside
these limits are also given in Table. 4.3. In that
case, and for the 29 station series, only 5.69 percent

ry, is affected in

of 1 values outside the tolerance limits, instead
of 8.1 percent in the case where r] and 1)3 are
included.

Using Eq. 3.16, the effective number of stations

for Region II is 2.24 for ai,%=o.421 Applying Eq.
3.17 for the average correlogram of Fig. 4.11 sup-
ports the premise that the £; series may be considered
a time independent process.

4.5. Analysis of Independent Identically Distri-
buted Stochastic Components. In the structural analy-
sis and mathematical description of monthly precipita-
tion series it is useful to determine the form of
probability distribution function of the &;  series.
Tests were performed for each £; to determine whether
the frequency distribution curve can be well fitted by
the normal function, the three-parameter lognormal
function, and the three-parameter gamma function. Be-
cause E(£3)=0 and E(varf;j)=1 , the values of the
skewness and excess coefficients are crucial. In fit-
ting the bounded three-parameter function, either
lognormal or gamma, the variation in estimated lower
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Fig. 4.11. The average correlogram of E; variables

(Region II) with corresponding 95 percent
tolerance limits.

boundaries is decisive for the identical distributions
of these 29 station £; series,

The variables &5 of the 29 stations, with
i=1,2,...,N and N=wn=360 , were found to follow the
three-parameter gamma probability function of Eq. 3.18
well.  The chi-square values of the 29 fits were com-
puted using 20 class intervals of equal probability
resulting in 17 degrees of freedom, and were tested at
the 95 percent significance level. For the 29 stations,
9.67 percent were not acceptable as three-parameter
gamma distributed variables. These three stations,
nos. 5, 24, and 27 of Table 3 of the Appendix, had
computed chi-squares of 28.00, 29.77 and 28.00, re-
spectively, these are significantly higher than the
critical chi-square of 27.6 at the 95 percent level;
however, they are very close to the critical value.

Table 4.4 shows the basic statistics and the
computed chi-square values in fitting the three dis-
tribution functions to the 29 series of Region II. 1In
the case of the normal function, none of the 29 sta-
tions had computed chi-squares less than the critical.
For the three-parameter lognormal function, 17 series
have unacceptable chi-squares. All series are posi-
tively skewed, and the regional average skewness coef-
ficient for the 29 series is 1.173. The mean param-
eters of the maximum likelihood estimates of the three-
parameter gamma distribution function are as follows:
(1) the lower boundary y=-1.683 , with a variance of
0.0004; (2) the shape parameter ad=2.616 , with a var-
iance of 0.059; and (3) the scale parameter g=0.665 ,
with a variance of 0.001. In addition, the average
mean for the 41 variables is 0.022, with a range in
the means equal to 0.191, from -0.048 to 0.143. The
average variance is 1.091 with a range in the vari-
ances equal to 1.306, from .336 to 1.306. Although
the E; variables do not have mean zero and variance
unity exactly, the ensemble of the £; variables is
treated as if it had mean zero and variance unity.
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Considering the regional variation in the lower
boundary as a sampling variation, a fit of the normal
function to this variation, with mean ~1.683 and stan-
dard deviation 0.067, has a chi-square of 2.68 using
five class intervals for the 29 values of Y ; this is
not significant in comparison with the critical chi-
square value of 7.81 at the 95 percent level, with
three degrees of freedom. The £; series of Region
IT may be also considered as identically distributed
random variables, as was done for Region I. The 29
series of §j variables in Region II may then be in-
ferred as independent, standardized, third-order sta-
tionary, identically distributed random variables,
following the three-parameter gamma probability densi-
ty function. Table 4.5 gives the mean, variance,
standard deviation, and skewness coefficient for the
29 individual series' means, variances, standard devi-
ations, skewness coefficients, minimum observed values
of the £; series; as well as the lower boundary,
shape and scale parameters of the 29 fitted three-
parameter gamma distribution functions. The average
of means is 0.022, with a variance of 0.002, and is
close to zero, while the average of variances is 1.091,
with a variance of 0.008, and is close to unity. The
average of the 29 standard deviations is 1.043, with a
variance of 0.001, while the average of the skewness
coefficients is 1.173, with a variance of 0.033. The
small variations of the a, f, and vy estimates about
the average values of 2.616, 0.655, and -1.683, as
well as the small variations of the above general pa-
rameters, imply that the £; variables computed by
Eq. 3.11 are a identically distributed, third-order
stationary stochastic process.

Table 4.5

Average Statistics of the Parameters of the 29 Ei
Variables for Nebraska

5 i Standard | Skewness
Statistic| Average| Variance Deviation |Cosfficient
Mean 0.022 0.002 0.053 0.411
Variance 1.081 0.008 0.093 0.972
Standard
Deviation 1.043 0.001 0.044 0.575
Skewness
Coefficient 1.173 0.033 0.182 0.055
Minimum
Observed
Value -1.631 0.003 0.057 0.410
Shape
Parameter 2.616 0.059 0.248 -0.045
Scale
Parameter 0.655 0.001 0.043 0.090
Lower
Boundary -1.683 0.004 0.067 0.151
4.6. Regional Correlation Structure for Identi-

cally Distributed Stochastic Components. The linear
regional dependence between the identically distrib-

uted ensemble of stationary stochastic variables in
Region II is here investigated for the lag-zero
cross correlation coefficients as related to the
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interstation distance d . This is similar to that
done for Region I, with the simplification that
the azimuth, or plane normal angle is not assumed to
contribute a significant amount to the explained var-
iance of r for the fitted p=f(d) function. Models
VI, VII, VIII, and X are selected for study utilizing
the approach of Eq. 3.19.and the initial values of co-
efficients in the functions, as given in Table 4.6.
The range of interstation distance for Region II is
from 15 to 192 miles. The findings for the model,
n=f(d), for Region II are similar to those for Region
I Model VII was found to be somewhat superior to
Model VI, with the explained variance of 92.1 and 91.0
percent for the variation in r, respectively. Forcing
the exponent to 0.50 in place of the 0.571 wused in
Model VII, RZ2  is increased by only 0.10 percent,
showing that the choice of the p=f(d) model is not

critical. Figure 4.12. shows the fit of Model VII
with the tolerance limits computed by Eq. 3.24; 12.9
percent of the points fall outside these limits in-

stead of the desired five percent.

.00
0.80
060
040 — ~—]
0.20
o d
0 50 100 150 200
miles
Fig. 4.12. Model VII for Region II and £&j variables
with 95 percent tolerance limits.
Table 4.6

Fitting Model of p=f(d) to Relationship of r to d .

Regression Computer Number of Mean of Variance Std. Mean Ei Sample No. of % of Explained|
MOdelEquation Series Time sec. Iterations T of r of r Error Size Points Variance,R
vior=(eAd)t

A=0.007 e 4.70 12 .665 .017 .132 .001 29 435 91.0
VIT r=(1+Ad) "

A=0.015 >

n=+0.571 i 1225 10 .665 .017 .132 .001 29 435 92.1
VIII r=exp(Ad) £

A=-0.005 i 4.76 7 . 665 .017 .132 .002 29 435 85.8
X r=(leAd) "7

A=0.018 51 14.17 9 .665 .017  .132  .001 29 435 92.2
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CHAPTER V

COMPARISONS AND CONCLUSIONS

This chapter contains two sections, the compari-
son of the results of the structural analysis of area-
time hydrologic processes for obtaining independent,
stationary and identically distributed stochastic
variables of monthly precipitation for two topographi-
cally homogeneous regions in the central United
States, and the resulting conclusions. The comparison
shows that the stochastic &; variables are the same
regardless of the region once the basic parameters of
the monthly precipitation have been regionalized and
the specific regional characteristics removed. For
the three-parameter gamma probability distribution of
€; , with the same parameters over all of the regions,
the cross correlation structure is a function of posi-
tion, interstation distance, orientation of station-
connecting lines, and lastly of the time interval of
the year.

5.1. Comparisons of Regionalized Parameters. The
major parameters, estimated by the sample statistics,
of the £; variables, of the 41 stations in Region I
and of the 29 stations in Region II are compared. For
each region the mean, variance, standard deviation,
skewness coefficient, the lowest observed value, and
the shape, scale, and lower boundary parameters of the
three-parameter gamma probability distribution func-
tion are either made and/or found to be statistically
identical for all the £; variables. Table 5.1 pre-
sents the basic statistics of these eight parameters,
namely the average, variance, standard deviation and
skewness coefficient for Region I, Region II, and com-
posite values.

Because the wvariables £; are approximately
standardized for both regions, and because the lowest
monthly precipitation values are zero, the mean, vari-

ance, and the lower boundary should be equal for all
series. Table 5.1 shows that the parameters are ap-
proximately equal for Region I and Region II. The

parameters are also computed for the composite samples
of 41 and 29 stations. This total sample has prop-
erties similar to the individual samples, except for
the skewness coefficients, which vary over a larger
range.

The comparison of the £; variables of Region I
and II 1is made because this enables &; to be the
same variable not only for these two regions but for
all others, provided that proper inferences are made
for the time periodicity and areal trends in the basic
parameters, coefficients and/or their ratios. In other
words, the £ variables are time independent and
three-parameter gamma distributed with @=2.618 ,
£=0.663, and v=1.690, independent of both the region
and the seasonal variation in the case of monthly
precipitation.

Further improvements in the basic models
to the £i

(a) By including more harmonics in the periodic
functions, and by better discriminating the signifi-
cant amplitudes by advanced test procedures;

leading
variables can be accomplished as follows:

(b) By using more terms, when proven to be signi-
ficant, in the trend surface functions for parameters

Table 5.1

Comparison of Basic Statistics of Parameters
of £; Variables for Region I and II.

Basic Statistics

Sample | average | variance | standard skewness

Parameter| Area Size deviation | coefficient
Region I 41 0.042 0.008 0.092 0.306
Mean Region II| 29 0.022 0.002 0.053 0.411
Composite 70 0.034 0.006 0.078 0.505
Region 1 41 1.135 0.022 0.150 0.972
Variance |Region II| 29 1.091 0.008 0.093 0.636
Composite| 70 1.117 0.017 0.131 1.132
Standard Region I 41 1.063 0.004 0.068 0.743
D”“.’ 8T¢  |Region II| 29 1.043 0.001 0.044 0.575
eviation | mposite| 70 1.055 0.003 0.060 0.903
Sk Region I 41 1.156 0.033 0.181 0.633
CoutfieiendRegion II| 29 1.173 0.033 0.182 0.055
Oerticlent mnosite| 70 1.163 0.032 0.180 0.386
Lowest Region I 41 -1.651 0.003 0.056 0.175
Observed |Region II| 29 -1.631 0.003 0.057 0.410
Value Composite 70 -1.642 0.003 0.057 0.267
. Region I 41 2.620 0.090 0.301 0.972
o Region II 29 2.616 0.059 0.244 -0.045
Composite| 70 2.618 0.076 0.277 0.698
= Region I 41 0.668 0.004 0.063 0.414
B Region II 29 0.655 0.001 0.043 0.090
Composite| 70 0.663 0.003 0.056 0.475
. Region I 41 -1.694 0.003 0.056 0.247
Y Region II 29 -1.683 0.004 0.067 0.151
Composite 70 -1.650 0.003 0.060 0.239
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when expanded in a power series;

(c) By finding the most appropriate functions for
relationships between the basic parameters, in order
to decrease the total number of coefficients to be
estimated; and

the mean of the first serial
correlation coefficients, T, , of the ¢£; monthly
precipitation series, 1is a positive value, and using
the model £;=T; Ej_1+nj, with nj a less time depen-
dent variable than £;, and consequently studying nj
as the basic variable for analysis.

(d) By assuming that

Instead of fitting the three-parameter gamma
probability function to £j, £ may be transformed to
approximately symmetrical random variables, vi , by
the cube-root transformation or by a similar approach.

Then, a fit of the normal function would make v;
identically distributed normal variables, with mean
zero and variance unity.

5.2, Correlation Structure Among &; Variables.
The comparison is made for Region I and II for the
lag-zero cross correlation functions, p=£f(d) , for

Models VI, VII, VIII, and X, as shown in Table 5.2.

Table 5.2

Comparisons of Correlation Structural Models
of Ei Variables for Region I and II

s Explained
Model Model Coefficients Variance of r
No. Equation Region A n R

VI p=(lsad)™t I 0.006 89.8
11 0.007 91.0
VII  p=(l+ad)™™ I 0.016 0.534 90.8
I1 0.015 0.571 92.1
VIIT pue™ I 0.006 78.8
II 0.005 85.8
_ 5 I 0.018 91.6
X p=(+A)™ 11 glo18 92.2

This Table 5.2 demonstrates that for all four
models the difference either in the model coefficients

(A, or Aand n) or in R4 are relatively small for
these two regions. In Model VII the value of A is
higher when n is small and vice versa.

To improve the description of the cross corre-

lation structure, the following steps may be feasible:
(a) To test models with more coefficients in
order to increase the explained variance;

(b) To test whether the other independent varia-
bles, such as X, Y, ¢, and 7 , in the general model
p=£f(d,X,Y,$,t) contribute significantly to the expla-
ined variance in the variation of r , as an estimate
of p.

To determine whether the type of the model, as
well as the number of independent variables can con-
tribute significantly to better mathematically descri-
bing the cross correlation structure for the £&j
variables, two procedures should be applied: first,
develop good testing techniques for the inferences of
both the models and the effects of various independent
variables; and second, test the models and independent
variables on a large number of regions, so that the
models and the order of magnitude of the effects of
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individual independent variables (d,X,Y,¢,T) may be
well inferred and used to determine the best generally
applicable approach. This will be similar to studying
the probability distribution functions of the best fit
by testing them in many regions and for a large number
of variables of the same physical magnitude.

5.3. Conclusions. The major parameters of the
line-time, area-time, and space-time hydrologic sto-
chastic processes are periodic in time and have trends
along the line, across an area, or over a space. The
basic appreach in this study was to investigate a typ-
ical area-time random process as an example for infer-
ring and removing the area-time variations in the
basic parameters. The coefficients of any of the
periodic parameters may also vary along a line, across
an area, or over a space. The random variables ob-
served at the set of points can be utilized to produce
a set of stationary, but cross correlated time series.
The sets of monthly precipitation series over the two
regions are used to demonstrate the methodology ap-
plied in the structural analysis, by showing that the

removal of periodicities and trends in the Dbasic
parameters produces a cross correlated stationary
process.

The results of investigations
ters are summarized as follows:

in previous chap-

A, Periodic Parameters.

A.1l, All basic parameters of an observed line-
time, area-time, or space-time stochastic hydrologic
process may be periodic. The mean and the variance
(or the standard deviation) are periodic for all time
series with an interval of less than a year. The auto-
covariances (or the autocorrelation coefficients), the
third-order parameters (skewness coefficients and the
dimensionless three-terms autoproducts),and the higher-
order parameters may also be periodic.

A.2. For the area-time stochastic monthly preci-
pitation process, the mean and standard deviation are
always periodic, except in very rare cases of even
distribution of the mean monthly precipitation over
the year.

A.3. The monthly periodic parameters may be de-
scribed by a very small number of harmonics (say the
12-month, 6-month, and possibly 3-month harmonics).
Of the two regions studied, the 12-month harmonic ex-
plains a major portion of the periodic variations in
both the monthly mean and the monthly standard
deviation.

A.4. Since the number of coefficients to be esti-
mated in the parameter periodic function is 2j+1 ,
with j the number of significant harmonics, (ampli-
tudes are significantly greater in these harmonics for
the periodic parameter than they would be for a non-
periodic parameter)}. The smaller the number of signi-
ficant harmonics, the smaller is the number of
coefficients to be estimated. For the monthly mean
precipitation of the two regions, only three coeffi-
cients were needed: the general mean,and the amplitude
and phase of the 12-month harmonic for the periodic
mean. Similarly, only three coefficients were needed
for the periodic standard deviation.

A.5. Since the above two parameters and the four
coefficients of the periodic mean and standard devia-
tion vary across any region, the regional trend sur-
faces are required. In case other harmonics (6-month,
4-month,...) are inferred to be periodic, this in-
creases the number of coefficients to be regionalized



by four for each additional harmonic in the two basic
parameters of the mean and the standard deviation.
Therefore, an economy in the number of periodicity
coefficients is required both from the computational
point of view and because of the large sampling varia-
tions in coefficients.

A.6. For the two regions studied it was found
that the 12-month harmonic explains large portions of
the variations in the periodic mean and periodic stan-
dard deviation. The five remaining harmonics each
explain a relatively small portion of the variatioms.
Therefore, the five harmonics (other than the 12-
month) are inferred to be non-significant and to be
the result-only of sampling variation of residuals
about the 12-month harmonic. For a further refinement
of the periodic function, the 6-month harmonic may be
added. However, a very small gain in the explained
variance in the estimates of the periodic mean and
standard deviation most likely would not justify the
additional work required in the regionalization. This
additional work would entail fitting trend surfaces to
the four additional coefficients, two amplitudes, and
two phases. The simple 12-month cosine function for
the periodic mean and the periodic standard deviation,
as found for the two regions used here as examples,
can only be expected in exceptional cases, and may not
be a general feature for most monthly precipitation
series.

A.7. Since the variance of monthly precipitation
is a periodic parameter over the year, the estimates
of the periodicity in monthly means and monthly stan-
dard deviation by the least-square method with equal
weights for the residuals, or the linear approach in
estimating the Fourier coefficients A; and B; (and
from them the amplitude C; and the phase 8;5)°, does
not give the most efficient estimates. e use of
weighted residuals in the least-square approach, with
the appropriate weights as functions of the variance
of each estimated parameter, may produce estimates of
C;j and & which explain a larger portion of the vari-
ances in the periodic mean and standard deviation.

A.8. Improvements in the mathematical models for
periodicity in parameters can only be done by a better
discrimination of significant harmonics using a better
method of separating them from the sampling errors of
residuals around the periodic function. To accomplish
these improvements, three approaches are feasible: (a)
make the logarithmic or cubic-root transformation of
the original monthly precipitation values so that the
sampling variations of residuals about the parameter
periodic functions are close to normal; (b) test the
residuals for time dependence, and if the dependence
is inferred, reduce the length of dependent residuals
to an equivalent length of independent normal resi-
duals; and (c) use the Fisher's test, based on an un-
derlying normal independent process, to discriminate
all significant harmonics.

A.9 The phases of harmonics which describe the
periodic parameters of monthly precipitation must
change over the long distances, because the periodici-
ty in parameters of major climatic variables also
change over these distances. Significant peaks and
lows of periodic parameters slowly change their posi-
tions inside the year with the distance. This is
equivalent of changing the phases with the distance.
By using the appropriate regional models of the change
with longitude and latitude in phases of harmonics of
periodic mean and standard deviation, even if their
rates of change are very small, could further improve
the reliability in accounting for the regional vari-
ation in coefficients of significant harmonics.

B. Regional Trends in Parameters.

B.1. All basic parameters, and coefficients of
the periodic parameters, vary according to some con-
tinuous line, area, or space functions. All of them
can be expanded in a power series; thus as many terms

should be used in fitting these functions to the esti-

mated set of parameter or coefficient values as the
appropriate inference procedures require. It is con-
venient to start with a linear (line, area, space)

trend and then increase the accuracy of fitting by
going to second-order or higher-order terms.

B.2. For the two regions studied, with given sets
of points of monthly precipitation series, it was
found that the simple trend planes, with the parame-
ters (general mean and general average monthly stan-
dard deviation) and the coefficients of periodic
functions of these parameters being linear functions
of the point coordinates, explain very large portions
of the variation in these parameters and coefficients
(the two amplitudes and two phases of the 12-month
harmonic of these two parameters). The second-order
terms of coordinates (X2, Y2, and XY) explain rela-
tively small portions of the total regional variation
of these two parameters and four coefficients. This
leads to the conclusion that the second and higher-
order terms in the regional trend surface are mainly
the results of the sampling variation of residuals
about the trend planes.

B.3., It was also found that the ratio of the
general average monthly standard deviation to the gen-
eral mean monthly precipitation, or the general coef-
ficient of variation, is not significantly different
from a constant for the two regions. In addition the
two other ratios, the amplitude of the 12-month har-
monic in the monthly mean divided by the general mean,
and the amplitude of the 12-month harmonic of the
monthly standard deviation divided by the general mean,
are also two regional constants. Furthermore, the
phases of the two 12-month harmenics are inferred to
be constants. In this approach, the six regional
trend planes, each requiring three trend regression
coefficients, of a total of 18 coefficients to be es-
timated, are reduced to one regional trend plane with
three regression coefficients, and four or five other
constants (three ratios, and one or two phases). Al-
together 7 or 8 coefficients are to be estimated. This
is a significant reduction in the number of required
estimates. In the case of wusing all six harmonics
(j=6) for the periodic mean and periodic standard de-
viation, a total of 2(2j+1)=26 coefficients is re-
quired. Assuming further that each of these 26 coef-
ficients required six regression coefficients of a
second-order polynomial trend, a total of 156 coef-
ficients must be estimated. The various simplifica-
tions tested for this study have reduced this number
to only seven or eight coefficients necessary to be
estimated from all the data available.

B.4. The average phases of the 12-month harmonic
in the periodic mean and periodic standard deviation
were not found to be identical. Because of the ob-
served difference in phases, the pertinent question
may be asked whether there is actually a shift in the
phase or whether the observed difference was due to
sampling variations. It would be difficult to find
physical reasons why the harmonics in the basic param-
eters of a periodic-stochastic hydrologic process
would have different phases. One conclusion is that
the difference between the phase of 12-month harmonic
in the two basic periodic parameters is the result of
sampling variation rather than the result of some sys-
tematic patterns. Many more regions should be studied



before convincing evidence can be generated for a pop-
ulation difference in phases.

B.5. To decrease the adverse boundary effects of
the end points in a fitted trend, the trend regression
equation may be estimated by a larger number of points
and the resulting equation applied only to the in-
terior points of a line, area, or space. For monthly
precipitation in Region I, 77 points are used for de-
termining the trend plane regression function; then
this function is used for the 41 points of the in-
terior subregion.

B.6. Improvements in fitting the trend functions
can be accomplished in a number of ways; (a) by using
a larger number of terms in the power series of these
functions; (b) by weighting the residuals for the
function of the trend in the variances; (c) by better
testing the significance of regression coefficients;
(d) by adding physical aspects to selecting the trend
functions, namely, studying how the topography and
other physical factors should affect the shape of the
trend function; (e) by using a longer line, larger
area, or greater space in fitting the trend functionms,
and then applying them to an interior shorter line,
smaller area, or narrower space; and (f) by a more rig-
orous testing of proportionality (or other relation-
ships) between the coefficients or the secondary pa-
rameters and the major parameters, so that either
ratios and some coefficients may be inferred to be
constants or to have some simple relationships, with
the result being a reduced number of coefficients to
be estimated.

C. Analysis of Stationary Stochastic Process.

C.1. When the periodicity in basic parameters
and the regional trends in parameters and/or coeffi-
cients are inferred and removed by the appropriate
mathematical models, a second-order or higher-order
stationary process is obtained. The set of series of
this process then contains all randomness of this pro-
cess, except the sampling variations in the small
number of estimated coefficients (7-8 coefficients for
the area-time stochastic monthly precipitation process
of the two regions studied). In other words, the
sampling variation around the functions of periodic
parameters and around the regional trend functions are
retained in the stationary stochastic components, in-
stead of being removed as in the case of the non-
parametric approach for removing time periodicity and
regional (line, space) trends.

C.2. In the case of removal of the general mean
and the general variance from the stochastic compo-
nents by standardization, all the point time series

have approximately mean zero and variance unity. Then,
because the basic hydrologic variables have a lower
boundary of zero, the set of stochastic components are
nearly identically distributed variables. For the
case of the monthly precipitation in the two sample
regions, three-parameter gamma probability distribu-
tion function excellently fits the frequency curves
derived from the set of stationary stochastic time
series. As previously shown for each region or for
their composite, the three parameters are constants.

C.3. If the periodicity in parameters and the
trends in coefficients are well approximated, they
should produce the same, identically distributed sto-
chastic components with the probability function and
its estimated parameters the same for a given type of
hydrologic stochastic process. For monthly precipita-
tion, this is the three-parameter gamma function, with
0=2,618, £=0.663, and Y=-1.690 (shape, scale and
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lower boundary parameters). These three parameters
can be improved: (a) by including more regions in the
study; (b) by better estimating the number of harmonics
and their coefficients for periodic parameters; and
(c) by better inferring the order of the polynomial
and its regression coefficients used as trend func-
tions for the hydrologic parameters.

C.4. The time dependence structure of the sta-
tionary stochastic components require either the de-
termination of the time dependence model, if the
stationary process is dependent, or proof that it is
time independent.

C.5. For the two
stochastic components

sample regions the stationary
are approximately time indepen-
dent processes. The first serial correlation coeffi-
cients rarely exceeds 0.10. There must be a small
time dependence in the stochastic component of monthly
precipitation, because the stochastic components of
daily precipitation series wusually have the first
serial correlation coefficient of the order of 0.10-
0.30. However, a sum of 30 values of stochastic com-
ponents of the daily precipitation should exhibit only
small time dependence. For practical purposes, the
stationary stochastic components of monthly precipita-
tion series may be considered time independent. To
improve this independence, one may use the first auto-
regressive model and the average first serial correla-
tion coefficient of all series in a region to better
approximate the time independent portion of the sta-
tionary identically distributed stochastic components.

D. Cross Correlation Structure

Components.-
D.1. The basic approach

of Stationary

in studying the depen-

dence between the stationary identically distributed
stochastic components is: (a) by selecting any two
points (i and j) at a time from a set of points, and

(b) by using the lag-zero linear cross correlation co-
efficient, p, as a measure of dependence. In defin-
ing the two points in an area-time random process, the
four coordinates (Xj, Yji, Xj, Yj) are needed. How-
ever, this correlation may also depend on the time
interval 7t (say, for precipitation, the correlation
may be greater for winter frontal precipitation than
for summer thunderstorm precipitation). The function
G=fCXi,Yi,X<,YJ,r] may be replaced by p=f(d,X,Y,4,1),
with X,Y Aetermining the location of a point (either
Xi, Yj, or Xj, Yj, or their mid-points), d the dis-
tance and ¢ the azimuth of the straightline which
connects the points.

stochastic
seems not to depend on the absolute po-
sition (X,Y), azimuth (4) and the time interval (7},
but only on the distance. Despite these simplifying
assumptions, r=f(d) as a fitted estimate of p=f(d) ex-
plains a large portion of the variation of r . It
should be noted that the inclusion of the azimuth adds
a very small percentage to the explained variance.

D.2. For the monthly precipitation
components, p

D.3. Any rigorous approach to the study of depen-
dence among a set of stationary stochastic components,
either along a line, across an area, or over a space,
should be accompanied by the development of reliable
tests for determining the effects of the position, az-
imuth and the time interval on the population varia-
tion in p . This may add to the reliability of
estimates for models of p=£f(d,X,Y,4,1)

D.4. Because the stochastic components may be
non-normal, or highly skewed, a transformation to a
symmetrical or even a normally distributed set of time
independent stationary variables may better justify



the linear lag-zero cross correlation approach to the
study of the dependence among these variables.

D.5. The investigations of the relationship p=
f(d) and of the residuals (r-p) for the studied
monthly precipitation series of the two regions, show

that these residuals are distributed as would be ex-
pected from sampling variation alone; thus the simple
model p=f(d) is justified for all practical purposes.

D.6. The selection of the mathematical function
for p=f(d) is based mainly on a survey of literature
concerning models previously used or tested on similar
variables having dependence as a function of distance.
Basically, the boundary conditions for d=0 and d==
are considered, as well as the explained variance of
r by the model and the model's estimated coefficients
for the two regions studied. Unfortunately, there is
no evidence in the literature which can physically
justify the use of particular mathematical models.

D.7. The testing of a large number of p=f£f(d),
p=f(d,X,Y,¢,7) types of models over many regions, and
for interrelated variables (such as solar radiationm,
temperature, humidity, wind velocities, evaporation,
precipitation, etc.) may empirically lead to the best
practical models. This study may be a modest contri-
bution toward that goal.

D.8. The problem of whether p=£f(d)
function slowly converging to zero as d goes to in-
finity is a controversial subject. Because the sample
r values can be negative for large d values, and
even of the order of -0.30 to -0.40, there is an open
question whether these negative values are the sam-
pling variation about p=0, or the population g values
are also negative. Powerful statistical inference
techniques and large quantity of data from all over
the world are needed to give a reliable answer to this
question.

or

is a positive

D.9. By inferring the type of p-function, either
along a line, across an area, or over a space, the
study of these line-time, area-time, and space-time

periodic-stochastic hydrologic processes is dissocia-
ted from the set of observed point-time series.

D.10. The curve p=f(d) for the periodic-
stochastic Xp,t discrete series with the interval
less than a year in a region are usually above the
corresponding p=£(d) curve for the stationary sto-
chastic £; series. The reason is that the periodicity
in parameters of xp,; is mostly in-phase over a
small region. This increases the correlation coeffi-
cient p for a given distance d . Only 1in cases
where the region is sufficiently large that there is
an out-of-phase periodicity in parameters between the

extremes of the region will it be possible for the
p=f(d) curve to be lower for Xp,t than for £i
Since the p=f(d) curves for Ej are usually below

the corresponding curves of x
correlation coefficient
gion is smaller for £j

,1» the average cross
for a set of points in a re-
than for Xp,T

E. General Conclusions.

E.l. The results of this study support the basic
hypothesis, namely that a set of point-time series has

more information on all parameters of a given point
series than each individual series.
E.2. The regionalization of basic parameters of

time series and of coefficients of periodic parameters
reduces significantly the number of coefficients to be
estimated.
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E.3. In the case of monthly precipitation series,
the area-time process is sufficiently described by
four types of mathematical models:

(a) Periodic functions for periodic
parameters;

(b) Regional trend planes;

(c) Three-parameter gamma probability distri-
bution function of identically distributed, time in-
dependent stationary stochastic components; and

(d) The regional dependence function for these
stochastic components. In the simplest case, there
were only two periodic functions (for the monthly mean
and the monthly standard deviation), one regional
trend plane (for the general mean), one gamma function,
and the simple relation of the lag-zero cross correla-
tion coefficient to the distance. Only five equations
and the estimation of 13 or 14 parameter-coefficients
wWas necessary.

E.4. Starting with the simplest four mathematical
models in the structural analysis of area-time
periodic-stochastic process of monthly precipitation,
with only 13 or 14 estimates, both the number (or also
the type) of mathematical models and their terms can
be increased by also continuously increasing the num-
ber of parameters and/or coefficients to be estimated.
The procedures wused in this paper have shown how to
make these increases in the number of models, the num-
ber of model terms, and the number of estimates; and
how to progress from a simple to a very sophisticated
approach. The statistical inference and testing pro-
cedures are crucial in determining the cut-off points,
that is, those points at which one should cease adding
more models, more terms, and more coefficients.

E.5. The models and estimates of coefficients
represent a condensation of all area-time information,
so that the solution of practical problems may be dis-
sociated from the set of observed point-time series.
A systematic grid of points across an area (or along a
line, or over a space) may facilitate the solution of
problems related to these processes. If the grid
points are fixed as to their mutual distances and if

the probability distribution function of the stochas-
tic components is always the same for all regions, as
well as having their dependence function p=£f(d) the

same for all regions studied, a set of point-time
series for this grid may be permanently generated for
each time sample size, and used for many regions. It
is then necessary teo add only the particular periodic
and trend functions specific to each individual region.

E.6. A reduction of the area-time periodic-
stochastic process to a stationary and ergodic sta-
tionary process greatly facilitates the solution of
various practical problems.

E.7. In case the stationary stochastic components
are also time dependent, a fifth type of mathematical
model is needed, namely the time dependence model with
additional coefficients to be estimated.

E.8. Because the multivariate normal independent
processes are easiest to study and use in generating
new samples, the approach in these investigations per-
mits a reduction of the non-normal multivariate sto-
chastic stationary process to a multivariate normal
process. Then, principal component analysis enables
this multivariate dependent normal process along a
line, across an area, Oor over a space, to be replaced
by an equivalent independent uncorrelated multivariate
normal process.



APPENDIX 1
Precipitation Stations Selected

Region I
Table 1
m=77 Stations

Trdex . Degrees Degrees Elev. 12 mo. 12 mo.

n Number Station Name West North Above 40 yr. 40 yr.
Long. Lat. MSL (ft.) Mean STD

1 21.0112 Alexandria FAA Airport 95.383 45,867 1421 1.915 1.749
2 21.0287 Artichoke Lake 96.133 45.367 1075 1.871 1.738
3 21.0541 Beardsley 96.717 45,550 1090 1.815 1.675
4 21.0783 Bird Island 94.900 44.767 1089 2,253 1.968
5 21.1227 Cambridge St. Hospital 93,233 45.567 1000 2.266 1.926
6 21.1245 Campbell 56.400 46.100 975 1.872 1.662
7 21.1374 Cass Lake 94.633 47.383 1320 2.040 1.790
8 21.1465 Chaska 93.583 44,800 726 2.274 2.052
9 21,1630 Cloquet Fer Res Center 92.500 46.683 1265 2.440 1.789
10 21.2142 Detroit Lakes 1NNE 95.850 46,833 1375 1,926 1.818
11 212787 Farmington 3NW 93.183 44.667 902 2.379 2.030
12 21.2768 Fergus Falls 96.067 46.283 1210 1.872 1.682
13 21,2916 Fosston Power Plant 95.733 47.567 1289 1.898 1.748
14 21,3303 Grand Rapids NC School 93.500 47,250 1281 2.148 1.696
15 21.3411 Gull Lake Dam 94.350 46.417 1215 2,209 1.919
16 21.4652 Leech Lake Dam 94,217 47.250 1301 2.070 1.872
17 21.4793 Little Falls 1IN 94.350 45.983 1120 2.138 1.878
18 21.5012 Manhomen 1w 95,983 47,317 1203 1.836 1.661
19 21,5136 Maple Plain 93.650 45.017 1030 2.421 1.975
20 21,5298 Meadowlands 92.733 47.067 1270 2.236 1.880
21 21.5382 Milaca 93.650 45.750 1080 2,392 2.043
22 21.5400 Milan 95.933 45,177 1005 2.007 1.794
23 21.5563 Montevideo 15W 95,717 44,933 900 2.138 1.895
24 21.5615 Mora 93.300 45.883 1001 2.351 1.941
25 21.5638 Morris WC School 95.917 45,583 1130 1.923 1.727
26 21.5842 New London 94,933 45,300 1215 2.130 1.929
27 21.6360 Park Rapids 95.067 46.917 1434 2.214 1.966
28 21.6547 Pine River Dam 94.117 46.667 1251 2.198 1.865
29 21.6565 Pipestone 96.300 44.000 1735 2.071 1.894
30 21.6612 Pokegama 93.583 47,250 1280 2,122 1.754
31 21.6817 Red Wing 92,550 44.567 680 2.446 1.962
32 21.7460 Sandy Lake Dam Libby 93.317 46.800 1234 2.259 1.548
33 21.8323 Tracy Power Plant 95,617 44,233 1403 1.992 1,769
34 21.8543 Virginia 01MC Lab 92.533 47.533 1445 2.245 1.701
35 21.8579 Wadena 95.133 46.433 1350 2.175 1.919
36 21.8618 Walker Ah Gwan Ching 94,583 47.067 1407 2.129 1.928
37 21.8692 Waseca Experiment Farm 93.517 44,067 1153 2.403 1.938
38 21.8907 Wheaton 96.483 45,800 1018 1.876 1.707
39 21.9004 Willmar State Hospital 95.017 45.133 1133 2,143 1.955
40 21.9046 Winnebago 94,167 43,767 1110 2,420 2.038
41 21.9059 Winnibigoshish Dam 94.050 47.433 1315 2.023 1.723
42 21.9249 Zumbroto 92.667 44.300 985 2.340 1,952
43 32.1360 Carrington 99.133 47.450 1586 1.493 1022
44 32,1766 Cooperstown 98.117 47.433 1428 1.573 1.557
45 32.2482 Edgeley Exp Farm 98.700 46.333 1568 1.484 1.550
46 32,2605 Ellendale 98.517 46.000 1460 1.654 1.607
47 32,2949 Fessenden 99.617 47.650 1620 1.462 1.377
48 32,3117 Foreman 97.650 46.100 1249 1.667 1.659
49 32,3287 Fullerton 98.417 46.167 1439 1.725 1.591
50 32,3908 Hankinson RR Station 96.900 46.067 1068 1.647 1.598
51 32.4203 Hillsboro 97.067 47.400 201 1.674 1.701
52 32.4418 Jamestown State Hospital 098.683 46,883 1457 1.469 1.489
53 32.5660 Mayville 97.317 47.500 975 1.526 1.551
54 32.5754 McLeod 3E 97.233 46.400 1075 1.596 1.616
55 32.6620 Ozkes 98,083 46.133 1320 1.593 1.542
56 32.7047 Pettibone 99,517 47,117 1855 1.400 1.414
57 32.7986 Sharon 97.900 47.600 1516 1.614 1.571
58 32.8366 Steele 99.917 46.850 1857 1.415 1.493
59 32,9100 Whapton State School 96.600 46.267 960 1.764 1.704
60 39.0834 Bowdle 99.650 45.450 1993 1.532 1.583
61 39.1076 Brookings INE  96.767 44.333 1650 1.738 1.766
62 39,1739 Clark 97.733 44,883 1779 1.721 1.569
63 39.2797 Eureka 99.617 45.767 1884 1.429 1.510
64 39.3029 Forestburg 3NE 98.067 44.033 1231 1.727 1.596
65 39.3217 Gannvalley 1ESE 98,983 44,033 1750 1.496 1.580
66 39.3294 Gettysburg 99.950 45,017 2080 1.409 1.416
67 39.3832 Highmore 1w 99.467 44.517 1850 1.470 1.482
68 39.4037 Howard 97.517 44,017 1565 1.780 1.638
69 39.4516 Kennebec 99.867 43.917 1700 1.405 1.382
70 39. 4661 La Delle 7NE 98.000 44,683 1396 1.602 1.575
71 39,5536 Milbank 96.633 45,217 1145 1.792 1.653
72 39.5456 Mellette 98.500 45,150 1290 1.581 1.483
73 39,5561 Miller 98.983 44,517 1587 1.559 1.553
74 39.6282 Onaka 99.450 45.183 1600 1.401 1.471
75 39.8652 Victor SNE 96.800 45.900 1100 1.788 1.707
76 39.9004 Webster 97.533 45,333 1865 1.762 1.603
i 47.7226 River Falls 92.617 44,867 900 2,485 1.979
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APPENDIX 2

Precipitation Stations Selected

Region I

Table 2
=41 Stations

No. Thiessen No. Degrees Degrees Elev.
of Weight of iﬁiﬁx Station Name West Ngrth Ahave
77  in Percent 41 ex Long. Lat. Mok
(ft)
1 3.07 1 21.0112 Alexandria FAA Airport 95.383  45.867 1421
2 1.13 2 21.0287 Artichoke Lake 96.133 45.367 1075
3 1.34 3 21.0541 Beardsley 96.717  45.550 1090
4 4.43 4 21.0783 Bird Island 94.900 44.767 1089
6 .96 5 21.1245 Campbell 96.400 46.100 975
8 2.54 6 21.1465 Chaska 93.583  44.800 726
10 3.56 7 21.2142 Detroit Lakes INNE 95.850 46.833 1375
11 2.00 8 21.2737 Farmington 3NW  93.183  44.667 902
12 2.16 9 21.2768 Fergus Falls 96.067  46.283 1210
15 2.08 10 21.3441  Gull Lake Dam 94.350 46.417 1215
16 .96 11 21.4652 Leech Lake Dam 94.217  47.250 1301
17 3.39 12 21.4793 Little Falls 1N 94.350 45,983 1120
19 3.07 13 21.5136 Maple Plain 93.650 45.017 1030
21 2:53 14 21.5392 Milaca 93.650 45.750 1080
22 1.57 15 21.5400 Milan 95.933 45,117 1005
23 2.60 16 21.5563 Montevideo 95.717  44.933 900
25 2.00 17 21.5638 Morris WC School 1SW 95.917 45.583 1130
26 3.21 18 21.5842 New London 94,933 45.300 1215
27 2.30 19 21.6360 Park Rapids 95.067 46.917 1434
28 2.33 20 21.6547 Pine River Dam 94.117 46.667 1251
32 3.18 21 21.7460 Sandy Lake Dam Libby 93.317 46.800 1234
35 2.90 22 21.8579 Wadena 95.133 46.433 1350
36 1.40 23 21.8618 Walker Ah Gwan Ching 94.583  47.067 1407
38 1.07 24 21,8907 Wheaton 96.483 45.800 1018
39 1.59 25 21.9004 Willmar State Hosp 95.017 45.133 1133
45 3.27 26 32.2482 Edgeley Exp Farm 98.700 46.333 1568
46 3.17 27 32.2605 Ellendale 98.517 46.000 1460
48 2.28 28 32.3117 Foreman 97.650 46.100 1249
49 .72 29 32.3287 Fullerton 98.417 46.167 1439
50 1.08 30 32.3908 Hankinson RR Station 96.900 46.067 1068
52 4.00 31 32.4418 Jamestown State Hosp 98.683 46.883 1457
54 4.24 32 32.5754 McLeod 3E 97.233 46.400 1075
55 1.92 33 32.6620 Oakes 98.083 46.133 1320
59 1.8C 34 32.9100 Whapton State School 96.600 46.267 960
62 2,79 35 39.1739 Clark 97.733 44.883 1779
70 2.88 36 39.4661 La Delle 7NE 08.000 44.683 1396
71 2.95 37 39,5536  Milbank 96.633 45.217 1145
72 3.87 38 39.5456 Mellette 98.500 45.150 1290
73 2.86 39 39.5561 Miller 98.983 44,517 1587
75 1.10 40 39.8652 Victor SNE 96.800 45.900 1100
76 3.68 41 39.9004 Webster 97.533 45,333 1865
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APPENDIX 3
Precipitation Stations Selected
Region II

Table 3
m=29 Stations

Index Degrees Degrees Elev. 30 yT. 30 yT.
Ntk West North  Above Monthly Monthly
Long. Lat. MSL (ft.) Mean STD

1 25.0070 Albion 98.00 41.68 1760 1.932 1.718
2 25.0320 Arcadia 99.13 41.42 2186 1.711 1.721
3 25.0445 Aurora 98.02 40.87 1792 1.982 1.856
4 25.0620 Beatrice 1 96.75 40.27 1235 2.405 2,287
5 25.1680 Clay Center 98.05 40.53 1778 1.940 1.795
6 25.2020 Crete 96.95 40.62 1360 2.355 2.164
7 25.2770 Ericson 6WNW 98.78 41.80 2095 1.792 1.675
8 25.2805 Ewing 98.35 42.25 1388 1.872 1.797
9 25.2840 Fairmont 97.58 40.63 1641 2.171 1.972
10 25.3035 Franklin 98.95 40.10 1883 1.844 1777
11 25.3185 Genoa 2W 97.73 41.45 1590 1.949 1.818
12 25.3660  Hastings 98.38  40.58 1932 2.005 1.779
13 25.4335 Kearney 99.08 40.70 2146 1.884 1.840
14 25.4790 Lincoln Agro Farm 96.62 40.85 1195 2.290 1.996
15 25.6135 Oakdale 97.97 42.07 1705 1.941 1.738
16 25,6375 Osceola 97.55 41.18 1645 2.032 1.784
17 25.6395 Osmond 97.60 42.35 1650 2.047 1.722
18 25.7040 Ravenna 98.92 41.03 1995 1.818 1.728
19 25.7515 Saint Paul 98.45 41.20 1796 1.901 1.899
20 25,7640 Schuyler 97.07 41.43 1750 2.236 2.080
21 25.8110 Stanton 97.23 41.95 1472 2.036 1.809
22 25.8320 Superior 98.07 40.02 1578 2.061 1.986
23 25.8735 Upland 98.90 40,32 2158 1.876 1.863
24 25.8745 Utica 97.35 40.90 1582 2:112 2.016
25 25.8905 Wahoo 96.63 41.20 1221 2.286 2.029
26 25,8915 Wakefield 96.87 42.27 1413 1.987 1.751
27 25.8935 Walthill 96.50 42.15 1207 2.070 1.816
28 25,9150 Western 97.20 40.40 1460 2.227 2.074
29 25,9200 West Point 96.72 41.83 1310 2.226 1.886
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approximately time independent processes, with the identi-
cal three-parameter gamma probability distribution. These
independent stochastic components are highly cross correla-
ted. The lag-zero cross correlation coefficient is found
to be primarily a function of the interstation distance.
The developed methodology permits the generation of new
samples consisting of a set of time series for a region,
either at the observed station points or at any new grid
of points.
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