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ABSTRACT

This fourth part of a four-part series of hydrology papers on flood routing
through storm drains presents computer-oriented numerical methods for solving the two
quasi-linear hyperbolic partial differential equations known as the De Saint-Venant
equations of gradually varied free-surface unsteady flow. Formulation and description
of various finite-difference schemes based on explicit methods include the "umnstable'",
diffusing, upstream differencing, leap frog, and Lax-Wendroff schemes. Stability and
convergence are examined for these various schemes of the explicit method. Using
various criteria of comparison, the specified intervals scheme of the method of
characteristics, the Lax-Wendroff scheme, and the diffusing scheme are compared. Of
the above explicit schemes in using the finite-difference ratios in the two partial
differential equations, it is found that the Lax-Wendroff scheme with the second-
order interpolation for dependent variables is the most accurate stable scheme.
The specified intervals scheme of the method of characteristics, using either the
first-order or second-order interpolations for the dependent variables, is also
discussed. It is concluded that this scheme, based on the method of characteristics and
using the second-order interpolations, is the most accurate numerical integration scheme
of all those studied. Flow charts, computer programs, variable conversion tables,
and sample inputs and outputs, for the three numerical computer schemes, the diffusing
scheme, the Lax-Wendroff scheme, and the specified intervals scheme of the method of
characteristics, used in the solution of the De Saint-Venant equations, are given in

appendices 1 through 3.

vi



FLOOD ROUTING THROUGH STORM DRAINS

Part IV

NUMERICAL COMPUTER METHODS OF SOLUTION

by

V. Yevjevich* and A. H. Barnes**

Chapter 1

INTRODUCTION

1.1 General Classification of Partial Differential
Equations

Partial differential equations of physical pro-
cesses fall within one of three forms, depending on
the character of the coefficients of the partial
derivatives. The equations expressing the one-
dimensional gradually varied free-surface unsteady
flow result in what is termed the hyperbolic form of
partial differential equations. These equations are
characterized by the initial conditions of the
dependent variables being known, given, or independ-
ently evaluated at all distance positions for the
time selected as zero, the boundary conditions being
independently established at two distance locatioms,
and the process being continued indefinitely in time
within the established boundary conditions. As time
increases, the effect of the initial conditions be-
comes less influential as the boundary conditions
dominate the process.

The hyperbolic partial differential equations
contrast the elliptic differential equations in which
the process is not time dependent. In this case the
initial conditions are the boundary conditions and
are independent of time. A typical process described
by this form is a two-dimensional temperature distri-
bution in a thin plate with prescribed boundary con-
ditions along the edges.

The third type of partial differential equations
are parabolic equations, with the solution require-
ments being similar to the hyperbolic form. The
simplest parabolic equation is the one-dimension
heat-flow equation.

In subsequent text only the hyperbolic partial
differential equation for gradually varied free-
surface unsteady flow are discussed.

1.2 Continuity and Momentum Equations of Unsteady
Flow

The two basic quasi-linear hyperbolic partial
differential equations of gradually varied free-surface
unsteady flow are derived in Chapter 3, Part I, Hydro-
logy Paper No. 43, as Eqs. 3.23 and 3.19, and are
reproduced here in their final dimensionless forms.

The continuity equation is

A N LW o Ldy 4

VB 3x T ax T V&~ VE (1.1)

"'.nmmm w R oot

and the momentum equation is

y _ s _g¥a
ax (SD sf) 8 ’

I (1.2)

in which

the cross-section area,

the mean cross-section velocity as a dependent
variable,

the water depth in the conduit as a dependent
variable,

the length along the conduit as an independent
variable,

the time as an independent variable,

the water surface width,

the energy velocity distribution coefficient,
the momentum velocity distribution coefficient,
the gravitational acceleration,

the slope of the conduit invert,

the energy gradient, and

the distributed lateral inflow (or outflow) as
discharge per unit length of the conduit.

e
n

]
i

H O
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The energy gradient, measuring the energy head
loss along the conduit, is expressed in this study
by the Darcy-Weisbach equation in the form

sz

¢ = 8

(1.3)

in which f is the Darcy-Weisbach friction factor,
R is the hydraulic radius of a partially full conduit,
with R = A/P, and P is the wetted perimeter.

The friction factor (f) is expressed as a
function of Reynolds number, R, = VR/v, with v
the kinematic viscosity of the water.

Equations 1.1 and 1.2 generally give the closest
approximations of the actual flood movement through
channels and conduits, if the basic conditions for
applying the two equations are approximately satisfied.
The most important condition is that of gradual vari-
ability of the flood hydrograph; this condition is
nearly always fulfilled for storm floods entering
into and moving along storm drains.

* Professor-In-Charge of Hydrology and Water Resources Program, Dept. of Civil Engineering, Colorado State

University.

** Associate Professor of Civil Engineering, Colorado State University.



1.3 Methods of Solving Equations of Unsteady Flow

All methods available in literature for solving
Egs. 1.1 and 1.2 may be grouped into analytical,
graphical, and numerical procedures. The numerical
procedures depend on the computational devices avail-
able.

Analytical solutions. The partial differential
equations 1.1 and 1.2 have a friction slope, Sg,
proportional to the square of the velocity or to the
square of the discharge. Because their coefficients
are functions of dependent variables (V, y), they
are non-linear differential equations of the hyper-
bolic type. Because of the inherent mathematical
difficulties of these non-linear and non-homogeneous
equations, there is no way to carry out the analytical
integration in closed form, unless many simplifications
are introduced.

The classical approach, first performed by De
Saint-Venant, neglects friction resistance and assumes
the channel to be horizontal with wide rectangular
cross sections. These assumptions deviate so much
from the reality of flood-wave movement in channels
and conduits that the wave characteristics resulting
from analytical integration are generally not
comparable with true wave characteristics. This
classical approach by means of analytical integration
is an extreme; it may be considered to be a rough
approximation, and, in accuracy, can be compared with
some of the very simple integration procedures of
flood routing that are based on the water storage
ordinary differential equation.

The use of analytical integration makes it neces-
sary to approximate and simplify both the initial con-
ditions and the boundary conditions by analytical ex-
pressions, which are used in Eqs. 1.1 and 1.2. The
inflow hydrograph as the boundary condition, and the
wave profile along the conduit, as the initial condi-
tion, must be mathematically approximated by consider-
ing them to be either symmetrical or asymmetrical
waves, with functions of bell-shaped curves (gamma-
functions, and others). The channel conditions may be

‘represented by the cross section area or width as
functions of water depth and distance along the conduit,
with a roughness coefficient usually a constant, and
the bottom slope being either a constant or a function
of distance. The lateral inflow and outflow are taken
as constant or are approximated by simple functions of
channel and lateral flow characteristics, and of time.

The great diversity in shape and roughness of
natural channels, free-surface flow conditions and
the complexity of the pattern of the lateral in-
flows and outflows tend to complicate the analytical
expressions that approximate these conditions to the
extent that the analytical integration of the two
partial differential equations becomes impossible.

In summary, the two partial differential equations

for unsteady flow can be integrated analytically, with
expressions for wave evolution, by rather restrictive
and very simplifying conditions, which generally are
not acceptable for the solution of current practical
problems.

For some discussions and abstracted references
about the analytical solutions of simplified conditions
for flood routing through conduits and channels, as
well as of graphical and numerical solutions, see the
"Bibliography and Discussion of Flood-Routing Methods

‘and Unsteady Flow in Channels' [1]*, and the general

reference list in Appendix 2 of Hydrology Paper No.
43 (Part I of this series of four papers).

Graphical solutions. The graphical solutions of
equations for free-surface unsteady flow may be
characterized by the following procedure. The celerity
of the disturbance in the distance-time reference plane,
(x,t) - plane, is computed from the simplified wave
relation

% = Vv=igy, , (1.4)
in which V is the mean velocity of flow, vy, is the

hydraulic depth
and g

(A/B) 1in any cross-sectional shape,
is the gravitational acceleration.

The term C = vgy, is usually referred to as the
celerity of a small disturbance moving in a quiescent
water of a channel. The terms V + vgy, and V -
/gy, are called either the wave velocity [2, p. 540],
or the celerity of a small disturbance in the moving
fluid 1, p. 10]. This latter term will be used in
this paper when Eq. 1.4 is discussed or used. If the
first derivative, dt/dx, in the (x,t) - plane
is used as the measure of the celerities of distur-
bances in the moving water, then the inverse of Eq.
1.4 should be used as

1

d_t=--_-"—
dx V o+ /gy,

(1.5)

In case of the circular conduit in which flood waves
move with gradually varied free-surface flow, vy,
should be replaced by ¥, = f(y), a function of water
depth.

In the discussion to follow the two directions
of Eq. 1.5 will be referred to as the characteristic
directions, which are first derivatives of character-
istic curves, defined in Chapter 3, Part I, Hydrology
Paper No. 43, Along the characteristic curves, the
wave phenomenon may be expressed by the two ordinary
differential equations with two dependent variables
as unknowns. Thus, starting from the known values
of the dependent variables (V and y) at two
locations in time (t) and position (x), the
direction of the characteristics may be graphically
plotted. From these plots, the location of the inter-
sections in time and position can be determined. With
the known time (t) and position (x) a finite
difference solution to the two ordinary differential
equations gives the corresponding dependent variables
(V and y). Repeating the procedure, the integration
proceeds along the time scale for the given length of
channel or conduit.

This procedure has been used extensively by
Parmakian in his book on waterhammer analysis [3].
Akers and Harriscn presented a similar analysis for
free-surface unsteady flow in a circular channel
in their paper on attenuation of flood waves in
partially full pipes, [4].

The limitations of graphical procedures are
immediately evident when one considers the effect of

*[ ] Reference numbers refer to the list of references at the end of this paper.




various parameters, initial and boundary conditioms,
in a given problem. Thus the graphical solution has
limited application at present because of the labor
involved, except perhaps for the visualization of
the digital computer schemes and the results to be
presented. e

Numerical solutions. Various numerical procedures
have been used in the past. The excessive number of
calculations in order to progress the solution in
time, however, has limited the application of these
solutions.

The two partial differential equations, 1.1 and
1.2, are usually approximated by the two finite-
differences equations, replacing the increments
(dx, dt, dV, dy) by the finite differences (Ax,
At, AV, Ay). At the same time the partial derivatives
are replaced by ratios of finite differences: 8V/dx

by aV/Ax, 3V/et by aV/At, 3y/3x by Ay/Ax, and
3y/3t by A4y/At. With Ax and At given, AV
and Ay are changes of dependent variables which

occur for these finite differences.

The basic characteristics of the above finite-
difference approximations are: (1) the accuracy de-
pends on the size and relation of finite differences
4t and Ax;  (2) the smaller the Ax, the more
involved the computation work, but also the greater
the accuracy may be, and (3) the values of dependent
variables computed for the end of a At become the
initial values for the next At.

With the development of electronic computers,
which provide fast and relatively inexpensive com-
putations, the past drawbacks in economy of performing
the operations of the finite-differences method of
integration are largely eliminated. The method is
highly favored inasmuch as it is the most accurate of
all practical methods of flood routing in channels
and conduits. The advent of new numerical schemes
helped this progress in the use of numerical methods
of solution by digital computers.

The results of integration are given for two
dependent variables as functions V=F (x, t) and
y = F,(x, t). These two functions repreSent surfaces
in the space (V, x, t) and (¥, x, t). If there is
any discontinuity in the four partial derivatives of
Eqs. 1.1 and 1.2, these discontinuities propagate along
the channel, and the projection of the position of
discontinuities at surfaces F., and F, in the
(x, t)-plane produces lines th&t are ca}led ""character-
istics", or '"characteristic lines". These lines are
usually curves, but in application may be replaced
by straight lines along the finite differences &x
and At.

The simplified characteristic lines are usually
given in the form

dx = (V  /gy,) dt, (1.6)
and
d(v £ 2 Vgy,)= g(S, - Spdt (1.7)

which are equivalent to Egqs. 1.1 and 1.2. The
hydraulic depth ( y,] should be expressed as a function
of y for the free-surface flow in circular conduits.

P

Equations 1.6 and 1.7 are usually numerically
integrated by replacing dx and dt with 4x and
at, and d(V + 2 /gy,) with A(V £ 2 /gy,). Several
numerical procedures have been developed for these
approximations in the finite-differences form.

Certain features of the method of numerical
integration by characteristics are important for
applicability in practical cases in flood routing by
finite differences: (1) the long wave is assumed to
be composed of many elementary waves in the form of
small surges so that for the time At and the reach
Ax, the velocity change, AV, and height change,
Ay, are considered as discontinuities traveling
with celerities V * /gy, (providing only a rough
approximation in the case of long flood waves, where
the friction forces are not negligible); (2) the
straight-line characteristics are used as approximations
instead of curve-line characteristics for 4x and
At, and (3) some complexity of procedure when
friction factors, channel slope, sudden changes of
cross section, bifurcations, junctions, and similar
changes, are to be taken into consideration,

With the advent of computers and new numerical
schemes, numerical integration by finite differences
of Eqs. 1.6 and 1.7 has become economical. The
general applicability of various electronic computers
(analog, hybrid, digital) to the numerical integration
either of Eqs. 1.1 and 1.2, or of Eqs. 1.6 and 1.7,
is discussed in the next subchapter.

Concluding remarks. All three methods -- analy-
tical, graphical, and numerical -- by finite differ-
ences applied either to partial differential equations
or to characteristic differential equations, when
applicable, give sufficiently accurate results if
the methods are extended to their limits of accuracy.
These methods can be successfully applied to the
analysis of particular waves that have been observed.
The practical prediction of wave movement, however,
requires a considerable amount of work, especially
when the network of drains is complex.

The mathematical difficulties of analytical inte-
gration of the two partial differential equations, the
need for a large amount of data for the graphical
methods, the accompanying drawbacks of time-consuming
procedures and the cost in applying the approximate
methods of numerical integration have provided in-
centive for developing simpler, but generally less
accurate, flood-routing methods [1]. Since the objec-
tive of this study is to produce research results that
lead to practical methods in using complete Eqs. 1.1
and 1.2, or Eqs. 1.6 and 1.7, in routing flood hydro-
graphs through storm drains, the only acceptable inte-
gration methods from both economic and accuracy stand-
points are numerical methods by finite differences and
the use of electronic computers. This paper is, there-
fore, concerned only with these latter methods.

1.4 Computer Oriented Numerical Solutions

The obvious conclusion to the dilemma of excessive
repetitive calculations and the limit of manual com-
putations is the use of electronic computers. Three
possibilities exist for the solution of the problem
equations.

One type of computer is the analog computer in
which the mathematical functions are simulated by
suitable amplifiers, potentiometers or other electronic
elements. The combination of these elements simulate
the mathematical equations of the physical phenomenon.



This technique is particularly desirable for a
physical system with fixed parameters and repetitive
operations. This analog system permits an evaluation
of the effect of variations in boundary conditions.

A disadvantage of the analog solution would be the
problems of generating the geometric and hydraulic
parameters at each stage in the computations.

The hybrid electronic computer permits continuous
evaluation of the differential equations by analog
and evaluates the required parameters by digital
computation. Thus, a continuous solution can be
obtained with the geometric and hydraulic parameters
evaluated by direct computation. The availability of
such computers is still limited, but hybrid com-
puters may become the best computational device for
unsteady flow. The programming is specialized and
not readily usable by most programmers. For these
reasons the more conventional digital computer has
been generally used and will be discussed exclusively
in this paper.

The digital computer presents the advantage of
rapid arithmetical operations and a relatively simple
and versatile programming capability. The basic
limitation is that integration cannot be expressed as
a continuous function as is done in the analog com-
puter. This requires that any integration of an
equation or a set of equations be represented by a
series of discrete elements. The approximation to
the correct integration would be expected to improve
as the size of the discrete elements decreased and
their number increased. This is an acceptable
assumption for many integration processes. However,
it cannot be assumed that it is correct for all cases.
This is due to the effect of round-off and truncation
errors within the computer. For this study it has been
assumed that the functions to be integrated are ''well

behaved' and may be reasonably integrated by the
assumption of discrete increments of the variables of
integration.

There are a large variety of numerical integra-
tion procedures available for the solution of the
St-Venant partial differential equations of gradually
varied free-surface unsteady flow. One method
of categorization of these basic procedures is to
consider solutions depending on the two partial
differential equations of 1.1 and 1.2 of the phenomenon;
in the other method solutions depend on the ordinary
differential equation forms, Eqs. 1.6 and 1.7, of the
same equations. How the forms of the ordinary
differential equations are derived from the partial
differential equations is shown in Chapter 3 of Part
I, Hydrology Paper No. 43.

1.5 Objectives of Studies Presented in this Paper

The objectives of this paper are to present only
the results of studies concerning the numerical solu-
tions by various finite-differences schemes, either
for the case of the two partial differential equations,
1.1 and 1.2, or for the case of the four character-
istics equations, 1.6 and 1.7. Chapter 2 analyzes the
applicability of various finite-difference schemes in
the numerical solution of the two partial differential
equations. Chapter 3 analyzes the various finite-
difference schemes in the numerical solution of the
four characteristic equations. The applicability of
various schemes is discussed at the end of each of
these two chapters. Chapter 4 is a comparison of
the best finite-difference schemes in the case of
numerical solution of partial differential equations
and numerical solution of characteristic equations.
Chapter 5 presents the conclusions and recommendations
for further research.



Chapter 2

INTEGRATION OF PARTIAL DIFFERENTIAL

EQUATIONS BY FINITE DIFFERENCES

2.1 Finite-Difference Methods

The finite-difference methods of numerical
integration to be discussed refer to the partial
differential equations of gradually varied free-
surface unsteady flow. Because these equations do not
permit a closed analytical solution, approximate
numerical methods of integration must be employed.
Since all numerical integration methods are funda-
mentally finite-difference procedures some distincticns
between various methods or schemes are appropriate.

For this presentation, the term "finite-difference
method" will refer to the approximation to the partial
derivatives as the ratios of differences of finite
values of the dependent variables at fixed uniform
intervals. The ratios of finite differences will
approach the partial derivatives as the intervals or
differences become smaller. The basic definition of
a partial derivative in x of a two-variable function,
f(x, y), 1is

af(x, ¥)
3%

=y [f(x + ax, y) - f(x, y)] 2.1

Ax-+0 o

Using the right side of this equation, the partial
derivative may be approximated as nearly accurate as
desired by selecting a small difference &x.

For solving De Saint-Venant equations 1.1 and 1.2
difference approximations are made as follows. Since
there are two independent variables and two dependent
variables, designation of the time-distance locations
of the variables will be based on the subscripts and
superscripts of the variables. The subscript will
refer to the distance (space) location, and the super-
script to the time location as shown in Fig. 2.1.

Time 1t
it —e : l
J @ @ T
=1 i it
Distance Position «x
Fig. 2.1. Definition graph for the finite-difference

scheme.

Thus, the depth at distance location i and at time
location j is designated as yJ The four partial
derivatives of Eqs. 1.1 and 1.2 fiay be approximated by

iyl

w. Yia™h

Ix j 2
xi+1-xi (2.2)
vitlyd

=3 - 5 (2.3)
S
1 i}
I
oy . Yia™Yi 5
3% = j J [l ( 04)
x! -x?
L
and
J+l_J
. h % (2.5)
L L
i i

The unknown quantities in these expressions are
generally the values at the incremental time locationms,
j#1. Thus vI*! ana yJ*™
With the two equations of unsteady flow, these two
unknowns may be solved for simultaneously. This
procedure is referred to as an explicit scheme in that
the conditions at a later time, j+1, are determined
directly from the conditions at the preceding time, j.
Other explicit schemes are presented in the next sub-
chapter.

are the unknown values.

Another manner of expressing the partial deriva-
tives with respect to the distance position is

41 gl
W Vi T % 5 B
ax j+l j*1 ? : L
Ak - X%
i+l i
and
j+1 _ j+1
ay - Yi+s1 T Y3 5 5
X el el (2.7)
i+l i

The partial derivatives in the case of Eqs. 2.6
and 2.7 are described in terms of the independent
variable x along the incremental time locations.
Therefore, there are four unknowns of V and y, at
two distance locations at a given incremental time
location. The two equations of unsteady flow at a
given point in time and distance are insufficient for



the solution. However, if a system of simultaneous
equations are developed for each point, there will be
as many equations as the total number of unknowns. A
simultaneous solution of this set then results in the
desired solution. This scheme is referred to as the
implicit solution since all solutions are directly
interrelated. No attempt was made to use this method,
however, because of the limits in solving equations for
the dependent variables at an unlimited number of dis-
tance locations.

A physical and, consequently, mathematical
limitation to either an explicit or implicit scheme
is imposed by the direction a disturbance travels in
the time-distance reference plane. The directions
of a disturbance are commonly referred to as the
characteristic directions and are defined by Eq. 1.5.
The two expressions for dt/dx of Eq. 1.5 represent
the two directions the disturbances propagate along.

If one considers these directions as emanating
from a single given point in the time-distance plane,
where a disturbance occurred, the region x and t
between these two directions is affected by the
disturbance. This region is the "region of influence".
If one considers the disturbances as having occurred
at two different locations in the time-distance
plane, two of the four directions will intersect. The
region bounded by this intersection is the "domain of
dependence." The dependent variables in this region
are functions of all their previous values within this
region. As a corollary, the values of dependent vari-
ables outside this region do not affect the values of
V and y inside this region.

Thus, the directions of the disturbance or
characteristic directions in the (x, t) - plane
divide the time-distance plane into a region wherein
solutions from given conditions are possible, and a
region in which solutions are theoretically impossible.
It is necessary to consider this in any finite-
difference method of integrating the two partial
differential equations. The general criterion to be
applied is that

e E— (2.8)

V + /g A/B

[soi=
|t

in which V and A/B are the average values for the
specified finite differences, 4x and At The
criteria of Eq. 2.8 is valid for all values of the
dependent variables in the solution. The nearer the
two points in the (x, t) - plane are, the more nearly
the numerical solution will approach the true solution.

2.2 Various Finite-Difference Schemes

Equations 2.2 through 2.5 present the simplest
approximation by the finite-difference expressions to
the partial derivatives. A wide variety of schemes,
usually more sophisticated than Eqs. 2.2 through 2.5,
have been developed by various authors to provide
better accuracy and to maintain the stability of the
solutions with minimum computational work.

Richtmeyer [5] presented six schemes with their
corresponding truncation errors. These schemes are
presented in Table 2.1, This table displays the com-

" putational template of the (x, t) - plane, the
approximation to the partial derivatives, and the order
of the truncation error (0(A), due to the approximation
where A is the symbol of increment, either &x or
At.

Substituting these approximations into the basic
equations results in a pair of equations with two un-
knowns, velocity and depth, at the end of the time
interval.

The "unstable scheme' is inherently unstable. It
is presented to demonstrate the simplest scheme, and
to permit comparison of stable schemes with this basic

scheme.

The diffusing scheme is the simplest stable scheme,
It offers two approaches for computation. One approach
consists of the staggered scheme as presented in
Table 2.1. It uses known values of V and y at the
i-1 and the i+l distance positions at time t to
compute the dependent variables at the distant position
i, at time t + At. This approach determines values
at all locations defined by i+j equal an even
number. The other approach is to advance one 4x
and thus compute the dependent variables at each
intersection. This approximately doubles the com-
putational time but produces results at one-half the
intervals of the first method.

In order for the diffusing scheme to be stable,
it is necessary that

it 1 |
AX

V Vg A/B

be a condition throughout the computation. As the flow
progresses into the super-critical range, this condi-
tion is less likely to be fulfilled unless an

arbitrary reduction in 4t is made. An additional
limitation of this scheme is the assumed linearity of
the dependent variables within the interval from

i-1 to i+l.

The upstream differencing scheme is similar to the
diffusing scheme. The computer programming, however,
is somewhat more involved because of the necessity of
deciding which representation of the distance deriva-
tive to use for each computation. For this reason
this scheme was not investigated in this study.

The leap-frog scheme is an improvement over the
diffusing scheme in that the time derivative is
estimated from the computed values of the dependent
variables at the t - At time position. The
limitation of this procedure is similar to that of
the diffusing scheme. An additional limitation is
the required computer storage of computed values at
three successive times as compared to two successive
times for the other schemes.

The previously described schemes all depend on an
assumption of linearity between the time-distance
junctions for the description of the partial deriva-
tives at the pivot point (i, j). An improvement to
this assumption is to recognize the rate-of-change of
the derivative as defined by the known values of the
dependent variables at three points. The Lax-Wendroff
method provides this recognition. The procedure is
described in detail in a following subchapter. The
consistent reproduction of initial cenditions for a
constant discharge, regardless of the curvature of the
water surface, is the benefit derived from this
method.,

The implicit scheme requires the solution of a
system of simultaneous equations equal in number to
the number of distance intervals plus one. Two of
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these equations involve the boundary conditions. This
system was not used because of the number of equations
that needed to be solved simultaneously, for an
arbitrarily long conduit.

All but one of the above schemes are explicit.
Two of the schemes, the diffusing scheme and the Lax-
Wnedroff scheme, are used in this study to solve the
De Saint Venant equations. These solutions provide
good accuracy and require only reasonable computer
time. The diffusing and Lax-Wendroff schemes are
summarized in the following two subchapters.

2.3 Diffusing Scheme

The diffusing scheme evolves from the following
approximation to the partial derivatives with respect
to time. The schemes in Table 2.1 is the definition
graph for the location of significant variables. It
is assumed that the dependent variables are known for
all positions at time j. The dependent variable will
be designated as U in this development, and it may
refer either to the V or y dependent variables of
the two partial differential equations. The objective
is to represent the partial derivatives as functions
of the unknown dependent variable U at distance
location i and time location j+1., The partial
derivative of U with respect to t is approximated

by
3u . [ AU
se). 2ol =9
i i
in which
aw, =0t - (2.10)
Expressing Ui as an average
vl e
J . i+l i-1
Ui e T (2.11)
then
y Uj + Uj
I R O irl
an = U:i. =g j (2+12)

and finally the finite difference approximation to this |

partial derivative is

J j
TS B O i
), -
At i At
it oyl -
. 2 i~ Vi -
h 25t ) ’

Similarly, the partial derivative with respect
to the distance x 1is approximated by

A | T
AU 1 Ui+1 Ul Ul lji-l
%), T ix Ax J (2.15)
i
so that
AU - I j _ i
ﬁx)i 24x (Ui+1 Ui-lj| N (2.16)

It is to be noted that both partial derivatives are
approximated for the location i, j.

2.4 Lax-Wendroff Scheme

The Lax-Wendroff finite difference scheme was
investigated to eliminate some of the deficiencies of
the diffusing scheme. The summary of the scheme is
as follows. It is assumed that all functions are
continuous and contain as many continuous derivatives
as required. It is also assumed that products of
first-order partial derivatives, and any derivative of
Sf in x and t are negligible quantities.

i A _ gy s e 2
The expressions 3t B 3T and = B I
relate A, B, and y. Therefore, the equation of

continuity reduces to

(2.17)

Al
n
1
oo =
%z

s w3
ax

The intended application of the Taylor series requires

the use of second-order partial derivatives. Thus,
2 2 2
3y _ _A 3V 3y
2 B axat ' axat . [2:38)
at
and
2 2 2
P Lk BX geX
et - B 2 V2 12:13)
ax ax

The momentum equation, 1.2, is rewritten here in

Wy % ¥ g Y8 =
5t~ 8 Vix "8 ax 8 B¢ S (2.20)
which gives then
2 2 2
ey viLo &2 (2.21)
2 ax 3x
Hence, Eq. 2.18 becomes
2 2 2 2 2
at ax 3x Ix ax
or
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Equation 2.20 then gives
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Substituting Eqs. 2.19 and 2.21 into Eq. 2.23 yields

BVz _ o o 2V 5.§EZ_ A BZV Bzy
2 S s 5.2 fFl-g==2-v-D
at ax ax ax
or

2 2 2
%:[()v %%J3g+(%+l)%vﬁ_}2’_ (2.24)
ot 3x X

Putting U as the symbol for any dependent
variable V or 1y, then for any U(x, t) and a
fixed x, a Taylor series expansion gives

2
U(t+at) = UCE) + atde + ["-";) . oren’ , @25
: at

in which both 3U/3t and aZU/atZ are functions of
t. Similarly, for a fixed t,

2 .2
U(x+8x) = U(x) + ﬂx% + “‘;} v oten?, @2.26)
3x
and
LU, 0% 2% 3
U(x-4x) = U(x) - Bx B i o[(ax)7]. {2.27)

ax
Subtracting Eq. 2.27 from Eq. 2.26 yields

U , U(x+Ax) - U(x-4x)

1 )= I (2.28)

Adding Eq. 2.27 and Eq. 2.26 yields the approximation
of the second-order partial derivative of U with
respect to X ’

22U . U(x+bx) - 2U(x) + U(x-4x)

] =

ax (8x)2

+o[0*] . (2.29)

Substituting V and y for U, respectively,
and using Eqs. 2.17, 2.20, 2.22, and 2.24 for the
appropriate partial derivatives with respect to t
in Eq. 2.25 produces

v 3y -
[aV Teaxt g(Sf 50)]

V(t+at) = V(t) - X

B

(a2) Hazvz Hu] &
82 il 3X
o g 32y 3
+ (E + 1) & v - + 0[(at)"] s (2.30)
9x
and
y(esst) = y(2) - st(g 2v + v 22
2 2 Z
+ﬁ)_&[(2+1 AV 37V | (&3,.\;2) E._}L]
2 B B - 2 B8 3X2
3
+ 0[A0)] . (2.31)

Let j index the t intervals and i index the
x intervals. Referring to Eqs. 2.28 and 2.29, the
first and second partial derivatives with respect to
X are approximated by

i
33U _ U1+l Ui-l (2.32
ax 2h% 2.32)
and
2. Ul -21.|3+UJ
3 g e i+l i-1 (2.33)
3X {ﬂxj

Thus, recurrence relations for finding approximate
solutions to V and y in Egs. 2.30 and 2.31 are

; ; ]
3+l _ o3 8t A
Rl [{BJ‘ (vs

J Jyi o3
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At,2 a Aj J red j 3
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j ; : —
g A o IR I I |
CB G 0D 0g, - ) o)) (2.34)
and
vitloyd. [aVJ o *VJ yeg(y), -¥)_ )+2g8x(5,-5,)]
i 7 i+17'i-1 ie17¥i-17%4 £7%
‘5‘—‘)2{[(332(\:3')2 . )](v 2 syl
Ax B I B i+l T i i-1
v Gy g Vool - 2% w3 ) . (2.35)

For those cases in which the products of the
first order partial derivatives and the derivatives of
S. cannot be disregarded, difference equations
analogous to Eqs. 2.34 and 2.35 may be derived by
appropriate substitutions of relations from Table 2.2
into: Eqs, 2,25 22,26 'and. 2.27.

sty



TABLE 2.2
Substitutions

The substitutions in the following equations are:

2y.

£, =
ga > B

Y
Via-9

with D the conduit diameter;

s 1 B B A .
) -1 2y 2
cos ~(1- ==) Y. Y- -1, 2y.-.2
D 3/0(1 5) [cos "(1- 591
3B 43 BB _n3y 3R _ 3y R _yy
oMy Mo Nax dg=N3g:s
2%y oV 3y . A 3B, A 3°V 52
o B G BYL g B8y R AN | iR
axat 3X 3x 2 3x B 2 2
B ax X
2 .2 2 S
B . MY 8 OB, ARV 0 ALK
at2 #x gt BZ it B 3x3t at2 at ot
av 2 3R
ﬁ:- i[—aiﬂd-\,’ﬁ)-gﬁ-g_i(zytvﬁ-v 5-5(_)
X3t Brax 3x axZ B ax2 g 8 RZ
and
3V 2 BR
22y ﬂ_(ﬂﬂ,,vaz\f) " azy_ggfzk“%? v i,
st BAX 3t 3xat’ B 3xst B 8 ") :

2.5 Comparison of Solutions by the Two Schemes

Comparing the solutions of both water depth and
water velocity at various times and distances would
be redundant. Since the analytical and physical waves
will be compared by their water depths at a given
position, solutions of y alone are considered. In
this analysis, comparison is made for the theoretical
dimensions of the experimental conduit, approximately
3 feet in diameter and 822 feet long. In the sub-
sequent plots of these solutions of y let A be
the solutions with all the derivative terms, and Awo
be the solutions without the terms consisting of
the product of the first order derivatives and the
derivatives of the energy slope, and D the solutions
based on the diffusing scheme.

An important criterion of any numerical solution
is the ability to repeat the values of y given at
the initial conditions as best as possible over a
period of time under a constant discharge. Under
this steady flow, a critical x position is that
which is near the downstream end of the pipe. Figure
2.2 shows the plots of y versus t at x = 796.7
ft using the Lax-Wendroff Scheme developed in the
previous subchapter, and the method based on the
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diffusing scheme. In these two methods the total
number n of x intervals used was 160, or 4x =
L/n = 822/160. It is to be noted that after 175
seconds the maximum drops are about 0.0l and 0.07 £t

for Aw and Di schemes, respectively.

Another important criterion in a numerical
solution is stability. Paraphrasing material from
the Journal of Mathematics and Physics [6] stability
is related to the difference between the exact solu-
tion of the difference equations and the numerical
solution of these equations. This difference may be
called the round-off error. In the Journal stability
is defined in terms of the growth of round-off errors.
That is, strong stability exists if the over-all
error due to round-off errors does not grow, and weak
stability exists if single round-off errors do not
grow. Strong and weak instability occurs if neither
of the above is true. Also stated is the assumption
that weak stability implies strong stability. Thus,
stability is a measure of error propagation.

The first series of tests studying the measure
of error propagation was that of strong stability
under a constant discharge or steady flow. That is,
for both the Lax-Wendroff method and the method based
on the diffusing scheme, an error of 0.001 feet was
added to the initial condition at each x partition
point. Simultaneously, these schemes were run over a
period of time using the correct initial conditions,
and these same conditions, plus the induced error
were used as the starting lines. In both cases the
induced error did not grow but approached zero with
the developed scheme tending to zero at a faster rate.

Some effects were observed in the second series of
tests with reference to weak stability, as the induced
error was added only to the middle partition point.
Using 81 partition points and observing the solutions
of vy at x=4n -3 and t =2n - 1, it was found
that the developed solution took 225.3 seconds to zero
out to five decimal places, and the diffusing scheme
took 520.9 seconds.

Of more importance in the matter of stability is
the third series of tests studied. This time the
constant discharge input hydrograph was replaced by
a varying hypothetical input hydrograph. An error of
0.001 feet was added to the initial conditions at the
81st point of a total of 160 partition points in both
the Lax-Wendroff scheme and the diffusing scheme.

The solutions of y for the same t and x partition
points were the same as those observed for the second
series of tests. After 180.9 seconds the error at
point i = 5 was 0.00001, and the error at the other
points has zeroed out to 5 decimal places using the
Lax-Wendroff scheme. The diffusing scheme solutions
did not show an induced error growth either; this

time the error did not stop at zero but became nega-
tive,

Thus, these series of tests indicate that both
the diffusing scheme and the Lax-Wendroff scheme
are stable with the latter showing the greater
stability.

The next consideration regarding comparisons of
solutions using the hypothetical flood input hydro-
graph, is that of the effect of interval size. In
both the Lax-Wendroff scheme and the diffusing scheme
At = AX/4z, where z 1is the initial discharge (Q)
divided by the initial area (A). This is done to
insure that At will be small enough to fall within
the domain of dependence. Figure 2.3 shows the plots
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Fig. 2.2. Comparison of Lax-Wendroff scheme (Aw) and the diffusing scheme (D;) in reproducing the
steady initial conditions along the conduit, at the distance x = 796.7 ft.
of y in feet at x = 735.8 ft versus the number such that the assumption becomes less valid. That is
n of Ax intervals used (n = 80, n = 160, and for example, 03y/3t is negligible only until the
n = 320) for both schemes and for three different computed water wave reaches a particular x position
times. The entire length of 822 ft of the conduit was and causes an increase in vy.
divided by n to obtain the corresponding Ax. From
top to bottom in Fig. 2.3, the given times t repre- 2.6 Concluding Remarks
sent y rising (upper graph), y near maximum
(central graph), and y falling (lower graph). The Among the finite-difference schemes, the Lax-

effects of the size of the Ax intervals are
noticeable, and, thus, the corresponding size of At
intervals are also noticeable, when comparing the
diffusing scheme tc the Lax-Wendroff scheme. Since
the error in the Taylor series expansion is on the
order of (st)3, in which At is a function of 4x,
the difference in y due to different Ax sizes is
not as profound in the Lax-Wendroff scheme solutions
as in the diffusing scheme. Figure 2.3 also shows
the underestimation by the diffusing scheme similarly
shown before in Fig. 2.2 in the study of ability of
this scheme to repeat the initial condition under a
constant input discharge.

The last consideration in this comparison of
solutions involves the Lax-Wendroff scheme but with
the assumption (A,,), or without this assumption
(A,), that all progucts of first-order partial
derivatives and any derivative of Sf are negligible.

Using the same hypothetical input hydrograph,
Figs. 2.4 and 2.5 show plots of the depth y versus
time t at positions x = 409.1 ft, and x = 797.8 ft,
respectively. These figures give the comparisons of
results for the developed Lax-Wendroff scheme (A)
and the simplified scheme with the above assumption
(Ay0)- The difference occurs in the computed hydro-
graphs when the first-order partial derivatives are
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Wendroff scheme is considered as superior not only

to the diffusing scheme but to all others investigated
for the purpose of flood routing through storm drains
under the conditions of application of Egs. 1.1 and
1.2. Taking into account all six schemes, either dis-
cussed briefly or analyzed, it is concluded that the
Lax-Wendroff scheme is an optimal scheme between the
accuracy in the results produced and the computer time
necessary for the corresponding numerical solutions.
It is, therefore, considered as the feasible numerical
computational scheme whenever a gradually varied
free-surface unsteady flow is computed directly by
numerically integrating the two partial differential
equations stated in Chapter 1 as Eqs. 1.1 and 1.2.

For benefit to other investigators and users, the
computational procedures and programs are reproduced
here in the two appendices.

Appendix 1 gives the computation details of the
diffusing scheme and Appendix 2 gives the computation
details of the Lax-Wendroff scheme. Each appendix
contains the following items, (1) Flow chart; (2) Com-
puter program, (3) Definition of variables; this gives
the conversion table between the mathematical symbols
used in this paper and the symbols used in Fortran
language for a CDC 6600 or CDC 6400 digital computer;
and (4) Sample input and output.
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Chapter 3

INTEGRATION OF CHARACTERISTIC DIFFERENTIAL EQUATIONS BY FINITE DIFFERENCES

3.1 Statement of Characteristic Equations

The two partial differential equations of
gradually varied free-surface unsteady flow, Eqs. 1.1
and 1.2, when transformed give the four ordinary
characteristics differential equations. Their

development is shown in Chapter 3, Part I, Hydrology
Paper No. 43. The equations with o =8 =1,
and q = 0 (Egqs. 3.50 to 3.53 of Part I), are the

starting equations and are given here as:

dt 1
£, = —} 2 e (3.1)
S o R I Vi ]
dat| _ 1 , (3.2
g= B = ——
- V- VZAB
A _V ldy , A dV %
(VB g) £+ * g dx gVB dx B (S Sf]IE O (3.3)
and
AV ldy . A dv A - -
(VB g)E- *gfax g ax * vE G SpEm 0 . (3.4)

These four dependent equations form the basis for
numerical solutions in the method of characteristics.
There are a variety of procedures that may be used
and these procedures may be broadly divided into two
categories, the grid system and the specified intervals
system.

3.2 Various Schemes

The first category uses the grid system generated
by the intersecting characteristics curves in the time-
distance plane. In this case, solutions to the prob-
lem are made at the intersections. These intersections
occur at the nonuniform spacings in both x and t
directions, thus, interpolations are required in
order to develop time or distance relations. These
relations are commonly referred to as the Lagragian
description for the distance relations at an instant
of time, and the Eulerian description for 'the time
relations at a fixed position. This method of using
grids of characteristics is based on establishing the
initial characteristic curves from the initial con-

ditions. The receding characteristic curves emanate
from it. In Fig. 3.1 the initial characteristic
curve first determined from the inflow hydro-

graph anﬁ the initial steady conditions, is drawn from
=0 and t = 0. By introducing the values of the
dependent variables V and y along the initial
characteristic curve £, at the appropriate points
in-the computational scﬁeme, the values of V and vy
as functions of the independent variables x and t
are obtained at successive points. For example the
values of the depths and velocities at points
and Q3 in Fig. 3.1 are obtained from the valueé of
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of the
In the

depths, velocities, and coordinates

points Qo' Pl, P2 and P3,

(x, t)
respectively.

same manner, all values of the dependent variables
V and y as functions of the independent variables
can be computed.

x and t

Fig. 3.1. Network of characteristics in the method of
grid system for the solution of unsteady

flow equations.

It is evident from the preceding brief descrip-
tion that the values in the solution at each inter-
section of characteristics must be retained in the
computer for the later interpolation for fixed times
and positions. No attempt was made in this study to
use the method of characteristics curves. The
principal reason was the need for excessive computer
storage of solutions at each intersection.

The second category is the specified intervals
system for independent variables. In this approach,
the dependent variables V and y are known functions
of the independent variables x and t either as
initial conditions of t = 0 or as the results of
previous time computations. For example, it is assumed
that V and y are known along distance x at time
t. Figure 3.2 represents the rectangular grid in the
(x, t)-plane with intervals Ax and At in x and
t coordinates, respectively. In this case, V and
y at points Mj, Aj’ Bj""’Nj are known. The
values of V and y at time

at points Mj+l’ A‘+l’ B yre--eoNs qs can then be com-
J J o

puted from equations 3.1 through 3.4 and from the
boundary conditions. In this manner, V and y at
time t + &t at various points along distance X can
also be computed. This process can be continued as

far as desired or meaningful. This method was selected
and used in this study because the values of x and

t at points Mj+1’ Aj+1‘ Bj+1""’Nj+1 are exactly

known, and only the values of V and y &t these
points must be determined.

t + At, and particularly-



t+At

i

M At "t
Row |

A % —— A x—

Fig. 3.2.

Network of specified intervals for the solution of
characteristic equations.

This method has the advantage that it gives t
results directly and in the form most needed and Ax Ax

useable, such as the hydrograph at each position
along the channel and also the water surface profile P
From the view of computer pro- t+At
gramming, arrangement of the steps of computation for
the methods of the second category appears to offer §+ E_
advantages over the methods of the first category.
Since the values of the dependent variables at time
t in the second category are known at predetermined
points, the only information needed to be stored in 1
the computer is the values of the dependent variables
Therfore, this category needs
computer storage of only two time lines as indicated

at any given time.

at time t + At.

in Fig. 3.2 and designated by j

respectively.
and y of row j

values of V and y of

for the next time interval.
time interval, the values of V and y of row j+l
are stored for computation at the next time interval;
the values of V and y of row j
out and the storage space is replaced by the values of

Tow j+l.

3.3 Numerical Solution by the Specified Intervals

row j+1

and j+1 rows,
Values of the dependent variables V N

are known and stored while the Ax Ax
are being computed
After completion of this t+At P

Row j+|
-

i
Fi Y

At

V< /gA/B

iy
@

=
Qo
O
w
03]

are then printed £ £
+ o

V=/gA/B

p=d:
i

System

This section discusses the numerical solution of
the equations of free-surface unsteady flow by the
method of characteristics with the specified time
and the specified distance interval t
V and y at point P on the |
(x, t)-plane of Fig. 3.3 are to be computed from the P
initial conditions or from previous values of V t+At
A, B, and C using two assumptions:
is sufficiently small so that the parts ¢
of the characteristics between P and R and
between P and S may be considered as straight &
lines, and

(b) The slope of the straight line PR at point AR S
positive characteristic direction of the
and the slope of the straight

interval,

Ax. In this methed,

and y at points
(a) At

P is the
position

line PS
direction

P 1is the negative characteristic
of the posifion C,

L

c,S B

At

V> JgA/B

&
ob
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B

Fig. 3.3. Rectangular grid for the solution by the
system of specified intervals, At and
Ax: subcritical flow (upper graph),
critical flow (center graph), and super-
critical flow (lower graph).
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Since x_  and t

VP,

are known,the velocity at point
and the depth at point P, yp,

computed. The computations proceed as follows.
(1) The coordinates of R and S are deter-
mined from the relations of {£+JC g (E_)c , and

the geometry of the grid by

are then

="ty % ()08 “3) o (3.5)

and

tp = ts = (E4JC{xP = XS) 3 (3.6)

in which (E+]C and (E_)C are computed from Egs.

3.1 and 3.2, respectively, at point C.

(2) The values of VR 5 VS’

determined by interpolation from the Taylor expansion,
with h the symbol of either Ax or Ah, as
2

Yo and yg are

f(x+h) = £(x) + hf' (x) + %7 £7(x) +...+ O[hn), (3.7)

and hé : ’

f(x-h) = f(x) - hf'(x) + 37 f'(x) +...4+ O(hn), (3.8)
For a first order interpolation, the second and

higher derivatives are neglected. The first derivative
of Eq. 3.7 becomes, in finite difference form,

f(x + Ax) - f(x)
Ax :
and that of Eq. 3.8 becomes, in finite-difference form,

1 -

- fx f(x-Ax

£ro0 = B0 - faea)
The value of the function (U =V or y) at points R
and S are then, from Eq. 3.8 and Eq. 3.7, respect-
ively,

£ (x) =

u.-u
_ __C A _
UR = Uc iy (xc XR) (3.9)
UC-U
Ug = Uo *+ -5 (xgxg) (3.10)

For the second order interpolation, the third
and higher derivatives of Eq. 3.7 and Eq. 3.8 are
neglected, the first and second derivatives in these
two equations become, in finite-difference form,

_ f(x+ix) - £(x-8x%)
£1(x) = 28x
d
an ooy E(x+Ax) - 2£(x) + £(x-Ax)
1(x) = 5
(4x)
The value of the function (U =V or y) at points R
and S are then
u.-u U, -2U.+U
B A CE A 2
U, = U, - —— (x.-x,) + (x.-x,) (3.11)
R-C~ "22x ™R 2 (om)2 %! ¢
u,-u U,~-2U0.+U
B A B “C A 2
Up = Up = —— (X=X) + ————= (x.-%x)° ,  (3.12)
s~ Tzax Y¢™s 2002 s

from which VR’ VS’ Yr and Yg may be computed

knowing the V and y at points A, C, and B.
(3) Then VP and Yp are obtained by solving

simultaneously the finite-difference forms of Egs.
3.3 and 3.4, or by
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(F e 0pyg) + (6,0 0Vp-Vp) + () (xpxp) = 0 (3.13)
and

(F)e(rpyg) *+ (6 (Vp-Vg) + (S )¢ (xpxg) = 0 (3.14)

in which the above values of F,

G, and S at point
C are defined as

(Fc = 48R0 c(8)c - (BICy-B,Cy)g s
Ble™ Wlipahide

BJc = iByABc(E)e - (BiABA):
(Fg = ACpACc (e ) - (BiC,-B L)
(6)c = (AB,"AB)c , and

g = (AErAEC(E ) - (BB B

in which the above coefficients of the two general
partial differential equations (Eqs. 3.24 and 3.25,
Part I, Hydrology Paper No. 43) are: Al = A/VB,
A,=V/g, B =0, By=1/g, C, =C,="1, D =1I/V,
D, =0, E = 0, and E, = Sf-so' Solving equations

3.13 and 3.14 simultaneocusly,

T (6,)¢
(T) (G))
Yp = T— c ¢ (3.15)
(F )¢ (6,)¢
(F )¢ (6.)c
and
(F)c (T,)e
(F) (T)
Vo St 2 & (3.16)
F)c (6,)¢
in which
CT+}C T (F+)C Yr i EG+}C VR~(S+)C fxp'xR) , (3.17
and

(T)e = (Fc g+ (6 Vg - (S)c(xp-xg) .+ (3.18)



By these computations, velocities and depths at time
t + At are obtained for all points along the channel,
except for the two boundary points. The values for
the boundary points are provided by previous computa-
tions of the known boundary conditions.

The procedure in the solution requires first
the determination of the intervals within which the
points R and S 1lie. A linear interpolation
is then performed within the appropriate interval
for the dependent variables at time t. This linear
interpolation has the same effect as the linear
interpolation in the diffusing finite-difference
scheme, namely a systematic positive or negative
shift in the computed values V and vy.

In an attempt to eliminate this deficiency, a
second-order interpolation was developed. Referring
again to Fig. 3.3 (upper graph), a second-degree
polynomial of the form

U=a+bx+ cx (3.19)
is assumed to fit the function of V and y through
points A, C, and B. This is the same interpolation
as in Eqs. 3.9 and 3.10, except in a different way of
implementing it. If the function is centered on the
location of C, then the constants are

U.-U U, -2U.+U
a=Uy,b=—a2 , and ¢ A, (3.20)
24x

Thus, the value of the function of the location
of R is

1 1 2
LlR = U - E{UP)(UB-UA) + E(UP) [UB-ZUC+UA) (3.21)
in which
_oat /ldt
UP = - E;y/(a;)+ (3.22)

The ratio of At to Ax is the selected grid
mesh ratio and (dt/dx), is the direction of the
positive characteristic estimated from the conditions
at location C.

Similarly, the value of the function at location
S is

-y, - L 102
Ug = U = 3(UN) (Ug-U,) + 5(UN)* (Up-2U +U,) (3.23)
in which
A
=- z%/ (ﬁ—i) (3.24)

This interpolation scheme offers two advantages.
First, the curvature of the function at a given time
is approximated. Second, it is not necessary to com-
pute within which interval the intersection of the
characteristic and the x-axis falls. The assumptions

17

in this scheme are that the functions of velocity and
depth are continuous and may be approximated by a para-
bolic relation within the interval. Any other similar
non-linear interpolation scheme may be designed if it
suits the general types of the V(x) and y(x) func-
tions for various values of t.

3.4 Initial Conditions

The necessary initial conditions for the un-
steady free-surface flow are that all velocities and
depths of water along the channel must be known at a
given time. In this study, it was assumed that at the
initial time the discharge was constant throughout the
reach. Thus, the problem can be treated as a steady
non-uniform flow. Velocities and depths along the
channel were then determined by computations of con-
ventional backwater or drawdown surface profiles,
depending on the downstream control conditions. This
procedure uses the standard step method [2, p. 265].

3.5 Boundary Conditions

The two governing partial differential equations
for unsteady flow require two independent boundary
conditions relating velocity and depth at certain
locations along the channel. One of these conditions
is the discharge-time relation existing at the inlet
end to the section of channel under study. This
relation can be either expressed in a mathematical
form, or given as discrete points of discharge at
selected intervals of time.

The other boundary condition imposed on the
problem is that of a discharge-versus-depth relation
at the downstream end, characterized either by a
control structure or by the critical depth at a free
outfall. This is the boundary condition that must
exist for subcritical flow of the base discharge.

If the base discharge is in the supercritical
range or on a supercritical slope the boundary condi-
tion must be expressed at the inlet end. This
function takes the form of a discharge-versus-depth
relation. This condition, in combination with the
condition of a discharge-versus-time relation, is
somewhat difficult to visualize physically; however,
it is a necessary condition because the characteristic
directions both have a positive slope and thus there
is no influence of the downstream conditions on the
upstream conditions.

The following discussion presents a detailed
analysis of these boundary conditions. Arbitrary in-
flow hydrographs were investigated to test and verify
the computer program and also to provide results for
evaluating the significance of variations in the
hydraulic parameters.

Upstream boundary conditions - The boundary
condition at the upstream inlet is given by an inflow
hydrograph, Q(t), with no limitation on the shape
of the hydrograph. A hypothetical hydrograph, having
a Pearson Type III distribution with four parameters,
was selected for evaluating the effect of variations
in the parameter and is shown by Fig. 3.4. Thus,
the inflow Q at time t designated by Q(t) may
be described by

-(t-t,)/ [tg-tp) t/(t -ty)

Qt)=Q, + Qe €7 (3.25



200k @ (cfs)
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Fig. 3.4. Hypothetical inflow hydrograph of the
Pearson Type III function, Eq. 3.25, with
the selected parameters: @, = 6.21 cfs,
Qy = 8.00 cfs, t_ = 100.00 sec, and t_=
150.0 sec. P 8
in which is the constant base flow, is the

peak flow, t, is the time from the beginning of
storm runoff tg peak discharge and t, is the time
from the beginning of the storm runoff to the center
of mass of storm runocff, G. One hydrograph with
arbitrary values of Qb’ QD, tp, and tg were used

in this study. The shape and these arbitrary values
of parameters are shown in Fig. 3.4.

The depth and the velocity at the upstream
boundary point P in Fig. 3.5, which is at x =0
and at the time t + At, can be computed from initial
conditions at C and B, with the boundary conditions
‘given by the inflow hydrograph

AV = Q(t) . (3.26)

in which A is the cross-sectional area and V is
the velocity at P,

Using the previously discussed assumptions and
procedure of computing velocities and depths at other
points along the channel the negative characteristic
direction at point C 1is also given by the initial

conditions. The relation between the depth ¥ and
velocity V, at point P can be determined from
Eq. 3.4, Substituting the boundary condition of Eq.

3.26 into Eq. 3.14 gives

(6)¢ {%%t-)- Vgl + (8))g (xpoxg)
Yo" ¥g 7 Py ,
-’c

(3.27)

in which A is the cross~sectional area at P and
A is a function of y,.

Solving for y, from Eq. 3.27 and substituting
into Eq. 3.26 mbkes it possible to determine VP.

a Newton-Rhapson

’p
Since Eq. 3.27 is not linear in y_,
interation was used for its solution.

Downstream boundary conditions - The boundary
conditions at the downstream outlet may generally be

given by a stage-discharge relation. In this portion
of the study only a free outfall at the end of conduit
was assumed. Therefore, a critical flow at the down-
stream end exists

\')
—_=1 , (3.28)
A
&
where A is the cross-sectional area and B is the

top width of the downstream boundary.

A x
P
t+At
V <
£ Ai ~/aA/B
t & £
c s* B
xX=0
t
Ax
P
t +At
£ & v =_,/gA/B
t'\ s X
c,;8 B
X=0
t
Ax
TN A

4
# AT V> ._./gA/B

/
y > X
S c
X =0
Fig. 3.5. Upstream boundary conditions: subcritical

flow (upper graph), critical flow (central
graph), and supercritical flow (lower
graph).

Figure 3.6 shows the downstream boundary where
the critical depth occurs. For the free outfall, it
was assumed that critical depth occurred at a distance
of 4.5 times the critical depth from the end. This
assumption was also applied to the unsteady case,
with critical depth computed from the base discharge,
Qb. Therefore, the total distance X from the

inlet to the downstream boundary is determined by
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X = X, - 4.5 Yc i (3.29)

L F

in which xp is the total length of the channel and

Ye 1s the critical depth for discharge Q. )

Ax

t+At

At

Fig. 3.6. Downstream boundary conditions for the
subcritical flow, with xL the computa-

tional conduit length.

The depth and velocity at the downstream boundary
point P at time t + At can be computed from the
initial conditions at A and C, and from the
boundary conditions given by Eq. 3.28.

Using the same assumptions and computational
procedures, the initial conditions also give the

relation between the depth Yp and the velocity VP

by applying Eq. 3.3. Substituting the boundary
conditions of Eq. 3.28 into Eq. 3.13 results in

(6,)c(VEATE - V) + (S,)¢ (xp=xp)

g s . (3.30)
p R (F+)c

in which A is the cross-sectional area and B is
the top width at P, with both A and B functions
of Yp-

Solving yp from Eq. 3.30 and substituting
yp into Eq. 3.16 makes it possible to determine VP.
Since Eq. 3.30 is not linear in yp, a Newton-
Rhapson iteration was again used for a solution.

3.6 Summary of Computational Procedures

In solving the equations of free-surface unsteady
flow, Eqs. 1.1 and 1.2 and Eqs. 3.1 and 3.4, by the
system of specified intervals, the steps of computing
velocity V and depth y at various times and
positions along the conduit are as follows.

(1) Values of V and y at various positions
along the channel for the steady-state condition of
constant base flow, QE, are determined from a
computation of the backwater curve.

(2) The upstream boundary conditions are
evaluated.

(3) The downstream boundary conditions are
evaluated.

(4) Values of V and y at time t + At
along the channel are computed from the known values
of V and y at time ¢t.

(5) Steps (2), (3), and (4) are repeated as
long as desired or meaningful.
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To benefit other investigators, the computational
procedures and programs are reproduced in Appendix 3.
Appendix 3 gives the computation details of the numeri-
cal integration method using the specified interval
scheme of the method of characteristics. It includes
(1) flow chart, (2) computer program, (3) definitions
of variables and (4) sample input and output. Addi-
tional subroutines were developed to compute the
boundary conditions for supercritical regime and for
lateral inflow at specified locations.*

3.7 Effect of Variations in Computational Parameters

The discrepancy between a computed value and the
observed value from a physical experiment is attribu-
table to numerous sources of errors. These errors
are generally the result of systematic and random
errors in the observational system and possible
systematic errors in computational procedures. Random
errors are a result of unavoidable accidental varia-
tions in the physical systems. The discussion that
follows will be concerned with errors in the com-
putational procedure.

Computational errors emanating from procedures in
this study are the result of:

(1) The approximation of infinitesimal varia-
tions by finite values. This is a result of assuming
in general, linear relations rather than the true
curvilinear relations. This is a systematic error.
However, the propogation of this error is not readily
determined since it may be positive or negative
during different stages of the computations.

(2) Truncation of numerical values. This is
due to the limited precision of any discrete-element
calculator.

(3) Round off in the printed output. The
printed output of any computed value from a digital
computer differs from the internally generated value
by the amount the value is rounded off in conversion
to numeric form. The computer used for these calcula-
tions rounds off in a manner similar to manual
calculators.

The following discussion evaluates the signifi-
cance of the controllable variables in the solution
of the unsteady flow equations. These equations are
considered under the computational parameters of
incremental length and incremental time interval
during which the integration process proceeds.

The effect of variations in the hydraulic para-
meters of roughness and the velocity distribution
coefficients is discussed in Part I, Hydrology Paper
No. 43.

Determination of computational parameter At.
The grid sizes of 4x and At in the computational
scheme, Fig. 3.2, is limited by the characteristic
directions £ , £, encountered during the integration.

Referring to Fig. 3.3, in order for R to lie
in the interval A-C for all conditions of flow, it
is necessary that the ratio of At/Ax be less than
the value of dt/dx assumed at the location R. This
condition must exist throughout the integration
solution.

In order to assure that this condition exists, it
is necessary that At be computed from

At

=

ax/[V + VgA/B]

* Originals of all computer-program and punched-card
decks are deposited with the Office of Research, Feder-
al Highway Administration, U.S. Department of Trans-
portation, Washington, D.C.



in which
(1) V is the maximum anticipated velocity, and
(2) A/B is a maximum for free surface flow.

Effect of computational parameter Ax. The
method of characteristics using a specified intervals
system gives the complete numerical solution of the
free-surface unsteady flow. The accuracy of the
results depends on the size of the rectangular grids
Ax and At of Fig. 3.2. In this section only the
effect of Ax is discussed; At will be discussed
in the next section.

If n is the number of intervals along the
conduit and X is the length of the conduit, then

Since x, is assumed to be fixed, n is
arbitrarily s€lected as any even number, thus AX
is determined. The smaller the Ax, presumably
the more accurate are the results. But also, the
smaller the  Ax,
time.
the objectives of this study, several values of n
for the fixed X, were tried.

Figure 3.7 shows the effect of the size of Ax
on the depth hydrographs at three positions along
the conduit. The upper graph is the depth hydrograph

for a Ax of 40.91, 20.45, 10.23, and 5.12 feet
corresponding to n values of 20, 40, 80, and 160,

respectively. The center and lower graphs are the
depth hydrographs at 410.0 feet from the inlet, and
= g 3 771.7 feet from the inlet, respectively. The initial
bx = n (3.32) condition for each computation is the steady-state
water surface for a free outfall.
1.6 vy, ft
.S ——
™ ®.0.0
1.4} / RSN
1.3F / ﬁ%\
: / S~
/ TN~
|2 = / J h““*—-:‘::_::—-_-
11 5/
1.0 ! L 1 ! 1
.5 y, ft
— @!
= @00
// H;:::rn
1.3 /’ “ﬂhhzrh
g / e =
/ CD/ —Is
I.1 e
1.0
0.9 L 1 1 1 |
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?
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—_——
.21 >~
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1.0
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Fig. 3.7.
20.45 ft, (3) &x = 10.23 ft,

(upper graph),

and (4) Ax =

Effect of Ax on hydrographs at various positions along the conduit; (1) ax = 40.91 ft, (2) &x

5.12 ft, at three locations of conduit x = 50.0 ft

x = 410.0 ft (center graph) and x = 771.7 ft (lower graph).
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the greater the required computing
In compromising these two conditions to satisfy

at a position 50.0 feet downstream from the inlet and



Comparing the depth hydrographs of Fig. 3.7 with
the given inflow discharge hydrograph of Fig. 3.4, it
was found that:

(1) The critical portion of the conduit for
computing depth hydrographs is near the outlet where
there is the greatest curvature of the water surface
profile. The maximum differences between the computed
depths, with Ax being 40.91 and 5.12 feet, are
approximately 0.3, 0.6, and 1.0 percent of the conduit
diameter at 50.0, 410.0, and 771.7 feet from the
inlet, respectively.

(2) There is no significant increase in accuracy
over 0.005 feet or 0.15 percent of the conduit dia-
meter when Ax is less than 10.23 feet. Therefore,

a Ax equal to 10.23 feet, or n equal to 80, was
selected for computation in the other portions of this
study.

The peak depth y, and the time to peak depth
Tp are two important parameters describing a depth
hydrograph. These two parameters are defined and
shown graphically in Fig. 3.8. The required accuracy
of a computed hydrograph at various positions along
the conduit can be measured by the peak depth, vy_,
relative to the diameter, D of the conduit, forp
various lengths Ax. Also, the accuracy can be
measured by the time to peak depth, T,, relative
to the time to peak discharge, t., og the inflow
discharge hydrograph of Fig. 3.4,” for various lengths

Ax and the same positions,  x.
y, (depth)
feet
2.0
1.5
1.OF p
0.5
Te
t, seconds
0 ] 1 1 1 ]
100 200 300 400 500
Fig. 3.8. Characteristics of the depth hydrograph

with T, the time at peak depth, and Yp
the peaﬁ depth.

From the selected criteria for defining the acc-
uracy of a computed hydrograph for a given Ax, it

was found that the percentage differences of yp,
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L Ml 100 |,

in which the index "min" refers to the depth y, ©f
the smallest difference used, Ax = 5.12 ft, ang the
index "i" refers to depths of any other Ax > 5.12 ft,
ranged from 0.0 percent to 2.1 percent for Ax

ranging from 5.12 ft to 40.91 ft, and at various posi-
tions x, as shown in Table 3.1. At the upstream
part of the conduit there was no significant difference
between y,/D measure for different values of Ax,

as expected. At the approximate middle of the conduit
there was a 0.2 percent difference. At the downstream
end, the difference was 2.1 percent. No significant
change in the percentage difference of y, to D

was found when Ax was reduced below 10.23 ft.

In using the other parameter, T,, to define
the accuracy of computed depth hydrographs with

different values of Ax and various positions x,
the measure of accuracy was
{T Ji ‘(T min
T x 100 ,
P
in which the indices "min" and "i" refer to the
4x = 5.12 ft and all others 4x, respectively. It

was found that there were no significant percentage
differences for values 4x > 5.12 ft, and various
positions x. The percentages were about 1.2 percent
at the upstream, 2.0 percent at the middle, and 8.5
percent at the downstream part of the conduit. It
was also found that there was no significant change
of the percentages of T, to t, (which was about
1.9 percent) when Ax was reduced below 10.23 ft, as
shown in Table 3.2.

Tables 3.1 and 3.2 show the percentage differ-
ences of y, to the diameter D of the conduit,
and T, to t_, respectively, with different values
of ﬁxp and va?ious positions, x. These values at
even distances (0, 50, 100,...ft) were computed by
linear interpolation from the values in the grid
system of Fig. 3.2; therefore, some error may have
been introduced. However, the change in shape of
the depth hydrograph due to varying Ax was con-
sidered to be small. Larger 4X produced a lower
and later peak depth.

As previously mentioned, the smaller the &x,

the longer the computing time required. For these
particular values in the hydrograph and the specified
grid system computer program, the relation between
the time required for the CDC 6600 computer and the
various 4x or n values is shown in Fig. 3.9. This
relation is approximately a power function because
the number of computational locations in the (x, t)-
plane is proportional to the square of the x-positions
for a constant time position.
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Table 3.1. Difference in Yp computed from various sizes of Ax
(in percent of conduit diameter D)

Ax DISTANCE, ft
(£t) |oO 50 100 150 200 250 300 350 400 450 500 550 600 650 700 750 800
40.91|/0 -0.02 -0.16 -0.04 -0.06 -0.08 -0.11 -0.16 -0.24 -0.31 -0.41 -0.50 -0.59 -0.70 -0.94 -1.43 -2.07
20.45(0 -0.01 -0.02 -0.02 -0.03 -0.04 -0.04 -0.06 -0.10 -0.13 -0.18 -0.22 -0.27 -0.39 -0.42 -0.66 -0.99
10.23j0 0 -0.01 0 -0.01 -0.01 -0.01 -0.02 -0.03 -0.04 -0.06 -0.08 -0.09 -0.11 -0.14 -0.23 -0.39
Table 3.2. Difference in TP computed from various sizes of 4x
(in percent of tP)
AX DISTANCE, ft
(ft) 0 50 100 150 200 250 300 350 400 450 500 550 600 650 700 750 800
40.91/ 1.23 -0.09 0.18 0.14 -1.21 -0.36 -1.62 -2.04 -2.02 -1.81 -1.09 1.21 -0.96 -1.43 -8.47 -7.32 -3.48
20.45+0.40 -0.09 © 0.14 0.05 -0.06 0 -0.40 -0.40 -1.81 -2.73-0.42 -0.40 0 -3.58 -4.07 -2.04
10.23 0.41 0 0.14 0.05 0 0 -0.22 -0.40 0 -1.90-0.24 -0.42 0 -1.49 -1.62 =0.41
AX
o] 10 20 30 40 50
T ] L] I T
t, seconds
!
2301 I
{ g
/
200 -
/
£
/
1804 i
/
/
ey
160 of
/
140
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100+
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n
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Fig. 3.9. Relations between n and Ax and the computer

time, T,
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Chapter 4

COMPARISON OF THREE FINITE DIFFERENCE SCHEMES
= oo o——=——=t. u VIFFERENCE SCHEMES
. OF_NUMERICAL INTEGRATION

4.1. Criteria for Comparison

The comparison of three finite-difference schemes
for numerical integration and numerical computer
solution and the eventual selection of the most
decirable scheme for particular applications depend
on simplicity, stability, accuracy, flexibility, and
resulting computer time. The three schemes to be
compared are: diffusing, Lax-Wendroff, and specified
intervals scheme in the method of characteristics,

The simplicity of a particular scheme is related
to both the algebraic description of its numerical
algorithm and the computer programming involved.
Generally, if the algebra is kept simple for under-
standing the computer programming is usually also
simplified. Frequently, however, this may lead to
numercous programming decisions to insure that
conditions outside the range of the simplified
assumptions are either included or deliberately
excluded. Thus, simplified algebra does not
necessarily infer simplicity in the computer algorithm,

The stability of a solution infers that the
process will coverge to a real solution. This
criterion is satisfied in the case of solving the De
Saint Venant equations if the mesh size At/Ax ratio
is less than dt/dx, for any part of the (x,t)-plane
used in the integration solutions. If this condition
is not satisfied, the solution will fluctuate about
the correct value with increasing amplitude. Event-
ually, the results may exceed the capacity of computer.

The accuracy of a solution method in this study
infers that the algorithm will reproduce the initial
conditions for the steady state boundary conditions.
As a corollary, the algorithm should be able to com-
pute the steady state conditions from any arbitrary
initial conditions. If the algorithm satisfies this
criterion, it may be inferred that there will be good
agreement between the computed and the observed
quantities. The difference between these two can
then be attributed to the limitations of the underlying
assumptions of the theoretical equations and the
limitations of accurately estimating the geometric
and hydraulic parameters.

The flexibility of a computer algorithm depends
on the range of conditions the algorithm will
accommodate. For the unsteady flow solutions, it is
desirable that the algorithm provide for all condi-
tions of depth, velocity, and discharge within the
expected physical ranges. Generally, this must
include both the subcritical and the supercritical
conditions. Since numerical procedures at some stage
require interpolations, a computer decision is
required to determine the appropriate interpolation,

4.2 Properties of Diffusing Scheme

The diffusing scheme is the simplest of the three
compared schemes to develop and represent in algebraic
form. This can be seen from Table 2.1, wherein the
partial derivatives are represented as ratios of finite
differences. This.simplicity, of algebraic form,
however, limits accuracy and flexibility,

The stability of the diffusing scheme is assured

provided the ratio of At/4x does not exceed the
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absolute maximum value of dt/dx at anyegzlnt e
(x; t)-plane during the integration process.

The accuracy of the scheme may suffer during

eventual periods of supercritical flow. Thizlziively
because the characteristics intersect at ;i re 4.1
great distance from the solution point. £ :

graphically presents this relationship. The accuracy

of the diffusing scheme is further limited b;;a:ﬁ:l
the dependent variables are assuned to VAIy 1inearly
within the interval of 2ax. Thus, %f the acrzitinn
value of a dependent variable at a given x-poted value
is more than the interpolated value, g coﬁpuless

at the same position for a later time wtld de enin
than it should be. This effect produces @ am? #
effect in time at a fixed location. Figure 4. tion
demonstrates this effect for the depth at a loca % e
near the free-fall outlet. The greater Fhe cgrvafgr t
of the free surface the more pronounced is this effec

To reduce this effect the physical size of fﬂx
may be reduced but this results in an 1nc?ea5?n2reases
the computer time needed. The computer tlmei;tervals
by the square of the number n of dlstan:;e diffusiné
A4X. Subsequent comparison indicate that e e o
scheme requires more computer time than the
schemes,

4.3 Properties of Lax-Wendroff Scheme

The Lax-Wendroff scheme is an imPr°““m§n§h2“e’
the diffusing scheme in that it accommodates e
curvature in the variation of dependent v:rla eriéal
This, however, invelves a more complicated num
algorithm,

Intersection of
Characteristics

Domain of
Dependence

Solution Point

ol

At

Ax Ax

Known Points

Fig. 4.1. Effect of characteristic slopes-




The Lax-Wendroff scheme results in a more accurate
solution in comparison with the diffusing scheme for
the same Ax and At intervals without a significant
increase in computer time. An indication of this
improved accuracy-is demonstrated in Fig. 4.2 The
Lax-Wendroff method consistently produces the same
depth over a very large period of time, whereas, the
diffusing produces a consistent change.

With regard to its flexibility in accommodating
a wide range of flow conditions, the Lax-Wendroff
scheme possesses the same inherent limitations as the
diffusing scheme. Thus, by the Lax-Wendroff scheme
the further the intersection of the two characteristic
curves from the solution point, the less accurate the
solution.

4.4 Properties of Specified Intervals Scheme of the
Method of Characteristics

The complications inherent in the specified
intervals scheme of the method of characteristics are
justified because of its inherent accuracies. The

L2

basis for this is that the points of solutions are at
the intersections of characteristic curves, rather
than at any point within the domain of dependence.

The linear interpolation of this scheme is made
without the need of a computer decision. All flow
conditions can be accommodated by this scheme.

The accuracy of this scheme is demonstrated
in Fig. 4.2, and is very good when compared to the
diffusing and Lax-Wendroff schemes.

It is apparent that this finite-difference
scheme of the method of characteristics produces a
rapidly convergent and stable value. It is compar-
able to the same property of the Lax-Wendroff scheme.

The non-linear interpolation of the method of
characteristics for dependent variables along dis-
tances for a given time is an improvement over the
linear interpolation. However, linear interpolation
is used in producing results (C) of Fig. 4.2 for this
method of characteristics.

I.10

109

108

107

106

Ay
T e —
105 | | l | | l | | | l | I | | | T I
Yo 10 20 30 40 50 60 7O 80 90 100 110 120 130 140 150 160 [70
t, seconds
Fig. 4.2. Comparison of diffusing scheme (D;), Lax-Wendroff scheme (Ay), and the

specified intervals scheme of method of characteristics (C) in re-
producing the steady initial conditions along the conduit, at the

distance x = 796.7 ft.
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Chapter 5

CONCLUSIONS AND RECOMMENDAT IONS

5.1 Conclusions

1. Numerical integration solutions to the
differential equations of gradually varied free-surface
unsteady flow in prismatic channels and conduits have
been reviewed, evaluated, and compared, both by the
integration of the two partial differential equations
and by their equivalent, four ordinary characteristic
differential equations.

2. Numerical integration schemes, their solutions
and their resulting computer programs are compared on
the basis of their simplicity, stability, accuracy,
flexibility, and the resulting computer time needed
under given physical conditions.

3. Second-order or non-linear interpolations
for dependent variables in the finite-difference
schemes, for both the Lax-Wendroff scheme and the
specified intervals scheme of the method of character-
istics, were found to be necessary if maximum accuracy
is to be obtained.

4. Solutions by the specified intervals scheme
of the method of characteristics, with the second-
order or non-linear interpolations for dependent
variables, do not significantly require more computer
time for a given accuracy comparable to the accuracy
of solutions by any other scheme.

5. The Lax-Wendroff finite-difference scheme
requires some particular programming considerations
and adjustments in the case of supercritical flow,

6. The finite-difference specified intervals
scheme of the method of characteristics with the

second-order of non-linear interpolations of dependent
variables is sufficiently flexible to accommodate a
large range of flow conditions.

7. Numerical integration by the specified
intervals scheme of the method of characteristics
with the second-order or non-linear interpolations
of dependent variables in the writers' opinion should
be used in general for studies of gradually varied
free-surface unsteady flow.

5.2 Recommendations

Four recommendations for further studies are
present in the following:

1. Other numerical integration finite-difference
schemes, periodically appearing in the literature or
not studied in this paper, should be investigated and
compared with the recommended finite-difference
specified intervals scheme of the method of character-
istics. This should be done to find whether improve-
ments in overall applicability can be attained.

2. The finite-difference specified intervals
scheme of the method of characteristics may be further
improved by considering the curvilinear nature of the
characteristic curves. Thus, a better method of inter-
polation may be designed.

3. For the integration of gradually varied free-
surface unsteady flow equations the use of a hybrid
computer should be particularly investigated.

4. Computer times and computer costs should be
systematically investigated for the most popular digital
computers and for various finite-difference schemes.
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Al4. SAMPLE INPUT AND OUTPUT
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.0 40 3040 10«0 50.0 1de 8CeC 4y
200.0 440
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h - PHT n v
UChHE = B.28973709E-UL S0 = 1.00000000E=03 i 1.104904038+u0 t.sﬁll:eeg*un 1-002000305‘01
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A24. SAMPLE OUTPUT

(No input required)

TF = dabuluunoidEeae
= . E .
Lipatsalyfanie 50 = 1.0u000000E=A3
= la0u7asessr+00
D =  Z.¥eh20D0UE*ny
= 1.22658217=+00
F = l.2uv0udpude=12
= . E*
prasiesE e RA = l.0€8id189E=pl
52 WAl = l.2e8590e7E+nd
4.03549232T*nl .
PERD = =%.]3864043-195
2.u7n296T0E+00

N FB = 1.093340007=nl

2 FC = =l.7v440p00€E=nl

H.21T00000E%02

0.

Os SET,

L L} %]
1.€2751153E400 3.73R6932BE400 1.C00LUO0DESR]
1a227254THE+0Y 3, 737T2el%E+00 1+3UCQ0000E+n]
14226935972+ 00 3,739002435E400 1+000CULOBE+D]
1.22653979E+00 3, Ta060524E400 1.00000000E+n]
1.£2604705E400 3,7425918BE400 1.0GU0UOODE+N]
1+225633906400 3, 7490687245400 1+00060000E+n]
1+22467B63E.00 3,.74615459€400 1«0000000uE*R]
1.€2373955E00 3,7519/332E4010 1+000000G0E*n]
1.22256764E+00 3,75673859E.00 1+0G0UU00DE=g]
1462110173400 3,76271830E400 1.00000000E+01
1421925208400 3, TT0242%BE«00 1.000GU0D0E*N]
1+21894368E,00 3,.7797Tnl0E00 1.0000U000E+n]
le214003832400 3,79190800E400 1.00000000E+n]
1s21043613Ea40 3,8075n435E00 1.CUOGUO00E*D]L
1:20543223E.00 3,82778a29E.00 1+00000000E*n]
1419913617400 3.A345328TE.00 1.0000G000E*D]
1.190758T1k+00 3,8906471TE«00 1+00000000E#n]
1eiT9281485E 400 3,94121n02E+00 1-0G0GO000E+n1
1+4627853RE+00 & nlnanyaseesnt 1+00000000E+91
1si3065538E 400 4 1*U2s535Een00 1.00000000E+g]
1+U0Te5468E .00 4 BRT27Ra27E400 1+000C0000E+n]

1.25777802=+01 SEC,

-4 W Q
lega3e3175E.00 4,00765144E400 1-09069852F 01
1424233409200 3,Rlu93923E.00 1-G2365372Te*gl
1+23003%33E400 3,7813573%E+00 1+01832011E+01
1-£3077535E400 3,76282351E.00 1+00829123E+01
1.22815193E.00 3.75372166E400 1006034556401
142643453800 3,75043137E«nD 1.0018B6828+01
1.22512842E.00 3,75063471E.00 1.00085471F40}
1=£2332450E 400 3,75307905E.00 100035452801
1.22802615E400 3,7572133BE«00 1+00012d04Eg]
1422109743E400 3.74230a78Eu00 1-G0002206E%n]
1.21922238E400 3,77031607Ee 00 3. I9IBETISE=QO
l+21687818E.UD 3,77¥791323E.00 9.99936695E+00
1.€1391552E400 3.73192231E400 9.9931¢12RES00
la2l013645E400 3,A0153205%E.00 5+99835979E+00
1.20526892E400 3,82783191E.00 9+99855630E+00
1419891042E400 3,a5467948E400 9.9982238RE+00
1419042701400 3,89108931E+00 599T92128E+00
1.17368837E 0y 3,94273326E400 5.598469TaE 00
l+l6U75100e.u0 L. P269543TEL3D 1+ 00086499Ep1
1ed21B4014E400 &, 21T21839E+00 140033656nE+01
1.01475211€.00 4,A8339733E.00 1+00747613E+01
2+515556045°U1 S£C,

B - v u
1.2634937035+00 4,6117120TE-ND 1.28272130E+01
1.30d83093E+00 4,0206330TE.00 1+12933T040E~01
1.eT931237E400 4,0115823BE«n0 112272947401
1+£6806725E400 3,53593554E400 1.08722562E+01
1.25350423E+00 4,8AN893T1E+00 1-06001932E+91
l-24380275E+00 3,838345U3E.00 1.039551288+01
1+£3687535E400 3,80455917€.00 1+025u8293E+01
1.23103202E400 3,78986713E.00 1.01530666E+01
10226905T1E+00 3, 7/944730E-N0 1-009027T1E+01
1.£2358088E4u0 3, 7T59AR59E«00 1+00514410E+p1
1.22080781E 00 3, T7780%S1E«DD 1.002B2383E+01
1421768113500 3, 78agnRS9E«ND 1.0014T614E+n]
le21425813E.00 3,79%293158TE.00 140007U309E=0]
1ecludss55E 40 3,8089233keend 1.000273%3E+p1
1.20525563E400 3,82877419E.00 1+00002145E+01
1.19877501E400 3,85555238E400 5.99865818E+00
1449013001500 3,R327074BE400 5598680 L4E*00
1+ L7755718E-00 3,34730n31E+00 G.55873385E«00
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A.3.4. SAMPLE INPUT AND OUTPUT
SAMPLE INPUT
Same format as in A.1.4,
3.0 4,0 0.0 1944 S0.0 1n.
200.0° 4.0
SAMPLE OUTPUT
INFLOW HTDROGHARH PARAMETERS
L 4:00000CFS
aFs 1U=00000CFS -
TP= 30+000p00SEC
.887uer " .40000 N .
WAVE VOLUME 430VE RASE FLOw= 180.9nCy FT
| SYSTEM BARAMETERS
so = +00100
TTALPRE= T T.G0000"
8ETA = 1.00000
N o= 2
Ix0 = 2 _
TF = 200 T
TIO = 2000000
NORMAL DEFTH= STRI9FT CRITIFAL DEPTH= +B6290FT
DX=  40,.3%3s4FT D= 1,45574gEC
v CONDIITUNS AT 0.0005ECANAS
DISTANCE DE2TH VELJCITY OISCHARGE
. IFT) (FT1 (Fag) _lcFs)
<0000 7659 248522 4.0000
81,8870 . 7658 2.8524 _4.0000
164.7735 NCED EEEEL] BT T
245.8609 TS 2.8535 4.00up
327.5478 7654 __PeH543 4.0000
09, L7648 T2 Es7E 4.0000
491,3217 7637 248633 4.0000
5T7T3.2087 L6812 2.8788 #.000p
655, 0954 . 7559 2.9055 “%.u00p
736.9826 L7433 2.5743 4.0000
8l8.4695 LBE3Y _3.T4R3 B.0000
CONDLITONS AT 18.925<ECONT R
OISTANCE JEPTH VELOCITY OISCHMRGE
(FT) t(FT) ___iF35) _ iCFs)
L0000 ,3539 7.Td4g
81,887p L8382 5.31va
163,779 RAET 4.1378
245.6609 . Th5g . 0049
327.5478 WJO56 5 4,000
409,434R L T6a8
491,.3217 LTe3s
573.2047 Jdelz
855,0956 L7559 0
736.9826 LJTe27 4.U338
818,865 L3369 4.0992
CONDI I 10NS AT 37.34g98ECONNS
DISTANCE UEPTH VELICITY DISCHARGE
(FT) [T AF] (£25) IcFs)
0000 1.0700 424918 10.0000
81,8870 - 1,d308 424358 9.3858
163.7735 ETET 3.8807 T.0281
245.0605 JBU53 1.13g7 w7230
327.5478 1706 2.892n e
«09,%348 L7651 2.8604
«91.3217 LT636 2+8643
573,2087 LTo12 2.8782 .
655.0958 + 1561 2.9125
T736.9828 L1330 3.0327
Ble.d4695 . 3459 37904
CONDIFIUNS AT 56. T?aqscnuﬂs
“TDISTANCE DE3TH VELDCITY DISCHAHGE
(FT) teT) __(F35) (CFS)
-0000 1,0804 4.034 B.6452
8l.8870 1,Uo6p _4=309n _F.583a
163.7749 1, uss2 aedf1n F.4ldp
245.6609 1,uds8 4» 3382 B.Bbly
327.5478 L3731  3+3937 B.us08
409,%348 , 1483 1.0274 b,02]ls
91,3217 L1068 2.88p) 4, 0573
573.2087 LTolk 2.8815 4.0091
655.0956 L7558 3.5149 %, 0125
T36.9826 L7353 1.059% %.0500
Bl8.0695 L5347 1.787n ».u?la___
COWD LI 1UNS AT 7S .EIRSECONDS =
DISTANCE DE2Tn VELICITY DISCHAHGE
IFT) (FTi 1£°S) (CFS)
L0000 L3836 2.838k 4,8603
81.8470 L3867 Ja4056 6.7178
163.7739 1.0159 3.9327 d.2021
24%.6009 1.0d57 ! 8,893
327.54178 1,0230 9.0317
407,348 RLTH LTS
491.3217 N-ETYS 5.3101
573.2087 L1753 4.259]
655,095¢6 7268 LR e
T3e.79826 L7328 #.0551
B18.8695 Lb3eD bLURE]

CONDIIfunsg AT

Fh.H23ISECONNS
L

DISTANCE oF WELICITY
o A BT & e (e25)
<0000 L3235 2.5505
__ Bl.esrg 22 2+5344
163.7733 TP e dban
245.6609 9579 35013
4.0 _ 327.5478 7923 3.851n
405, %348 L7932 8e0117
49: a2yr 1,0019 as2BR/
_ « 7129 I BB4a
LT o T949 Te2eh)
T3o.982n T30 1527
__Blb.8e93 V2374 147954
CONDLIIONS AT L13.543ECANNS
OISTANCE UR3TH YELICITY
(FT} (A0 1e35)
«booo H188 ?a5980
Bl.887) 7s8335
163.7733 2.8343
245.6609 2.8325
__327.35473 31650
409.4348 .53
491,3217 3.7555
573.2047 L3096 3.372n
655.0954 L9662 4.21R3
T36.9824 L3338 31.831a
BlH.B6YS L7013 1.9941
Conn[TTONS A1 132 JiT25EC0NRS
DISTANCE gE30 VELDCITY
tF1) _IKI!_ (735)
0000 .4lo0 2.6368
81,8670 L8177 2.6636
163.7739 L3259 2,702
245,6609 L8230 2.6875
327.5478 _aB82a 27625
409.434n T 8704 2.967h
491.3217 LFU55 .2611
573,207 L3322 1.5523
655,0958 BT 1.7297
T3e.9826 L7372 4alT4n
Blu.8695 o802 4+4T37
COnDI T Iung AT 151.397<ECONTS
OISTANCE UEATw VELICITY
iFT) FTy {F35)
0000 303 2.6690
8l.8470 L8100 2.6875
163.7733 .31&8 2.7073
243.6603 L3255 27503
327.5478 8237 2.7523
409. 4348 T L3342 2. 7880
91,3217 L3455 2.HE]7
573.2087 "______glgg._ 3.0885
"85, 0956 . 9950 3-3874
T3o. 9828 3662 Je2284
B8l8.8695 L30T 443099
CONDLI[UNS AT l70o321=‘COM13
DISTANCE oe= VELITITY
(FT) :rr: (F25)
0000 L7973 2.5953
8l.8870 .3038 2.70858
163.7T39 L3101 2. 729
245,6609 L9181 2.T427
327.547A (0246 247814
07,4348 B30T 2.8077
#91.3217 L4310 2.81n7
573.2087 L8360 2.8711
T B55.095A ‘”““5431 3e01a0
Tin. 9828 L3983y 3.3117
818,695 _aT984 aalbgn
counlliows AT 159 2455ECONTS
DISTANC uE VELICITY
(FN) trr: (£25)
«0000 L1925 2.7188
81.887¢p e _2e12a1
183.773% L3J37 FeTala
245.6609 L3192 27807
327.5474 .9155 2.1742
“05,.43a3 T .822§ 248041
491.3217 L8280 FedaTl
573.2007 @272 . P«BTD]
635, 0994 B2 2.492%4
T3b. 49828 L8037 I-U%au
Blo,bB695 .1053 4.00Ru
MAXIMUM VALUES AnD [LWES AT EACw _UCatION
DISTANCE mAX 3ERTH TIME 48X VEL  Tlwme
00U 1.09 . 43.30 4,34 3057
“0.94% L.oa b, 63 Ibe3g
H]l.89 l.07 4,47 40 TE
__l22,83 1,06 “.45  4b.sB
163.77 7 1.n3 PALE| 50495
204.72 1.0+ olalae b, 2 5532
265,66 l.03 85.51 4,00 Bl-1ls
286,50 1.03 w9.83 4,39 6543]
327.55 1.02 Te,24 4.37 71.33
368,49 1,02 H4.07 %33 77158
409,43 5 ) B Hde,43 6,33 Ale52
450,38 l.0l Y0424 4,30 K734
491,32 1.00 4,62 4,28 93.17
T32.ZT 4,26 YH.509
5T73.21 6,28 1n3.34
614,15 4,22 109.18
TTes5. 0T .22 115.00
696404 4.2 11y.37
736,98 .9 3 a,3% 125419
T3 89 L35,A. 4,28 132.s7
B81H.87 .87 133,93 4,48 133.93

47

UISCHARGE
(CF5)

4.0000

“,2239

5.5438
b.Tu27
T.7364
B.06%
4.6895
B.whYz
4. H298
LIY{IT¥Y
b, llag

015CnaRGE
(CF5)

». 0600
%, 1063
4.043R
“.bd27
S.8051
6.6769
Ta2345
T.7310
B.leng
b.i0ds
5, 9473

D1SCHaRGE
ICFS)

4.0000
s.0942
d.clbk
4,211
44272
&,.3761
5.7785
5.54495
b.852]
T.ra3y
T.agT)

DISCHARGE
(CF3)

4, 0000
4. U770
4. 155R
s.2%1
w3182
,3757
4.871R
5,890
3.910p
LR
_b.30d7

DISCHARGE
LCF S

%.0000
“.UR32
wolaldT
4.2083
443261
,40T4
4.4187
4,5524
b.bé4lg
5.3838
3.78l0

DISCHAHRGE

ICFS)

».0000
4.0537
%.1137
d.ld494
4,2485
4.38lg
4,453
4,4839
B,5633
4.6919
5.0040

Max g
e gn
9.R6
H.71
9.59
Yaedd
9439
Fe31
.22
9.13
9.02
B.92
8481
4469
B.57
Heah
He31
4.21
T.99
B.13
7.37
Toad

TIvE
3N.57
40s7h
454173
4Be04
5241
S53.23
LESLT
LLYE]-}
72«79
TR.61
852.98
LERE-D]
Faab?
3895

106s81
ST
L15.00
12n.83
17h485
133.33
133.93
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