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ABSTRACT

A fundamental flow equation for a mixture of miscible fluids was derived by combining
the law of conservation of mass, Darcy's law, and an equation of state describing the
pressure-Vo1ume-temperature~concentration relationship. The result is an equation involving
two dependent variables, pressure and concentration.

A relationship for determining concentration was derived by expressing a continuity
equation for the dispersed tracer. The problem was formulated on a microscopic basis and
averaged over a cross-sectional area of the porous medium to give a macroscopic convective-
dispersion equation. The resulting coefficient of dispersion was a second rank tensor.

The two resulting differential equations are solved numerically on the digital computer.
An implicit numerical technique was used to solve the flow equation for pressure and the
method of characteristics with a tensor transformation was used to solve the convective-
dispersion equation. The results from the flow equation were used in solving the convective-
dispersion equation and the results from the convective-dispersion equation were then used
to resolve the flow equation.

The proposed computer simulator successfully solved the longitudinal dispersion problem
and the longitudinal and lateral dispersion problem. Using the tensor transformation, prob-
lems of longitudinal and lateral dispersion were successfully solved in a rotated coordinate
system.

The computer simulator was used to solve the salt-water intrusion problem. The numerical
results for the fresh water head in the aquifer closely matched those obtained analytically.
Also, the numerical results for the location of the fresh-salt interface were good except in

the region of the wedge toe.



NUMERICAL SIMULATION OF DISPERSION
IN GROUNDWATER AQUIFERS

Donald Lee Reddell* and Daniel K. Sunada**

Chapter I

INTRODUCTION

1.1 Description of Problem. The rapid growth
of the world's population is placing an increasing
demand upon fresh water supplies. This has resulted
in groundwater becoming an important source of water
supply in many regions, and the use of aquifers as
operating reservoirs is becoming more common. Effi-
cient use of aquifers as reservoirs will require an
understanding of the water quality problems created
by sea-water intrusion into coastal aquifers, recharge
of surface water into aquifers, underground waste
disposal, and infiltration of pollutants from surface
sources into aquifers.

Since pollutants, wastes, and recharge waters
are normally miscible with the native groundwater, an
understanding of the mechanics of miscible fluid dis-
placement is necessary for the analysis of groundwater
quality problems. Studies indicate that the mixing
of miscible fluids in a porous medium is dependent
upon the magnitude and distribution of flow velocities
within the porous medium and upon the geometry of the
porous structure. This mixing is greater than can be
accounted for by molecular diffusion and has been
named dispersion by Scheidegger (1954).

The dispersion process can be described by a
form of the convective-diffusion equation in which a
coefficient of dispersion replaces the standard coef-
ficient of diffusion. Initial efforts at analyzing
dispersion used a scalar dispersion coefficient.
However,. the work of de Josselin de Jong (1958) indi-
cated the dispersion coefficient is not a scalar,
and he introduced the use of longitudinal (parallel
to flow direction) and lateral (perpendicular to flow
direction) dispersion coefficients. Bear (196la) and
Scheidegger (1961) proposed that the dispersion coef-
ficient is a symmetric second order tensor formed
from the contraction of a fourth order tensor which
depends on the porous medium and a second order ten-
sor which is a function of the flow.

Many basic studies have been conducted to explain
the physical laws of the dispersion process. These
studies have resulted in analytical solutions to
simple flow problems with simple boundary conditions.
Also, some approximate solutions have been developed

for radial and source-sink flow fields. However,
no analytical solutions have been obtained which
will be adequate for describing groundwater quality
problems on an aquifer wide basis. Moreover, the
complexity of the -general differential equations
describing dispersion is such that it is unlikely
that analytical solutions will be developed in the
near future.

Because of the inadequate techniques in
analytical solutions and the recent advances in
numerical and computer technology, an interest in
using a computer simulation to describe the disper-
sion process has developed. Garder et al. (1964)
used the method of characteristics (also referred to
as "particle in cell" technique) to numerically
solve the dispersion equation. However, they did
not consider the tensorial nature of the dispersion
coefficient for multidimensional flows.

Shamir and Harleman (1966) transformed the
cartesian form of the convective-dispersion equation
into equipotential and stream function coordinate
systems. This technique properly considers the ten-
sorial nature of the dispersion coefficient, but
presents problems with unsteady nonuniform flow.

1.2 Purposes and Objectives. The literature
indicates very little work toward application of
basic dispersion results to field problems. Practi-
cal problems involve complex flow geometries in
anisotropic and nonhomogeneous media with complicated
boundary conditions. A computer simulation of the
dispersion process should handle unsteady nonuniform
flow problems and, in addition, consider the tensorial
nature of the dispersion coefficient.

The objectives of this paper are:

(a) Develop a computer simulation for the
mass transport of a fluid miscible with the native
groundwater. The theory will be developed for three-
dimensional, nonhomogeneous, unsteady flow fields,
with density and viscosity variations between the
two fluids. However, only two-dimensional flow
problems in an isotropic medium using a conservative
fluid will be run in the computer simulator.

*Ph.D. graduate of Colorado State University, Department of Agricultural Engineering Department, Fort Collins,
Colorado, presently Assistant Professor of Agricultural Engineering, Texas A § M, College Station, Texas.

**Associate Professor of Civil Engineering, Colorado State University, Fort Collins, Colorado.



(b) Develop a numerical tensor transforma-
tion which considers the tensorial nature of the
dispersion coefficient in a cartesian coordinate
system.

1.3 Methods of Investigation. The techniques
of investigation are directed toward use of the com-
puter as a model simulator. No laboratory experi-
mental techniques are used. The differential equa-
tions describing the miscible displacement process
are developed and written in finite difference form.
An implicit numerical technique is used to solve the
flow equation and the method of characteristics with
a tensor transformation is used to solve the

convective-dispersion equation. The results from
the flow equation are used in solving the dispersion
equation and the results of the dispersion equation
are then used to solve the flow equation again.

This procedure has been referred to as a "leap-frog"
technique, and will be explained in detail in
Chapter IV.

The validity of the computer simulation is
tested on some simple problems for which exact or
approximate analytical solutions are available.
Also, the more complex case of dispersion along an
intruded salt-water wedge is considered.



Chapter II

PREVIOUS WORK RELATED TO THIS RESEARCH

Slichter (1905) injected a salt solution into
a well and observed the time of arrival at a nearby
observation well. He observed that the salt did not
arrive at the observation well as a slug, but instead
the salt concentration gradually increased with time
to some maximum value. Since Slichter's work, many
investigations have been made on the flow of miscible
fluids in porous media. These investigations are
divided into the following four categories for dis-
cussion purposes: (2.1) theoretical investigations,
(2.2) analytical investigations, (2.3) experimental
studies, and (2.4) numerical simulation.

2.1 Theoretical Investigations. The theoretical
investigations have been oriented towards developing
a basic understanding of the dispersion phenomena.
These studies attempt to define the dispersion coef-
ficient in terms of medium properties, fluid proper-
ties, and the fluid velocity.

Dispersion and diffusion may be visualized by
the injection of a slug of dye into a fluid flowing
through a porous medium as shown in Fig. 2-1. The
center of the slug will travel along the column axis
(r=0) with the average fluid velocity, Vz . As

time, t , increases, the slug will increase in size
and mix with the surrounding native fluid to form
concentration profiles in both the X; and r-

directions. This variation in concentration, C ,
is created by both dispersion and diffusion. Diffu-
sion is a direct result of thermal motion of the
individual fluid molecules and takes place under the

l vsfdirectiun of flow)

l Slug
Injection 1o r=0
| C

e =t 1

Porous
Medium ] X,
X3=V t S

Limits of
Lateral
Spread io

I
- C x3=v3t
max t-t.l
Column 2 7=0 T
|
t=tl

Axis

Fig. 2-1 Schematic column and typical concentration
profiles for a slug injection. [after
Hoopes and Harleman {1965ﬂ

influence of a concentration gradient. Dispersion
in porous media is a mechanical or convective mixing
process which is the result of individual fluid
particles traveling at variable velocities through
irregular shaped pores and along tortuous micro-
scopic pathlines.

Dispersion results in a variation of concentra-
tion similar to that created by diffusion. However,
dispersion is the result of convective mixing on a
microscopic scale; not of a concentration gradient.
Because of the difficulty in describing the boundary
conditions for flow through porous media on a micro-
scopic scale, a macroscopic model is used. When using
the macroscopic model, dispersion is assumed to be
proportional to the concentration gradient. A detail-
ed description of the transition from a microscopic to
a macroscopic model is given in Section B-2 of
Appendix B.

To investigate the dispersion process, many
porous media models have been used. Perhaps one of
the simplest models is a bundle of capillaries.

Taylor (1953, 1954) investigated the displacement of
a fluid from a straight capillary tube of radius, r ,
by another fluid miscible with the first. His results
indicated that the tracer was dispersed relative to
a plane moving with velocity, V , exactly as in a
Fickian diffusion process, but with a diffusion
coefficient,
2y2
. 2-1)

4SDd

where Dd is the molecular diffusion coefficient.

Aris (1956) generalized Taylor's results by consider-
ing a bundle of capillary tubes and obtained an
effective diffusion coefficient,
r2v2

d

(2-2)

where t 1is a coefficient depending on the shape of
the capillary tube's cross-section. Ananthakrishnan
et al. (1965) investigated the range of applicability
of Eq. 2-2.

Another theoretical approach is to develop a
statistical model of the microscopic motion of marked
fluid particles and to average these motions to obtain
a macroscopic description of dispersion. Scheidegger
(1954) neglected molecular diffusion and used the
theory of a random walk extended to three dimensions.
However, he assumed that the probability for a par-
ticle to move a given distance was the same for all
directions. This leads to a dispersion coefficient
that has the same value in all directions, and has
subsequently been proven wrong for the general case.




De Josselin de Jong (1958) also used a statis-
tical approach and was probably the first to develop
2 model which defined the dispersion coefficient as
an anisotropic quantity. His model was constructed
of interconnected straight channels oriented at ran-
dom but uniformly distributed in all directions.

The final result was a concentration profile des-
cribed by a three-dimensional nprmal distribution
in which longitudinal dispersion was greater than
transverse dispersion. The concept of longitudinal
and transverse dispersion has been verified experi-
mentally [de Josselin de Jong (1958) ; Bear (1961b)].

Saffman (1959, 1960) used a statistical approach
similar to de Josselin de Jong (1958) . However,
Saffman introduced molecular diffusion into his model
and studied the relationship between mechanical dis-
persion and molecular diffusion. Saffman's first
model (1959) assumed dispersion was large compared
to molecular diffusion. Saffman's second model
(1960) was for the case where molecular diffusion
and dispersion are of the same order of magnitude.

Other statistical models have been investigated
by Danckwerts (1953), Beran (1955), Rifai et al.
(1956), and Day (1956). Scheidegger (1957) developed
two theoretical models which yielded,

D~V (2-3)
for one model, and
D~ V2 (2-4)

for the other model. Equation 2-4 represents a model
where enough residence time exists in each flow
channel for molecular sideways diffusion to cause
complete mixing between invading and original fluids.
Equation 2-3 represents a model in which no mass is
allowed to be transferred from one streamline to
another by molecular diffusion. As shall be seen,
experimental evidence indicates that Eq. 2-3 comes
closer to physical reality. Scheidegger (1960) sum-
marized much of the statistical work dome prior to
1960.

Using the results of de Josselin de Jong's work
(1958) , Bear (196la) developed an expression for the
dispersivity tensor in terms of the average distance
traveled by the tracer in the medium. Bear implied

that the dispersion coefficient, Dij , was a second
rank tensor linear in the components of the velocity.
Scheidegger (1961) suggested by induction that:

'Y
mn

Dij = ®ijm "V’

(2-5)

where ..
ijmn

which is a porous medium property, and

is the coefficient of dispersivity,
VmVn/V is a
tensor which represents the linear influence of
velocity. Scheidegger concluded that the coefficient
of dispersivity was a fourth rank tensor with 81 com-
ponents; but due to certain symmetry properties,
contains only 36 independent components in the general
case of an anisotropic medium. In isotropic media,
there are only two dispersivity constants.

Recent work by Poreh (1965) , showed from physical
and dimensional reasoning that the tensor form of the
coefficient of dispersion is

D. . alP
1]
—==F4§ . +F [ ) V.V, , (2-6)
Dd 1713 Dd s |
where d = pore size parameter, 61j = kronecker

delta, Vivj is a tensor representing the linear

influence of velocity, and F, and F, are even

functions of ‘u'd)«’D‘:1 and Vd/v , the Peclet and

Reynolds numbers, respectively. Bear and Bachmat
(1967) also showed the dispersion coefficient, Dij 3
to be a function of the Peclet number.

Several investigators, including Scheidegger
(1961) and de Josselin de Jong and Bossen (1961),
have suggested that the dispersion of a tracer in
fluid flow through saturated homogeneous porous media
can be described by the differential equation,

3 3 3C
3t ex, [ ij 8X. - V].C} * -1
i j
where ( 1s the tracer concentration, t is time,

vy is the component of the velocity vector in a

cartesian coordinate system, and xi[i=l,2,3) is the

cartesian space coordinates. The double summation
convention of tensor notation is implied in the use
of Eq. 2-7. Bachmat and Bear (1964) gave the dis-
persion equation in curvilinear coordinates consist-
ing of streamlines and equipotentials (&-Y¥ coordi-
nates). Bear and Bachmat (1967) used basic fluid
flow equations which are averaged over a Tepresenta-
tive volume element of porous media to yield the
equation of motion and the equation of dispersion.

Perkins and Johnston (1963) gave a good summary
of diffusion and dispersion in porous media. A more
recent and more detailed summary of the theory of
dispersion in porous media was given by Bear et al.
(1968, Chapter 11).

2.2 Analytical Solutions. Most dispersion
problems have a direct analogy with heat flow. For
this reason, a good reference for analytical solu-
tions is Carslaw and Jaeger (1959) or Crank (1956) .
Some of the more important analytical solutions are
discussed below.

Longitudinal Dispersion. A semi-infinite column
(x3>0] of homogeneous and isotropic porous media

with a plane source maintained at X3=0

is shown

in Fig. 2-2. The flow is maintained at a constant
specific discharge, q in the 13-direction. For

an isotropic media, the axes of the dispersivity
tensor is assumed to coincide with the velocity vec-
tor. Thus, Eq. 2-7 reduces to

5C 32C 3C
™o p == - Vo= (2-8)
It L a2 3 93Xy
3
where DL is the longitudinal dispersion coefficient.

Initial and boundary conditions are given by,



3
Cl=,t) =0 ; t>0 (2-9)
C=C
v o
/ \
/* X4=0 :
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.0
w bl
a M _
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™ b
~ & o] —>
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~
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: ™,
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Fig. 2-2 Schematic sketch of longitudinal disper-
sion column setup

Ogata and Banks (1961) used Laplace transforms to
obtain the solution,

X, -V,t V.x X, 4V, t
E.C-— = -é— erfc g} + exp( g 3 erfc( F 2 s
o EVDLt L ZVDLt
(2-10)
where erfc(u)=l-erf(u) . Ogata and Banks showed

that the second term in Eq. 2-10 may be neglected in
most cases. For instance, if DL < 0.002 V3K3 a

maximum error of less than three percent is intro-
duced by neglecting the second term. Therefore,
unless the region close to the source is considered,
an approximate solution to Eqs. 2-8 and 2-9 is

x. -Vt
é;- = %—[;rfc ( = }
o L EvDLt

Ogata (1961, 1964a) gave a solution in integral
form to the problem where a slug of radius "a" is
injected at X3=0 . This problem must consider both

(2-11)

longitudinal dispersion and transverse dispersion.
Using his solutions, Ogata (1964a) developed experi-
mental procedures for determining both DL and DT .

In many physical problems, the tracer being
used may react with the solid matrix of the porous
medium. Depending on the reaction, the tracer may
be adsorbed to the matrix or additional tracer may
be produced. To handle such cases, a production
term dependent on the concentration is added to
Eq. 2-8. Using varying functional relationships for
the production term, solutions to this problem have
been obtained by Ogata (1964b), Banks and Jerasate
(1962), Banks and Ali (1964), and Lapidus and
Amundson (1952). A closely related problem is that
of radiocactive decay of a tracer. Bear et al. (1968,
p. 347) gave the solution to Eqs. 2-8 and 2-9 where
the tracer continuously undergoes radiocactive decay.
Coats and Smith (1964) investigated the effects of
dead-end pore volume on dispersion and gave several

solutions to the simple diffusion model characterized
by Eq. 2-8.

Longitudinal and Lateral Dispersion. If a
rectangular column (OE}SEﬁS s Oifzimz] is used and

a tracer source is maintained over a portion of the
input area (pingp) as shown in Fig. 2-3, then

both longitudinal and lateral dispersion will occur.
Assuming a homogeneous and isotropic medium with uni-
directional flow in the X_-direction and 3C/3X. =0
3 1
Eq. 2-7 becomes,

2 2
TR e SRl (2-12)
X X
3 3 3 2 3
7170 7
C=0 C=0
= A > - >X
r‘-:.—b — : KZ ——-:-_ b —.mi\l S
y N 3 M,
3 3 N \
~ L ~ \ N
= ~ ] M
N 9'2 : N JE-2 A k.
~ L ~ 1 N
h ™~ 1 M,
~ M~ ~ ]
~ =0 I ™~ i :
¢ AR S v
3 3 J CLimit of [
~ \ Tracer Spreadl,
~ N at t=t1. A
3 3
~ N b
N q h : :
~ M A
3 V3=‘1/¢ N h : h
~ b q A
~ N /¢
N V.=
3 N 374 N
_1_: =0 .': . S, =tl I
¥

-
<

Fig. 2-3 Schematic sketch of longitudinal and
lateral dispersion column setup

The initial and boundary conditions are given by:



C(xz,o,t] = Co 3 Dix2<_b ; t20

C[Xz,ﬂ,t) =0 ; b<X2<22 3 t20

3C(0,%;,t)
— =0 ; t=0
2
3C(L,,x%,t)
ﬁ__—zax_:i_—=0 £ t=>0
2

C(x,,=,t) = Bounded

C[xz,xs,oj =0 ; 05}25;2 3 X3>0

(2-13)
A series solution to Eqs. 2-12 and 2-13 was given by
Bruch and Street (1967). Harleman and Rumer (1963)
gave the following approximate steady state solution
to Eqs. 2-12 and 2-13,

X.-b

- % erfe (2-14)

C
Cc_ AR
o ZJDTX3/V3

In their work on waste-water recharge and dis-
persion, Hoopes and Harleman (1965, 1967a, 1967b)
have developed several approximate solutions to the
radial dispersion problem. Raimondi et al. (1959)
also gave an approximate solution to the radial dis-
persion problem. Esmail and Kimbler (1967) gave a
solution which allows for alternate injection and
production.

Dagan (1967) gave an analytical solution for
dispersion in a nonhomogeneous porous column. Using
the Laplace transform, Shamir and Harleman (1966,
1967) developed analytical solutions for longitudinal
and lateral dispersion in layered porous media.

Bear and Todd (1960, pp. 27-33) gave some analysis
of the unsteady flow problem. Banks and Jerasate
(1962) allowed the coefficient of dispersion to vary
with time, and solved the problem by introducing a
different time scale.

2.3 Experimental Results. Much of the experi-
mental work has attempted to establish relationships
so that the dispersion coefficients may be calculated
from media and fluid properties. As was pointed out
in Section 2.1, theoretical models indicate that the
dispersion coefficient is a second rank tensor.
Experiments of de Josselin .de Jong (1958), Bear (1961b)
and Bear and Todd (1960) tend to confirm this concept.
Scheidegger's work (1961) indicated that for homo-
geneous and isotropic media, the dispersion tensor
reduces to two independent terms: (1) the longitudi-
nal dispersion coefficient, DL , and (2) the lateral
dispersion coefficient, DT .

Most of the experimental determinations of the
longitudinal dispersion coefficient used Eqs. 2-10
or 2-11 as a basis for analysis. Ebach and White
(1958) performed experiments on a wide range of par-
ticle sizes, shapes, and Reynolds numbers. They
empirically postulated that for Reynolds numbers,

R < 100 ,
B

By )
RS T Y ’

(2-15)

where V = fluid velocity, d = particle size of the
porous media, and v = kinematic viscosity. The
experimentally determined coefficient a, 1s

strongly dependent on the porous medium while By
is dependent on flow regime.
exists (Adam, 1966) that Bl

However, evidence
is also dependent on

medium properties. Experimenters have found a large
variation in the values of @, and By . A large

percentage of this variation may be attributed to
experimental techniques; especially the different
methods for measuring concentration.

Harleman and Rumer (1963) found ay = 0.66 and
81 = 1.2 while Hoopes and Harleman (1965) found
@ = 1.70 and Bl = 1.2. Ebach and White (1958)

found = 1.92 and By = 1.06. Experimental

o

1
results for longitudinal dispersion were given by
Banks and Ali (1964), Blackwell (1962), Cairns and
Prausnitz (1960), Carberry and Bretton (1958),
Simpson (1969), and many others.

Equation 2-15 prompted investigators of lateral
dispersion to fit their experimental data to the form,

(v
4] B2

Harleman and Rumer (1963) found 4, = 0.036 and
g8, = 0.7. Hoopes and Harleman (1965) found &, =
0.11 &and B, = 0.7. Lateral dispersion has been

investigated by Simpson (1962), Blackwell (1962),
Crane and Gardner (1961), van der Poel (1962), and
Li and Lai (1966).

B2

(2-16)

Harleman et al. (1963) were able to correlate
the longitudinal dispersion coefficient with permea-
bility,

= o

B
D 3
L vk
== g —) ; (2-17)

W

where k is the permeability with units of L? .
Harleman et al. found o; = 54 for spheres and 88

for sand with g = 1.2 for both media. Hoopes and

Harleman (1965) found results similar to Eq. 2-17,
with e dependent upon the media. Rumer (1962)

investigated longitudinal dispersion and the effects
of unsteady flow on the dispersion coefficient.
Simpson (1969) investigated the effects of turbulent
flow on the longitudinal dispersion coefficient, and
Hoopes and Harleman (1967a) showed the dispersion
coefficient along streamlines to be the same for both
uniform and nonuniform flow at the same velocity.

The effects of molecular diffusion on the above
Reynolds number type relationships has been debated
in the literature. Relationships such as Egs. 2-15,
2-16, and 2-17 would appear to be invalid for all
ranges of Reynolds numbers. Biggar and Nielsen (1960}
gave a very lucid account of the effects of molecular
diffusion on dispersion. They proved that molecular



diffusion is very important at small flow velocities,
when the medium consists of a natural soil skeleton
instead of washed sands or glass beads, and for
unsaturated flow. They hypothesized that the pres-
ence of dead-end pores (a characteristic of the

soil) is highly important in determining the effects
of molecular diffusion on the total dispersion pro-
cess. Coats and Smith (1964) also treated the dead-
end pore problem. Bear et al. (1968, pp. 332-335)
stated that the dispersion coefficient ‘depends on the
flow pattern (e.g., velocity), Peclet number (Vd/Dd),

and on some fundamental medium characteristics. A
plot of DL/Dd VS, Vd/Dd is broken up into five

regions and characteristics of each region are dis-
cussed by Bear.

Adam (1966) used dimensional analysis and experi-
mental results to determine the effects of anisotropic
porous media on the dispersion temsor. Adam argued
that experimental evidence indicating the dispersion
coefficient is nonlinear in velocity (i.e., exponent
of velocity is different than one) is incompatible
with Eq. 2-3 proposed by Scheidegger (1961) and
Bear (196la). However, List and Brooks (1967) ana-
lyzed numerous experimental results and were criti-
cal of the velocity power law relationships.

From these various investigations the conclusion
is reached that the dispersion coefficient is indeed
a tensor of rank two; but an adequate relationship
has not been developed for describing the phenomenon
over a large range of flow parameters. Much more
theoretical work is needed in this area.

A study of dispersion using the concept of
similitude has been done by very few people. Raats
and Scotter (1968) considered geometrically similar
media and sought the conditions for dynamic similar-
ity. Bachmat (1967) investigated the criteria for
similitude of the dispersion phenomena in homogenecus
and isotropic porous media. Heller (1963) also pre-
sented a good discussion on scaling of flows in
porous mediums,

Few results from field experiments are available.
Harpaz and Bear (1964) presented results of labora-
tory and field tests on underground storage operations
with a single recharging well and with two wells,
one recharging and one pumping. Lau et al. (1957)
performed some field tests to evaluate various tracers,
and found the chloride ion to be the best. Field
oriented laboratory experiments have been conducted
by Hoopes and Harleman (1965, 1967b) on wastewater
recharge and by Rumer and Harleman (1963) on salt-
water intrusion along coastal aquifers. Esmail and
Kimbler (1967) investigated the effects of gravity
segregation and dispersion on the problem of storing
fresh water in saline aquifers.

2.4 Numerical Solutions. Because of the diffi-
culty in obtaining analytical solutions to ground-
water flow problems, many investigators are now using
numerical solutions. Numerical solutions of immis-
cible flow problems have met with more success than
miscible flow problems. Much work remains to be
done on developing satisfactory numerical techniques
for the dispersion problenm.

Many of the reservoir simulation techniques
involving immiscible fluids have been developed in

the petroleum industry. Douglas, Peaceman, and
Rachford (1959) employed an alternating-direction-
implicit procedure (ADIP) to solve a two-dimensional,
two-phase, incompressible flow model. Blair and
Peaceman (1963) extended this to include the effects
of compressibility. Larkin (1964) used the
alternating-direction-explicit—procedure (ADEP).
Quon et al. (1965, 1966) also used ADEP in a reser-
voir simulator. Coats and Terhune (1966) and
Carter (1967) compared the ADIP and ADEP techniques.
Bjordammen and Coats (1967) compared alternating
direction and successive overrelaxation techniques
for the simulation of two- and three-dimensional,
two-phase flow reservoirs. Other reservoir simula-
tors have been described by Dougherty and Mitchell
(1964), Fagin and Stewart (1966), and Breitenbach,
Thurnau, and van Poollen (1968 a, b, and c).

Digital computer simulators in the groundwater
field have not been as widely developed as in the
petroleum industry. Bittinger et al. (1967), Tyson
and Weber (1964), and Chun, Weber, and Mido (1964)
have presented some information on reservoir simula-
tion in the groundwater industry. The above men-
tioned works are just a few of the ones which have
been developed in the last few years on reservoir
simulation using numerical analysis and digital
CCllIlputEI'S .

The problem of miscible flow has not been
treated as extensively numerically as the immiscible
flow problem. Peaceman and Rachford (1962) pre-
sented a centered-in-time and centered-in-distance
equation combined with a "transfer of overshoot"
procedure which was demonstrated to work well in one
dimension. However, subsequent testing has shown
that for multidimensional displacement their method
involved a numerical dispersion of the same order of
magnitude as the physical dispersion.

Garder, Peaceman and Pozzi (1964) used the
method of characteristics to improve the numerical
solution to the miscible flow problem, but did not
consider the dispersion coefficient as a tensor.
Their numerical technique is discussed in detail in
Chapter IV.

Stone and Brian (1963) made a thorough analysis
of a numerical scheme to solve the one-dimensional
dispersion equation. They used three adjacent grids
at two time levels, and assigned arbitrary weighting
coefficients to the convective and time terms. They
then proposed an iterative scheme with three cycles
per time step to improve the solution. No considera-
tion was given to the effects of changes in viscosity
or density.

Hoopes and Harleman (1965) used an explicit
finite difference scheme to obtain a solution for
the problem of radial flow from a well. By neglecting
lateral dispersion, they also obtained a solution to
a two-well problem. The size of the grid spacing
and time increment were restricted for the explicit
scheme because of a stability criterion. This pre-
sented some problems because of large amounts of
required computer time.

Shamir and Harleman (1966) used a very ingenious
concept in their numerical technique. First they
wrote the dispersion equation in terms of the stream
function and potential function (i.e., in terms of &



and ¥ coordinates). They noted that the velocity
is everywhere tangential to the streamlines, and
thus their equation was one-dimensional in the con-
vective term. They then used the Stone and Brian
(1963) numerical technique for one-dimensional flow
and handled the lateral dispersion with an ADIP
technique. If the major axis of the dispersion ten-
sor coincides with the velocity vector, then Shamir
and Harleman's technique will consider the dispersion
coefficient as a tensor. However, their scheme does
not consider the effects of density or viscosity
changes; nor does it consider unsteady flow except
in the few cases where the streamlines do not change
position with time.

Nelson (1965) described a computer program for
predicting waste transport in groundwater. The pro-
gram generated permeability information and stream
functions using a potential map with a small amount
of permeability information. However, he considered

a "piston type'" flow and neglected dispersion entirely.

Summary. In summary, the following results are
important to the present study:

(1) The dispersion coefficient is an anisotropic
quantity and must be treated as a second
rank tensor.

(2)

(3)

(4

(8)

(6)

The dispersion coefficient is linearly
related to the components of velocity as
given by Eq. 2-5.

The analytical solution to the longitudinal
dispersion problem is given by Eq. 2-10.

An approximate steady state solution to
the longitudinal and lateral dispersion
problem is given by Eq. 2-14.

The longitudinal and lateral dispersion
coefficients can be obtained from the
empirical relationships given by Eqs. 2-15,
2-16, and 2-17.

Numerical solutions to the problem of
miscible displacement in porous media have
proven to be difficult. The numerical
techniques of Stone and Brian (1963),
Garder et al. (1964), and Shamir and
Harleman (1966) appear to be the most
successful.




Chapter III

PRESENTATION OF MATHEMATICAL MODEL FOR DISPERSION

IN GROUNDWATER AQUIFERS

When working with miscible fluid displacement,
the conservation of mass for each component present
in the system is required. In this study, only two
components are considered, a conservative tracer and
the native groundwater. Therefore, two equations of
mass conservation are required to describe the system
considered here. One of these equations will be for
the combined masses of both components (i.e., total
mass = tracer mass + native groundwater mass). The
other equation is for the mass of the tracer.

3.1 General Flow Equation. A fundamental flow
equation for the mixture of two miscible fluids is
derived by combining the conservation of mass equa-
tion for the mixture, Darcy's law, and an equation
of state describing the pressure-volume-temperature-
concentration relationship. A linear equation re-
lating change in porosity and change in pressure is
also used. The result is an equation involving two
dependent variables, pressure and tracer concentra-
tion. A detailed development of this equation is
given in Appendix A. Using shorthand tensor nota-
tion, the final equation may be written as:

3 [P2A3Kx; [4p 3h )
Eronl el iRl | T
i H i i

o0X.

= Po% ﬁV{B+CF) Fo b WAy = pr ’

at (a1

where axi[izl,Z,S) = dimensions of volume element
---L,
aAi(i=l,2,3J = cross sectional area of element
perpendicular to xi(i.e.,
= —— T2
BA=8%,0% ) ---12,
t = time---T,

AV=AX AX_AX volume of element---L2,

1273
x.(i=1,2,3) = Cartesian coordinate system
= (x,,%x,,%x,)---L
172273 ’ 3
p = total fluid density---ML ~ or

FTZL"4,

k_ = absolute permeability in x,-
Y E . 0 ab
i direction---L=,

u = viscosity of fluid mixture---

FTL2

P = pressure of fluid mixture---
FL‘2, 4
g = acceleration of gravity---LT °,

h = elevation of volume element
above datum---L,
p = porosity---dimensionless,2 1
8 = fluid compressibility---L°F °,
Cp = formation compressibility factor

%l

o = proportionality factor relating
concentration and density---
dimensionless,

C = mass concentration of tracer---

ML-S or FTZL-4.

p,. = mass density of produced fluid

p = 5
—==ML 3 or FTZL 4, and

Q = rate of fluid production---
BT,

p_ = reference value of density---

ML or FTPL74,
¢4 = reference value of porosity---

dimensionless.

To obtain Eq. 3-1 in its present form the

following assumptions have been made: (1) Darcy's

law is applicable, (2) single phase flow, (3) iso-
thermal flow, (4) a linear relationship between change
in porosity and change in pressure, (5) size of volume
element does not vary with time, and (6) a linear
relationship between density, pressure, and concentra-
tion.

The flow of groundwater through an aquifer is
used in this study, and the validity of Darcy's law
presents no serious obstacles. For problems in the
nonlinear flow regime, additional terms involving the
gradient of pressure raised to some power would be
needed in Eq. 3-1. Should a multiphase problem be
considered, then equations of the form of Eq. 3-1
would need to be developed for each phase and the
saturation, S , would be different than one. The
assumption of isothermal flow eliminates having to
consider the density in Eq. 3-1 as a function of
temperature, and considering the size of the volume
element invariant with time permits the elimination

of it from Eq. 3-1. The use of a linear relation-

ship between 'change in porosity'-'change in pressure"
and density-pressure-concentration is discussed in
Section 3.3.

3.2 Dispersion Equation. A convective-
dispersion equation may be obtained by combining the
conservation of mass equation for the tracer, Fick's
law, and an equation of state. A detailed derivation
of this equation is given in Appendix B. The general
dispersion equation is given by:

i g o B ac ],
3¢ (98V0) = 3, [(Dij+DdTij)¢aAi aij a%;

3
- E;; (CVi$&Ai)axi = CPQ i (3-2)



where Dij = dispersion coefficient which is a second

Tank tenscr---LzT'l,

Dy = molecular diffusion coefficient---LzT'l

= porous medium "tortuosity' factor which

ij :

J is also a second rank tensor---
dimensionless,

V; = seepage velocity (flow rate per unit
pore area) of fluid mixture in it
direction---LT'l,

Cp = concentration of tracer in produced

3 2. -4

fluid---ML™" or Ft“L ', and

all other terms are as described previously.

Assumptions necessary to obtain Eq. 3-2 are:
(1) diffusion is described by Fick's law, (2) the
convective mixing called dispersion is proportional
to the concentration gradient, and (3) single-phase
flow exists. The double summation convention of
tensors is implied in the use of Eq. 3-2.

The use of Fick's law to describe diffusion
means that a dilute solution is being used. In
addition, any diffusion due to temperature gradients
or velocity gradients is disregarded. Assuming that
dispersion is proportional to a concentration gra-
dient is discussed in Appendix B. For multi-phase
flow, equations similar to Eq. 3-2 must be written
for each phase.

Because of the numerical technique to be used
in solving the dispersion equation, an alternate form
of Eq. 3-2 is desirable. This is achieved by chain-
ing out the derivatives of concentration as is shown

in detail by Eqs. B-31 thru B-40 of Appendix B. The
final result is,
.2 Ly 36,
3t oA, (p-uC)  8X, [Diju‘a‘i FE }
1 1 ]
3 .0 X =
-V 3%, (Cp C} rys (3-3)
where
*
Dij = Dij + DdTij (3-4)

The fluid compressibility effects on concentration
are neglected in developing Eq. 3-3.

3.3 Auxiliary Equations. Because of the inter-
relationship among several of the parameters in Eqgs.
3-1 and 3-3, the following auxiliary equations are
needed in the mathematical model. The components of
the seepage velocity for the fluid mixture may be
obtained from Darcy's law, and are given by

+ pg ESET} =] 208 o (3-5)
i

The relationship between the porosity of the
porous medium and the fluid pressure is assumed to be,

10

6= ¢y [1+CpP-P)] (3-6)

where ¢
P
o
The density of the fluid mixture is assumed to be a
linear function of the fluid pressure and tracer
concentration,

n

- original porosity---dimensionless, and

original fluid pressure---FL-z.

P Oy BDO[P‘PO) +alC-CH o, (3-7)
.- . . -3 2_-4
where p_ = original fluid density---ML or FT'L ,
and 3
C, = original tracer concentration---ML™
or FréL4.
Also, the viscosity is assumed to be a linear func-
tion of the concentration,
wo=ug ¥ A[C-COJ , (3-8)
where u = original viscosity———FTL_z, and

A = proportionality factor relating concen-

tration and viscosity---dimensionless.

The use of Bgs. 3-6, 3-7, and 3-8 are assumptions.
Equation 3-6 has been used in the petroleum industry
with success [Breitenbach et. al. (1968b)] . Depend-
ing upon the fluids used, relationships other than
those given by Eqs. 3-7 and 3-8 may be desirable.

For the example problems in this study, salt water
and fresh water are used as the two fluids, and the
linear relationships of Eqs. 3-7 and 3-8 are believed
to be adequate.

3.4 Dispersion Coefficients. Equation 3-3 and
the corresponding finite-difference equations of
Chapter IV are developed in a general way so that
any value may be used for the nine components of the
dispersion tensor. However, the use of a functional
relationship is desirable which will give the values
of all nine components in a systematic manner.

Assuming an isotropic porous medium, the
"tortuosity" temsor, T.. , is given by

ij .
s Tl 2
le T T (3-9)
where T = tortuosity factor---dimensionless, and
dij = kronecker delta.

Thus, the nine components of the diffusion tensor are,

D.T

af11 = B4t

afz2 = D,T., =D.T

av33 d (3-10a)

and

DT

diig "84T

d 13 (3-10b)

<ilgloy ® Dylos ® DT =0 .

Scheidegger (1961) gave the relationship,



Vv
mn

Dij = Eijmn I (F=11)
where e.. == the dispersivity of the medium, a
) fourth rank tensor---L,
VoV, = the components of velocity in the m
and n directions, respectively---
11!, and

V = magnitude of the velocity-——LT'l.

For an isotrOpic'media, Scheidegger shows that

the dispersivities reduce to only two terms, €1 and
€y with
Fonaa © 1
faape - F2
agag = /2 (£178))
EaBBa = 1/2 (61—62}
all other e's =0 (3-12)

The longitudinal and transverse dispersion coeffi-
cients are related to the dispersivities by

L alv (3-13a)

and

DT = EZV & (3-13b)

11

Expanding Eq. 3-11, introducing Eqs. 3-12 and 3-13,
and adding the diffusion tensor given by Eq. 3-10,
the following functional relationship for the nine
components of the hydrodynamic dispersion coefficient
are obtained:

V.V V.V V.V
@ . 11 2'2 395
Oix = B, P + Dy o *Dp g * B s
V.V V.V V.V
& 11 2% 3'3
D22 DT Vz + DL V2 + DT Vz + DdT "
V.V VoV V.V
" '3 22 3'3
D2z = Dp /2 * Dp Z B o Dgt
V.V
* * 12
Dyy = Dyp = (0 -Dp) v
R
* L 1'3
g A s e
p*. =%, = (D,-D) %' (3-14)
7 R L i GO >”

Other functional relationships for obtaining the
components of the hydrodynamic dispersion tensor are
given by Bear et al. (1968}, Poreh (1965), and List
and Brooks (1967).



Chapter IV

DEVELOPMENT OF NUMERICAL MODEL FOR DISPERSION

The computer simulation of the miscible displace-
ment problem will be developed by writing the finite
difference form for each of the equations given in
Chapter III." Because of limited funds available for
analysis, the computer simulator is developed for a
two-dimensional vertical flow problem. Finite differ-
ence equations and stability criteria for the three-
dimensional problem are given in Appendices C, D,
and E.

4.1 Finite Difference Form of Two-Dimensional
Flow Equation. An implicit, centered-in-space finite
difference scheme is used to approximate the time and
space derivatives of Eq. 3-1. This scheme is developed
in detail in Appendix C for the three-dimensional prob-
lem. The two-dimensional finite difference equation
has the form
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Here i and k indicate the grid row and grid
column respectively, and t indicates time level.
+

+

The coefficients py » Ny , and ﬂhi_ are given
i i =

as Eq. C-7 of Appendix C.

A rectangular grid system is superimposed onto
the region of interest, and Eq. 4-1 written for each
grid. The dimensions of the grids, axl , and axs 5

are assumed to be constant over the entire region.
Variable dimensional grids may be used, but a change

+
in the coefficients, N; , is necessary. The coef-
i
+ +
ficients, p; and N; , are held constant during
i i

each time step. Approximation of the original

12

non-linear equation is obtained by adjusting the

+ -

values of p; and N; after each computation. If

i o

the change in p_ and N_
X. Xi

this procedure will produce acceptable results.

is small during each
At ,

The change in concentration with respect to
time on the right hand side of Eq. 4-1 is calculated
using the change in concentration from the previous
time step, ato . If the change in concentration

during each At is small, this will also produce
acceptable results. If necessary, an iteration
between the solution of the flow equation and the
dispersion equation can improve this approximation.

If the rectangular grid system has m-rows and
n-columns, then there will be mn grids. Since
Eq. 4-1 contains unknown pressures from each of the
four adjacent grids plus an unknown pressure for the
grid in question, the result of writing Eq. 4-1 for
all grids is a set of mn simultaneous algebraic
equations. This set may be written in matrix form
as

[A] [P] = [rhs] , (4-2)

where [A] is a mn by mn matrix containing the
coefficients of pressure, [P] is a mn column
vector containing the unknown pressures, and [rhs]
is a mn column vector containing all the factors
on the right hand side of Eq. 4-1.

4.2 Finite Difference Form of Two-Dimensional
Dispersion Equation. The numerical solution of the
multi-dimensional dispersion equation (Eq. 3-3) has
been a difficult problem. Therefore, some background
material may be helpful in understanding the tech-
nique used in this study. If the convective terms
and production term of Eq. 3-3 are neglected, the
resulting equation is

3C p 3

* aC
[D; :p2A 'E;ﬁ

3 98, (p-aC) EE; 1§90 (4-3)

This equation is a second order partial differential
equation of parabolic type (heat flow equation) and
is of the same form as Eq. 3-1. A dispersion equa-
tion of this type could be solved in the same way as
the flow equation given in Eqs. 4-1 and 4-2. This
particular type of equation has been successfully
solved numerically many times.

Now suppose that the dispersion and production
terms of Eq. 3-3 are neglected. Then the resulting
equation is



3C ac
— V. 3_;" = 0 , (4-4)
1

+
at 1

which is a first order partial differential equation
of hyperbolic type and has been treated numerically
with some success in one dimension. However, exten-
sion to two or more dimensions has proven difficult.
Usually one of two things happens: (1) the numerical
solution develops oscillations or (2) it becomes
smeared by "artificial dispersion'" resulting from
the numerical process. Thus, when convection and
dispersion are considered simultaneously, this "arti-
ficial dispersion" may dominate the low physical
dispersion which characterizes miscible displacement,

If convection and dispersion are neglected,
then a change in concentration can be caused by the
production term, )

3 e R
+ (€0 0

it BAV (4-3)

Although not immediately obvious, the production term
may be written as [(Cp-C)/ﬂxi][Q/[$AAi}] or

[[Cp-C]/&Xi]Vp , where Vp

production fluid. This term is analogous to the
convective terms of Eq. 4-4, and therefore shall be
analyzed in a manner similar to the convective terms.
In general, the production term will be a discrete
function, and will be introduced through boundary
conditions of the problem.

is the velocity of the

In problems of miscible displacement, the amount
of dispersion is usually very small, and this makes
the convective-dispersion equation almost of the
hyperbolic type shown in Eq. 4-4. Garder et al. (1964)
recognized this and developed a numerical technique
for solving the convective-dispersion equation based
on the method of characteristics. They assume that

the dispersion terms are given functions of X1s 2,
X and t , i.e.,

p 3 * aC 4 -
$EAL (-50) BX_ [D; 5884, g £y 1 %y0%gst) o (4-6)

Neglecting the production term momentarily, and
substituting Eq. 4-6 into Eq. 3-3 gives

aC , y 8C
1

= X —
3t Tl S (4=

Garder et al. (1964) show that a nonhomogeneous
equation with the form of Eq. 4-7 has characteristic
curves

(4-8)

where t is an arbitrary curve parameter which in
this case is time. These characteristic curves are
the solutions to the ordinary differential equations,

dx
LMY o e Yo i X

ot dxz dx3
dt 1 dt 2 dt

3 3
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and

dc

Lo rxp,xpx501) (4-9)

The concentration, C
characteristic curves.

, 1s not a constant on these

The basis of the method of characteristics is
that given solutions to Eq. 4-9, a solution to the
original partial differential equation (Eq. 4-7) may
be produced by following the characteristic curves.
The requirement of following the characteristic
curves is achieved numerically by intreducing a set
of moving points in addition to the normal grid
system. Each of the moving points is assigned a con-
centration, which varies with time. At each time
interval, the moving points in a two-dimensional
system are relocated using a finite difference form
given by,

+ +
e ad e e v (4-10)
L 2 9,
and
et we gt (4-11)
% L %
where t+1 is the new time level, t is the old
time level, &t is the time increment, xl and
[}
Xy  are the coordinates of the &th moving point,
L
while Vl and VS are the velocities of the Aith
) L

moving peint in the x,- and xj-directions.

Each cell in the grid system is assigned a
concentration equal to the average of the concentra-
tions of the moving points located inside the cell
at time t+1 . The concentration of the cell and
each moving point inside the cell is then modified
for dispersion by solving dC/dt = f(xl’x2’x3’t)

using an explicit, centered-in-space finite difference
equation. This equation is developed in detail in
Appendix D for the three-dimensional problem. The
two-dimensional form is

t+l _ AL ET t+4 t+A t+A t+A
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Here 1 and k indicate grid rows and grid columns
respectively, t+1 1is the new time level and t+4
a time level somewhere between t and t+l1 . The

+
ceefficients E

* 2
st and Gxix, are given as Egs.
11 1]
D-19 of Appendix D.

is

4.3 Finite Difference Form of Velocity Equation.
In the method of characteristics described zabove, z
determination of the seepage velocity is necessary
for relocating the moving points during each time
step. To accomplish this, a grid and its four adja-
cent grids are used as shown in Fig. 4-1.

i,k-1

i,k | i+1,k

i,k+1

Fig. 4-1 Grid system used to develop a finite
difference equation for the seepage

velocity.

The flow equation (Eq. 4-2) is solved for the
pressures at time level t+1 . These pressures are
assigned to the centers of each of the grids. Using
these pressures and Darcy's law, a value for the
seepage velocity at the contact between two grids
may be calculated. Thus, a finite difference form
of the horizontal seepage velocity at i+¥,k could
be written as

k t+l L t+l
i [ Xl) i+, k i,k
17i+5,k ug ik axljz

h. -h,
i+ k ik ]
+ (pg) Dok {W] s (4-13)
B
where all symbols are as previously defined. The

horizontal seepage velocity at
written as

i+%,k could also be

kx Pt+1 P t+1
Wt L 1) i1,k i+h,k
- 1 o o 2 e .
17i+% k ue el k 5x1/2

Ber kP

—ax, 72 (4-14)

+ (pg) ik k {

By continuity, Egqs. 4-13 and 4-14 should give the

t+l
Vi, x

two equations, cancelling like terms, and rearranging,

same value for Thus, upon adding the
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t+l

a weighted value of {Vl) is obtained in the

form, 1,k
tad _z(kxlji,k[kxl)i+1,k
(V)i o .= {
1i+s,k ﬂxl[[kxl)i+l,k(¢U)i,k+(kxl)i,k[¢”}i+l,k]

t+1 t+1
[Pi*lsk-Pi,k}+[Dg)i+%,k(hi+l,k‘hi,kﬂ . (4-15)

In a similar manner, the vertical seepage velocity,

t+l
(V)

ma e wri
i kel ? y be written as

v

ye+l 20,k Kxgds e [
: L= -
371 ,k+s ﬂxsl(kXSJi,k+l[¢u)i,k+(kx3)i,k(¢u]i,k+1]

t+1 t+l
(Pi,k+1'Pi,k)+(pgji,k+%(hi,k+l‘hi,kﬂ « [4-=16)

Using Eqs. 4-15 and 4-16, the seepage velocities
at each interface of a grid is calculated as shown in

Fig. 4-2. A seepage velocity must be assigned to
t+l
l Vs)s ks
Vt+1
t+l by t+l
vV ¥ +
( 1]1';231( —mnd —-—b(vll i+hs,k
el
2
t+l
1{V5Ji,k+%
Fig. 4-2 Schematic sketch showing relation of seepage

velocity at moving point to the seepage
velocity calculated at the interface
between grids.

each moving point within the grid based on the value
of the seepage velocities at the interfaces. A
linear interpolation is used in making this assign-

ment. For instance, the velocity components of the
moving point in the grid of Fig. 4-2 are given by,
X -(xl) "
t+1l _ t+l 2 i-%,k t+l t+1
YL, VPinx -~ [(Vlji-%,k'[vlji+%,k}
(4-17)
and
5 ~(%3) 5
4 t+l L i,k- t+l t+1
Vs, 7 Uadi kT axg [(Vsji,k-%'(vzji,k+%J
(4-18)



4.4 Boundary Conditions. Appropriate boundary
conditions due to geologic and hydrologic influences
must be used in conjunction with Eqs. 4-2, 4-10, 4-11,
4-12, 4-17, and .4-18 to obtain a solution. These
conditions take the form of (a) no-flow boundaries,
(b) hydraulic boundaries at ground surfaces,

(¢) groundwater underflow boundaries, and (d) known
tracer concentrations maintained at certain
boundaries.

No-flow boundaries are simulated by assigning a
permeability of zero, a longitudinal dispersion coef-
ficient of zero, and a transverse dispersion coeffi-
cient of zero to the grids located along the boundary.

+
With such a simulation, the coefficients N; ,
i

5 , as given in Appendix C and

X%
11
Appendix D, are automatically set equal to zero. The
one exception that has to be treated separately is
the case where grid (i,k) and one of the adjacent
grids are both no-flow boundaries (see Fig. 4-1). In
+

+

this case the coefficients N; 3 E; = , and
i i%
Gi . will become 0/0 which is indefinite. An
&

"IF" statement in the computer program can effec-
tively take care of this one situation and set the
appropriate coefficients equal to zero if this
situation should ever occur.

Hydraulic boundaries at the ground surface are
most commonly encountered in the form of a direct
connection between a groundwater aquifer and a river
or lake, and are simulated by programming a time-
varying or constant water pressure in the appropriate
grids. If the known pressure boundary is encountered
in grid (i,k) , then the coefficients of the pres-
sures in the adjacent grids are set equal to zero,
the coefficient of the pressure in grid (i,k) is
set equal to one, and the right hand side of Eq. 4-1
is set equal to the known pressure value. The
resulting equation is

Pt+1 -

2.k known value. (4-19)

In case the known pressure boundary is encountered in
one of the grids adjacent to grid (i,k) , then the

appropriate coefficient pJ'r Ni is multiplied by

X, A

i i

the known pressure and transferred to the right hand
side column vector of Eq. 4-2. The corresponding

element of the coefficient matrix, [A] is then set

equal to zero.

Groundwater underflow boundaries occur when only
a portion of an aquifer is being studied. This bound-
ary condition may be simulated in many ways, but per-
haps the simplest is to project the pressure gradient
and concentration gradient across the boundary and
calculate the rate of underflow using these projected
gradients.

Boundary conditions for known tracer concentra-
tions must be specified also. These conditions are
handled in this simulation by the moving points. As
fluid leaves the model, moving points with their
corresponding ‘concentration values are removed from
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the system. As fluid enters the model, moving points
with the appropriate boundary concentrations are
added to the system.

The boundary conditions described above are the
only ones considered in this simulation. Other
boundary conditions such as those associated with a
leaky aquifer or radicactive decay of a tracer may
be encountered. Appropriate additions to the com-
puter program would be required.

4.5 Description of the Computer Program. The
computer simulation was programmed in Fortran IV for
the CDC6400 Computer at the Colorado State University
Computer Center. A flow chart of the program is
shown in Appendix F, and a reprint of the program
used in seolving the salt-water intrusion problem is
given in Appendix G.

The MAIN program accepts the input data and
governs the sequence of operations to be performed.
Subroutine INICON assigns a uniform distribution of
"moving" points to each grid along with the initial
value of concentration assigned to each point. Sub-
routine READIN reads in or assigns appropriate values
to all physical quantities such as permeability,
porosity, viscosity, etc. All of the initial values
are then printed out using subroutine INIPRT and
subroutine MATROP.

Because of the large amount of computer storage
required, auxiliary storage in the form of a scratch
tape is used. The locations and concentrations of
the moving points are stored in common with the
coefficient matrix used in solving the pressure equa-
tion. Since the location and concentration of the
moving points must not be destroyed, they are written
onto the scratch tape each time before the pressure
equation is solved and then read back afterwards.
This was done by subroutines, WRTAPE and RDTAPE which
are systems routines developed at the CSU Computer
Center. They allow for reading or writing on the
tape while the program continues to execute.

Subroutine MATSOL sets up the coefficient matrix,
[A] , and the right hand side column vector, [rhs] ,
for solving the pressure equation. This subroutine,
as is presently written, may take care of two types
of boundary conditions: (1) a constant pressure
boundary and (2) a no-flow boundary. Other boundary
conditions besides these may easily be added to the
program. MATSOL checks the boundary conditions and
makes the appropriate changes in [A] and [rhs] .

To solve the set of equations set up by MATSOL,
the solution of a set of simultaneocus equations is
required. A general numerical solution should offer
several solution techniques such as Gauss elimination,
successive overrelaxation (SOR), or iterative alter-
nating direction implicit procedure (ADIPIT). For a
review of these techniques, the reader is referred to
Breitenbach et al. (1968b).

Gauss elimination is by far the most reliable
numerical method one can choose for solving the
matrix given by Eq. 4-2. However, the volume of com-
putation required by Gauss elimination for a large
matrix can result in large amounts of computer time.
In such cases, ADIPIT or SOR may prove to be more
efficient with time. For the computer simulator
developed herein, Gauss elimination was chosen.

=i



If the matrix, [A] , were written out, the
resulting matrix is found to be a band matrix with
five diagonals of the form,

Computer storage is not necessary for the matrix
elements above and below the band. Thus, having a
minimum band width is desirable. An appropriate
choice of the grid numbering pattern can reduce the
total width of the band. Another important feature

is that the number of rows participating in the upper
triangularization for each column is quite limited.
Thurnau (1963) developed an algorithm called BANDSOLVE
which makes use of these characteristics in solving

a five diagonal band matrix.

In this computer simulator, subroutine BSOLVE
makes use of the BANDSOLVE algorithm to solve the
matrix equation, Eq. 4-2, by Gauss elimination. This
subroutine allows for row interchange to combat round-
off error. The only problem encountered in using
this technique to solve the matrix equation was that
of large amounts of computer storage. As an example,
a grid network with the dimensions of 10 grids by 25
grids has 250 equations and requires 5250 words of
computer storage for BSOLVE. In contrast, a 20 grid
by 25 grid network has 500 equations and requires
20,500 words of computer storage for BSOLVE. For
large problems, external storage would be necessary
on many computers.

After solving for the new pressures, the storage
taken up by subroutine BSOLVE is available for other
uses. Therefore, the coordinates and concentrations
of the moving points are read from the scratch tape
and placed in the storage locations previously
occupied by BSOLVE.

Subroutine VELOCY calculates the velocities at
each grid interface by use of Eqs. 4-15 and 4-16.
This routine also calculates the longitudinal and
lateral dispersion coefficients using a velocity power
relationship of the form of Eqs. 2-15 and 2-16. With
values for the dispersion coefficients and velocity
components, Eq. 3-14 is used to calculate the compo-
nents of the dispersion tensor.

Subroutine MOVPT uses the velocities calculated
in VELOCY and Eqs. 4-17 and 4-18 to obtain the veloc-
ity components of each moving point. Each point is
then moved to a new location by use of Eqs. 4-10
and 4-11. A section of this subroutine determines
which of the points has moved out of the model.

These points are tagged and introduced at an inflow
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boundary with the appropriate boundary concentration.
Of all the subroutines developed for this simulator,
MOVPT is probably the least general. At the present
time, minor changes in the program must be made when
boundary conditions are changed to allow for the
proper removal and reintroduction of the moving
points. After each point has been moved to a new -
location, the average concentration of each grid is
calculated by arithmetically averaging the concentra-
tions of the "moving points" located in the grid.

With the average concentrations of each grid
determined, subroutine DISP uses Eq. 4-12 to deter-
mine the change in concentration due to dispersion.
The end result is the concentration of each grid at
time t+At. To conclude a time step, a mass balance
of the system is calculated and appropriate changes
in density, viscosity, and porosity are made using
Eqs. 3-6, 3-7, and 3-8. A test for print out is
made and the program returns to subroutine MATSOL
where the pressure equation is resolved and the
entire process repeated for the next time step.

4.6 Validity of Computer Simulator. A dis-
cussion of the validity of the proposed computer
simulator is needed at this point. No rigorous proof
of the stability and convergence of the overall simu-
lator is available. Thus, the performance of the
program in solving problems will be used as a major
test of validity. A discussion of this performance
is presented in Chapter V. However, some confidence
can be gained by analyzing the individual parts of the
simulator for stability and convergence.

The pressure equation is solved using Eq. 4-1
as the finite difference form. This is an implicit,
centered-in-space difference scheme with variable
coefficients. No general stability criteria for the
variable coefficient difference equation has yet been
developed. Although not giving a rigorous proof,
Richtmyer (1957, p. 72) gave the argument that the
stability conditions for the constant coefficient
problem must be satisfied at every point in the domain
of the difference equation for the variable coeffi-
cient difference equation to be stable. Smith (1965)
and Richtmyer (1957) both showed that the implicit
difference scheme with constant coefficients is
unconditionally stable and convergent. Thus, using
the heuristic argument of Richtmyer, it may be con-
cluded that Eq. 4-1 is stable for any value of axl,
axs, and At .

The change in concentration due to dispersion is
given by Eq. 4-12, and is an explicit centered-in-
space finite difference equation. In general,
explicit difference schemes have stability criterion,
and Eq. 4-12 is no exception. The stability criter-
ion for a constant coefficient explicit difference

form involving BZC/ax% s aZC/ax% , and QZC/axg
may be found in Smith (1965) or Richtmyer (1957).
However, Eq. 4-12 also contains the cross-derivative
BZC/axlaxs and a stability analysis of the equation

was necessary. The stability analysis was done by a
Fourier series approach for both the three-dimensional
and two-dimensional problems. This analysis is given
in detail in Appendix E. In summary, the stability

of Eq. 4-12 is assured if



Dll >0, (4-20)
*
Dz >0 (4-21)
® _* * *
2
and
wd”_ At wd? At
11 33 1
2 + 5 =75 (4-23)
() (8xy)
* *
where Dll’ 033, D;s and Dgl are the components

of the dispersion tensor,

At is the temporal
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increment, A% and axs are the spatial incre-

ments and w = p/(p-aC) . The stability of the
three-dimensional equation is given as Eq. E-40 of
Appendix E.

* % *
11 > P33 0 i3 o
and D;l , then Eqs. 4-20, 4-21, and 4-22 are satis-

If Eq. 3-14 is used to obtain D

fied automatically. Thus, Eq. 4-23 is the only
stability criterion of any importance to the problem
being considered here.

A theoretical development of the convergence of
the overall "method of characteristics" scheme used
to solve the dispersion equation has not been success-
ful. If the stability criterion of Eq. 4-23 is not
satisfied, then the numerical solution "blows up " .
Some convergence tests made by running problems with
known solutions are given in the next chapter.



Chapter V

RESULTS AND INTERPRETATIONS

Because of the difficulty in obtaining theoreti-
‘cal criteria for the validity of the numerical simu-
lator, experience with actual problems is a necessity.
The numerical solution of the pressure equation has
been done successfully many times, and will not be
the subject of detailed review in this study. How-
ever, the solution of the dispersion equation by the
"method of characteristics'" (MOC) has not been so
widely studied; especially using the tensor relation-
ships developed in Chapter IV. Therefore, the numeri-
cal solution of -the dispersion equation is the object
of most of the following results and discussion.

5.1 Longitudinal Dispersion in Steady, Uniform,
One-Dimensional Flow. If the results of known analy-
tical solutions can be reproduced, a great deal of
confidence in the numerical solution can be gained.
An analytical solution to the one-dimensional problem
with a step input of the tracer as a boundary condi-
tion is available. This solution was given as Eq.
2-10. The first test of the MOC will be to see how
well it solves the cone-dimensional problem,

Garder et al. (1964) showed that accurate
solutions of one-dimensional problems can be obtained
by the MOC over a wide range of values of the dis-
persion coefficient, including zero. They also
showed that the moving points do not need to be uni-
formly spaced, and that increasing the number of
moving points beyond two points per grid did not sig-
nificantly improve the accuracy of the solution. A
run was made using the data of Garder et al. (1964),
and the results are shown in Fig. 5-1.

No theoretical determination of the error has
been made for the method of characteristics. For
purposes of this study, an estimate of the error
between the numerical and analytical solution is
given by

E(t) = Max [C (t) - Ci(®)]| , (5-1)
1<i<n

where E(t) is the error at a particular time level,
i is the grid number, n 1is the number of grids
being used, Ci(tj is the numerical value of con-

centration in the ith grid, and C;[t] is the

analytical value of concentration for the ith grid.
Other measures of error, such as a least squares
approach, could be used. However, from a computing
standpoint, Eq. 5-1 is the easiest to determine and
will give the relative merits of the numerical
technique,

To show the effect of grid size on the error,
several runs using different values for the spatial
increment were made. The results of these runs are
summarized in Fig. 5-2. The error for the MOC behaves
very strangely, and does not seem to necessarily get
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smaller with smaller grid size. This erratic
behavior of the error is believed to be caused by
the method of calculating the average grid concen-
tration and the relative positions of the moving
points inside the grid. This problem will be dis-
cussed in detail in Section 5.3 of this chapter.

1.0 T T T T
Legend
o tumerical solution
— fnalytical Solution (Ee. 2-30)
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Fig. 5-1 Comparison of analytical and numerical
solution to the longitudinal dispersion
problem used by Garder et al. (1964).
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Fig. 5-2 Effect of grid size on the error of

solution by the method of characteristics.

Some indication of the nature of the erratic
behavior of the error shown in Fig. 5-2 can be
obtained by devising a particular grid dimension,
velocity, time increment, and moving point location
so that even though the moving points have moved
they have the same relative positions in the grid at



each time step. Using V. = 0.10 cm/sec and At =

2 secs, each point will move 0.2 cm each time step.

If a grid dimension of 0.4 cm is chosen and two points
per grid are used, then the distance between each mov-
ing point is 0.2 cm. Thus, at each time step, a
moving point just takes the position of the point in
front of it at the old time level, and all points

are located in the same relative position in every
grid. This concept is carried over when 4, 6, 8, or
16 points per grid are used.

The results of runs using the above concept are
shown in Fig. 5-3. The fact that the results for 2,
4, 6, 8, and 16 points are the same in Fig. 5-3 is not
just graphical. The computer results were the same
to all significant figures printed out. These results
offer two possible conclusions. The first possible
conclusion is that a relationship between the three
parameters, velocity, time increment, and distance
between moving points, has an effect on the error
of solution. The second possible conclusion is that
using an arithmetic mean to determine the average
concentration of each grid is improper. Some type
of weighted average may be more appropriate. These
possible conclusions will be explored in detail in
the following pages.

T T
Par.glejﬁrs For
L& ens
= 0.0 cafsec
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S0.6k

£

E

2

£

2 Legend

g o Mumerical Soﬁlérm Using 2,

4, B, and 18 points per grid,
0.2
—hnalytical Solution (Eq. 2-13).
0 L n L L
0 a.1 1.2 0.3 0.4 0.5 0.6 0.7 a.8 2.9 1.0

Fractionsl Distance,x /e,

Fig. 5-3 Comparison of numerical and analytical
solutions using different numbers of mov-
ing points per grid.

The results from using one point per grid (Fig.
5-4) also indicated an interesting phenomenon that
was noticeable on other runs. When using one point
per grid, there is 0.4 cm between each moving point.
Since the points only move 0.2 cm per time step, two
time steps are needed for a point to move across a
grid. Thus, the concentration of the one point de-
termines the concentration of the grid for two time
steps. In effect, the grid concentration is not
changed due to convection. Every even time step
gives accurate results using one point per grid, while
each odd time step will give poor results, with the
front lagging behind the actual front as shown in
Fig. 5-4. This produces a "jerky" effect in the
accuracy of the solution which is undoubtedly some
of the reason for the erratic behavior of the error
shown in Fig. 5-5. A different method for calculating
the average grid concentration appears to be needed.

19

1.0 ¥ T T T T T
Legend
¢ humerical Solution Using only
t.ar wne point ger grid. -
— Anslytical Seluties (Eq. 2-70)
SFOEE g
3
e
] Parameters For
RS — Froblem g
= V3 e b0 enjsec
g .0 e
E A= 04 o
o -~ .
0.2k by = 000 ent 5w 7
by = 0.0 en
o L L . L &
o 2.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.3 1.0
Fractiona) Distance, x /e,
Fig. 5-4 Comparison of numerical and analytical
solutions using only cne moving point
per grid.
1.0 T T T T
Legerd l
— hnalytical Solutfen For Longitudinal |
nEk Jispersion Provlem (Eg, 2-10]. 4
a Mumerical Selution For Longituwdinal
ard Laterel Jispersion Problem
Alang 1,50, |
0.5 4= 1
o i
-4 Parameters For i
b Problem I
E‘ 0.4 ax = 4n -
= £X, = en
-} Lt = 2.0 see !
H Vo = 000 gmfsec i
£zl G : -
= L = 0Ol e fsee !
Dp o= 0.001 cae/sec
Poings per grid = 4 |
L 1 i i

Q

0.4 o.g 0.e
Fractional Distance,

[ 0.1 0.2 6.3 6.7 )

ol

Fig. 5-5 Comparison of numerical, transient concen-
tration distribution along x2=0 for the

two-dimensional dispersion problem with
the analytical solution to the one-
dimensional dispersion problem.

When sufficient points per grid are used to provide
a proper average grid concentration, then the MOC
yields good results for the one-dimensional problem.

5.2 Longitudinal and Lateral Dispersion in
Steady, Uniform, One-Dimensional Flow. In the pre-
vious section, the MOC was shown to be capable of
giving good results for the one-dimensional disper-
sion problem. The extension of this analysis to the
slightly more difficult problem of two-dimensional
dispersion is the next logical step. A rectangular

region, Di;ziﬁs and 0:}25}2 is considered in

which the flow is along the xs-axis with a steady,

uniform seepage velocity, V3 :

, is injected over a portion of the

A fluid of concen-

tration, CO

input boundary [Dgngb) , while the remaining

[biyziﬁz)

portion of the boundary is injected with



a fluid of zero concentration. A schematic of this
particular problem is shown in the upper right hand
corner of Fig. 5-6.
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Fig. 5-6 Comparison of numerical and approximate
analytical solution for the one-dimensional
flow, two-dimensional dispersion problem
at steady state concentration.

The differential equation and boundary conditions

for this problem were given as Eqs. 2-12 and 2-13.

When the input concentration at x3=0 is maintained

for a long time, the concentration distribution will
approach a steady state. Harleman and Rumer (1963)
neglected the longitudinal dispersion term in the
differential equation and solved the steady state
problem. Neglecting the longitudinal dispersion is
valid because aZC/axg is very small at steady state.

Their approximate solution for the steady state case
was
B X,b

" %erfc[—] ; (5-2)
ZfDsz/Vs

B
CCI

The numerical solution of this problem using the
MOC was compared with the solution given by Eq. 5-2.

Data for this run are: 25 x 20 grids on 05}35}0 cm

s L =0.01 cm?/sec,
Dy = 0.001 cm?/sec, points per grid = 4,
ﬂxﬁ =0.2 cm,

and 0<x,<4 cm, VS = 0.10 cm/sec, D

b=2.2 cm, and At = 2.0 sec. As was

done for the one-dimensional problem, the computer
program bypassed the solutions of the pressure equa-
tion and velocity equation. Steady state conditions
were achieved at about 200 seconds, or after about
100 time steps. The computer time required to solve
the dispersion equation for this problem was about
0.55 secs/time step. The step input of concentration

axs = 0.4 cm,
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was handled numerically by letting C/Co = 1.0 for
Kzﬂb 3 C/CO = 0.5 for x2 =b , and C/CO_: 0.0

x2>b

The numerical solution provided the transient
concentration distribution, but no check of its
accuracy was made ‘since Eq. 5-2 is for steady state.
However, if DT is small and b is large, the con-

2=0

by lateral dispersion, and the transient concentra-
tion profile along X, = 0 should be the same as

for

centration distribution at X is not affected

for the one-dimensional dispersion case. This was
found to be true for this run as shown in Fig. 5-5.

The numerical results at steady state (t = 200
secs) are compared with the approximate analytical
solution (Eq. 5-2) in Figs. 5-6 and 5-7. The accu-
racy of the results appear to be quite good except
for the area close to X, = 0 This should be
expected since the assumption of 3ZC/ax§ =0
analytical solution is not valid in this area. Some
of this discrepancy may also be the result of the
very steep concentration profile in the xz-direction

3= 0 . Although not tried,
smaller grid dimensions in the Iz-direction might

in the

for the area close to x

improve the results. Figure 5-7 gives the longitudi-
nal concentration distribution at steady state for
various values of Xy The small curvature of the

lines in Fig. 5-7 compared with the curvature shown
in Fig. 5-6 lends support to the assumption that
32c/31§ = 0 at steady state.
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Fig. 5-7 Comparison of longitudinal concentration
distribution at steady state as calculated
numerically and by an approximate analyti-
cal solution for the one-dimensional flow,
two-dimensional dispersion problem.

The MOC appears to be capable of solving problems
of longitudinal and lateral dispersion with as much
ease as it did longitudinal dispersion alone. No
problems with "overshoot" occurred and no numerical
smearing was noticed.



5.3 Numerical Solutions Using the Tensor Concept
of Dispersion. One of the primary objectives of this
work is to consider the dispersion coefficient as a
tensor and evaluate the importance of using the tensor
concept. To be perfectly rigorous, the dispersion
coefficient was treated as a tensor in the previous
two sections. However, in those instances the axes
of the dispersion tensor was oriented parallel to the

coordinate axes X1 XZ’ and XS . This resulted in
s . d* * * * * *

the coefficients D21"012‘ Dzl’ 0}3, D32, and D23

all being zero, and Dll = DL ¥ 033 = DT Thus,

the previous analysis was reduced to working with
longitudinal and lateral dispersion.

In an isotropic medium, experimental results
indicate that the dispersion tensor is oriented so
that longitudinal dispersion is parallel to the
velocity vector and lateral dispersion is perpendicu-
lar to the velocity vector. Thus, if the velocity
vector is oriented at some angle to the coordinate
axes, then the dispersion tensor is also at some
angle to the coordinate axes. In the original paper
by Garder et al. (1964), it was assumed that the

velocity vector was essentially parallel to the Xy -

axis. However, in most complex groundwater flow
situations the velocity vector will not be parallel
to the coordinate axes, but will be constantly chang-
ing direction at different locations in the system.

The general dispersion equation (Eq. 3-3) and the
tensor transformation equations (Eq. 3-14) were derived
and written in finite difference form so that assuming
the velocity vector parallel to one of the coordinate
axis is not necessary. Thus, any type of complex
flow system may be analyzed using the proposed numeri-
cal simulator.

No analytical solutions are available for a
multidimensional flow problem involving the proposed
tensor transformations. To check the numerical
simulation, the problems described in Sections 5.1
and 5.2 were made two-dimensional by orienting the
coordinate axes at some angle to the flow vector.
Solving these problems in the rotated coordinate
system forces the use of the tensor transformation
and numerical scheme. However, the physics of the
problem have not been changed, and the resulting
answers should be the same as those obtained in
Sections 5.1 and 5.2,

After some preliminary calculations, the coordi-
nate axes were rotated so that an angle of 45° existed
between the velocity vector and the coordinate axes.
The derivation of the stability criteria in Appendix E
influenced the decision for using 45°. This is be-
cause at increments of /4, 3%/4, 5#/4, and 7n/4

the off diagonal tensor components D
* *
D13’ D23
maximum influence of the tensor transformation would
occur when the angle between the velocity vector and
the coordinate axes was given by nv/4(n=1,3,5,7...).
Figure 5-8 is a schematic sketch of the proposed
numerical scheme.

* * *
A 12> P10 B3y
and D32 are at a maximum. Thus, the

The one detail about the proposed scheme for
testing the numerical tensor transformation that may
provide trouble is the boundary conditions. As seen
in Fig. 5-8, the straight boundaries of the original
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3

Fig. 5-8 Schematic sketch of coordinate axes rota-
tion used for comparing numerical tensor
transformation with known analytical
solutions.

column will be approximated by a series of rectangles
or squares in the rotated column. As 4%, and

axé become very small, a better approximation of the

boundary conditions can be obtained. In the computer
runs, the results along the boundary grids were not
as accurate as they should be. However, moving away
from the boundary only a small distance, the results
were found to be consistent with the analytical
solutions.

Longitudinal Dispersion. The first computer
runs using the tensor transformation were made for
the longitudinal dispersion problem discussed in
Section 5.1. Three different runs were made, and
the data for these runs are shown in Table V-1 as
runs number T-1, T-2, and T-3. As can be seen from
the data, lateral as well as longitudinal dispersion
was allowed to take place. However, a fluid of con-
centration C/CQ = 1.0 was injected across the

entire interface 0<x,<i,

aC/BKZ = 0 , and elimination of lateral dispersion.

This should result in

Thus, an effective test of the numerical approxima-
tion for QC/BXE and BC/aXéaKi is provided.

The computer time required to solve this problem
was approximately 0.50 sec/time step for the 20 x 20
grid network and approximately 1.25 sec/time step
for the 38 x 38 grid network. This is the time
required to solve only the dispersion equation since
the solutions of the pressure equation and velocity
equation were bypassed for these runs. Thus, increas-

ing the number of prids by a factor of 3.6 resulted
in increasing the computer time by a factor of 2.5

The results for Run T-1, in which Eq. 3-14 was
used for the tensor transformation, are shown in
Fig. 5-9. For comparison, the analytical solution
determined from Eq. 2-10 is given. As can be seen,
the results are quite good. No problems with "over-
shoot" occurred for this case. For X /. > 0.9 ,
some error is noticeable on the 0.92 pdre”volume
injected curve. This is because the boundary condi-
tion of the analytical solution has been violated.
The analytical solution is for a semi-infinite column;
not a finite column. Thus, the end effects of the
column became noticeable.



TABLE V-1 Data for computer runs made to verify
numerical simulation and tensor trans-

formation of dispersion problem

st A% by vy Va v+ No. of Tensor
Run  (sec) (cm) (cm) (cm/sec) (em/sec) (cm/sec)Points Transfor-
per Grid mation
used
T-1 1.5 0.2 &.2 .on o7 0.10 2 yes
T-2 1.5 6.2 0.2 0N .on 0.10 2 no
T-3 2.0 0.4 0.4 071 0N 0.10 2 yes
T-4 2.0 C.4 0.4 .0M .07 0.10 4 yes
-5 1.5 0.2 0.2 071 .0n 0.10 2 yes
T-6 1.5 0.2 0.2 Hiral R 0.10 2 yes
T-7 1.5 0.2 .2 LN .07 0.10 2 no
-8 1.5 0.2 0.2 .0n 071 0.10 2 yes
TABLE ¥-1. Continued.
No. of No. of
Run Grids in  Grids in L ;. by i b
xg- *3-  (cmé/sec) (en?/sec) (cm) (em)  (cm)
Direction OJirectien
T-1 38 38 0.01 0.003 6.509 4.245 4.245
T-2 38 38 J.01 0.003 6.509 4.245 4.245
7-3 20 20 0.01 0.001 5.66 5.66 5.66
T-4 20 20 0.0 0.001 7.358 3.962 1.981
T-5 38 38 .01 0.001 5.509 4.245 2.122
T-6 38 38 2.01 0.003 6.509 4.245 2.122
T1-7 38 38 2.0 0.003 ©6.509 4.245 2.122
-8 38 38 c.m 0.003 6.509 4.245 2.122
1.0 -
g.3
:: 0.6
= Legend
‘-Z . — Analytical Solution (Eq. 2-10).
:E L o Mumerical Sesult Using Tensor
) Farm of Oispersion (fun T-1)
o.o b & Mumerical ﬂfSu1[ U&Iﬂg Mo
Tensor Transformation
{Run T-2)
o i 1 L 1 i - - s
] a1 0.z 0.3 n.4 0.5 0.6 a.7 0.8 0.5 1.2

Fractional Distance, x /i

Fig. 5-9 Comparison of longitudinal concentration
distribution calculated with and without
tensor transformation for Rums T-1 and T-2.

Also shown on Fig. 5-9 are the results of Run
T-2 in which the tensor trangformation was not used,
*

F:r this case, Dll = DL 5 D22 = D,r , and IJ12 =
Dy =

0 . This means that the dispersion tensor was
assumed to be oriented parallel to the rotated coor-
dinate axes rather than the velocity vector. The
results of Run T-2 indicate that by not using the
tensor transformation, an error results in the numeri-
cal solution. The run without the tensor transforma-

tion gives a steeper concentration distribution curve
than the analytical solution. Although not tried,
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the use of a larger value for D, should move the

L
curve for Run T-2 nearer the analytical solution.

Although the error created by disregarding the
tensor transformation is discernible, this is the
maximum error that will occur. As the coordinate
axes are rotated from the present 45° to either 0°
or 90°, the two solutions given by Run T-1 and Run
T-2 will gradually approach each other. Thus, in
many practical problems, the error in determining
the dispersion coefficient will probably result in
greater errors than that created by neglecting the
tensor transformation. However, the tensor trans-
formation required very little more computer time,
and did result in a more accurate solution.

Figure 5-10 shows the lateral concentration
distribution for Runs T-1 and T-2 after injecting
0.46 pore volumes of fluid. The data along x2/£2 =

0.5 correspond to those shown in Fig. 5-9 for
Vst/23 = 0,46, Again, the numerical result using the

tensor transformation are more accurate than those
without the transformation. As was surmised earlier,
approximating the straight boundary of the column
with a square grid (see Fig. 5-8) has resulted in a
larger error along the boundary. The numerical re-
sults for any value of XS/R3 were generally the

same to three decimal places for 0.3<%,/e, < 0.7.

1.0 U T T T
-
S L k01304
0.0l L, ¥
-] & a a a a a o a a o
"
9 0 & o opowoahoo oln g © =
0.8} ' - 8
L Xy, 5=0-3478
0TE * i
a;
0‘5 -G 5 & & a & a a & a a a & p
= of:.lo o © o o a
5 *3/05=0.4348
so05k L J
-3 egend
E — Analytical Solution (Eg. 2-10)
é o MNumerical Result Using Tensor
§ 0.4 + Transformation (Run T-1). 1
“ a iumerical Result Without Ten-
a sor Transformation {Run T-2)
0.3 T o ¥ 0
o .0 kGl °
& 4 a2 a & & & a & 4
G.2 b
a
0. b
D n’; 0 L0 2 I« - I+ 5
2. 4 & @ 2'{1‘3‘035532& & 4
0 | L I i 2
9 072 0.4 0.6 0.8 1.0
Fractional Distance, Xalig
Fig. 5-10 Comparison of lateral concentration dis-

tribution calculated with and without
tensor transformation for Runs T-1 and
T-2 after 0.46 pore volumes have been
injected.



The no-flow boundary condition in Run T-1 was
approximated numerically by setting the dispersion
coefficients equal to zero for all grids along the
boundary. Another way to treat the no-flow boundary
is to use a reflective boundary condition. Run T-3
was made with a reflective boundary condition along
x2/£2 = 0 and a boundary condition with the disper-

sion coefficients equal to zero along x2/£2 = 1.0.

As can be seen in Fig. 5-11, the use of the reflec-
tive boundary condition apparently reduces the amount
of error. The reflective boundary condition improves
the results because the finite difference equation
for the cross derivative 32C/ax33x2 involves using

a 'nine-star" grid pattern (see Fig. D-1, Appendix D)
instead of the usual "five-star'" grid pattern. This
means that the derivative of concentration in the
boundary grid has an influence further into the media.
This influence is more adequately accounted for by
the reflective boundary condition.

%,/ i.%0.3478
0.9 | cnd

0.8

o Vg o
!
Hige0. 5017

®

0.5

Legend
= Aralytical Solution (Eq. 2-10)
0.4 T
© Mumericel Result Using Temsor
Transformation (Run T-3)

Concentration, L/C

ho Flow Boundary Along %./i520
appreximated by a reflective
boundary condition,

0.3 F

Mo Flow Beundary along Xefigel.0
approxisated by setting dis-
persion coefficients equal

ta zero.

0.1 ] ] & o @ 3
T Gl B

#yf b =0, B08T

L L L
0.4 0.6 0.2 1.0
Fractional Distamce, Raftg

0?2
Fig. 5-11 Comparison of lateral concentration dis-

tribution for Run T-3 after 0.46 pore
volumes have been injected.

Longitudinal and Lateral Dispersion. With the
set 'up shown in Fig. 5-8, the longitudinal and lateral
dispersion problem discussed in Section 5.2 was solved
in the rotated coordinate system using the tenser
transformation relationships. In these runs, fluid
with a concentration of C/C0 = 1.0 was injected

over the interval Og}éfp , and fluid with a concen-

tration of C/C0 = 0.0 was injected over the interval
bg;zggz . Runs T-4, T-5, T-6, T-7, and T-8 were made
to study the effects of the tensor transformation
when both longitudinal and lateral dispersion take
place.

The first run in this series (Run T-4) was made

with 3*3 and axé equal to 0.4 cm. The results from

The data for these runs are given in Table V-1.
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this run yielded more error than was tolerable. An
example of this error is shown in Fig. 5-12 after

2.3 pore volumes had been injected. This was assumed
to be approximately at steady state. Since the re-
sults of Run T-4 are smooth and display no anomalies,
the error was presumed to be the result of using
large spatial dimensions in the region of the steep

concentration profile along X, = b.

o Humerical Salution with
ax;and 43, =04 om 1
[Run T-4],

0.9

a Numerical Salution with
a1 and #4,=0.2 cm
(Run T-5).
— Approximate Analytical
Solution (Eq. 5-2).

0.8

o

=
=
T

=
in
T

Concentration, (0

.2

Fig. 5-12 Comparison of lateral concentration dis-
tribution for Runs T-4 and T-5 at steady
state.

To check this hypothesis, Run T-5 was made using

xi and x5 equal to 0.2 cm. The results were

much better as shown in Fig. 5-12, but are still not
accurate enough. The spatial dimensions could have
been decreased more, and a more accurate solution
would probably have been obtained. However, Run T-5
required the use of a 38 x 38 grid system or a 40 x
40 grid system when the boundary grids are included.
This is 1600 grids and 3200 moving points. The com-
puter program for this problem required about 25,200
words of computer storage. This was near the avail-
able computer storage, and decreasing the spatial
dimensions further was not attempted.

Since the very sharp concentration front along
K= b appears to be causing the problem, then

increasing the width of the dispersed zone might help.
With this in mind, Run T-6 was made with DT = 0.003

cm?/sec instead of Dy = 0.001 cm?/sec. The results

of this run are shown in Fig. 5-13, and they are much
improved. Except for the area near the inflow bound-
ary {x3/£3 <0.3) where the analytical solution is

not good, the results compare favorably with the
approximate analytical solution given by Eq. 5-2.

Run T-7 was then made using the same data as
Run T-6, except the tensor transformation equations



a

Concentration, L/C

Concentration, CiLg

o
m

=
o

=
-

=3
wa

were not used.
and do not match the analytical solution.

Symbol L2 For Problem
o Mmerical Result Using Tensor dai =0.2 cm By =0.01 c@/sec i576.508 om
::;;::::’9:;:;“‘ ["’.‘"‘ 7;51’ i S 170,003 ca?/ses (m3.963 cn
{Eq. 5:-2:],e Al Solution '1: :;ITOS:-:;M: Points per Gradel b=l 48l cn
: . - : T EbiT 10,1306
a
ST —

Comparison of longitudinal concentration
distribution at steady state as calculated
numerically using the proposed tensor
transformation and by an approximate
analytical solution.

These results are shown in Fig. 5-14,
Figs. 5-15,

5-16, and 5-17 give a comparison of the lateral con-
centration distributions for Runs T-6 and T-7 at
various values of x3f£3 . Run T-7, using no tensor

transformation, shows a flatter concentration distri-
bution than the analytical solution.

"overshoot" or '"undershoot'.

Figures 5-15, 5-16, and 5-17 do not show any
However, "overshoot"

and "undershoot" did occur; but was generally
restricted to the third or fourth decimal place.
This small significance resulted in no noticeable

“overshoot" in the graphical presentation.

The use

of the "nine-star' grid pattern to estimate the cross-

derivative

of this small amount of ''overshoot.

az{.‘./axzax3 is believed to be the source

However, the

- -4 .
magnitude of the "overshoot" (10 4 to 10 ) 1is

-2 .
much smaller than the overall error (10 7), and is
not considered to be a major detriment to the numeri-
cal scheme.
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Comparison of longitudinal concentration

distribution at steady state as calculated
numerically using no tensor transformation
and by an approximate analytical solution.
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Fig. 5-15 Comparison of numerical solutions with
and without the tensor form of disper-
sion for steady state concentration at
13;13 = 0.3045.
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Fig. 5-16 Comparison of numerical solutions with
and without the tensor form of disper-
sion for steady state concentration at
x3/23 = 0.6090.
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Fig. 5-17 Comparison of numerical solutions with

and without the tensor form of disper-
sion for steady state concentration at
x3/9.3 = 0.9570.

A more serious obstacle to the success of the
numerical scheme appears to be the moving points.
Section 5.1, a lag in the concentration profile for
longitudinal dispersion was noticed when the same
points remained inside a grid throughout a time step.
This resulted in a "jerky" movement of the concentra-
tion front as was shown in Fig. 5-4 for the case of
one point per grid. In other words, the accuracy of
the numerical scheme appears to be dependent upon the
time increment selected for a given grid size.

In

The problem with the "jerky" frontal movement
was also noticeable in the two-dimensional dispersion
problem where two points per grid were used. The
results for Run T-6 shown in Figs. 5-13, 5-15, 5-16,
and 5-17 are after injecting for 150 seconds and are
quite good. However, Fig. 5-18 shows the results for
Run T-6 at 120 seconds and at 180 seconds. These
results are obviously not as good as those for 150
seconds. Thus, the accuracy of the numerical solution
apparently depends on which time level is chosen to
print out the results. The results for Run T-4, in
which four points per grid were used, did not show
this apparent accuracy dependence on time. As is
seen in Fig. 5-19, the results of Run T-4 are approxi-
mately the same for t = 120 seconds, t = 150 seconds,
and t = 180 seconds.

A conclusion which might be deduced from the -
above observations is that the number of points per
grid does have an effect on the accuracy of the
results. However, the use of hand calculations to
move the points from location to location indicated
that the relative position of the moving points in a
particular grid at a given time level influences the
results more than the number of points. Figures 5-20a,
b, and ¢ illustrate an example of this hypothesis.
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Fig. 5-20 Schematic sketch showing the effect of
the moving point location on calculating
average concentration.

In Fig. 5-20a, two points are centrally located in
the grid, and points in the adjacent grids are lo-
cated as shown. All points above the diagonal are
assigned a concentration of zero, and all points
below the diagonal are assigned a concentration of
one. No dispersion is allowed to take place. Under
this setup, the average concentration assigned to
the grid would be (1.0 + 0.0)/2 = 0.5.

Now suppose that the velocity vector is oriented
parallel to the diagonal, and that the magnitude of
the velocity and time increment are such that at the
next time step the points are located in the grid
as shown in Fig. 5-20b. Even though two points are
still in the grid they are positioned along the right
side of the grid and both are above the diagonal.

For this case, the average concentration assigned to
the grid is (0.0 + 0.0)/2 = 0.0. Thus, by going
from one time step to the next, the concentration
has changed from 0.5 to 0.0.

To carry the case to an even further extreme,
suppose the magnitude of the velocity and time incre-
ment are such that at the next time step the points
are located as shown in Fig. 5-20c. The two points
in this instance are located very close to the left
side of the grid and are below the diagonal. Thus,
the average grid concentration is (1.0 + 1.0)/2 =
1.0.

Three completely different answers were obtained
at three different time levels depending on how the
points were positioned in the grid. Obviously all
three answers cannot be right. The correct answer
is, of course, 0.5 which was given by the point loca-
tions in Fig. 5-20a. The phenomenon depicted in
Figs. 5-20a, b, and c is exactly the phenomenon en-
countered im Run T-6 in which distorted values were
obtained at certain time levels and accurate results
were given at other time levels.

The phenomenon discussed above could be reduced
to a tolerable level by increasing the number of mov-
ing points per grid. This is indicated by the fact
that Run T-4 with four points per grid did not show
an accuracy dependence on time. However, perhaps the
key to the problem is not increasing the number of
points, but determining the .verage concentration by
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another method. A proper weighted averaging scheme
will help things considerably.

Run T-8 was made with all data exactly like
Run T-6 except that area was used as a weighting

factor. The average concentration was calculated by
1
C=——= )} C.0A. , (5-3)
szﬂxs js1 11
where C 1is the average concentration, ax& and
axé are the spatial dimensions of the grid, Ci is
the concentration of the ith moving point, AA, s

the "area of influence" of the ith moving point, and
n

= 1 1
iglaAi = bx30x}
influence" is schematically shown in Fig. 5-20d.
Using such a concept, points 1, 7, 8, and 9 will have
some influence on the average grid concentration
while the influence of points 1 and 2 has been di-
minished. The results for Run T-8 using the weighted
average are shown in Fig. 5-21 after 120 seconds,
150 seconds, and 180 seconds. These results are much
improved over those of Run T-6 shown in Fig. 5-18.

.The concept of an "area of

T ™
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Fig. 5-21 Numerical results for

time levels.

Run T-8 at different

The conclusion that must be reached here is
that the method of calculating the average grid con-
centration is an important factor in the numerical
scheme. If some type of weighted average is not used,
then a sufficient number of moving points must be
used to guarantee a reasonable estimate of the average.
Although Garder et al. (1964) concluded that two
points per grid gave sufficient accuracy, the results
obtained in this study indicate the number of points
per grid may need to be greater than two. The exact
number needed is unknown, and would appear to be



dependent on the nature of the problem being
considered.

If an adequate scheme for weighting the concen-
tration can be developed, then a smaller number of
points per grid may be used. Using an "area of
influence" as a weighting function gave good results
for the problem considered here where a uniform,
steady velocity field was used. The numerical prob-
lems encountered in determining an "area of influence"
for each point in a nonuniform, ur+teady flow field
appear to be numerous. Other weighting schemes,
besides area, which could easily be calculated for
the nonuniform, unsteady case might prove to be ade-
quate. This problem is left to future thought and
research,

5.4 Dispersion Along Equilibrium Salt-Water
Wedge. In Sections 5.1, 5.2, and 5.3, the numerical
simulation of the dispersion equation and the tensor
transformation of the dispersion coefficient was
compared with known analytical solutions. However,
the total simulator using both the dispersion equa-
tion and the flow equation have not been used. A
problem which seems favorable to this type of analysis
is tHe salt-water intrusion problem. Rumer and
Harleman (1963) used a laboratory model of a two-
dimensional confined aquifer to investigate convec-
tion and dispersion along a salt-water wedge.
Columbus (1965) used a Hele-Shaw model to investigate
sea-water intrusion in an unconfined model neglecting
dispersion. Because Rumer and Harleman's (1963) data
contained information on the value of the dispersion
coefficients, a computer run was made using the data
from one of their laboratory runs.

The equilibrium salt-water wedge, when subjected
to the steady flow of fresh water to the ocean, will
develop a transition zone. Using Darcy's law and the
Dupuit-Forchheimer approximation, the specific dis-
charge of fresh water per unit width of ocean front,
q , can be written as

~ ... dh*
q = Ky Ix $ (5-4)
1
in which K = hydraulic conductivity, y is the dis-

tance between the top of the aquifer and the wedge
interface, and h*
The medium is assumed to be homogeneous, isotropic,
and no mixing occurs at the interface.
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Fig. 5-22 Equilibrium wedge in a confined aquifer.

is the piezometric head (Fig. 5-22).

The condition of equal pressures in the salt-
water and the fresh water at each point along the
interface yields

(5-5)

where Pe and pg are the densities of fresh and

salt-water, respectively, and #p = P = Og - Sub-
stituting Eq. 5-5 into Eq. 5-4 gives
: fo
Ps Pe
(h* - —= £)dh* = dx (5-6)
Pe K 1
Integrating and solving for h* ,
i 2B,
3 i
* = —_— —_— =
h V q Kl + B o+ o £ (5-7)

The constant of integration, B , can be obtained

by using the value of h* at x1=0 Henry (1959)
showed that the outcrop opening (y at xl=0) was
given by,
_ _0.741 g ) 5.

Y(x=0) © K bolo, SR

Substituting Eq. 5-8 into Eq. 5-5 gives
s e
h* = —-u?“l + _i £ (S-g)
{x1=0J K e

Using Eq. 5-9 in Eq. 5-7, gives B = (0.741G/K)? .
Thus, the piezometric head is given by,

(5-10)

Substituting Eq. 5-10 in Eq. 5-5, gives the equation
for the interface,

- ~12
_ 2q o.mlq}
y = X, *+ (5-11)
WK L 71 K 4o
Pe °f

Although the static interface between fresh and salt
water will be subjected to dispersion, Rumer and
Harleman (1963) showed that the position of the mean
isoclor (C = 0.5) is adequately predicted by Eq. 5-11.

Rumer and Harleman (1963) gave the following
information for their Run No. N-2: g=0.0733 cm?/sec,



dp/pg = 0.006, K = 0.835 cm/sec, porous medium =

plastic spheres, and median grain diameter = 0.965 mm.
A computer run was made using Rumer and Harleman's
information, plus some additional data required by
the numerical simulator. The data used in the com-
puter run are: A4x; = 6.0 cm, A4x, = 6.0 cm, At =

500 sec, k= 9.885 x 10%m?, ¢ = 0.39, .= 1.000,

cm 3
Pg = 1.006, 4p = 0.006, u = .0116 poise, fluid com-
pressibility = 0.0, rock compressibility = 0.0,
A= 0.0, o=0.006, grid dimensions = 12 x 27,
depth of aquifer = 60 cm, length of aquifer = 156 cm,
£ = 33 cm, q = 0.0736 cm?/sec, moving points per
grid = 2, and the acceleration of gravity = 980 cm/sec?.
In addition to these data, the dispersion coefficients
were assumed to be given by

DLD v d5op 122

T, 0.66 —= (5-12)
and

Dpp Vidge 07

T = 0.036 ‘—"—"_ (5-13)

The reason for using Eqs. 5-12 and 5-13 is that
Harleman and Rumer (1963) determined these relation-
ships for the same medium (plastic spheres) used by
Rumer and Harleman (1963) in their study of sea-water
intrusion.

The computer run was made for 60 time steps or
about 8.33 hours. Whether this was long enough for
the wedge to reach equilibrium is unknown. The concen-
trations were not changing very rapidly, and the tce
of the wedge was moving very slowly. Therefore, the
wedge was assumed to be in equilibrium. The computer
time required for solving both the flow equation and
dispersion equation for this 12 x 27 grid network was
about 3.4 sec per time step.

Fluid enters the model at X, = 156 cm and leaves

the model at Xy = 0 . No fluid flows across X, = 0
and Xy = 60 cm. Thus, the boundary conditions are
given by
BB ool w ) ab gy =0 (5-14)
9X 3 2
2 2
and Xy = 60 cm,
P[Osz) = P(O,U) 2 psg[h(o)xz) -htoso)] (5_15)
at X1=0 R
and
P(156,x,) = P(156,0) - p8[h(0,x,)-h(0,0)] (5-16)
at x1=156 cm
P(0,0) is assumed to arbitrary and was taken to be
29,576.40 cynes/cm? for this run. P(156,0) was main-

tained at the necessary level to cause a fresh-water-
flow of q = 0.0733 cm?/sec.
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The boundary conditions given by Egs. 5-14 and
5-16 are believed to be adequate. However, the
boundary condition given by Eq. 5-15 is subject to
some suspicion. The actual physical boundary condi-
tion where the fresh water discharges into the ocean
is very difficult to describe numerically. The com-
puter run indicated that some recirculation of fluid
took place along this boundary. If the simulator
should be used to study the salt-water intrusion
problem in detail, additional work on describing
this boundary condition will be necessary.

A comparison of the fresh-water head calculated
numerically and by Eq. 5-10 is shown in Fig. 5-23.
The comparison shows that the numerical results and
those by Eq. 5-10 are very close except for the
region close to the ocean front. This would be the
region affected most by the use of the Dupuit-
Forchheimer assumptions. Also this region is prob-
ably affected by the boundary condition given in
Eq. 5-15.
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Fig. 5-23 Comparison of fresh-water head calculated
numerically and by Eq. 5-9 for the salt-
water intrusion problem.

Figure 5-24 shows a comparison of the mean
concentration line (C/CO=0.SDJ calculated numeri-

cally and the interface location obtained from Eg.
5-11. These results are good except in the vicinity
of the wedge toe. Several factors may be contributing
to this error. First, the numerical results may not
be completely at a steady state. However, the 60
time steps computed required 205 seconds of computer
time. The concentration changes taking place were
slow enough so that large amounts of computer time
would be required to carry the solution to a real
steady state. The present grant for computer usage
would not allow such large amounts of computer time.
Thus, Tuns of longer duration were mot made,

Another factor which proved a limitation on this
problem can be seen in Fig. 5-25. The concentration
profiles are extremely steep. In fact, the profile
is so steep that the grid concentrations obtained
from the computer were generally either C/CO=1.0

or C/C°=0.D. Very few grids had a value for C/Cj

between these two extremes. Thus, a large amount of
interpolation was required to determine the line
czcoxo.s. To alleviate this problem, smaller spatial

dimensions are needed which'will require more computer
storage. This will necessitate making changes in the
program for more extensive use of auxiliary storage
(i.e., tape).
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Another problem is that of having the moving
points heavily weighted to one side of the grid.
This problem was discussed in Section 5.3, and the
use of a weighted average using the "area of in-
fluence" as a weighting factor proved successful.
However, the unsteady, nonuniform flow field en-
countered in the salt-water wedge makes the deter-
mination of an "area of influence" difficult. Using
more moving points per grid than the two used in
this run would probably help this problem.

The computer program indicates that a small
amount of salt-water flow (approximately 0.008
cm /sec) occurred in the salt-water wedge. This
would have the effect of moving the wedge toe toward
the ocean; although not by enough to account for all
the discrepancy shown in Fig. 5-24.

Another factor which might have effected the
location of the interface is the boundary condition
given by Eq. 5-15 to approximate the ocean front.
The computer results indicated that some recircula-
tion of fluid was occurring along the two grids
adjacent to the ocean.

To investigate all of the above effects on the
numerical solution would require additional computer
funding. Such funds are not presently available.
This should be made the object of some future
research proposal.



Chapter VI

SUMMARY AND CONCLUSIONS

A three-dimensional fundamental flow equation
for a mixture of miscible fluids flowing through a
groundwater aquifer was derived. Also, a three-
dimensional convective-dispersion equation describing
the movement of a tracer miscible with the groundwater
was derived. Finite difference forms of these two
equations were developed, but because of insufficient
computer funds the three-dimensional equations were
never used.

A computer program using the two-dimensional
finite difference equations was developed and tested
with success on problems with known analytical solu-
tions. Assuming an isotropic medium, a tensor trans-
formation for the dispersion process was tested
extensively. Because the numerical simulation of the
tensor transformation invelves the cross-derivatives
of concentration, new stability criterion were
developed for the explicit finite difference scheme
used to solve for dispersion.

6.1 Evaluation of Numerical Simulator. The
results of this work will allow the study of numerous
miscible displacement problems in complex groundwater
flow fields. The numerical simulator can be used for
steady or unsteady flow, homogeneous or nonhomogeneous
aquifers, isotropic or anisotropic media, constant
densities or varying densities, and constant viscosi-
ties or varying viscosities. The use of the proposed
simulator has resulted in the following:

a. The one-dimensional flow problem with longi-
tudinal dispersion can be handled without any difficul-
ty, and excellent results were obtained. No "over-
shoot!" or numerical smearing was noticeable.

b. The one-dimensional flow problem with both
longitudinal and lateral dispersion can be handled
satisfactorily. No "overshoot' or numerical smearing
were observed. Small spatial dimensions are required
along a sharp concentration front to adequately des-
cribe the front.

c. Working with a rotated coordinate system,
the proposed numerical simulation for the tensor
transformation of the dispersion process was success-
ful. The use of the "nine-star'" finite-difference
pattern to describe 3%C/3X;3X, was sufficient except

along no-flow boundaries. The use of a reflective
boundary condition instead of setting the dispersion
coefficient equal to zero helped alleviate this
problem.

d. Garder et al. (1964) concluded that the
method of characteristics numerical scheme for dis-
persion would give good answers for as few as two
points per grid. The results of this work indicate
that the points per grid may need to be greater than
two. The exact number needed is unknown, and would
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appear to be dependent on the nature of the problem
being considered.

e. The method of calculating the average grid
concentration proved to be an important factor in
the numerical scheme. If an arithmetic average of
the points located in a grid at a particular time
level is used, then more points than two per grid
may be necessary to obtain an adequate average. A
weighted average using the "area of influence" for
each point was proposed and proven effective for a
steady, uniform flow field. Calculation of an '"area
of influence'" is difficult for an unsteady, non-
uniform flow field.

f. The numerical simulator was used to solve
the salt-water intrusion problem. The numerical
results for the fresh water head in the aquifer
matched closely those obtained analytically. The
numerical results for the location of the fresh-salt
interface were good except in the region of the
wedge toe. Insufficient funds prevented exploring
the effects of smaller spatial dimensions and a lar-
ger number of grids.

The efficiency of the numerical scheme would
seem to make it useful as a practical tool. However,
large amounts of computer time will be Tequired be-
cause the numerical solution must be carried out
from the initial condition to the required time by
increments of At . Most practical problems will
also require the use of large amounts of computer
storage. Thus, the present program will need to be
modified so that more extensive use of external
computer storage can be made.

6.2 Suggestions for Future Work. Subjects not
covered, or not covered adequately, in this study
are:

a. The investigation of a weighting technique,
other than the "area of influence,'" which could be
used to determine the average grid concentration for
an unsteady, nonuniform flow field.

b. A method whereby the pressure equation is
solved for larger spatial and temporal increments
than the dispersion equation.

c. The effect of smaller spatial increments,
more points per grid, and different boundary condi-
tions on the salt-water intrusion problem.

d. A study of dispersion in layered and non-
homogeneous porous media.

e. A study of dispersion in anisotropic media.
Some method of determining the principle axes of the
dispersion tensor would be required. After this is
determined, the solution would be much the same as
that already presented.



f. The simulator should be used to solve an
actual field problem,

6.3 Observations. The results of this work
would indicate that hydrodynamic dispersion in a homo-
geneous and isotropic media is a valid and reproducible
phenomenon. However, the actual significance of the
dispersion process may be questioned because of the
smallness of the dispersed zone when compared to the
overall model dimensions. The conclusion that disper-
sion is not worth worrying about except for the most
noxicus pollutants and radioisotopes would seem to be
warranted.

However, field tests at Berkeley by Lau, et al.
(1957, 1958) showed that the dispersion constants re-
sulting from a pumping test were from 20 to 30 meters
compared to less than 1 mm in the laboratory. This
is a change of 3 orders of magnitude. Other field
work in transport phencmena indicates that the dis-
persed zone is significant in real aquifers. An ob-
vious conclusion is that mixing processes not involved
in laboratory models and homogeneous and isotropic
media are present in aquifers. This extra mixing
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process would appear to be the result of nonhomoge-
neous and anisotropic media which characterize real
aquifers.

The reason for the above observations are that
the results of this study show a significant, but not
overwhelming, difference between solutions with and
without the tensor transformation. Many people may
easily conclude that using the tensor transformation
is not worth the effort. If the real aquifer magni-
fies the error between solutions with and without
the tensor transformation as much as it does the
dispersed zone, then a significant error may occur
in the solution of field problems.

This work is a first step in developing a
numerical solution for miscible displacement which
makes use of the tensorial nature of the dispersion
process. Until work in real aquifers indicates
otherwise, the numerical simulator should maintain
the capability of treating the dispersion process as
a tensor. The work on this project needs to continue
with a study of the dispersion process in a non-
homogeneous aquifer.
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APPENDIX A

DERIVATION OF THE

FUNDAMENTAL FLOW EQUATION

A fundamental flow equation for a displacement
process involving miscible fluids can be derived by
combining the law of conservation of mass, Darcy's
law, and an equation of state describing the pressure-
volume-temperature-concentration relationship. The

result is an equation involving two dependent variables,

pressure and concentration.

A.1 Continuity Equation. An important relation-
ship in fluid flow is the principle of conservation of
mass. This principle is a statement of material bal-
ance with respect to a volume element fixed in space,
and may be simply stated as:

(Rate of Mass Inflow) - (Rate of Mass Outflow) =
(Rate of Change of Mass Inside Volume Element)

Applying this principle to the volume element shown
in Fig. A-1 results in

M -M +M -M
xl-ﬁxlfz x1+£x1/2 xz-ﬁxz/z x2+3x2/2
oMy
E
o M . W (A-1)
x3—ax3/2 x3+ax3/2 at p

s-ﬂxslz

where M , M » M
xl-axlfz xz—ﬁxz/Z X
rate of mass inflow across faces xl—axlfz,
xZ-AxZ/Z, and xs-&xs/z respectively,
M s M , M =
x1+ax1f2 x2+ax2/2 x3+ax3/2
rate of mass outflow across faces x1+&x1/2,

x2+Ax2/2, and x3+a13/2 respectively,

MVE = mass contained inside the volume element,
and
M = a mass source or sink term which is

P positive when a sink and negative
when a source.

Applying a Taylor series expansion about the point
[xl, Xy xs) of Fig. A-1 gives:
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M
x3+ax3!2
xz-axz/z
| > M
#i 1 I P
f -
xl+&x1/2

B

M ——I"’ g
x1~axlf2 _ (xl;xz’xs
i i
(’ ‘

Mx2+ﬁx2/2

Fig. A-1 Volume element of a porous medium used
for developing continuity equation.
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X HAx /2 Xy 9% oex)
2 2
M, Ax 3°M AX
X X
SRR
X2+ﬂx2/2 X2 012 ! 312
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M M
Myg txg g T lxg (X5
M "Mt P (2] "
x3+ﬁx3Z2 4 I T oaxg

(A-2)



Neglecting second order terms and higher, the follow-
ing relationships are obtained from Eq. A-2:

My
M M = - ax,
xl-axl/Z x1+ax1/2 axl 1
: aMy
My -ax /2 Mx sax/2 = = 73 - 65
27%%2 2752 %5
aM
X3
M -M = - —= AXx (A-3)
xs-ax3/2 xsﬁdx3/2 ax3 3
Substituting Eq. A-3 into Eq. A-] gives:
M aM aM M
X X p. o
1 2 — —VE
x, St Bx, Y2 Tax M3t e M - (A8

Each one of the mass flow rate components may be
expressed in terms of the fluid density, the dimen-
sions of the volume element, and the volume flux.
Thus,

MX = pq bx, 8%, (A-5a)
1
Mx = oqzﬁxlaxs ; (A-5b)
2
Mx3 = pqsﬂxlaxz 3 (A-5c)
MVE = p¢55xlax2ﬂx3 g (A-5d)
and
MP = opQ i (A-5e)
where p = mass density of the solution,
4;:49,,95 = components of the volume flux in the X1<s
Xy=, and xs-directions,
¢ = porosity of the medium,
S = saturation of fluid,
Q = production term with units of LsT’l, and
pp = mass density of production fluid.
Substituting Eq. A-5 into Eq. A-4 gives:
= (pq,x,4x Yax +i(oq AX_AX, ) AX, +
ax1q12313x22132
o (pQoAX,AX.)AKy = - 2 (p¢SAX,AX.AX,)-p Q
iz, (Pgth I)Rxs = © G (ANSIR AR AX )0,
(A-6)

A.2 Fundamental Flow Equation. To develop the
flow equation, an expression for the volume flux terms
is required. Darcy's law is assumed to be applicable
for this flow situation and the axes of the cartesian
coordinate system [xl’x2’x3) are assumed to coin-

Thus,

cide with the axes of the permeability tensor.
the volume flux terms are given by:
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k. k
s o Xy r[ap pgah)
- CT oy 3
1 u axl Bxl
k. k
.. %2 T lap 3h
4 m ax, P8 3x :
k kr
3 {ap ah]
q, = - T PE - > (A-7)
3 n axs ax3
where kx ,kx ,kx = absolute permeability in the
1 2 73 Xy=s Xym, and xs-directions,
respectively,
kr = relative permeability to fluid,
¥ = viscosity of fluid at reservoir
conditions,
P = fluid pressure,
g = acceleration of gravity, and
h = the elevation of the volume

element above an arbitrary datum
which is perpendicular to the
direction of gravity.

After substituting Eq. A-7 into Eq. A-6, the results

are
3 pk"lkj" 3P 3h
E[—u_ ax, * PE E) “2“3]“1
3 pk"zkr P 3h
+ 5—)—(-2-[ 7 (E + pg :‘E axlaxsjﬂxz
ok, k_
. [__5_ (g_P;  os 2 Mlaxl,Jaxs

3
3t (PeSAX 8X,8%,) + opQ (A-8)

Multi-phase flow requires the development of an
equation similar to Eq. A-8 for each phase being con-
sidered. Such equations have been developed for
three-phase flow by Breitenbach et al. (1968b). The
derivation being developed here is to be used in a

single-phase flow simulator in which S=1 and kril.
Thus, Eq. A-8 reduces to
ok
3 *1 [ap 3h
§x_[ " {‘ax_ > e 'SE‘) ‘“"2‘“"3] L
1 1 1
A
3 [ 2 | 3P sh
+ ——+pg—)axax Ax
ax2 I sz axz 1 SJ 2
3 Fk"s (aP sh
* = — pg——-—)ﬂxﬁx Ax
39X, u 3)(3 3)(3 1 2} 3
d
T [p¢ax1ax2ax3) + QPQ (A-9)



The right hand side of Eq. A-9 contains the
porosity, ¢ , which is assumed to be a linear fumec-
tion of pressure given by

$ = ¢°[1 + CF(P-PD)] 3 [A-IO}

where CF is the formation compressibility factor,
¢, is the original value of porosity, and P0 is

the original value of pressure.
varies with xl, xz, x3, and t

The density, p ,
, and is dependent

upon pressure, P , concentration, C , and tempera-
ture, T . Assuming isothermal conditions, the
effects of temperature may be neglected and an equa-
tion of state of the following form is assumed:

pP=p,* BpoﬁP-?D) + a(C-Co) s (A-11)

where B8 is the fluid compressibility, o is a pro-
portionality factor relating concentration and density,
and the subscript (o) refers to the original value of
the variable.

Differentiating Eq. A-10 with respect to t
gives
3¢ 3P

2=

at ~ “FPo 3t (a-12)

Likewise, differentiating Eq. A-11 with respect to
t gives

(A-13)

Expanding the right hand side of Eq. A-9, introducing
Eqs. A-12 and A-13, and assuming that the size of the
volume element (AV = axlﬂx aij does not change

with time gives

3P
rhs = ﬂxlﬂxzﬂxz(D¢OCF + p°¢8) T

(A-14)

aC
+ apAX ﬂxZAxs 3t
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Substituting Eq. A-10 and A-11 into Eq. A-14 gives

rhs

=t axlaxzﬂxs[cp + 2CFS(P-PO) + B

+ C EEE—E—l L + a¢ AX . AX AX 1
F o 3t 17273

+

3C
CF(P-PGJ E?J g (A-15)
are of the same order of magnitude
26, 8(P-P ) << 107°

for
small pressure changes and can be neglected. For
small concentration changes, CFa[C-Co) << 1076

Also, the term CF(P~P°) << 1 for small pressure

and B

in most cases), then

Since C
-6 F
(10

changes. Thus, for small pressure and concentration
chariges, Eq. A-15 may be approximated by

3c

+a¢ AX axz 3 Bt

ths = p ¢ 8, 8X,5X, (C +SJ . (A-16)

273%F

Substituting Eq. A-16 into Eq. A-9 and using short-
hand tensor notation gives

oAAikx r
P [ i[aP 3h JJ
——— | — | — Dg— AX.
3xi u \Bxi Bxi 1

= = 3P C 3
= 9°¢O&V(B+CF}B * ad, av +p Q (A-17)
where i = 1,2,3 is a cartesian coordinate
system [xl,xz,xs) 5
BA; = cross sectional area perpendicular to
flux q; , and
8V = volume cf volume element, 04X, AX, 8X; .

Equation A-17 is the fundamental flow equation for
the saturated flow of a solution containing a mis-
cible tracer, and will be referred to as the flow
equation.



APPENDIX B

DERIVATION OF THE DISPERSION EQUATION

To solve the flow equation (Eq. A-17), a relation- Mt = Mass source or sink term for the tracer
ship for determining the concentration C is needed. P yhich is positive when a sink and nega-
This relationship may be obtained by expressing a tive when a source.

continuity equation for the dispersing tracer. The
problem is formulated on a microscopic basis and then
averaged over a cross-sectional area of the porous
medium to give the desired macroscopic equation of {Mth +hx3/2 [Mt)

dispersion. 3 x -ﬂxZ/Z

2
Two different size elements, a fluid element i ’
and a representative volume element, are used in this ' ,’
analysis. A fluid element with very small dimensions M) : P
is used inside the pores of the porous medium for the t xl“ﬂxllz F > (M)
microscopic analysis. A representative volume ele- Yoo tx, +8x,/2
ment of the porous medium is defined as the smallest (xl’xz’x3)~--
volume around a point such that adding an infinitesi- fod
mal volume has a negligible effect on the values of p L 4
medium properties such as porosity. The representa- l

L — th

tive volume element is used in the macroscopic analy- (Mt)x2+ax2/2
sis and contains both medium and fluid. (M)
tx -AX,/2

B.1 Continuity Equation for the Tracer. The
continuity equation for the tracer is given as:

Fig. B-1 Volume element of a porous medium used to
(Rate of Mass Inflow of Tracer) - develop continuity equation for tracer in
miscible fluid flow.

(Rate of Mass Outflow of Tracer) =

(Rate of Change of Tracer Mass Inside Volume Element). Expanding each one of the mass flow rate terms
in a Taylor series about the point (xl, Xy) xs]
When applied to a representative volume element of gives
porous media with the dimensions of 4x., axz, and
&xs. as shown in Fig. B-1, the results are: 3 axl
M M M (Mt}x -4x,/2 = [Mt}x T ax (Mt)x Z
t)x, -ax /2" Moy vax #2* My —ax /2 1771 1 1 1
1 1 1 1 2 772
32(M,) 2
= M)y eax s2t My ax 27 M) vax /2 ' TRy Gy
2 772 3773 5 A * 5 e [ Il
’ 93X
BMtVE 1
% gk Mtp " (B-1) axz
3
(Mt)xz-axz/z = (Mt)xz T (Mt}xz 2
where (Mth -4x. /27 (Mt)x -Ax,/2° (Mt)x -ax /2
T =51 27772 27708 32(M.) )
1 X, axz
Rate of mass inflow of tracer across * 5T < | - ’
faces xl-axlfz, xz-axz/z, and ax
Xx.-4x_ /2 respectively,
3 3 ; ﬂxs
3
(M) » (M) » (M) = (M,) = M), -m— M), 5
t xl+ﬂx1/2 t x2+ax2/2 t x3+Ax3/2 t xs-axs/Z tixg Xy tixg
Rate of mass outflow of tracer across
2
faces x1+axl/2, x2+ax2/2, and ; 3 (Mt)x A
x3+a13/2 respectively, % 2 T(-Z_) 2 EEE B

MtVE = Mass of tracer contained inside the

volume element, and
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1
™M) = (M) 4+ M)
£ x1+nx1/2 £ X ax t xll 2
z(M,) 2
. L v xl axl) .
2! 2 2 *
Bxl
3 Axy
M) = M), +— M)
t x2+ﬂx2/2 t X, axz X, 2
32(M,) 2
1 EXy [0
o ——= == o+ ..
2! axz 2 *
2
and
A
My sax 2 = My * 3%_ M) _;E
3 3 3 3 3
2
M)y ax, 2
¥ —3-‘»[,—3 . (B-2)
2! 2 2 mEE &
ax5

The tracer mass flow rates may be expressed in
terms of the tracer mass flux, the dimensions of the
volume element, and the porous medium properties, i.e.,

(Mt)xl = J;¢Saxzax3 2 (B-3a)

(Mt)xz = J;¢sax1ax3 : (B-3b)

(Mt}x3 = J;¢Sﬂx1ax2 , (B-3c)

MtVE = ¢Saglax2ax3c N (B-3d)
and

Mp = ch . (B-3e)

where C = average tracer concentration in the volume
element, mass of tracer per volume of

solution,

J*l,J;,Jg = macroscopic tracer mass_flux components
in X;-, Xp-, and xs-dlrections respec-
tively,

¢ = porosity,
S = saturation of phase containing tracer,
Q = production term with units of L°T"', and
Cp = tracer concentration of production fluid.
In Eq. B-3, the mass flux components, J;, J;, and

Jg, are defined as the mass flow rate per unit pore

area. The reason for choosing a flux per unit pore

area is because the microscopic fluid elements will

be averaged over a cross-section of the volume element
*

to yield JI, J5, and Jy . Since fluid elements

only exist in the pores, the result is a flux in
terms of the pore area rather than gross area.

Substituting Eqs. B-3 and B-2 into Eq. B-1,

neglecting the second order terms in Eq. B-2, and
using tensor notation gives

3 * P 3
5;; [Ji¢SAAi)ﬁxi # = {¢Sﬂx1ﬁx23x3C) - CPQ , (B-4)

where i =1, 2, 3 corresponds to X1 X9 and X3

coordinates, and
BA, = cross-sectional area perpendicular to

mass flux component, J;

B.2 Determining the Tracer Mass Flux Components,

J; . To accomplish this portion of the derivation,

the microscopic mass flux equations are developed and
then averaged over a cross-sectional area of the
representative volume element to give a statistically
meaningful macroscopic mass flux equation.

Microscopic Analysis. For a fluid element inside
a pore of the porous medium, the diffusive mass flux
of the tracer with respect to the volumetric velocity,

V , is given by Fick's first law (Bird, Stewart and
Lightfoot, 1960):

——
Y ~ A -~ ~
J = C[Vt- V) = - Dy grad C , (B-5)
where = diffusive mass flux of the tracer,
= concentration of tracer in fluid element,

= velocity of the tracer in fluid element
with respect to a fixed coordinate system,

i3
= ot i S

= volumetric velocity of fluid element, and

Dd = coefficient of molecular diffusion.

A fluid element in a porous media must follow a

tortuous path as it moves through the pores. Let a tor-

tuous path of length do be depicted as shown in

Fig. B-2. The diffusive mass flux term may be written
as .

dc

-
J = - Dd = (B-6)

Fig. B-2 Tortuous path of fluid element.

e



1
The determination of J as a function of the
difference in concentration between the ends of the
tortuous path and the direct distance between the
ends is desirable. Thus, Eq. B-6 may be expressed as

3 (B-7)

The diffusive mass flux, J , does not have to be in
the direction of dC/df& because the tortuous path

varies in direction from point to point. Projecting
&

J as given in Eq. B-7 onto the £-direction (the axis
of the tortuous path) results in

3] - |1g| cose

J. = B-8
£ (B-8)
where |J| = magnitude of J ,
-+
|1¢| = magnitude of unit vector in g-direction,
-> -
6 = angle between J and 1£ , and
cost = dE/do
Substituting Eq. B-7 into Eq. B-8 gives
2 A
__p sl e
JE = - Dd (dc) 3 (B-9)
The compenents of J in the xi[i=l,2,3) coordinate
system are given by &
-
J; = ]JE[ . |lxi| cos® , (B-10)
where [JE] = magnitude of .Jg ;
|1xi| = magnitude of unit vector in xi-direc-
tion, -
8 = angle between JE and lxi , and
cosh = dxi/dg
Substituting Eq. B-9 into Eq. B-10 yields
2 dx, A
_ dg i dC
Ji-—Dd ((—i—g] T (B-11)
By the definition of a total derivative,
T T I B (8-12)
£ axl dg axz dg ax3 dE
Equations B-11 and B-12 combine to give
2 dx, dx. -
z ey i 3 €
Ji =iy (dc de  de xj ’ (B-13)

where the double summation convention of tensor nota-
tion has been invoked. The term (d£/dg)? (dx, /dE)

(dxj/dﬂ) is analogous to the reciprocal of a term

commonly referred to as tortuosity, and is a tensor
of rank two which "deflects' or '"twists' the gradient
of concentration to form a new vector oriented in a
different direction. By definition, let
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(B-14)

Substituting Eqs. B-13 and B-14 into Eq. B-5, the
following form of Fick's law for describing diffusion
on a microscopic scale in a porous medium is obtained:

£ Vti 3 iy

xl(’) H
[

=CV;-D (B-15)

Macroscopic Analysis. The objective here is to
obtain a relationship for the components, J; , of
the tracer mass flux vector corresponding to the
representative volume element shown in Fig. B-1.
Equation B-15 gives the tracer mass flux for a fluid
element in a pore of the representative volume ele-
ment. Since the cross-sectional area, aAi , of

the representative volume element is perpendicular
to the tracer mass flux component, J; , the total

mass flowing thru this cross section is just the sum
from all the fluid elements located in 8A, B

(Total tracer mass)i = cv
(¢5ﬁﬁi)

. dA,
iTi

3 _an.

d "ij 32; i (B-16)

(9524,)

where dAi = the area of the fluid element parallel

to B8A; . The tracer mass flux, J; , for the

representative volume element may be expressed as
(Total tracer mass)i

*
I = 9S8A, ?

(B-17)

where ¢SﬂAi is the total pore area through which

the fluid moves. Substituting Eq. B-16 into Eq. B-17

gives
* 1 20 - ot

J. = ——[ | vk = [ Bt —dA.J
i ¢SaAi {¢SaAi}  te | (¢SﬁAj]d ij axj i

(B-18)

To evaluate the terms of Eq. B-18, the following
definitions are made:

E=c+0C
~ o
V. = V. + V
1 1 1
- o
ij = Tij + Tij N (B-19)

in which C R Gi , and fij are the actual values

of the variable at a point; C , Vi , and Tij



are the averaged values of the varjables_over the
cross-sectional area, aAi ; and C Vi , and
o

Tij represent the deviations of the variables at a

point from the cross-sectional averages. By definji-

tion, the spatial average of the variables C , Vi,
and ;ij' over the cross-sectional area, ﬁAi , is
zero (i.e., ¢ = Gi = %ij = 0) Using Eq. B-19 in
Eq. B-18 gives
l o L]
J¥ = — [: [ (C+C)(V.+V.)dA, -
1 ¢SﬂAi (¢SaAi) 11 1
D, (T, +F, ) Bt dAi] (B-20)
(¢saa,) ¢ M j
Expanding terms in Eq. B-20 gives
1 s L
Jf‘:—{ [ cv.da.+ [ Cv.dA.+ [ V.CdA.
i ¢SﬁAi (¢SﬁAi) i (¢5“Ai} il (¢Sﬂﬁi)l
ac aC
X1
+ [ Cv.da,- T.. ==—dA.- [ DT..——dA,
[¢S£Ai) ;i | (¢SaAi]d ij axj i [¢SaAi)d 1Jaxj it
s 3C s 3C
- [ DT.. = dA,.- D.T,. —— dA, (B-21)
(¢S&Ai}d ij ax i (¢S&Ai}d ij axj 1}
But by definition of the mean, Eq. B-21 is
I = v, + CE + EQ, + EE- - D,T.. 8C.
i i i i i d ij axj
5 ®ac c
d 2 3 s 3
- D435 ax; ~ PaTij ax; - PaTij ax. (B=22)
] ] 4
The following observations are made:
1. As previously noted, E 3 ﬁi , and %ij

are zZero.

2. The average of a derivative is equal to the
derivative of the average [Kells (1950),
page 78]. Thus,

(3E/axj) 2 (aE/axj) =0

3. Medium properties and fluid properties are
assumed to be uncorrelated. Thus,

ac o o -] -]
i W) =Ty (aC/ij) =Ty [ac:/axj) = 0.

Q
(T
With the above observations, Eq. B-22 reduces to

aC

als; o, (B-23)
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Thus, the averaged mass flux of the tracer over
a cross-sectional area of the representative volume
element is composed of three different flux terms.
The first is a flux, Cvi , due to convection with
the average velocity of the fluid. The second is a
==
flux, C ¥, , which will be called the dispersive

flux and is the result of microscopic spatial varia-
tions in velocity and concentration. The third is

a flux, DdT.. Ll , due to molecular diffusion.
ij xj

Dispersive Mass Flux. In order to use Eq. B-23,

some relation between C ﬂi and C has to be postu-

lated. By analogy with Fick's first law of mass
transport, the following relationship is assumed:

e o o i
v, = Dp % (B-24)
where Dp is called the dispersion coefficient of

mass transport in porous media. The dispersion coef-
ficient, D , is not a physical property character-

istic of a given fluid; but depends on position,
direction, velocity of flow, and the type of porous
material.

Making such a postulation as Eq. B-24 is not
without some foundation. For years, the theory of
turbulent flow has used an analogy with Newton's law
of viscosity to approximate the Reynold's stresses.
Also, experimental evidence tends to match the
approximation used in Eq. B-24.

Experimental evidence also indicates that ]‘JP

is not isotropic, but that transverse dispersion may
occur and is less than dispersion in the longitudinal
direction. Using a statistical approach, de Josselin
de Jong (1958) determined analytically that longitudi-
nal dispersion is larger than the transverse disper-
sion. His result is approximately a normal distri-
bution of concentration in three dimensions.

Because longitudinal and transverse dispersion
are different and must be invariant under a coordi-
nate transformation, Dp must be treated as a tensor.

By definition ¢ ﬁi is a vector or tensor of rank-1.
BC/axi
Thus, Eq. B-24 is of the form

Also by definition is a vector or tensor of

rank 1.

(Tensor of Rank 1)=-(Tensor of Rank ?)(Temsor of Rank 1).
(B-25)

Since D_ 1is an anisotropic quantity, then the form

of Eq. B-25 indicates that the multiplication must be
that of finding the inner product of two tensors and
that DP must be a tensor of rank 2. Thus, Eq. B-24

may be written as

€ e oy 2

i ij 51"]* (B-26])



Introducing Eq. B-26 into Eq. B-23 gives

* aC
i j 8x.
]

3c
d'ij Bx,
] bl

B.3 Dispersion Equation. The results of the
flux determination given in Eq. B-27 are now intro-
duced into Eq. B-4 to yield

; ¢sr_m} ax;

ac

= 2
(9S8, 8x8x,C) = 3y [(Dij d 1J)ax

3
at

=16 Q

3
H E (C\fiq:SﬂAi)mci p

Equation B-28 is the general form of the dispersion
equation. However, since Eq. B-28 is to be solved
numerically by the method of characteristics, a
different form is required. Let the dispersive and
molecular flux terms be denoted by DD , and rewrite
Eq. B-28 as

2 o B B
— (658%,0%,8%;C) = DD - = (CV,4S8A,)8x;

1

- CPQ

(B-29)

The volume flux of a fluid flowing through a porous
medium may be expressed as

fy MV 48 .

where q. is the volume flux in the ith direction.
Using Eq- B-30 in Eq. B-29 and chaining out the de-
rivatives of concentration results in

1 3 =
mz;[ax (a;8,08%; * 5% [¢Sﬂxlﬂx2ﬂx3)J -

Laxlaxzax i X X, 0K

(B-31

From Appendix A, Eq. A-6 for the flow equation is

——-[pqiﬂAi)ﬂxi = - 5€-[p¢5ﬂx15x2ﬁx3)-ppq (B-32

Chaining out the derivatives of demsity in Eq. B-32
gives

1 3 3
AX_AX_AX [ax, {qiaAi)axi i at |[Cbs‘m';l&;'(2"5}'{3}J
¥ 273 3
=_¢__p_q_1_g_iQ__J_ (B-33)
p 3t p ax p AX_AX_ AX

The left hand sides of Eqs. B-31 and B-33 are equal.
Thus, the right hand sides must be equal also, i.e.,

(B-27)

(B-28)

(B-30)

)

)
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_es 0 Y s % m
p ot p 9X, p axlaxzaxs Caxlaxzﬂ.x3
i C
'ch_s%‘?l%“c AX, AXAX (8-34)
1772773
Collecting like terms gives
3C C 3p DD aC C 3p
o[ C0) LW [ C )
(Bt p @ Ax ﬂxzﬂxs i Bxi o dxi
p. C
-lc _LJ . S (B-35)
( P o] Axlaxzaxs

Differentiating Eq. A-11 of Appendix A,

the following
relationships are obtained:

9p ap aC
Ty BDO s T Y O (B-36a)
i i i
and
B0 g, 3P, . 3C
3t - BPo 3T Y O3t (B-38h)

Substituting Eq. B-36 into Eq. B-35 and collecting
like terms gives

oC, 3C _ _ DD oC, 3C
L s b AX AX A%y gkt =nll o
p C & 5
- (¢, - —IL—J 9 ca —9{¢S Eaq 2,
( P | BXqAX,8X4 3t i axij
(B-37)
where a; is given by Eq. B-30. Upon division by
¢S(E§EE , Eq. B-37 becomes
ac N
at p-oC ¢S&xlaxzax3 i axi
CB
& Pen Q Po” [2p, . 22
(€0 $58X  BX, 0% ey ac TS i,

(B-38)

If the volume element is completely saturated, i.e.,

Sz1 , then
3Cc_
X,
]

Ell

26+ (5l sy [y

ac

) Q
i oxl dAX ﬂxzaxs

s\ + V. 3p_

iax,
8

+
p-aC

(B-39)



Equation B-39 is a form of the dispersion equa- ac
. S . L SR S 50 SHPCE T
tion containing two dependent variables, pressure t - $BA. (p-oC) Bx, ij d'ij i ax.
and concentration, just as in the fundamental flow 1 1 ]
equation. Assuming that the terms of Eq. B-39 con-
taining pressure and compressibility may be neglected, - V. 3¢

- (c -C e R B-40
results ins i axi ( P J(¢axlaxzax3] ( )

Equation B-40 shall be called the dispersion equation.
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APPENDIX C

DEVELOPMENT OF FINITE DIFFERENCE

EQUATIONS FOR THE FLOW EQUATION

Since the same flow equation will be solved for
all grids, a finite difference equation can be devel-
oped by considering a central grid (i,j,k) and the
six immediately adjacent grids as shown in Fig. C-1.
The general form of the flow equation given by
Eq. A-17 may be rearranged into the following form
for developing the finite difference equation:

pkx.&Ai

1 3 i (3 . .o oh H
= Ly pg Sl ax,
¢oaxlax25x3 axi [ N axy axi T
e Q
3 3C
=p (C+8) & +aZz + ; (€-1)
0" F It Bt 98X, 8X, 0%y
where x.(i=1,2,3) 1indicates a cartesian coordinate
system.

i:j,k'l
o 1
i,j-1,k [ 3
N
[_' i3,k P
- . ._____." +x1
E-l,j,kﬁ,’ i+l,7,k
- +x
i,j+1,k 307K
i,3,k+1
Fig. C-1 Central grid and six adjacent grids with the

subscripting used in the finite difference
equations.

Because of the symmetry of the spatial deriva-
tives in Eq. C-1, only a detailed description of the
finite difference equation in the xl-direction will
be given. Analogous equations for the Xy" and X4~

directions may be easily developed. Looking at a

point on the boundary between grids 1i,j,k and
i+l,j,k , the terms (dplaxl)i+%,j,k and
(ah/axl}i+%,j,k are approximated by:
P g ieiPE
li+lﬁ,j,k 1
and
sh el ik~ Mgk
X, ix (5=
Lii+}s,j,k 1
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Likewise, for a point on the boundary between grids

i,j,k and i-1,j.k ;
ap Py " Pia1g0k
o : - AX ’ (C-3a)
1/1i-%,7,k 1
and
5h M ax Mg
Bl wn w B AX (C-3b)
1)i-%,5,x 1

The X, -component of the left hand side of Eq. C-1
may be approximated by:

( ﬁxl
¢oax1ﬂx2ax3J

pk_ Ax.AX
_1._} {_1_2,_3 (?.P_

(lhs)x = axl

1

: EM 1

3h_ e S

Bxl - u
i+h,5,k

I)J

Egs.

+ pg

+ 08 (C-4)

i-%,j,k

Introducing C-2 and C-3 into Eq. C-4 gives

i+ks, 3,k [
hi+1,j,k'

By gk
ﬂxl

3.k Pid,g.x
ﬂxl

Dkxlﬂxzﬁxs

(1hs) = (
i,3,k s

1
1 [¢°axlaxzﬂx3J

P. - P
i+1,5,k” "i,j.k
= L R TR

{pkxlaxzaxs] p
" i-%,j,k [

h

¢ =i
i,j,k i-1,j,k -
" R X, (s

In developing Eqs. C-2 thru C-5, the grid dimensions,
X1 Xy, and Xz o, are assumed to be constant.
This is just a matter of convenience. Allowing the
grid dimensions to vary spatially can be accomplished
without great difficulty.



The coefficients of the form )
[(kx ﬁxzaxs)’”]i+%,j,k are calculated using the

harmonic

1 2

u

k. Ax Ax.
b 4 3

mean concept:

]i+%,j,k

20%,8% (k)

(k)

14,5,k "1 i+1,i.k

.

Wy g0

Using Eq. C-6, the following definitions are made:

k_ Ax Ax.
N* ={_—1 M [LJ
Xy ¢0ﬁxlﬂx2ﬂx3 L1k u i,k axl
2(kx1Ji,j,k(kxl)i+l,j,k
[Qo)i.i,kibxljZ[Hi’j’k(kxlji+1,j,k+pi+l’j’k(kx1)i,j,k
(C-7a)
N; =
1
2{kx1)i,j,k(kxlji-1,j,k
{¢°i,j,k(EXIJz[“i»i’k(kxl)i-l,j,k+”i-1’j»k(kxl)iJ,k]
(C-7b)
N; =
2
ZEkXZJi,j,kaxz]i,j+l,k
£¢°1,j,ktﬁx2]2[ui’j’k(kx2)i,j+1,k+ui’j+1’k(kx2}i,j,k]
(C-7¢)
N; =
2
zthZJi,j,k[kxz}i,j—l,k
(¢°§,j,k[axz}2[“i’i’k(kxz)i,j-1,k+”i’i‘1’k(k*z)i,j,kj
(C-7d)

]
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N =
A
2% K.
LR e

(6)  (Ax%[m, . (k) o (k) ]

% gk T TadoRURSy s ey BEITAS g

(C-7¢e)
N; 5
3

2(k ) (k

)
31,5,k *34,j,k-1

(¢.) (8x)2[w, & o (k) . k. ) ]
Gk T Rl Xy gk RN g
(C-7£)

T o= 0.5¢ + ) C-7g)
Px; T U,k T PiLg K (-4
pxl = Ots(pi_l’j‘k + pl,j,kj [C"?h)

+ =
R R N @
Py * 050" 0,500 (2733
Y=o + C-7k
pxs i . (pi,j,k+1 pl,j,k) ( o )
st = O‘SEDi,j,k-l + °i,j,k) (C-71)

+

ﬂhxl = (hi+l,j,k - hi,j,k) (C-7m)
Ahxl =y g5k 7 0y 500 (C-7n)
! = (n h ) C-7p)

b ™ P gen e "Ry S

By B By g a0 ™ B era)
™ M. Py, e’ e
ﬁhx3 =y 5ot P50 (C-7s)

Using the notation of Egs. C-7 and substituting
difference approximations for all pressure and ele-
vation derivatives, the left hand side of Eq. C-1
may be written as:



+ o+ -

p A . +p N P,_ .
Xl .Kl l+1rJ)k xl xl 1 I)J;R

lhs

+ -
N, P, . + o NP, .
xz i,j+1,k xz xz i,j-1,k

gl L TR

oo+ + - oy B
+ [pxl} legﬂhxl+[pxl} legﬂhx

+ + + - - -
+ (e, )N ghh_ +(p_ )2N_ gth
T ET ¥y KT XS Xy
+ + - - -
+ (o I2NL goh +(p] )N, gah (c-8)
3 3 3 3 3

The right hand side of Eg. C-1 contains deriva-
tives with respect to time. The derivatives of pres-
sure with respect to time will be represented by an
implicit finite difference form:

t+1 t
o _ Piye Pk

: = (c-9)

al

The derivatives of concentration with respect to time

will be approximated from the previous, not the pres-
ent, time interval:

& Chig CE_% K
ik O, 1 33 s
3t At ? g
)
where At is the time increment used in the pre-

ceding time step. Combining Eqs. C-9 and C-10, the
right hand side of Eq. C-1 becomes:

e = OGRS Gt
- At 1.75K
_pods 5 1 CFB)s 5k ot
at i,i,k
t t-1
R A e R e A UG A R
&to (¢0£x13x23x3}i,j,k

(C-11)
An implicit finite difference representation of
Eq. C-1 may be obtained by combining Eqs. C-8 and
C-11 to give:
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+ i+l +” N ptHl o Nt pttl
°x1 X, i+1,3,k “xl x; i-1,5,k °x2 %, 1,J+1.K
i HE t+1 +p+ + t+l 4 t+1

x2 x2 i,j-1,k x3 x3 i,j,k+1 x3 x3 i,7,k-1

+ + - S + + - - + + - -
- |og N #o_ N_ +g N  +p° N_ +p N +5 N
[ Xl xl xl Xl x2 xz x2 x2 xs XS x3 x3

Pt+l

i:jsk

(po)i,j,k(CF+BJi,j,k
it

L Poli s aCr Bt o
it i,j.k

t t-1
Ci.k " %50 +(
At
(o]

opQ

A
¢°~xlax2

%i,3,k

Ms]i,j,k

+ + + - N - + o+ +*
- [Ce, )N goh_ +(p_ }2N_ gah” +(p. )2N. gth
Ol S R TR

+

(o, )2N_ gshl +(p )N gan’ +
X X X XS XS X3

(p, )2N_ gah_ 1
) Xy X, X x P

3 3 3
(C-12)

The analogous implicit finite difference scheme
for the two-dimensional vertical flow problem may be
formulated by allowing no flow to take place across
grids in the xz-direction, i.e., 3P/3x2 = 0 and

Bh/ax2 =0

will be in terms of flow per urit width, i.e.,

The flow in the X- and xs-directions

axz # ] Under these conditions, Eq. C-12 reduces
to:

+ 4 t+] - = ot # ]
o] P. +2 N P, +0 N ; +

X)Xy i1,k X% i-1,k Xg Xz i,k+1

- = _t+] + o+ - - +
pstxSPi’k_l-[px Nx +0x NX +px N

+ - -
o N
T I L B T

, 8k CE B k] e oo)s kCpB)y k¢
4, F P’
At ik At i,k
t Wt-1
L %k cC ) ( pQ ) TR g
ato ¢oﬁx]ax3 ik X xl xl
+ 02 )N gahl + (o )2N. gah® + (oD )N goh’ ]
g Xat TX PR X3 XSxg
(C-13)

All coefficients in Eq. C-13 are calculated from

Eq. C-7 with ix, = 1 for all grids.



APPENDIX D

DEVELOPMENT OF FINITE DIFFERENCE

EQUATION FOR THE DISPERSION EQUATION

A numerical solution to the dispersion equation
will be obtained by using the method of characteris-
tics. The dispersion equation was given by Eq. B-40,
and is reproduced here in the form:

3C | w 3 * acC 3C
3t phA,  ax. [Dij¢ﬂAi ax,} - Vi,

i i i i

- -0 —% .
[cp < pAX  AX, AX ’ (UL
177253
where ws= 2 , and
p-aC
*
Dij = Dij + DdTij

Following the development of Garder et al. (1964),
the second order terms of Eq. D-1 are regarded as
given functions of Xp o0 Xy, Xy, and t , and

Eq. D-1 treated as a first-order equation. Such an
equation will then have four characteristic curves
which are the solutions to the following ordinary
differential equation:

dx

1
=€ = Y 3 (©-2)
de
& " V2 (B-3)
s v (D-4)
It 3
and
¢ w3 [pe a3
St~ ankr el bRty ax.] (0-5)
i i L J

A fifth characteristic curve could be written for the
production term, (CP—C}(Q/¢3x1ax2ax3] However,

the production term will be treated as a boundary
condition of the moving points described below.

In addition to the usual division of the flow
region into a grid system, a set of moving points is
introduced into this numerical solution. Each one of
the moving points has associated with it a concentra-
tion, which varies with time. Within each time inter-
val, the moving points are relocated using the finite
difference equations,

t
E"l =X] + ot V;” s
2 3 2

X (D-6)
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3l p 4 aEVET (D-7)
L 2 L
and
x§*1 = Xp o+t v§*1 : (D-8)
L 3 3
where t+]1 1is the new time level and t is the old

time level. Each cell in the grid system is assigned
a concentration equal to the average of the concen-
trations of the moving points located inside the

cell at time t+1 . The concentration of the cell

is then modified for dispersion by solving the
explicit form of Eq. D-5.

Because of symmetry only a detailed description
of the finite difference form of Eq. D-5 in the

xl-direction will be given. Expanding the xi-

derivative on the right hand side of Egq. D-5 gives

L w
(rhs]xl

3 * aC
S ———— D, . ¢AX AX, =—
¢ax25x3 axi [ 11 20 axz

* 3C * 3C
+ D12¢ax2ax3 g;; * D13¢ax2ﬁx3 EEEJ (D-9)

As can be seen, Eq. D-9 involves the cross derivatives
of the concentration. Also, there are six more second
order terms in Eq. D-5 in addition to the three given

in Eq. D-9,

To develop a finite difference form of Eq. D-9,
consider the cell (i,j,k) as shown in Fig. D-1, and
the 18 indicated adjacent cells. The spatial deriva-
tives at a point on the boundary between cells (i,j,k)
and (i+1l,j,k) may be approximated by

o=

(3C ) = Cie1,5,% " %i,5k (D-10a)
%) i,k 8%

(EELJ _ Ci+5,j+l,k'ci+%,j-1,k (D-10b)
P2livg,j K 25

€ L Civs g ke Cin kel 0-100
3xg ik, ,k Zﬁx3




1,3-1,k-1

1,5, k-2 | 220 %1 500 5, %0
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rd

41,k

i-1,5-1,k|1,5-1,k /
+1,5-1

1

R S
i-1,3,k itl,j.k

i-Lj+Lk 4
14,5+ 1,k i+l i+1,k

,

/!
rd

1,3-1k+ 1]

i-1,5,k+] / i+1,3,k+

HER !

i, J+1Lk+1]

Fig. D-1 Three-dimensional grid system with sub-
scripting used to develop the finite dif-
ference form of the dispersion equation.

Using a linear interpolation scheme,

Ce - Lo :
" _ _d,i+1,k i+l,i+1,k _
Civig,je1,k 2 ' @=L

€ ikl ;
C. . _1.,3-1,k i+l,j-1.k (D-11b)

C. . +E. y
s TEsgikel i+l,j,k+1 )
Cion g k01 ™ 3 . (B={ie)

C. il f
= l,j,k—l 1+l’j;k_l 3
Ciate, i kol > . (D-11d)

In writing Eqs. D-10 and D-11, all spatial increments,

ﬂxl, ﬂxz, and ﬂxs » are assumed to be equal. This

is in keeping with the finite difference grid system
proposed in Chapter IV, and the problems that are
solved in Chapter V.
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Substituting Eqs. D-11 into Egqs. D-10 gives

('SC } = Ci+1’j’k ) Ci,j 1k
CE3Y 2% , (D-12a)
(gg _ 4,501,000, 501,0% -1 kG0 51k
3%y ik, 5k 4ax,

(0-12b)
ﬂ?_) Skt 5 k15 k1G5 ke
BXG vk, 4k A

(D-12¢)

Similarly, for a point on the boundary between cells
(i,j,k) and (i-1,j,k) , the spatial derivatives
are

Bl - C, g
ac A9k i-1,7,k
{ax' J = ki LX (D-13a)
1 1_;53ij 1

(gc_) i 501,651, 500,kC 51,6 Ca-1, 541,k
3x2 Sedeore 4&x2 2

(D-13b)

Ca 8 ket ™1 4 1% g ke %515 001
4ﬂx3 '

(D-13c)

Now using a central finite difference scheme, Eq. D-9
may be written as

aC
Dt BAX,AX 3__]
1 ™23 By b x

[
(rhs)_ = = J. o o
xl \¢AK23X3 L.k . Axl
i ac * 3C
DY $AX_AX. —’—) (D GAX,AX., E—J
i ( 117772775 3x1 TR . 12 273 3%, Lo R
ﬂxl ﬂxl

y ac
{013"’“2“3 FJ ,
3li+

B 2i-%,3,k 5,5,k
1
AX] ﬁxl
(D* sax.ax, 3 E
13 2 Jx:‘l}l-]ﬁ,],k
- X . (D-14)



Introducing Eqs. D-12 and D-13 into Eq. D-14 gives

(rhs)x =
1

. i, .
( . ] (07 02%,8%3) 5y 5 5 (Ciay 5 ,k%,5,K)
¢szﬂx3 i,5.k (31132

. 6
B e SO B L R B
(ex))?

R T S A LS W e OIS S S L Ci1,5-1,K)

4bxlﬁxz

B e R R RN BN R S B ER a BN EN Y

4axlnx

- [ ] 1
B e T R B R i SR N R B SR WA Sy

4ax15x3

Pig i,k 3,001 %51, k1 Cs L1, k-1"C11 5 k-1

4nxlnx3

i [Dls¢ax2¢x

(D-15)
Coefficients of the form (D11¢&x2&x3]i+%,j,k will
be calculated using the harmonic mean, i.e.:
(0} 42, 0x) VR RLT U
11%9%%2%% 3 05 5 k7

(¢011)1 3O 5k

(D-16)

Thus, the coefficients of concentration in Eq. D-15
are of the form

*
“i,j,k[ull¢ﬂx2ax ] 2 (wD

590K

104,590 0501 5k
(ex, 3 [(sD],; 3 ok +(eD],)

i+, ik _
ﬂxzﬂxs{nx )2

]

i+l,j,k
(D-17)

In a completely analogous development to that
used in Egs. D-10 thru D-16, the -der1vat1ve and
x3-derivative on the right hand 51de of Eq. D-5 may
be obtained. In obtaining the xz—derivative, a
central difference scheme using the points (1,j+%,k)
and (i,j-%,k) is used, while the xs—derivative
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uses the points (i,j,k+%) and (i,j,k-%)

An

explicit form of the left hand side of Eq. D-5 is

(D-18)

To simplify notation the following definitions are

made:

H 2‘:mn}.l)l S k(¢ 11)1+1 sl k
X, X ’

E

B = 2(L"Dll B k(¢011)1 1ijis K“*

X, X
1 x)PL0TY); 5t 605D g 5

2603))5 5 (4D32); S, (Bt

+

E
22 @) R0035)5 5 11005005 an

E; 2(“’DZZJ:. 31 s (9D 22}1 s3=1, S

Ty (axz) [(¢022J1 5 +(4D3,)4 Jeetid

gt 2[“933) s 0 k+l
X X

55 (axg)2L(oD%), 59033,

3.k 00035),

]

i,j,k+1

) i Z{wﬂs-] j kﬁﬁ 33)1 3, k- 1
X X ,
33 (ﬁxs] [{:pD33 i,j,k+\¢D33)i’j’k-1]

E

~ (“D 2)3,5,k 000 12501 T

X% 2 20% ﬂxz[{¢912) -,k+(¢ 12).'IL*--l,j,1<:|

- (W15 ,5,k

X *
T2 2AxlﬂX2[(mD1

*
(803505 1,4 5%

*
24,5600 1 4l

2 (w3); 3,k 030)5 g 40
EREEE SN (T MR COS R

= _ (NDZI 9 ]-cl[¢ 7131 ,j-1 k

271 28x 18%, [ (4D

21055 170505 5 4]

% s

(D-19a)

(D-19b)

(D-189¢)

(D-19d)

(D-19e)

(D-19f)

(D-19g)

(D-19h)

(D-191i)

(D-193)



* *
% (Whygdy 5 k0PI 51,5 k88

Gx x = pi - 2 (D-lgk]
173 Zﬂxlﬁxs{{¢Dls}i,j,k+[¢nl3ji+l.j,k]
BX. 30 o oD o o wdt
- Wh191,5,k%P18)5-1,5 .k 55
X, X * * %
b3 28xyaxgl001); 5kt O015)5 g 5 4]
n* *
G+ - (mnsl)i,],k(dlnsl)i,_] ,k*lﬂt [D‘lgm]
5 3 o * 2
R T LG PR C ) P
* *
e . (P31)4,5,k 0903001 5 k12t ey
XX * * 4
Bl 2ax Axgl(eD5y)y 5 k(D55 4 4]
* *
i {NDZB)i,j,k(¢023]i,j+l,kﬂt (B
X X, * * 2
25 2ol (9055)5,5, k" (0038)5 5a1 1]
.l *
i Whas)s,5,k#P05)5 5.1 k2t . e
X X * *
23 20xp0x[(4Dy9)5 5,k (9033)5 5 g 4]
* *
i . (MDSE}i,j,k(¢D32)i,j,k+l£’t {16
XX * * g
T2 2L 0)s e 00553y i)
(60%.) 5 o o (aD%5, | At
H; = 32°1,j,k"3271,3,k-1 (D-195)

* *
B2 2 LU0 s 5 0 k]

Using Eq. D-18, the notation of Egs. D-19, and sub-
stituting difference approximations for all concen-
tration derivatives, the explicit form of Eq. D-5
becomes :

t+1 L + t t

L3k g5 3 B Gy 5

E” o t

i t t
i,k Ti-1,3.k

.
Iy x (€4, 541,57C4,5,10

272

= t t
(C. . ,-C; .
X%, i,i.k 7i,j-1,k

t t
%5010 k170, 5,10

+
J*E,

51

= t t
- E G5 g wily

xsxs{ 3 1,3,k-1)
# FL_ (ct - 5 t

XX, i,j+1,k+ci+1,j+l,k-ci,j-l,k_ci+1,j-1,kJ

= t I t E

- Fex (Ci,j+1,k*ci-l,j+1,k‘ci,j~1,k'ci-l,j-l,k)

172

+ t t t t
(

x,%, Cie1,5,K7C500, 501,605, 5, k7Ch o1, o )

- t E t t

™ Frge a1, 3,600, 501,051,940, o1 0

271

t

+ t t t
* ( i+1,j,k-1)

Ci,5,ke1*Ci01,5,k017C4, 5, k1~

- t t t t
(

e AR T e

+ t t t 5
Oxgx, Cie1,3, k010501, 5,67C501, 5, ke1C5-1, 5,10

G- t t t t

xle(ci+l,j,k+ci+1,j,k-l'ci-l,j,k'ci-l,j,k-l)

+ t t t t
" P L5 ko170 501 ko1 7G5 ko170, o1 k)

- t t t t
Phexe 1, 5-1,0001°0 3,000 7CL 541, k1751 5, ke 1)

+ & t t

x5%, 1,301,k 1% 08 501 k70501 ke

t

Ci,5-1,K

= t E T t

" P, €4 5e1, 0%, 501,k-1701, 501,676, 501, ko)

372
(D-20)
The analogous explicit finite difference equation

for the two-dimensional dispersion equation may be

obtained by allowing no flow to take place across
grids in the xz-direction, i.e., (aC/ax2)=0 . The

flow in the x1~ and xs-directions will be for a unit
width of the model (ax2=1)
the two-dimensional form of Eq. D-20 is:

Under these conditions,



t t =
t+l_t o+ t oty - t ok e ST et A% . 0
1K i,k*Exlxl(Ciu,k Ci,k] Exl"l[ci"‘ Ci_l,k) XX, itl kel iel ko Vi-1 kel i-1,k
- t t t t
+ t t 4 w- t ot =B w0 596 -C. o -C. )
+ Exsxstci,k"‘l-ci,k) Exsxstci’k Ci,k-l) XSKI i+l,k 1+1,k-l l-l,k 1-1,}(-1
+ t t t t (D-21)
+ G (C: +C; -C: € )
1,k k-1 1,k-1
13 Lkt “p Ll L PR The coefficients in Eq. D-21 are calculated using the
definitions given in Eq. D-19 with axzzl s
£ t t t
= lexs(ci-l,k+1+ci,k+l_ci,k-1-ci-1,k-1)
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APPENDIX E

STABILITY ANALYSIS FOR DISPERSION EQUATION

E.1 Method of Determining Stability. The expli-
cit finite difference form of the dispersion equation
(Eq. D-20) has a stability criterion attached to its
use. To examine the stability of this equation, the
linear form of Eq. D-20 with constant coefficients
will be used, i.e.:

t+l t
12k Tk

wb? 4t
e i k™ S L E
(ﬂx } 3 E » E E] »
1
wp?
T t t t
PRI E AR S R R S Y
2
wh} At
33 t t t
- KR T AL AT Rl E
3
+”[D12 D31)% «t it it
asxgax,  Cien,ien,kCio1,5-1,k7 000,501,k
ot i w(Dy5+D5,) At «t st
i-1,j+1,k 4ﬂxlax3 i+l,j,k+1 "i-1,7,k-1
ot i i w3303
i+1,j,k-1 "i-1,j,k+1 4ax2ﬁx3 i,j+1,k+1
t t t
65 o Bod 98 Gur Be1 T G 0 (E-1)

The method used for the stability analysis is
that of a Fourier series developed by von Neumann and
discussed by O'Brien et al. (1951) and Smith (1960,
p. 102). This technique expresses an initial line of
errors in terms of a finite Fourier series, and con-
siders the growth of a function that reduces to this
series for t=0 by a 'variables separable' method.

The errors at the nodes of the grid system for t=0,
0<x <Nax1 i 0<xziﬁax2 5 f?d Uggsiyaxs_ are
denoted by EP q, 7 where P=1,2,...N; Q=1,2,...M ;
R=1,2,...L ; N = the number of grids in the X)-

direction; M = the number of grids in the x,-

2
direction; and L = the number of grids in the

xs-direction.
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The MNL equations,

MNL _ _ _
= nzl An exp[1(wnPax1+;nQﬂx2+TnRax3)l

BQR (E-2)

are sufficient to determine the MNL unknowns A

1)
AE""’AMNL uniquely, thus demonstrating that an

arbitrary distribution of initial errors can be

" expressed in the complex exponential form. In

nm nn nm

BB Yy Nax; o’ n T Mix, ’ 'n = Lixg
and i = v¥-1 . Equation E-1 is a linear finite dif-

ference equation and separate solutions are additive.

Thus, only an analysis of the error propagation in
a single term of the series is necessary. This makes
An a constant and can be neglected. As t increases,

a solution of the finite difference equation is
wanted such that it reduces to exp[1(¢th +cQﬂx +

TRﬁI3J] when t=5At=0 . Thus, it is assumed that

§ )
ﬁ oE = efol(wxl +Tx, + yxsj + at]

= exp[i(wﬁhxl + cﬁhxz + Yﬁhxsj]gs g (E-3)

where £ = exp(Ait) , and A

is a complex_constant.
Note that Eq. E-3 reduces to

exp[i[wpaxl+cqax2+vkax3]]

when S=0_, which is the desired result. Also, the
error, EE = = , will not increase as t increases
P,Q,R
provided
le] <1 (E-4)

E.2 Stability Function for Three-Dimensional

Dispersion Equation. Since the error Ex satis-

g
P,Q,R

fies the same finite difference equation as Ci ik
3 2

then Eq. E-1 may be written in terms of EF-Q =
3

For example,
look like

the first few terms of Eq. E-1 would




i

Substituting Eq. E-3 for the values of E

Eq. E-5 may be written as 2R

exp[i[wﬁhxl + ;ﬁhxz + Yﬁhxz)las+l
= exp[i(wﬁhxl + ;ﬁhxz + Yﬁhx3j]£s

*
lelﬂt

(ex,)

expld (4 (P+1) bx + cQbx y#yRX ) ] €°

+ expli (¥(P-1) x +5Qbx 1YRox ) 1€

2 exp[i(¢§hx1+cﬁhx2+yﬁhx3)]£s s (E-6)

Equation E-6 contains only the first three terms and
similar terms are implied for the other five terms
of the equation. Note that Eq. E-6 shows a pattern

of each term containing the factor exp[i(wﬁhxl +
tQax, + YRAX;)]E
in its complete form and divided thru by exp[ifwPﬁxl
+;§hx2+yﬁhxs]]£s , the following result would be
obtained:

Thus, if Eq. E-6 were expanded

*
lelAt

(8x))

g=1+

{exp(i¢&x1)+exp{-i¢ax1]-2}

wDEzﬂt
= {exp(i;ﬂxzj+exp(-ignx2)-2}
(Ax

2)
wh¥_At
2

{exp{iyaxs)+exp[-iyax3)-2}
(6x3)

w(DIz+D;1)ﬂt

+ ———EEEIEE;—— {exp[i[mﬂx1+;ax2)]+exp[i(_waxl_cﬂxz)]

- exp{i(¢axl—gax2)}-exp[i(-wax1+qAx2)]}

w(D]g+D3;) 8t
t Taaw ek {exp[i (whx, +y2xy) ] +exp[i(-¥ax, ~yAx)]

- exp[i(vax,-yax )] - exp[i(-ybx +yixz) ]}

w(D)5+D3))
t Tanax, {exp[i (gbx,y+ybx;) ] +expli(-5ax,-yAx,)]

" exp[i(;&xz-wﬁxs)] - exp[i(-cﬂx2+Y&x3)]} . (E-7)
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Noting that exp(if)=cos6+i siné,

iZ=-1

exp(-i8)=cosd -
i sing, and » Eq. E-7 becomes

ZmDilat
S [cos (U.lﬂ.xl) -1]+

(ax,)

ZmDEZAt

(ax,)

E=1+ [cos(caxzj-l]

* *
w(Dy,D;,)at

[cos(yax,)-1] -
3 5xlax2

w(D] ;+D3,) 8t
sin(waxl)sin(;&xzj]- ——EEEEEE-——— [sin(waxl)sin(yaxs)]

JAt

w(D¥ +D%
23 . .
32 [51n(cax2)51n(ynx3)]

&xzaxs

(E-8)

From trigonometric identities, cos 20-1 = - 2 sin?
and sin 26 = 2 siné cosé@ Thus, by letting

bax rAx yAX

1 _ 2 o 3

asmi— , b= — and d = T

, Eq. E-8

may be written as

4uwD% At
sinZa - sin?b
(&x

*
— 4lelﬁt

2}

*

21)&t

4u(D],+D
)2 T (sin acosa sinb cos b
3

1772

4w(D13+D;1)at

- W (sin a cos a sin d cos d)

4w(D§S+D;2]&t

axzax3

(sin b cos b sin d cos d) (E-9)

Thus, upon substituting Eq. E-9 into Eq. E-4, the
stability of Eq. E-1 is assured if

0 < F(a,b,d) <% , (E-10)

where



a7 At ) tzzﬂt
F(a Budi™ = sin‘a + —=—— s5in%

P o v e

(2x)) (2x,)
uD At w(D12+D51)ﬂt
2s.in?-d P — (sin acos asinbcosh) +
(4x.) 102
3

. x *
w(Dy5*D5y)at ‘
* ———7-—— (sin a cos a sin d cos d) +

AX

Tt

* +U*
23 732
ﬂxzéxs

w(D Jat

(sin b cos b sin d cos d) (E-11)

F{a b,d) shall be referred to as the stability
function, and must satisfy Eq. E-10 for all values

of a, b, and d . To investigate the range of

F(a,b,d) , an absolute maximum and minimum value of

F must be obtained. A necessary condition
(a,b,d)

for a relative maximum or minimum to exist at a point
is for the first partial derivatives of F to be
zero when evaluated at the point (Taylor, 1955,

p. 154). Taking the derivatives of Eq. E-11 and
setting them equal to zero gives
Jp  2uD% st u(Diz+D§1}ﬁt
T sin a cos a + B [
(axl)z et
w(D? +D% )at
2 2o A 13 31
sin b cos b(cos“a-sinca)] + T [
I3
sin d cos d(cos?a-sin?a)] = 0 , (E-12)
o 2uD), At w(D],+D3,)At
a—— __-_"SianOSb“_&J-(T
(8x,)" T
, m[D;3+n;2}at
. 2 5
sin a cos a(cos®b-sin¢b)] + Bxix
sin d cos d(cos?b-sin?b)] = 0 , (E-13)
and
SF ZwD;3ﬂt w(D;3+D;1J&t
_{—d=-——sindcosd+————&xﬂx [
T axg)? 1%%3
*
w(D,,+D% . )at
sin a cos a(cos?d-sin?d)] + 23 32
AX,AX
273
sin b cos b(cos?d-sin?d)] = 0 (E-14)

55

By inspection, Egs. E-12, E-13, and E-14 are satis-

fied when
sin a =sinb =3sind =0 |,
sin a = cos b = sind = 0 ,
sin a = sinb =cosd =10 |,
sina=cosb=cosd=10 |,
cos a =sinb=sind =10 |,
cos a = sinb=cosd=0 |,
cos a=cos b =sind =0 ,
cos a = cos b =cosd =20 {E-15)

There are other solutions to Egs. E-12, E-13,
and E-14 which shall be discussed later. At the
present time, an investigation of the points given
by Eq. E-15 for an absolute maximum and minimum
shall be undertaken. Substituting Eqs. E-15 into
Eq. E-11 gives

F(sin a = sinb =sind =0) = 0 ,
uDEq&t
F(sin a = cos b = sin d =0) = = A
(ax,5)
uFD:-..'\.t
F(sin a = sin b = cos d =0) = 22 =
(ax)”
wD% At u.'D: At
F(sin a = cos b = cos d =0) = = + -Jlé—;
(2x)°  (4xg)
uD;l&t
F(cos a = sin b = sin d =0) = ———
(ax})?
wDIlﬂt w34t
F(cos a = cos b = sin d =0) = SR -iw~§
(8x;) (8x,)
WD At DX At wDY_at
F(cos a = cos b = cos d =0) = ik B 22 =+ ~ 5
[&xlj' [&xz) (ﬂx3)
mDII&t mDZSét
F(cos a = cos b =cos d = 0) — = + —2 5 (E-16)
b ]
(£x)< (Lx5)
If the coefficients uw, DIl, DZZ, D;S and At
are positive, then from Eq. E-16 F(a,b,d) has a
minimum value of zero at sin a = sin b = sind = 0
* 4 Lk *
and a maximum value of unllﬂt + wDZZAt + uDssét at
' WXQQ (ax,)2 QXQQ
the points where cos a = cos b = cos d = 0



To investigate the sufficiency conditions for a
local maximum and minimum, Eq. E-11 is expanded in a
Taylor's series about the point of interest, i.e.,

F(a,b,d)=F@,5,8) + [(a-@)55 + (-D)35
- 9 1
+ (d-d}ﬁ]F(a,b,dJlg,E‘j * 5T [

2
G o i B -
(a-2)5% + (D) + (d-d],f—d] Flab,d) |35 7+

+ higher order terms, (E-17)

where a, b and d are the values of the variables

a, b and d at the point of interest. By hypothesis,
the points at a maximum or minimum value of F(a,b,d)
have

o 3 n
& =E - _-o (E-18)
a,b,d a,b,d a,b,d
Hence, Eq. E-17 may be written as
——= _ 1 —,32F
F(a,b,d) - F@,0,d) = 7 (a2 —|___
3a“‘'a,b,d
g —. 32
A I R I
ab“la,b,d 3d“'a,b,d
— . AP
+ (a-a) (b-b) T
aaabia,b,d
i PR =
+ (a-a)(d-d) s—==3_ _ _
daad 25,2
— — 32
+ (b-b) (d-d) Ea‘d’}-—ﬁ—
a,b,d + higher order terms.
(E-19)
In the neighborhood of the point (a,b,d) , the

principal part of the right hand side of Eq. E-19 is
composed of second order terms, which may be written
in a quadratic matrix form (Wylie, 1966, Chapter 11)
as
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F(a,b,d) - F(a,b,d) =% * || (a-a) (b-D) (d-d) |

.

3%F 32F ‘ 3%F } &5
it i b s -d
sl 5.7 ey g 3 @AM g
32F 32F 32F —
= == N IRCE)
aaabla,b,d 3b la,b,d bhadls g
32F 32F 3%F ~
e = = T (d-3)
23|17 5,3 abad‘a,h,d 2d213,5,3
(E-20)

Eq. E-20 is of the general matrix form [Y]=[XT][A][X],
where [A] 1is a symmetric matrix and [X] is a
column vector. In this notation, [A] is the matrix
of the quadratic form and is positive-or negative-
definite, semidefinite, or indefinite according to

the nature of [Y] .

By the definition of positive-or negative-
definite and maximum or minimum values, the following
results may he deduced [Wylie (1966, Chapter 11)].

If F(a,b,d)-F(a,b,d) is negative for all sufficiently
(a-a) , (b-b) , and” (d-d) which
are not all zero, then F(a,b,d)-F(a,b,d) is negative-

small values of
definite and the point (a,b,d) is a local maximum.
If F(a,b,d)-F(a,b,d) is positive for all sufficiently
small values of (a-az) , (b-b) , and (d-d) which
are not all zero, then F(a,b,d)-F(a,b,d) is positive
(a,b,d)

definite and the point is a local minimum.

The point (a,b,d) is neither a maximum nor a minimum

if F(a,b,d)-F(a,b,d) is sometimes positive and some-
times negative in the neighborhood of the point

(2,b,d)
is indefinite.

, and this is the case if the quadratic form
If the quadratic form is semidefinite,
then no decision about the nature of the point (z,b,d)
may be deduced and a consideration of the higher

order terms of the Taylor's series would be necessary.

From Wylie (1966, p. 468), a necessary and
sufficient condition that the real quadratic form,

[XT] [A] [X] , be positive-definite (or negative-
definite) is that the quantities

a a

11 12
det1allt , det b

21 %22 a

(E-21)



all be positive (or for negative-definite to alternate
in sign, with det Flﬂ negative), where ajps a1

., & are the elements of matrix [al Applying
the above discussion and Eq. E-21 to Eq. E-20, the
following conclusions may be obtained:

If
2
: 2‘_._ s0 (E-22)
3a 'a,b,d
2F 52 2g)2
: 2 3_5 - (aisg] e E 0 29
sa” ab a,b,d
and
3%F 3%F 3°F 22F 3%F 3%F
aaZ b2 adZ dadb sbad 3azd
i (a2F )2 B2F (33F ]2 32F
saad abz sbad 332
2p \2 52
N &0
3d”||a,b,d
then Eq. E-20 is positive-definite and the point
(a,b,d) 1is a relative minimum. If Eq. E-22 is nega-
tive, Eq. E-23 is positive, and Eq. E-24 is negative,
then Eq. E-20 is negative-definite and the point
(a,b,d) 1is a relative maximum.

Taking the second partial derivatives of Eq. E-11
gives

2mDIlﬁt
S (cos?a - sin®a )

(8x;)

a2F
aa2

4u(D*_+D. )at
12 721 . .
B sin b cos b sin a cos a
xlﬂxz

31
ax, 8X 4

4m(013+n* Jat

sin d cos d sin a cos a , (E-25a)

55 Zszzﬂt
ab? (ﬁxzjz

(cos?b - sin?b)

4m(D12+D;1)ﬂt

&Xlﬁxz

sin a cos a sin b cos b

— *
4w{023+032)£t

SXZ

sin d cos d sin b cos b , (E-25b)

LX .
2

57

*
QZF ) Zmnssét
ad [axsj
* *
) 4u (D} 4+D3,) 0t
ﬂxlﬁxs
4u(DX_+D%_)at
_ g Eas
ﬂxzaxs
* *
atp . 050508t
3adb axlaxz
I e TOk
asd B 8%,
e ]
s2p  L(Dyg*DY)ot
abad axzﬁxs

(cos2d - sin2d)

sin a cos a sin d cos d

sin b cos b sin d cos d , (E-25¢)
(cos?b - sin?b) (cos?a - sin?a)
(E-25d)
(cos?d - sin?d)(cos?a - sinZa)
(E-25€)
(cos2d - sin2d) (cos?b - sinZb)
(E-25f)

From Eq. E-16, a candidate for a minimum value of F

is the point where sin a

sinb=sind=20 .

Using this point to evaluate Eqs. E-25 gives:

2 2uD’ . At
= -3, (E-263)
3a” |sin a=sin b=sin d=0 (ﬂxl}
2uD¥ . At
2
E—% % 222 , (E-26b)
ob” |sin a=sin b=sin d=0 (axz)
*
2 2uD, At
% i i?_ s (E-26¢)
3d” |sin a=sin b=sin d=0 (ﬂxs}
* *
32F R 35
933D | in as=sin b=sin d=0  2%18%;
* *
32F B L
dacd 3 AX, AX 2 (E-26e)
sin a=sin b=sin d=0 1773
v * *
22F _ D2 tD ghlt (BeE]
9%d|.in awsin b=sin d=0 Mgty




Using Eqs. E-22, E-23, E-24, and E-26, the points
where sin a = sinb = sind = 0 will be a minimum
if the following conditions hold:

2uwD? At
—a =~ >0, (E-27a)
(&x,)
2n*  p* 2 2,42
4u2D ;D3 at?  w2(Dy,+D, )20t Eo27o)
2 2 ) 2 ¥
(8xy) (ﬁxz) (ax,) (AXZJ
and

8uw? D11D22D33At

2
(8x)) 2 (8x,)* (8x5)

3
20 (Dlz D3;) (D7 5+ 31)(923*D"2)“t

(ax,)? (8x) % (ax) 2

23 In* (n* +0* 2a+3
203D* 2(0 313 atd  20%07, (D344D5,) 24t
ks 2- 2 2 2
(ax )2 (ax) * (ax )2 (8x) (8x,) % (8xg)
263035 (D] a3
. 3 12051 . i )
(axl) {ﬁxz} (axs]
Noting that At , axl ¥ ax2 . Axs , and w are all
positive, then Eq. E-27 reduces to
*
D}, >0 , (E-28a)
* * o -
4p},D>, > {Dlz 21] , (E-28b)
*
4D] 05,055 + (D]+D5)) (D] 5+D5,) (D55+D%,)
* * * \2 % % * 42
52(075#D% ) 2-D]; (D 5#D37) 2-D3(D]+D5 )% > 0 .
(E-28¢c)

The third inequality of Eq. E-28 may be written as

11055055 (055#D3,) ] + D5, [D];034-(075+D3 ) %]
* * 2
+ D35[D]30%, - (01,%05)%]

+ [D])D5,055 + (0],+D5)) (D] 5+D3)) (D35+D3,)] > 0

(E-29)

The first two inequalities of Eq. E-28 are a subset
of those required by the third inequality, i.e.,
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- . *
By & Doy s D5 >0 (E-30a)
* * w* * 2 _
D22 D33 > (D3 + D3)* (E-300)
+* * * * 2 »
D11 B3z > (By3 * D5)° (E<ig]
* * * * 2 »
D1y D3y > By, *+ D3° (B=30d]
DY.DE.DE. > (0] +D ) (0} 5#D% ) (D) ) (E-30e)
11°22"33 15'031) (035%D3, g
From Eq. E-16, the candidate for the maximum
value of F was the points where cos a = cos b =

cos d = 0 ., Evaluating Eqs. E-25 at these points
g LBq P
gives:
2 -2wDY At
L -1 (E-31a)
3a”|cos a=cos b=cos d=0 (axl)
325 -2u052at
= = —, (E-31b)
3b” cos a=cos b=cos d=0 [axz)
-2uD} . At
2
L - —332 , (E-31c)
3d” |cos a=cos b=cos d=0 (axs)
* *
d2F ~u(Dy, 0, At
3adb = AX, AX ’ (B-51d)
cos a=cos b=cos d=0 1772
*
32F -0 (D] 4+D3;)at .
3a5d X, X : (eodide)
cos a=cos b=cos d=0 173
* *
92F _ 14Pp5D5p)ee (E-31£)
3bad cos a=cos b=cos d=0 f:")CZﬁ"CS

Comparing Eqs. E-26 and E-31, it is seen that all
elements of Eq. E-31 are just the negative value of
the elements in Eq. E-26. Since the inequalities of
Eq. E-30 will assure that the elements of Eq. E-26
form a positive-definite matrix, then Eq. E-30 will
also assure that the elements of Eq. E-31 form a
negative-definite matrix. Thus, when the inequalities
of Eq. E-30 are satisfied, the points sin a = sin b =
sind =0 and cos a=cosb=cosd= are assured
to be minimum and maximum values respectively of
F(a,b,d)

Although not shown here, each of the remaining
six points of Eq. E-15 results in an indefinite



quadratic matrix when the inequalities of Eq. E-30
are used. Thus, each of these points are saddle
points of F(a,b,d) , and are not relative extremes
of the function.

There still remains the possibility of solutions
to Eqs. E-12, E-13, and E-14 besides those given by

Eq. E-15. Using the trigonometric identity sin 20 =
2 sin 6 cos 8 , and solving Eq. E-12 for sin 2a
gives
(DY +D2.) &x
sin 2a = - -li—;gl— T‘l sin Zb cos 2a
2D x_.x.-)
11 2
(0¥ +DX)  &x
S dme S, o Swby SR . UBSD)
2D LX,
11 3
In a similar manner, Eq. E-14 is solved for sin 2d ,
Yovens;
(D% +D% AX
. - 13 "351 .
sin 2d = - Sh % sin 2a cos 2d
33 1
(Dx_+D* )  &x,
BB 320 3. gin Shices 24 (E-33)
2D% AX
33 2

Substituting Eq. E-33 into Eq. E-32 gives

1 sin 2b cos 2a

. [(D* +D% 7
_(n* * ]
4DEID§3 LD13+D31Jcos 2a cos 2d 15751

Ax

sin 2a =
&xz[

{D§3+D§23 cos 2d - 2D§3[DE2+D§1]] (E-34)

Substituting Eq. E-32 into Eq. E-33 gives

x4 sin 2b cos 2d
sin 2d = T T T P [(D%+D%.)
axz[-mllDS3 £013+D31J cos Za cos 2d- - 13 731

(D% +D*1] cos 2a - 2D11(D§3+D§2)] (E-35)

12:=-2

Now then, a substitution of Eqs. E-34 and E-35 into
Eq. E-13 gives

4D% .D%_D*

11°22°33 cos 2a cos 2d

_n* (0D* +D* 12
D32 (P15*0%;

- D%S(DE2+D§l)“ ?OS 2a cos 2b

Y * % 32
Dil(D +D 2) cos 2d cos

35'03 2+ 07,703 045703

(D34+D%,) cos 2d cos 2a cos 2b =0 (E-36)
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Although Eq. E-36 is not in an explicit form yet, it
is easily observed that Eq. E-36 is almost of the
same form as the third inequality of Eq. E-28. In
fact since |cos8| < 1 , there is no way in which
Eq. E-36 may be satisfied if Eqs. E-28 (or Egs. E-30)
hold.

From this analysis it may be concluded that if
Eqs E-30 are valid, then F(a,b,d) has only one

minimum value located at the points sin a = sinb =
sind =0 , and from Eq. E-16,

Absolute Min. F(a,b,d) =0 (E-37)
Also, F(a,b,d) has only one maximum value located
at the points cos a = cos b = cos d = 0 , and from
Eq. E-16:

wD* At wDX_ At wD®_ At
Absolute Max. F(a,b,d) = —r— + —22— + 32
[ﬂxl) (2x,) (ax3]
(E-38)
Combining Eqs. E-37, E-38, and E-10 results in:
wD* At wD2 At wD¥*_At
0 < F(a,b,d) < 11 _ 22 i 33 = 2 %
(2xy) (8x,) (Axs]
(E-39)

In summary, stability of Eq. E-1 is assured for any

a, b, and d 1if:
Df; 5 D35 3 D35> 0 (5-108)
2 (E -
D}y D3z > (035*05)° - Lh=at
Di; D3, > (P32 (E-40c)
D335 > @35+ D37 (E-40d)
D}1P3,0%5 > (0f3*D5)) (D3,+D3,) (D34+0%,) »  (E-40¢)
WDf ot uDit wDiit i
(ax }2 (&x }2 (ax )2 =
1 2 3

E.3 Stability Function for Two-Dimensional
Dispersion Equation. The linear, constant coeffi-
cient, explicit difference form of the two-dimensional
dispersion equation has the following form:




wD*_ At

t+l _ .t 11 t t .t
Gx=8a* 7 CunaC e
(ax))
ffiéfi «ct +ct =2c% 3
(ax3)2 i,k+#1 7i,k-1 "7i,k

* *
. {013+031) t

X1 %3

t t t g
(Ci0p,101*Ci-1,k-17Caa1,k-1"Cs-1,ks0)

(E-41)

Designating the error in the two-dimensional space

S-
P,R
similar to that of Eq. E-3 gives

region as, , and approximating it in a manner

S R = s
Eﬁ;ﬁ" exp[1(¢Paxl + YRAXSJ]E (E-42)

In a manner analogous to that used in developing

Eqs. E-5, E-6, E-7, E-8, and E-S, the amplification
factor is given by

4uD* At 4uD* AT
E=1- —]‘-1--2-sin2a = ——::’-Zl—zsinzd
(ax)) (8x5)
4u(D*_+D* JAt
- %—— (sin a cos a sin d cos d) .
3

(E-43)

Substituting Eq. E-43 into Eq. E-4, the stability
of Eq. E-41 is assured if

0 < F(a,d) f.,'%’ s (E-44)
where
wD* At wD*_ At
F(a,d) = 11 in%a + —33 = sin2d
(ax,) (ax;)
w(D* _+D*_JAt
Sadd ok (sin a cos a sin d cos d)
X AX,

(E-45)

The necessary condition for a maximum or minimum value
of F(a,d) is for the first partial derivatives of
F to vanish at the point of local extreme, i.e.,

sin a cos a

w(D* +D* )At "

i: 2 sin d cos d(cos?a-sin?a) = 0 ,
13
(E-46)
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= ————sin d cos d

w(D}5+D3) &t

ﬂxlaxs

sin a cos a(cos?d-sin?d) = 0 .
(E-47)

By inspection, Eqs. E-46 and E-47 are satisfied when

sina=sind=0 , (E-48a)
sina=cosd=0 , (E-48b)
cos a=sind=0 , (E-48c)
cosa=cosd=0 . (E-484d)

Disregarding other possible solutions of Egs.
E-46 and E-47 at the present time, the values of

F(a,d) at the points suggested by Eq. E-48 become
F(sina=sind=0) =0 , (E-49a)
mD‘gsﬁt
F(sin a = cos d = 0) = 5 (E-49b)
(8x4)
wDIlAt
F(cos a = sind = 0) = 5 (E-49c)
(2x1)
wﬂilﬂt mD‘%Sﬂt
F(cos a=cos d = 0) = _—* 3 (E-49d)
Ax,) (ax.)
(A%, 3
If the coefficients w , D‘il R Dgs , and At

are positive, then F(a,d) has a minimum value of

zero at (sin a = sin d = 0) and a maximum value
mD'l‘lAt ngsﬁt

of —t—— at the points where cos a =
(axl) (axsj

cos d =0 .

A two variable analysis of the sufficiency
conditions, analogous to Egs. E-17, E-18, E-19, and
E-20, leads to the following quadratic form:

Fa,d) - FE@D = 5+ || @D @D | -

ﬁg- g=F (a-a)
Ja E,E aaadl;,a—
‘ ‘ (E-50)
32F 32F -
. _ (b-b)
dand a,d L a,d




From Eq. E-21, it is concluded that if Dh 3 D‘gs >0 (E-54a)
2
5 oso0 (E-51) anit
SR * D% * * 2 .
202 3 073035 > @105,0° (E-54b)
and
2 2 2 - = =
3 g 3 1: 3 gd o, (E-52) when (cos a = cos d = 0), then
da d vd _Z
& *
a, a_zf- _ anllﬁt
] = Tn timn
32" |sin a = sind = 0 (.ﬂxl)‘
then Eq. E-50 is positive-definite and the point
(a,d) is a relative minimum, If Eg. E-51 is nega- 2uD*_ At
tive and Eq. E-52 is positive, then Eq. E-50 is 32F . s q
negative-definite and the point (a,d) is a relative ﬁdz sin a = sin d = 0 - (s )2 g el
maximum, ¢ =8 h x3
Taking the second partial derivative of F(a,d) i
gives 3°F - -w(013+D 31Jﬂt
2uD* . At aaqd sina = sind =20 Ml“S
52F 11 2 s
Tl (cos“a - sin<a)
[‘Mlj From Egs. E-51 and E-52, the points (cos a = cos d =
0) are a relative maximum if the inequalities of
4m[D’iS+D§1)at Eq. E-54 hold. Thus, when the inequalities of Eq.
e sin d cos d sin a cos a , (E-53a) E-54 are satisfied, the points (sin a = sin d = 0)
X, AX W
1773 and (cos a = cos d = 0) are assured to be a minimum
values respectively of F(a,d) .
) 2uD* At The remaining two points of Eq. E-48, (sin a =
32F 33 2 . o cos d =0) and (cos a = sind = 0) , result in an
— = —>— (cos*d - sin=d) ; e ; S : i
b2 (8x )2 indefinite quadratic matrix when the inequalities of
e 3 Eq. E-54 are used. Therefore, each of these two
points are saddle points of F(a,d) .
4uw(D* _+D%_)At s g
13 "31 . : X . The possibility of other solutions to Egs. E-46
.ﬁxlaxs sima costa sind sosid 5 (E=33b} and E-47 still exists. Solving the two equations
simultanecusly gives
and % *
b (074050 g .
W S1n & €o0s a = —5———— sin d cos d(cos“a-sin<a),
2 w(D*_+D* Jat Ax_Bx
L L (cos?d - sinZ?d) (cosZa - sinZa) . (423 FEe
sasd Ax x5 (E-55a)
(E-53c)
and
When (sin a = sind = 0) , then 2D* (013+D§1] _
S ~sin d cos d = ——=—2"5sin a cos a (cos?d-sinZd).
2 2F “lel&t (8x ]4 Axlé\,xs
= 5 m—— 3 (E-55b)
3a” |sin a=sin d=0 axl]
. 2uD* At Multiplying Eq. E-55a by E-55b gives
a“F = 33
2d?|sin a=sin d=0 (ax )%
= = AX., - - 2 “ A
3 413;1 33 = (Disﬂ)sl) cos 2a cos 2b (E-56)
52F _ w(D15*D3;) et where the trigonometric identity cos28-sin?e=cos2s
zasd - ﬂxlﬂx3 ! has been used. If Eq. E-54 holds, then there is no
- way for Eq. E-56 to be valid because |cos 2a cos 2b|
<1 . Therefore, all the points of relative extreme
are included in Eq. E-48.
From Eqs. E-51 and E-52, the points (sin a = sin d =
0) are a relative minimum if From this analysis, F(a,d) has only one minimum
value located at the point (sin a = sin d = 0}, and the
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Absolute Min. F(a,d) = 0 (E-57)

Also, F(a,d) has only one maximum value located at
the point (cos a = cos d = 0), and the

* &
lelAt . stsat

Absolute Max. F(a,d) = - = (E-58)
(2x) (ax2)
Combining Eqs. E-57, E-58, and E-44 results in:
wD*_ At wD%_ A&t
0<Faa) « —2o+ B <2 (E-59)
(8x,) (ax;)
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In summary, the stability of Eq. E-41 is assured for

any (a,d) if
Bty 5 U5 >0 5 (E-60a)
..

* & -
4Dy P35 > (D33 + D3 (E-60b]
WD* At wD% At

it S+ 33 - < % ; (E-60c)
(8x,) (£x4)



APPENDIX F

FLOW CHART OF PROGRAM

Start

r

|Read Data[

Call INICON to initialize the
coordinates and concentration of
each moving point

Call READIN to read in physical
data for problem such as permeability,
porosity, viscosity, initial pressures,

and boundary pressures.

}

Call INIPRT to print out all
of the initial information

Call STORAG to compute initial
mass storage of each
miscible fluid in system

Calculate the number of
time steps to be used

Call IOWAIT to test if operation
on scratch tape is completed

Call BACKF to backspace scratch tape

y

Call MATSOL to set up matrix for the flow equation
and then solve the matrix by Gauss elimination for
pressure at the new time level




yes

PCNT equa
FWTOP,

Print out

Pressures
]

No

I

Call RDTAPE to read coordinates and
concentration of moving points from scratch tape

1

Call VELOCY to calculate velocities at each grid
interface, the longitudinal and lateral dispersion
coefficients, and the components

of the dispersion tensor

Test for completion of tape reading
operation and backspace tape

Call MOVPT to determine the velocity of each point and move the
point to a new location. Points moving out of system are
located and re-entered at an appropriate inflow boundary.

The average concentration of each grid
is determined from the points located in each grid.

Call DISP to calculate the change
in concentration due to dispersion.
The average grid concentration and each
moving noint are corrected for this dispersion

Call WRTAPE to write coordinates and concentration
of moving points on scratch tape.

Correct porosity, viscosity, and density
for changes in pressure and concentration

|
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yes

Print out

Velocities, Components

No of Dispersion Tensor,

and average grid
concentration

J

Y

Calculate a mass balance
of each miscible fluid

Has Total
Number of
time steps
been exceeded?

@No

Ehd
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APPENDEX G
FORTRAN IV COMPUTER PROGRAM
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APPENDIX H

LIST OF SYMBOLS USED IN THIS STUDY

Fourier coefficients

Square coefficient matrix
pax

2

1

Coefficient in stability analysis equal to

Width of injected tracer along input boundary
TAX

2

Coefficient in stability analysis equal to —2

Mass concentration of tracer

Reference concentration

Maximum concentration

Formation compressibility factor

Mass concentration of tracer in produced fluid
Concentration of tracer in fluid element

Deviation of concentration at a point from cross-
sectional average

Dispersion coefficient

Total dispersion coefficient
Effective diffusion coefficient

Molecular diffusion coefficient

Dispersion coefficient, a second rank tensor
Longitudinal dispersion coefficient

Transverse (or lateral) dispersion coefficient

Pore size parameter
yAX

2

3

Coefficient in stability analysis equal to

Aquifer thickness

Error at node of grid (P,Q,R) at time level 3Sat

Coefficients for finite difference scheme and defined

by Eqs. D-19

Error between numerical and analytical solutions

Coefficients for finite difference scheme and defined

by Eqs. D-19

Even function of Peclet number
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i,i.k

i]

*® J* T*
Jl’JZ’JS

Jl,JZ,J3

Definition

Even function of Reynolds number

Coefficients for finite difference scheme and defined

by Eqs. D-19

Gravitational acceleration

Coefficients for finite difference scheme and defined

by Eqs. D-19

Piezometric head

Elevation above datum

Subscript used to denote row and columns of finite
difference grid

Subscript used

to denote tensor where

15243

Tracer mass flux components averaged over cross section

of volume element (relative to pore area)

Diffusive mass flux components in fluid element

Hydraulic conductivity

Relative permeability to fluid

Permeability in xi-direction

Number of grids in x3-direction

Length of sea-water wedge

Length in X17s X5m, and xs-directions

Total mass flow rate

Number of grids in xz-direction

Mass of volume
Mass flow rate
Mass flow rate

Tracer mass in

element

of source or sink

of tracer

volume element

Tracer mass flow rate of source or sink

Number of rows

Coefficients calculated for the finite difference

in matrix

scheme and defined in Eqs. C-7

Number of grids in xl—direction

Number of columns in matrix

Fluid pressure

Reference pressure

Column vector

Rate of fluid production

Fresh-water flow rate per unit width of ocean front
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Symbol

-1

B

' ' '
dxl,ﬁxz,ﬂxs

ﬁxl,sz,ﬂxs
ﬁAl,ﬂAz,ﬁAs

Definition
Volume flux
Reynolds number
Radius
Column vector
Saturation of fluid
Temperature
Tortuosity
Tortuosity factor, a second rank tensor

Tortuosity on microscopic scale, a second rank tensor

Deviation of tortuosity at a point from cross-sectional

average

Time

New time level

Previous time level

Time level between t and t+1

Seepage velocity components (flow per unit pore area)
Seepage velocity of production fluid

Magnitude of velocity vector

Velocity of fluid element

Velocity of tracer in fluid element

Deviation of velocity at a point from cross-sectional
average

Velocity components of 2th moving point
Cartesian coordinates

Rotated cartesian coordinates
Coordinatps of 4th moving point

Thickness of fresh-water flow

Factor relating concentration and density
Fluid compressibility

Grid dimensions in rotated coordinates

Dimensions of volume element

Cross-sectional area of volume element perpendicular to

Xps %o, and Xz directions (i.e., ﬂAl = axzax

)
Volume of volume element (AV = 8x, X, X 1)

Coefficient in finite difference equation defined
in Eq. C-7
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Symbol
At

At

Ap

Gij

erf

erfc

Definition
Time increment
Time increment in previous time step
Difference in density,’ GRS
Longitudinal dispersivity
Lateral dispersivity
Coefficient of dispersivity, a fourth rank tensor
Length of tortuous tube
Shortest distance between ends of tortuous tube
Amplification factor in stability analysis
Height of ocean above top of aquifer

Coefficient for finite difference equation defined
in Eq. C-7

Fluid density

Reference density

Fresh water density

Salt water density

Density of produced fluid

Porosity

Reference porosity

Viscosity

Reference viscosity

Kinematic viscosity

Kronecker delta

Factor relating viscosity and concentration
Capillary tube coefficient
Factor defined by o/ (p=aC)
Coefficient equal to nv/Nﬂxl
Coefficient equal to nv/M&xz
Coefficient equal to nw/u\x3
Potential function

Stream function

Error function

Complimentary error function
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