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Chapter 2

Physical Properties and
Dimensional Analysis

Problem 2.1

Determine the mass density, speciÞc weight, dynamic viscosity, and kinematic viscos-
ity of clear water at 20◦C (a) in SI units and (b) in the English system units.
Solution (a) From Table 2.3, we have, in SI units, that

ρ = 998 kg/m3, γ = 9790 N/m3, µ = 10−3 N-s/m2, ν = 10−6 m2/s

(b) The above can be converted in the English system units as

ρ = 998
kg

m3

µ
1 slug

14.59 kg

¶µ
0.3048 m

1 ft

¶3
= 1.94 slug/ft3

γ = 9790
N

m3

µ
1 lb

4.448 N

¶µ
0.3048 m

1 ft

¶3
= 62.3 lb/ft3

µ = 10−3
N-s

m2

µ
1 lb

4.448 N

¶µ
0.3048 m

1 ft

¶2
= 2.1× 10−5 lb-s/ft2

ν = 10−6
m2

s

µ
1 ft

0.3048 m

¶2
= 1.1× 10−5 ft2/s

Problem 2.2

Determine the sediment size, mass density, speciÞc weight, and submerged speciÞc
weight of small quarts cobbles (a) in SI units and (b) in the English system of units.

Solution (a) From Table 2.4, for small cobbles in SI units, we have

ds = 64− 128 mm

1



2 CHAPTER 2. PHYSICAL PROPERTIES AND DIMENSIONAL ANALYSIS

From Page 9, we have

ρs = 2650 kg/m
3, γs = 26.0 kN/m

3, γ0s = γs − γ = 26− 9.81 = 16.19 kN/m3

(b) For the English system units, we have

ds = 2.5− 5 in

ρs = 2650
kg

m3

µ
0.3048 m

1 ft

¶3µ
1 slug

14.59 kg

¶
= 5.14 slug/ft3

γs = 26000
N

m3

µ
1 lb

4.448 N

¶µ
0.3048 m

1 ft

¶3
= 165.5 lb/ft3

γ0s = 16.19
N

m3

µ
1 lb

4.448 N

¶µ
0.3048 m

1 ft

¶3
= 103.1 lb/ft3

Problem 2.3

The volumetric sediment concentration of a sample is Cv = 0.05. Determine the
corresponding porosity p0; void ratio e; speciÞc weight γm; speciÞc mass ρm; dry
speciÞc weight γmd; and dry speciÞc mass ρmd.

Solution

p0 = 1− Cv = 1− 0.05 = 0.95

e =
p0
Cv
=
0.95

0.05
= 19

γm = γ + (γs − γ)Cv = 9810 + (26000− 9810) (0.05) = 10620 N/m3 = 10.6 kN/m3

ρm = ρ+ (ρs − ρ)Cv = 1000 + (2650− 1000)(0.05) = 1082.5 kg/m3

γmd = γsCv = (26000) (0.05) = 1300 N/m
3

ρmd = ρsCv = (2650) (0.05) = 132.5 kg/m
3

Problem 2.4

A 50-g bed-sediment sample is analyzed for particle size distribution.

(a) Plot the sediment size distribution;

(b) determine d16, d35, d50, d65, and d84; and

(c) calculate the gradation coefficient σg and Gr.

Solution (a) Plot the sediment size distribution.
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Size fraction (mm) Weight (mg)

ds ≤ 0.15 900
0.15 < ds ≤ 0.21 2,900
0.21 < ds ≤ 0.30 16,000
0.30 < ds ≤ 0.42 20,100
0.42 < ds ≤ 0.60 8,900

0.60 ≤ ds 1,200

10-1 100
0

0.2

0.4

0.6

0.8

1

Sediment size (mm)

%
 fi

ne
r t

ha
n

Problem 2.4:  The sediment size distribution

d16 d35 d50 d65 d84

(b) From the above plot, we have

d16 = 0.231 mm, d35 = 0.285 mm, d50 = 0.327 mm

d65 = 0.371 mm, d84 = 0.457 mm

(c) Based on the above values, we have

σg =

µ
d84
d16

¶ 1
2

=

µ
0.457

0.231

¶ 1
2

= 1.41

Gr =
1

2

µ
d50
d16

+
d84
d50

¶
=
1

2

µ
0.327

0.231
+
0.457

0.327

¶
= 1.41



4 CHAPTER 2. PHYSICAL PROPERTIES AND DIMENSIONAL ANALYSIS

Problem 2.5

Consider energy losses in a straight open-channel. The energy gradient ∆HL/Xc in
a smooth channel with turbulent ßow depends on the mean ßow velocity V , the ßow
depth h, the gravitational acceleration g, the mass density ρ, and the dynamic viscos-
ity µ. Determine the general form of the energy gradient equation from dimensional
analysis.
Solution Step 1 : According to the problem, we have

∆HL
Xc

= F (V, h, g, ρ, µ) (2.1)

in which

∆HL/Xc [1]
V [L/T]
h [L]
g [L/T2]
ρ [M/L3]
µ [ML−1T−1]

Step 2 : The left-hand side of (2.1) is a dimensionless variable, and we leave it
alone. The right-hand side of equation (2.1) involves 5 variables which relate to three
basic dimensions: T , L, andM . Therefore, we have 5−3 = 2 dimensionless variables.
Let us pick up V , h, and ρ as repeated variables, then we have

V = L/T
h = L
ρ =M/L3

which give that
L = h
T = h/V
M = ρh3

Step 3 : Express g and µ in terms of V , h, and ρ.

Π1 : g =
L

T 2
=

h

(h/V )2
=
V 2

h

or

Π1 =
V 2

gh
or Π1 =

V√
gh
≡ Fr = Froude number (2.2)

Π2 : µ =
M

LT
=

ρh3

h (h/V )
= ρhV

or

Π2 =
ρhV

µ
≡ Re = Reynolds number (2.3)

Step 4 : Using Π1 and Π2 to replace the variables on the right-hand side of (2.1)
gives that

∆HL
Xc

= F (Re, Fr)
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Problem 2.6

Consider a near bed turbulent velocity proÞle. The time-averaged velocity v at a
distance y from the bed depends on the bed-material size ds, the ßow depth h, the
dynamic viscosity µ, the mass density ρ, and the boundary shear stress τ 0. Use the
method of dimensional analysis to obtain a complete set of dimensionless parame-
ters. [Hint : Select h, ρ, and τ0 as repeated variables, and the problem reduces to a
kinematic problem after deÞning the shear velocity u∗ =

p
τ0/ρ and ν = µ/ρ.]

Solution Step 1 : According to the problem, we have

v = F (y, ds, h, µ, ρ, τ0) (2.4)

Step 2 : Choose h, µ, and ρ as repeated variables, then we have 7− 3 = 4 dimen-
sionless variables. For the velocity v, we have

h = L
µ = M

LT

ρ = M
L3

=⇒
L = h

T = ρh2

µ

M = ρh3

Step 3 : Dimensionless variables are

Π1 =
vT

L
=
vρh2

µh
=
ρvh

µ
= Re

Π2 =
y

L
=
y

h

Π3 =
ds
L
=
ds
h

Π4 =
τ0LT

2

M
=
τ 0hρ

2h4

µ2ρh3
=
τ0ρh

2

µ2

Step 4 : After deÞning u∗ =
p
τ 0/ρ and ν = µ/ρ, the above dimensionless Π4 can

be written as

Π4 =
τ0ρh

2

µ2
=
ρ2u2∗h

2

(ρν)2
=

µ
u∗h
ν

¶2
For simplicity, we can write Π4 as

Π4 =
u∗h
ν

Step 5 : Finally, we have

F(Π1,Π2,Π3,Π4) = 0
or

F
µ
Re,

y

h
,
ds
h
,
u∗h
ν

¶
= 0

Note: From Π3 and Π4, we can get a new dimensionless variable
u∗ds
ν
. We can

use this dimensionless to replace Π4.



Chapter 3

Mechanics of Sediment-Laden
Flows

Exercises

1. Demonstrate, using equations (3.6) and (3.4), that div ω = 0 for homogeneous
incompressible ßuids.

Solution

⊗x = ∂vz
∂y

− ∂vy
∂z
, ⊗y = ∂vx

∂z
− ∂vz
∂x
, ⊗z = ∂vy

∂x
− ∂vx
∂y

div ω =
∂⊗x
∂x

+
∂⊗y
∂y

+
∂⊗z
∂z

=
∂

∂x

µ
∂vz
∂y

− ∂vy
∂z

¶
+
∂

∂y

µ
∂vx
∂z

− ∂vz
∂x

¶
+
∂

∂z

µ
∂vy
∂x

− ∂vx
∂y

¶
=

∂2vz
∂x∂y

,
− ∂2vy
∂x∂z

,,
+
∂2vx
∂y∂z

− ∂2vz
∂x∂y

,
+
∂2vy
∂x∂z

,,
− ∂2vx
∂y∂z

= 0

7



8 CHAPTER 3. MECHANICS OF SEDIMENT-LADEN FLOWS

2. Demonstrate that equations (3.8a) and (3.9a) reduce to equation (3.11a).

Solution From equation (3.8a), we have

ax =
dvx
dt

=
∂vx
∂t

+Äx
dx

dt
+
®z
2

dy

dt
+
®y
2

dz

dt
+
1

2

µ
⊗y dz
dt
−⊗z dy

dt

¶
=

∂vx
∂t

+ vx
∂vx
∂x

+
vy
2

Ã
∂vy
∂x

,
+
∂vx
∂y

!
+
vz
2

Ã
∂vz
∂x

,,
+
∂vx
∂z

!

+
1

2

"
vz

Ã
∂vx
∂z

− ∂vz
∂x

,,!
− vy

Ã
∂vy
∂x

,
− ∂vx
∂y

!#
=

∂vx
∂t

+ vx
∂vx
∂x

+ vy
∂vx
∂y

+ vz
∂vx
∂z

From (3.9a), we have

ax =
∂vx
∂t

+ vz ⊗y −vy ⊗z +∂(v
2/2)

∂x

=
∂vx
∂t

+ vz

µ
∂vx
∂z

− ∂vz
∂x

¶
− vy

µ
∂vy
∂x

− ∂vx
∂y

¶
+
∂

∂x

µ
v2x + v

2
y + v

2
z

2

¶
=

∂vx
∂t

+ vz
∂vx
∂z

− vz ∂vz
∂x

,
− vy ∂vy

∂x

,,
+ vy

∂vx
∂y

+ vx
∂vx
∂x

+ vy
∂vy
∂x

,,
+ vz

∂vz
∂x

,
=

∂vx
∂t

+ vx
∂vx
∂x

+ vy
∂vx
∂y

+ vz
∂vx
∂z

3. Demonstrate that continuity relationship [Eq. (3.10a)] in Cartesian coordinates
by considering the integral mass change and the balance of mass ßuxes entering
and leaving a cubic control volume element.

Solution Consider the ßow into and out of an element volume.
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The net rate of ßow into the element in the x direction is

−∂(ρmvx)
∂x

dxdydz

The net rate of ßow into the element in the y direction is

−∂(ρmvy)
∂y

dxdydz

The net rate of ßow into the element in the z direction is

−∂(ρmvz)
∂z

dxdydz

The net rate of ßow into the element is

−
·
∂(ρmvx)

∂x
+
∂(ρmvy)

∂y
+
∂(ρmvz)

∂z

¸
dxdydz

The rate of increase of mass inside the element is

∂

∂t
(ρmdxdydz) =

∂ρm
∂t
dxdydz

The law of mass conservation states that the mass rate into the element should
equal the rate of increase of mass inside the element, i.e.

−
·
∂(ρmvx)

∂x
+
∂(ρmvy)

∂y
+
∂(ρmvz)

∂z

¸
dxdydz =

∂ρm
∂t
dxdydz

or

∂ρm
∂t

+
∂(ρmvx)

∂x
+
∂(ρmvy)

∂y
+
∂(ρmvz)

∂z
= 0

4. Derive the x component of the equation of motion in Cartesian coordinates [Eq.
(3.14a)] from the force diagram in Figure 3.4.

Solution The gravity components in the x direction is

ρmgxdxdydz (3.1)
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The net surface forces in the x direction are

∂σx
∂x
dxdydz +

∂τyx
∂y

dydxdz +
∂τ zx
∂z

dzdxdy (3.2)

The mass of the ßuid element is

ρmdxdydz (3.3)

Applying (3.1), (3.2) and (3.3) to Newton�s second law: F = ma, in the x
direction, we have

ρmgxdxdydz +
∂σx
∂x
dxdydz +

∂τ yx
∂y

dydxdz +
∂τ zx
∂z

dzdxdy = ρmdxdydzax

Finally, we get

ax = gx +
1

ρm

µ
∂σx
∂x

+
∂τxy
∂y

+
∂τxz
∂z

¶

5. Derive the x component of the Bernoulli equation [Eq. (3.19a)] from equations
(3.9a), (3.14a), and (3.18a).

Solution Assumptions: (1) incompressible (not necessary), (2) steady (not
necessary), (3) irrotational, and (4) frictionless. Euler equation in the x direc-
tion for incompressible ßuids is

ax = gx − 1

ρm

∂p

∂x
= gx − ∂

∂x

µ
p

ρm

¶
(3.4)

in which

ax =
∂vx
∂t

,
+ vx

∂vx
∂x

+ vy
∂vx
∂y

+ vz
∂vx
∂z

= vx
∂vx
∂x

+ vy
∂vy
∂x

+ vy

µ
∂vx
∂y
−∂vy
∂x

¶
+ vz

∂vz
∂x

+ vz

Ã
∂vx
∂z
−∂vz
∂x

!

=
∂

∂x

µ
v2x
2

¶
+
∂

∂x

µ
v2y
2

¶
+
∂

∂x

µ
v2z
2

¶
− vy ⊗z

,
+ vz ⊗y

,

=
∂

∂x

µ
v2x + v

2
y + v

2
z

2

¶
=
∂

∂x

µ
v2

2

¶
Note: v2 = v2x + v

2
y + v

2
z (3.5)

Since gravity is conservative, we can deÞne a gravitation potential as

Ωg = −g∧z (3.6)
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in which
∧
z is vertical upward. Thus,

gx =
∂Ωg
∂x

(3.7)

Substituting (3.5) and (3.7) into (3.4) gives that

∂

∂x

µ
v2

2

¶
=
∂Ωg
∂x

− ∂

∂x

µ
p

ρm

¶
or

∂

∂x

µ
−Ωg + p

ρm
+
v2

2

¶
= 0 (3.8)

Similarly, we can write Euler equations in the y and z directions as

∂

∂y

µ
−Ωg + p

ρm
+
v2

2

¶
= 0 (3.9)

∂

∂z

µ
−Ωg + p

ρm
+
v2

2

¶
= 0 (3.10)

Finally, from (3.8) to (3.10), we get

−Ωg + p

ρm
+
v2

2
= const

Substituting (3.6) into the above equation gives that

g
∧
z +

p

ρm
+
v2

2
= const

or

∧
z +

p

γm
+
v2

2g
= const (3.11)

in which the left-hand side is called Bernoulli sum.

6. Derive the x component of the momentum equation [Eq. (3.27a)] from Equation
(3.25).

Solution Z
∀
ρm

µ
∂vx
∂t

+ vx
∂vx
∂x

+ vy
∂vx
∂y

+ vz
∂vx
∂z

¶
d∀

=

Z
∀
ρmgxd∀ −

Z
∀

∂p

∂x
d∀+

Z
∀

µ
∂τxx
∂x

+
∂τyx
∂y

+
∂τ zx
∂z

¶
d∀
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By virtue of the continuity equation, the integrand of the left-hand side can be
written as

ρm

µ
∂vx
∂t

+ vx
∂vx
∂x

+ vy
∂vx
∂y

+ vz
∂vx
∂z

¶
=

∂(ρmvx)

∂t
+
∂ρm(vxvx)

∂x
+
∂(ρmvxvy)

∂y
+
∂(ρmvxvz)

∂z

−vx
Ã
∂ρm
∂t

,
+
∂(ρmvx)

∂x

,
+
∂(ρmvy)

∂y

,
+
∂(ρmvz)

∂z

,!

=
∂(ρmvx)

∂t
+
∂ρm(vxvx)

∂x
+
∂(ρmvxvy)

∂y
+
∂(ρmvxvz)

∂z

then applying the divergence theorem, we getZ
∀
ρm

µ
∂vx
∂t

+ vx
∂vx
∂x

+ vy
∂vx
∂y

+ vz
∂vx
∂z

¶
d∀

=

Z
∀

µ
∂(ρmvx)

∂t
+
∂ρm(vxvx)

∂x
+
∂(ρmvxvy)

∂y
+
∂(ρmvxvz)

∂z

¶
d∀

=
∂

∂t

Z
∀
ρmvxd∀+

Z
A

ρmvx

µ
vx
∂x

∂n
+ vy

∂y

∂n
+ vz

∂z

∂n

¶
dA

Similarly, Z
∀
ρmgxd∀ −

Z
∀

∂p

∂x
d∀+

Z
∀

µ
∂τxx
∂x

+
∂τyx
∂y

+
∂τ zx
∂z

¶
d∀

=

Z
∀
ρmgxd∀ −

Z
A

p
∂x

∂n
dA+

Z
A

µ
τxx
∂x

∂n
+ τ yx

∂y

∂n
+ τ zx

∂z

∂n

¶
dA

From the above two equations, we have

∂

∂t

Z
∀
ρmvxd∀+

Z
A

ρmvx

µ
vx
∂x

∂n
+ vy

∂y

∂n
+ vz

∂z

∂n

¶
dA

=

Z
∀
ρmgxd∀ −

Z
A

p
∂x

∂n
dA+

Z
A

µ
τxx
∂x

∂n
+ τ yx

∂y

∂n
+ τ zx

∂z

∂n

¶
dA

7. Demonstrate that the power equation [Eq. (3.30)] stems from Equation (3.28).

Solution (1) Consider the left-hand side of the equation.

axvx = vx
∂vx
∂t

+ vx

µ
vx
∂vx
∂x

+ vy
∂vx
∂y

+ vz
∂vx
∂z

¶
=

∂

∂t

µ
v2x
2

¶
+ vx

∂

∂x

µ
v2x
2

¶
+ vy

∂

∂y

µ
v2x
2

¶
+ vz

∂

∂z

µ
v2x
2

¶
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Similarly, we have

ayvy =
∂

∂t

µ
v2y
2

¶
+ vx

∂

∂x

µ
v2y
2

¶
+ vy

∂

∂y

µ
v2y
2

¶
+ vz

∂

∂z

µ
v2y
2

¶

azvz =
∂

∂t

µ
v2z
2

¶
+ vx

∂

∂x

µ
v2z
2

¶
+ vy

∂

∂y

µ
v2z
2

¶
+ vz

∂

∂z

µ
v2z
2

¶
Thus,

axvx + ayvy + azvz =
∂

∂t

µ
v2

2

¶
+ vx

∂

∂x

µ
v2

2

¶
+ vy

∂

∂y

µ
v2

2

¶
+ vz

∂

∂z

µ
v2

2

¶
in which v2 = v2x + v

2
y + v

2
z . ThenZ

∀
ρm(axvx + ayvy + azvz)d∀

=

Z
∀
ρm
∂

∂t

µ
v2

2

¶
d∀+

Z
∀
ρm

·
vx
∂

∂x

µ
v2

2

¶
+ vy

∂

∂y

µ
v2

2

¶
+ vz

∂

∂z

µ
v2

2

¶¸
d∀

=
∂

∂t

Z
∀
ρm
v2

2
d∀+

Z
A

ρm

µ
v2

2

¶µ
vx
∂x

∂n
+ vy

∂y

∂n
+ vz

∂z

∂n

¶
dA (3.12)

(2) Consider the body force term.Z
∀
ρm(vxgx + vygy + vzgz)d∀ =

Z
∀
ρm(vx

∂Ωg
∂x

+ vy
∂Ωg
∂y

+ vz
∂Ωg
∂z
)d∀

=

Z
A

ρmΩg

µ
vx
∂x

∂n
+ vy

∂y

∂n
+ vz

∂z

∂n

¶
dA (3.13)

(3) Consider the surface shear term.Z
∀
vx

µ
∂σx
∂x

+
∂τyx
∂y

+
∂τ zx
∂z

¶
d∀

=

Z
∀

µ
∂ (vxσx)

∂x
+
∂(vxτyx)

∂y
+
∂(vxτ zx)

∂z

¶
d∀

−
Z
∀

µ
σx
∂vx
∂x

+ τyx
∂vx
∂y

+ τ zx
∂vx
∂z

¶
d∀

=

Z
A

µ
vxσx

∂x

∂n
+ vxτ yx

∂y

∂n
+ vxτ zx

∂z

∂n

¶
dA

−
Z
∀

µ
σx
∂vx
∂x

+ τyx
∂vx
∂y

+ τ zx
∂vx
∂z

¶
d∀

=

Z
A

·
vxσx

∂x

∂n
+ vxτyx

∂y

∂n
+ vxτ zx

∂z

∂n

¸
dA+

Z
∀
p
∂vx
∂x
d∀

−
Z
∀

·
τxx
∂vx
∂x

+ τyx
∂vx
∂y

+ τ zx
∂vx
∂z

¸
d∀ (3.14)
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Similarly, we haveZ
∀
vy

µ
∂τxy
∂x

+
∂σy
∂y

+
∂τ zy
∂z

¶
d∀

=

Z
A

µ
vyτxy

∂x

∂n
+ vyσy

∂y

∂n
+ vyτ zy

∂z

∂n

¶
dA

+

Z
p
∂vy
∂y
d∀ −

Z
∀

µ
τxy
∂vy
∂x

+ τyy
∂vy
∂y

+ τ zy
∂vy
∂z

¶
d∀ (3.15)

and Z
∀
vz

µ
∂τxz
∂x

+
∂τyz
∂y

+
∂σz
∂z

¶
d∀

=

Z
A

µ
vzτxz

∂x

∂n
+ vzτ yz

∂y

∂n
+ vzσz

∂z

∂n

¶
dA

+

Z
p
∂vz
∂z
d∀ −

Z
∀

µ
τxz
∂vz
∂x

+ τyz
∂vz
∂y

+ τ zz
∂vz
∂z

¶
d∀ (3.16)

From(3.14), (3.15) and (3.16), we haveZ
∀

·
vx

µ
∂σx
∂x

+
∂τ yx
∂y

+
∂τ zx
∂z

¶
+ vy

µ
∂τxy
∂x

+
∂σy
∂y

+
∂τ zy
∂z

¶
+vz

µ
∂τxz
∂x

+
∂τ yz
∂y

+
∂σz
∂z

¶¸
d∀

=

Z
A

·
(vxσx + vyτxy + vzτxz)

∂x

∂n
+ (vxτ yx + vyσy + vzτ yz)

∂y

∂n

+(vxτ zx + vyτ zy + vzσz)
∂z

∂n

¸
dA

+

Z
∀
p

µ
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

¶
d∀ −

Z
∀

·
τxx
∂vx
∂x

+ τ yy
∂vy
∂y

+ τ zz
∂vz
∂z

+ τxy

µ
∂vx
∂y

+
∂vy
∂x

¶
+ τxz

µ
∂vz
∂x

+
∂vx
∂z

¶
+ τyz

µ
∂vy
∂z

+
∂vz
∂y

¶¸
d∀

DeÞne

ρm
dΩe
dt

= −p
µ
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

¶
then

−
Z
∀
p

µ
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

¶
d∀ = ∂

∂t

Z
∀
ρmΩed∀+

Z
A

ρmΩe

µ
vx
∂x

∂n
+ vy

∂y

∂n
+ vz

∂z

∂n

¶
dA

Note that the left side hand is zero for incompressible ßuids. Since

®z = ∂vx
∂y

+
∂vy
∂x
, ®y = ∂vz

∂x
+
∂vx
∂z
, ®x = ∂vy

∂z
+
∂vz
∂y
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then Z
∀

·
vx

µ
∂σx
∂x

+
∂τ yx
∂y

+
∂τ zx
∂z

¶
+ vy

µ
∂τxy
∂x

+
∂σy
∂y

+
∂τ zy
∂z

¶
+vz

µ
∂τxz
∂x

+
∂τ yz
∂y

+
∂σz
∂z

¶¸
d∀

=

Z
A

·
(vxσx + vyτxy + vzτxz)

∂x

∂n
+ (vxτ yx + vyσy + vzτyz)

∂y

∂n

+(vxτ zx + vyτ zy + vzσz)
∂z

∂n

¸
dA− ∂

∂t

Z
∀
ρmΩed∀

−
Z
A

ρmΩe

µ
vx
∂x

∂n
+ vy

∂y

∂n
+ vz

∂z

∂n

¶
dA−

Z
∀

µ
τxx
∂vx
∂x

+ τ yy
∂vy
∂y

+τ zz
∂vz
∂z

+ τxy ®z +τxz ®y +τ yz®x
¶
d∀ (3.17)

(4) Combining (3.12), (3.13) and (3.17) and rearranging them, we have

∂

∂t

Z
∀
ρm

µ
v2

2
−Ωg + Ωe

¶
d∀

+

Z
A

ρm

µ
v2

2
− Ωg + Ωe

¶µ
vx
∂x

∂n
+ vy

∂y

∂n
+ vz

∂z

∂n

¶
dA

= +

Z
A

·
(vxσx + vyτxy + vzτxz)

∂x

∂n
+ (vxτyx + vyσy + vzτyz)

∂y

∂n

+(vxτ zx + vyτ zy + vzσz)
∂z

∂n

¸
d∀

−
Z
∀

µ
τxx
∂vx
∂x

+ τyy
∂vy
∂y

+ τ zz
∂vz
∂z

+ τxy ®z +τxz ®y +τ yz®x
¶
d∀

Note that since Ωg 6= f(t), we have ∂
∂t

R
∀ ρmΩgd∀ = 0.

8. Demonstrate, from the speciÞc energy E, that q2 = gh3c and Emin = 3hc/2 for
steady one-dimensional open-channel ßow.

Solution

E = h+
V 2

2g
= h+

q2

2gh2
(3.18)

When E = Emin, we have
dE

dh
= 1− q2

gh3
= 0

which gives that
q2 = gh3c

Substituting the above equation into (3.18) gives that

E = hc +
1

2
hc =

3

2
hc
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Problem 3.1

With reference to Figure 3.2, determine which type of deformation is obtained when
vx = 2y and vy = vz = 0. With x to the right, y up, z must come out of the x − y
plane.
Solution (1) Translation along x only. (2) Check linear deformation:

ªx = ∂vx
∂x

= 0, ªy = ªz = 0

So there are no linear deformations. (3) Check angular deformation:

®x = 0, ®y = 0, ®z = ∂vx
∂y

+
∂vy
∂x

,
= 2

So we have angular deformation ® = 2. (4) Check rotation:

⊗x = ⊗y = 0, ⊗z = ∂vy
∂x

,
− ∂vx
∂y

= −2

So we have a clockwise rotation around the z axis.

Problem 3.2

Given the 280-ft-wide cross section (depth measurements every 10 ft) and depth-
averaged velocity proÞle below, calculate:
(a) the total cross-sectional area, A =

P
i ai, where ai is the incremental cross-

sectional area;
(b) the total discharge, Q =

P
i aivi, where vi is the depth-averaged ßow velocity

normal to the incremental area; and
(c) the cross-sectional average ßow velocity V = Q/A.
Solution (a) The cross-sectional area:

A =
X
i

ai =
n−1X
i=1

∆w
hi + hi+1

2
=
∆w

2

n−1X
i=1

hi +
∆w

2

nX
i=2

hi

=
∆w

2
(h1 + hn) +∆w

n−1X
i=2

hi

in which ∆w = 10 ft = 3.048 m, n = 29, and hi are listed in the program appended.
The calculated cross-sectional area is

A = 59.63 m2
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(b) The total discharge:

Q =
n−1X
i=1

aivi =
∆w

2
(h1v1 + hn−1vn−1) +∆w

n−2X
i=2

hivi

in which vi are measured velocity listed in the program appended. the calculated
discharge is

Q = 5.74 m3/s

(c) The cross-sectional average velocity is

V =
Q

A
= 0.096 m/s

Appendix: Measured data and MatLab program

%Problem 3.2

% Read the data of flow depth and velocity from the figure

h = [ 0 1.49 1.72 1.90 2.35 1.99 1.90 ...

1.89 1.92 2.33 2.47 2.40 2.01 2.19 ...

2.91 3.58 3.81 3.77 3.77 3.19 2.90 ...

2.90 2.54 1.89 1.80 1.57 1.37 0.59 0]; %in ft

v = [0 3.16 5.26 7.11 8.98 9.91 11.58 ...

2.32 13.68 13.39 13.80 13.37 13.06 12.30 ...

11.74 10.99 10.69 10.02 9.89 9.70 9.20 ...

8.89 8.35 8.26 7.73 6.99 6.49 4.77 0]; % ft/s

% Convert English units into SI units

h1 = h.*0.3048; % in meters

v1 = v.*0.01 % in m/s

% Calculate the cross section area

A = 10.*0.3048.*(h1(2)+h1(28))./2;

for i=2:1:28, A = A+h1(i).*3.048; end

% Calculate the total discharge

Qi = h1.*v1.*3.048; Q = 0.5.*(Qi(1)+Qi(29));

for i=2:1:28; Q = Q+Qi(i); end

V = Q./A; % Calculate the average velocity

A, Q, V, % Print the results
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Problem 3.3

Calculate the magnitude and direction of the buoyancy force applied on a sphere
submerged under steady one-dimensional ßow (vy = vz = 0) on a steep slope. Assume
that the particle is stationary with respect to the surrounding inviscid ßuid of density
ρm. Compare the results with Example 3.3. [Hint : Integrate the pressure distribution
around the sphere from Equation (3.17c) with az.]

Solution According to Euler�s equations, we have

0 = g sin 30◦ − 1

ρm

∂p

∂x

0 = −g cos 30◦ − 1

ρm

∂p

∂z

Thus, we have

dp = ρm
∂p

∂x
dx+ ρm

∂p

∂z
dz = ρmg sin 30

◦dx− ρmg cos 30◦dz

or

p = ρmg sin 30
◦x− ρmg cos 30◦z + const

Since

x = R sin θ cosφ, z = R cos θ

then

p = ρmg sin 30
◦R sin θ cosφ− ρmg cos 30◦R cos θ + const

Since the pressure is symmetric about the z axis, the buoyance force points the z
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direction. Thus,

FB = −
Z 2π

0

Z π

0

(ρmg sin 30
◦R sin θ cosφ− ρmg cos 30◦R cos θ)R2 sin θ cos θdθdφ

= −ρmgR3 sin 30◦
Z π

0

sin3 θdθ

Z 2π

0

cosφdφ+ ρmgR
3 cos 30◦

Z π

0

sin θ cos2 θdθ

Z 2π

0

dφ

= 0 + ρmgR
3 cos 30◦

µ
−1
3
cos3 θ

¶π
0

(2π)

= ρmg

µ
4π

3
R3
¶
cos 300 = γmVsphere cos 30

◦

Another method: The pressure distribution is shown in the above Þgure. Intu-
itively, the pressure distribution around the sphere is symmetrical about the z axis.
Then we only have buoyancy force in the z direction. Since the pressure is larger at
the bottom than that at the top, the buoyancy force must be in the positive direction
of z. Analogous to Example 3.3, we have

FB = −ρmgzVsphere
now

gz = −g cos 30◦
then

FB = ρmgVsphere cos 30
◦

Problem 3.4

A rectangular container 10 m long, 6 m wide and 4 m high in half Þlled with clear
water. Integrate the pressure distribution to calculate the buoyancy force in newtons
on a submerged sphere, 10 cm in diameter, located 1 m below the center of the
container. Compare the buoyancy force under hydrostatic conditions with the case
when the container is accelerated horizontally at g/5.
Solution Refer to the following Þgure (a).
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Choose a Cartesian coordinates (x, z) with the container, according to Euler equa-
tions we then have

0 = −g
5
− 1
ρ

∂p

∂x

0 = 0− 1
ρ

∂p

∂y

0 = −g − 1
ρ

∂p

∂z

in which the acceleration of the container is considered as an inertia force per unit
mass. From the above, we have

dp =
∂p

∂x
dx+

∂p

∂y
dy +

∂p

∂z
dz

= −1
5
ρgdx− ρgdz

or

p = −1
5
ρgx− ρgz + const (3.19)

Since the pressure is a constant on the free surface, we have the angle α between
the free surface and the x axis is

tanα =
1

5
or α = 11.3◦ (3.20)

Since
x = R sin θ cosφ, z = R cos θ

Eq. (3.19) can be written as

p = −1
5
ρgR sin θ cosφ− ρgR cos θ (3.21)

Then we get

Fx = −
Z
A

pdA sin θ

= −
Z 2π

0

Z π

0

µ
−1
5
ρgR sin θ cos φ− ρgR cos θ

¶
sin θR2 sin θdθdφ

=
1

5
ρgR3

Z 2π

0

cos2 φdφ

Z π

0

sin3 θdθ + ρgR3
Z 2π

0

dφ

Z π

0

sin2 θ cos θdθ

=
1

5
ρgR3

µ
4 · π
2
· 1
2

¶µ
2 · 2
3

¶
+ ρgR3 (0)

=
ρg

5

µ
4

3
πR3

¶
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Fz = −
Z
A

pdA cos θ

= −
Z 2π

0

Z π

0

µ
−1
5
ρgR sin θ cosφ− ρgR cos θ

¶
cos θR2 sin θdθdφ

=
1

5
ρgR3

Z 2π

0

cos2 φdφ

Z π

0

sin2 θ cos θdθ + ρgR3
Z 2π

0

dφ

Z π

0

sin θ cos2 θdθ

= 0 + 2πρgR3
µ
−1
3
cos3 θ

¶π
0

= ρg

µ
4

3
πR3

¶
Since

Fz
Fx
=
1

5
= tanα

then we have
α = 11.3◦

This shows that the buoyant force is perpendicular to the water surface. Then

FB = Fx sinα+ Fz cosα

= ρg

µ
4

3
πR3

¶µ
1

5
sinα+ cosα

¶
or

FB = ρg

µ
4

3
πR3

¶µ
1

5
sinα+ cosα

¶
Remarks: We can directly write the above equation as

FB = −ρgη
µ
4

3
πR3

¶
in which

gη = −1
5
sinα− g cosα

Thus

FB = ρg

µ
4

3
πR3

¶µ
1

5
sinα+ cosα

¶

Problem 3.5

A 10 kg solid sphere at speciÞc gravity G = 2.65 is submerged in a cubic meter of
water. if the base of the container is 1 square meter, use the equation of momentum
(3.27c) to determine the force on the bottom of the container when:
A) the solid sphere is released from rest and accelerates downward; and
B) the solid sphere settles at a constant velocity.



22 CHAPTER 3. MECHANICS OF SEDIMENT-LADEN FLOWS

Solution The integral momentum equation in the z direction is

d

dt

Z
V

ρmvzdV +

Z
A

ρmvz

,µ
vx
∂x

∂n
+ vy

∂y

∂n
+ vz

∂z

∂n

¶
dA

=

Z
V

ρmgzdV −
Z
A

p
∂z

∂n
dA+

Z
A

Ã
τxz

,
∂x

∂n
+ τyz

,
∂y

∂n
+ τ zz

,
∂z

∂n

!
dA

Since the velocities and shear stresses on the surface of the control volume are zeros,
we have

d

dt

Z
V

ρmvzdV =

Z
V

ρmgzdV −
Z
A

p
∂z

∂n
dA

When the sphere falls down, there is an equivalent volume of water rising up, and
the remaining water is rest. Therefore, we have

d

dt

Z
V

ρmvzdV =
∂

∂t

Z
VT−2Vs

ρwvz

,
dV +

d

dt

Z
Vs

ρwvzdV +
d

dt

Z
Vs

ρsvzdV

= ρw

Z
Vs

dvs
dt
dV − ρs

Z
Vs

dvs
dt
dV

= − (ρs − ρw)Vs
dvs
dt

in which vs is the sphere falling velocity.

The gravity term becomesZ
V

ρmgzdV = −
Z
VT−Vs

ρwgdV −
Z
Vs

ρsgdV = −ρwg (VT − Vs)− ρsgVs
= −ρwgVT − (ρs − ρw) gVs

The pressure term becomes

−
Z
A

p
∂z

∂n
dA = −p (−1)A = pA = Fbottom
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Finally, we have

Fbottom = − (ρs − ρw)Vs
dvs
dt
+ ρwgVT + (ρs − ρw) gVs

= −
µ
1− ρw

ρs

¶
Ms
dvs
dt
+ ρwgVT +

µ
1− ρw

ρs

¶
Msg

=

µ
1− ρw

ρs

¶µ
1− 1

g

dvs
dt

¶
Msg + ρwgVT (3.22)

in which ρs/ρw = G = 2.65, g = 9.81 m/s2, Ms = 10 kg, ρw = 1000 kg/m3, and
VT = 1 m

3.
For Case A, applying Newton�s second law to the sphere gives that

ρs

µ
4π

3
R3
¶µ

dvs
dt

¶
= (ρs − ρw) g

µ
4π

3
R3
¶

then
1

g

dvs
dt
= 1− 1

G

Substituting the above relation into (3.22) gives that

Fbottom =

µ
1− 1

G

¶µ
1

G

¶
Msg + ρwVTg

=

µ
1− 1

2.65

¶µ
1

2.65

¶
(10) (9.81) + (1000) (1) (9.81)

= 9833 N

For case B, since
dvs
dt
= 0

then

Fbottom =

µ
1− ρw

ρs

¶
Msg + ρwgVT

=

µ
1− 1

2.65

¶
(10) (9.81) + (1000) (9.81) (1)

= 9871 N

Computer Problem 3.1

Consider steady ßow (q = 3.72 m2/s) in the following impervious rigid boundary
channel:
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Assume that the channel width remains large and constant regardless of ßow
depth, and f = 0.03. Determine the distribution of the following parameters along
the 25-km reach of the channel when the water surface elevation at the dam is 10 m
above the bed elevation: (a) ßow depth in m; (b) mean ßow velocity in m/s; and (c)
bed shear stress in N/m2.
Solution (1) Problem formulation (the equation of backwater curve and

boundary condition):
dh

dx
= −S0 − Sf

1− Fr2 (3.23)

in which h =ßow depth; x =distance from the dam; the negative sign �-� means the
direction of x toward upstream; S0 =bed slope; Sf = energy slope; and Fr=Froude
number.
If Chezy resistance formula is used, the above equation can be rewritten as

dh

dx
= −S0

1− ¡hn
h

¢3
1− ¡hc

h

¢3 (3.24)

in which hn =normal ßow depth; and hc =critical ßow depth. hn and hc can be
estimated by

hn =

µ
fq2

8gS0

¶ 1
3

(3.25)

hc =

µ
q2

g

¶ 1
3

(3.26)

in which f =Darcy-Weishach friction factor; and g =gravitational acceleration.
The boundary condition is

h = 10 m at x = 0 m (3.27)

(2) Calculations of ßow depth, velocity and bed shear stress: A MatLab
program has been written to handle the above equation and its boundary condition,
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see Appendix I. After h is solved, the velocities and bed shear stresses are estimated
from the following:

V =
q

h
, τ =

f

8
ρV 2

The results of the calculations are shown in the appendix II.
(3) Discussions: The normal depths in the two reaches can be calculated by

solving the following two equations:

V√
ghS0

=

r
8

f

q = V h

which gives that

h =

µ
q2f

8gS0

¶ 1
3

Substituting the given values, we get for the reach near the dam

hn = 1.7424 m

for the reach away from the dam

hn = 2.1953 m

The critical depth is

hc =

µ
q2

g

¶ 1
3

=

µ
3.722

9.81

¶ 1
3

= 1.12 m

Thus, for the reach near the dam, we have hc < hn < h, so the water surface proÞle
is M1. For the reach away from the dam, hc < h < hn, so the water surface proÞle
is M2, see the following plot. (continued)
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Appendix I: MatLab Program

%Computer Problem 3.1

%General parameter

q = 3.72; %Unit discharge (m^2/s)

f = 0.03; %Darcy-Weisbach fractor

rho = 1000; %Water density

%Initial condition

x0 = 0; h0 = 10; xfinal = 15000;

S0 = 0.001;

[x,h1] = ode23v(�cp3_1f�,x0,xfinal,h0,S0,0);

v1 = q./h1; tau1 = f./8.*rho.*v1.^2;

table1 = [x�; h1�; v1�; tau1�]�;

%%%%%%%%%%%%%%%%% Second segment %%%%%%%%%%%%%%%%%

%Initial condition
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x0 = 15000; h0 = h1(29); xfinal = 25000;

S0 = 0.0005;

[x,h2] = ode23v(�cp3_1f�,x0,xfinal,h0,S0,0);

v2 = q./h2; tau2 = f./8.*rho.*v2.^2;

fid = fopen(�cp3_1.txt�,�w�)

fprintf(fid,�%10.4f %10.4f %10.4f %10.4f\n�,table�)

%%%%%%%%%%%%%%%%% Plot Results %%%%%%%%%%%%%%%%%%%%

load cp3_1.txt, A = cp3_1;

subplot(311),plot(A(:,1)/1000,A(:,2))

ylabel(�h, (m)�), title(�Results of Computer Problem 3.1�)

subplot(312),plot(A(:,1)/1000,A(:,3))

ylabel(�V, (m/s)�)

subplot(313),plot(A(:,1)/1000,A(:,4))

ylabel(�tau, (N/m^2)�), xlabel(�Distance from the dam, x (km)�)

print -dps cp3_1.ps

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function dh = profile(x,h,S0,SS)

q = 3.72;

f = 0.03;

g = 9.81;

hn = (f.*q.^2./8./g./S0).^(1./3);

hc = (q.^2./g).^(1./3);

dh = -S0.*(1-(hn./h).^3)./(1-(hc./h).^3);

Appendix II: Results of Calculations

Distance Flow Flow Bed

from dam depth velocity shear

x (m) h (m) V (m/s) tau (N/m^2)

0.0000 10.0000 0.3720 0.5189

117.1875 9.8833 0.3764 0.5313

1054.6875 8.9502 0.4156 0.6478

1992.1875 8.0187 0.4639 0.8071
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2929.6875 7.0897 0.5247 1.0324

3867.1875 6.1649 0.6034 1.3654

4804.6875 5.2474 0.7089 1.8847

5742.1875 4.3439 0.8564 2.7501

6679.6875 3.4708 1.0718 4.3078

7204.0259 3.0097 1.2360 5.7290

7619.8459 2.6698 1.3934 7.2807

7955.4242 2.4213 1.5364 8.8518

8237.8084 2.2372 1.6628 10.3687

8485.2242 2.0996 1.7717 11.7714

8710.7659 1.9965 1.8632 13.0186

8938.5075 1.9150 1.9426 14.1512

9152.2674 1.8581 2.0021 15.0312

9362.8887 1.8181 2.0461 15.6995

9579.0843 1.7902 2.0780 16.1926

9809.2586 1.7711 2.1004 16.5436

10062.8775 1.7585 2.1155 16.7820

10352.0573 1.7506 2.1250 16.9341

10694.0808 1.7460 2.1306 17.0232

11116.3107 1.7436 2.1335 17.0692

11667.7685 1.7426 2.1347 17.0887

12454.7728 1.7424 2.1350 17.0938

13392.2728 1.7424 2.1349 17.0925

14329.7728 1.7424 2.1350 17.0933

15000.0000 1.7424 2.1350 17.0930

15000.0000 1.7424 2.1350 17.0930

15078.1250 1.7906 2.0775 16.1855

15225.6386 1.8612 1.9987 14.9809

15403.9984 1.9241 1.9334 14.0177

15624.5072 1.9811 1.8778 13.2223

15892.4813 2.0312 1.8314 12.5780

16214.7976 2.0740 1.7937 12.0648

16599.3329 2.1092 1.7637 11.6650

17055.8019 2.1371 1.7406 11.3618

17596.9071 2.1583 1.7236 11.1399

18221.9071 2.1732 1.7118 10.9882

18846.9071 2.1820 1.7049 10.8998

19471.9071 2.1872 1.7008 10.8474

20096.9071 2.1904 1.6983 10.8160

20721.9071 2.1923 1.6968 10.7971

21346.9071 2.1935 1.6959 10.7856

21971.9071 2.1942 1.6954 10.7787

22596.9071 2.1946 1.6950 10.7745
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23221.9071 2.1949 1.6948 10.7719

23846.9071 2.1950 1.6947 10.7703

24471.9071 2.1951 1.6946 10.7694

25000.0000 2.1952 1.6946 10.7689



Chapter 4

Particle motions in inviscid ßuids

Exercise

1. Substitute the relationship of pressure p from Equation (4.19) into Equation
(E4.2.2) and solve for FL.

Solution According to equation (4.19), the pressure distribution on the sur-
face is

p = p∞ +
1

2
ρmu

2
∞

µ
1− 9

4
sin2 θ

¶
Assume the pressure on the plate is p∞. The lift force on the half-sphere is

FL =

Z
A

(p∞ − p) sin θ cosφdA

= −1
2
ρmu

2
∞R

2

Z π
2

−π
2

cosφdφ

Z π

0

µ
1− 9

4
sin2 θ

¶
sin2 θdθ

= −1
2
ρmu

2
∞R

2 (2)

·Z π

0

sin2 θdθ − 9
4

Z π

0

sin4 θdθ

¸
= −ρmu2∞R2

·
π

2
− 9
4
· 3π
8

¸
=

11π

32
ρmu

2
∞R

2

31
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Problem 4.1

Determine the equation of pressure around a vertical half-cylinder from the Bernoulli
equation [Eq. (3.21)] in a horizontal plane assuming pr = p∞ = 0 at r = ∞, where
vr = u∞.
Solution Eq. (3.21) is

p =
ρm
2
(v2r − v2) + pr

Substituting pr = p∞ = 0 at r = ∞, where vr = u∞, into the above equation, we
have

p =
ρm
2
(u2∞ − v2) (4.1)

From (4.9a) and (4.9b), we have the velocities around the cylinder (r = R) is

vr = 0

vθ = −2u∞ sin θ + Γv
2πR

which means that

v = vθ = −2u∞ sin θ + Γv
2πR

Substituting the above into (4.1) gives that

p =
ρm
2

"
u2∞ −

µ
−2u∞ sin θ + Γv

2πR

¶2#

Problem 4.2

Calculate the lift force in lb on a 4-m-diameter hemispherical tent under a 100-km/h
wind.
Solution From (E4.2.2) or Exercise 4.1, we have

FL =
11π

32
ρairu

2
∞R

2

Assume that ρair = 1.2 kg/m
3. Given R = 2 m, and

u∞ = 100
km

hr

µ
1000 m

km

¶µ
hr

3600 s

¶
= 27.78 m/s

we have

FL =
11π

32
(1.2) (27.78)2 (2)2 = 4000 N

= 4000N

µ
lb

4.448 N

¶
= 899 lb
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Problem 4.3

Plot and compare the distribution of surface velocity, pressure, and boundary shear
stress for irrotational ßow without circulation around a cylinder and a sphere of radius
R.

Solution (a) For a cylinder, the velocity distribution is

vr = u∞

µ
1− R

2

r2

¶
cos θ

vθ = −u∞
µ
1 +

R2

r2

¶
sin θ

On the cylinder surface at r = R, we have

vr = 0

vθ = −2u∞ sin θ
According Bernoulli equation, we have the pressure distribution on the surface is

p− p∞ = ρ

2
u2∞(1− 4 sin2 θ)

Assume that p∞ = 0, then we have

θ vθ p
0◦ 0 1

2
ρu2∞

90◦ −2u∞ −3
2
ρu2∞

180◦ 0 1
2
ρu2∞

270◦ 2u∞ −3
2
ρu2∞

(b) For a sphere, the velocity distribution is

vr = u∞

µ
1− R

3

r3

¶
cos θ

vθ = −u∞
µ
1 +

1

2

R3

r3

¶
sin θ
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On the surface at r = R, we have the velocity distribution as

vr = 0

vθ = −3
2
u∞ sin θ

and the pressure distribution as

p− p∞ = 1

2
ρu2∞

µ
1− 9

4
sin2 θ

¶
Let p∞ = 0, we have

θ vθ p
0◦ 0 1

2
ρu2∞

90◦ −3
2
u∞ −5

8
ρu2∞

180◦ 0 1
2
ρu2∞

270◦ 3
2
u∞ −5

8
ρu2∞

For potential ßows, since we assume the ßuid is inviscid, the shear stress every-
where is zero.
The comparisons of surface velocity distribution and pressure distribution are

shown in the following two Þgures.

Problem 4.4

Calculate the drag force on the outside surface of
(a) a quarter-spherical shell (hint : neglect the pressure inside the shell)

FD =

Z π/2

−π/2

Z π

π/2

−pR2 sin θ cos θdθdφ

(b) a half-spherical shell (hint : neglect the hydrostatic pressure distribution).
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Solution (a) Assume that p∞ = 0, from Eq.(4.19) in the text, we have

p =
ρmu

2
∞
2

µ
1− 9

4
sin2 θ

¶
then

FD =

Z π/2

−π/2

Z π

π/2

−pR2 sin θ cos θdθdφ

= −ρmu
2
∞
2

πR2
Z π

π/2

µ
1− 9

4
sin2 θ

¶
sin θ cos θdθ

= −ρmu
2
∞
2

πR2
·
1

2
sin2 θ − 9

4
· 1
4
sin4 θ

¸π
π/2

= −ρmu
2
∞
2

πR2
·
−1
2
+
9

16

¸
= −ρmu

2
∞

32
πR2

(b) For the half-spherical shell, since the pressure distribution is symmetrical, see
Figure (b) in Problem 4.3, in the wind side and the lee side, the drag force must be
zero.



Chapter 5

Particle motions in Newtonian
ßuids

Exercises

1. Demonstrate that τxy = τyx from the sum of moments about the center of an
inÞnitesimal element.

Solution Refer to the following Þgure.

Taking the moments about the center of the inÞnitesimal element, when the
element is in equilibrium state, we have

τxydydx− τyxdxdy = 0
which gives that

τxy = τyx

2. Derive the x component of the Navier-Stokes equations in Table 5.1 from the
equation of motion [Eq. (3.12a)] and the stress tensor components for incom-
pressible Newtonian ßuids [Eqs. (5.2) and (5.3)].

Solution

ax = gx +
1

ρ

∂σx
∂x

+
1

ρ

∂τyx
∂y

+
1

ρ

∂τ zx
∂z

(3.12a)

37
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σx = −p+ 2µ∂vx
∂x

− 2µ
3

µ
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

¶
= −p+ 2µ∂vx

∂x

in which
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

= 0.

τyx = µ

µ
∂vx
∂y

+
∂vy
∂x

¶
τ zx = µ

µ
∂vx
∂z

+
∂vz
∂x

¶
Now,

∂σx
∂x

= −∂p
∂x
+ 2µ

∂2vx
∂x2

∂τyx
∂y

= µ
∂2vx
∂y2

+ µ
∂2vy
∂x∂y

∂τ zx
∂z

= µ
∂2vx
∂z2

+ µ
∂2vz
∂x∂z

thus,

∂σx
∂x

+
∂τyx
∂y

+
∂τ zx
∂z

= −∂p
∂x
+ µ

µ
∂2vx
∂x2

+
∂2vx
∂y2

+
∂2vx
∂z2

¶
+ µ

∂

∂x

µ
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

¶
= −∂p

∂x
+ µ

µ
∂2vx
∂x2

+
∂2vx
∂y2

+
∂2vx
∂z2

¶
= −∂p

∂x
+ µ∇2vx

Finally, we get

ax = gx − 1
ρ

∂p

∂x
+
µ

ρ
∇2vx

or

ax = gx − 1
ρ

∂p

∂x
+ ν∇2vx

3. Cross-differentiate Equations (5.4a) and (5.4b) along y and x, respectively, to
derive Equation (5.5c).

Solution

∂vx
∂t

− vy ⊗z +vz⊗y = −g∂H
∂x

+ νm∇2vx (5.4a)

∂vy
∂t
− vz ⊗x +vx⊗z = −g∂H

∂y
+ νm∇2vy (5.4b)

Differentiating (5.4a) with respect to y gives

∂2vx
∂t∂y

− ∂vy
∂y

⊗z −vy ∂⊗z
∂y

+
∂vz
∂y

⊗y +vz ∂⊗y
∂y

= −g∂
2H

∂x∂y
+ νm∇2∂vx

∂y
(5.1)
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Differentiating (5.4b) with respect to x gives

∂2vy
∂t∂x

− ∂vz
∂x

⊗x −vz ∂⊗x
∂x

+
∂vx
∂x

⊗z +vx∂⊗z
∂x

= −g∂
2H

∂y∂x
+ νm∇2∂vy

∂x
(5.2)

Subtracting (5.2) from (5.1) gives

∂

∂t

µ
∂vy
∂x

− ∂vx
∂y

¶
+ vx

∂⊗z
∂x

+ vy
∂⊗z
∂y

− vz
µ
∂⊗x
∂x

+
∂⊗y
∂y

¶
−∂vz
∂x

⊗x −∂vz
∂y

⊗y +
µ
∂vx
∂x

+
∂vy
∂y

¶
⊗z

= νm∇2

µ
∂vy
∂x

− ∂vx
∂y

¶
(5.3)

Since

⊗z =
∂vy
∂x

− ∂vx
∂y

−∂vz
∂z

=
∂vx
∂x

+
∂vy
∂y

Mass continuity

−∂⊗z
∂z

=
∂⊗x
∂x

+
∂⊗y
∂y

Vorticity continuity

thus, we have

∂⊗z
∂t

+ vx
∂⊗z
∂x

+ vy
∂⊗z
∂y

+ vz
∂⊗z
∂z

= ⊗x∂vz
∂x

+⊗y ∂vz
∂y

+⊗z ∂vz
∂z

+ νm∇2⊗z (5.5c)

4. Use the deÞnition of stream function in Cartesian coordinates [Eq. (4.1)] to
demonstrate that Equation (5.6) results from Equations (5.5).

Solution For two-dimensional ßows, we only have the vorticity in the z com-
ponent, as shown in the above excercise (5.5c). Now,

⊗x = ⊗y = 0
vz = 0

⊗z =
∂vy
∂x

− ∂vx
∂y

=
∂2Ψ

∂x2
+
∂2Ψ

∂y2
= ∇2Ψ

then we have
d∇2Ψ

dt
= νm∇2∇2Ψ

which, from vx = −∂Ψ
∂y

and vy =
∂Ψ

∂x
, gives

∂∇2Ψ

∂t
− ∂Ψ
∂y

∂∇2Ψ

∂x
+
∂Ψ

∂x

∂∇2Ψ

∂y
= νm∇4Ψ
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5. Determine the shear stress component τ rθ in Equation (5.9c) from the tensor τ rθ
in spherical coordinates (Table 5.3) and the velocity relationships [Eqs. (5.8a)
and (5.8b)].

Solution The velocity distributions are

vr = u∞

"
1− 3

2

µ
R

r

¶
+
1

2

µ
R

r

¶3#
cos θ

vθ = −u∞
"
1− 3

4

µ
R

r

¶
− 1
4

µ
R

r

¶3#
sin θ

The shear stress is

τ rθ = µ

·
r
∂

∂r

³vθ
r

´
+
1

r

∂vr
∂θ

¸
= µu∞

·
−r sin θ ∂

∂r

µ
1

r
− 3
4

R

r2
− 1
4

R3

r4

¶
+
1

r

µ
1− 3

2

R

r
+
1

2

R3

r3

¶
∂ cos θ

∂θ

¸
= µu∞

·
−r sin θ

µ
− 1
r2
+
6

4

R

r3
+
R3

r5

¶
− sin θ

µ
1

r
− 3
2

R

r2
+
1

2

R3

r4

¶¸
= µu∞ sin θ

µ
1

r
− 3
2

R

r2
− R

3

r4
− 1
r
+
3

2

R

r2
− 1
2

R3

r4

¶
= µu∞ sin θ

µ
−3
2

R3

r4

¶
= −3µu∞

2R

µ
R

r

¶4
sin θ

6. (a) Integrate the shear stress distribution [Eq.(5.9c)] to determine the surface
drag in Equation (5.11) from Equation (5.10); and (b) integrate the dynamic
pressure distribution [Eq.(5.9b)] to obtain the form drag in Equation (5.13)
from Equation (5.12).

Solution The dynamic pressure and the shear stress distributions are

pd = −3
2

µmu∞
R

µ
R

r

¶2
cos θ (5.9b)

τ = −3
2

µmu∞
R

µ
R

r

¶4
sin θ (5.9c)

On the surface of the sphere,

pd = −3
2

µmu∞
R

cos θ (5.4)

τ = −3
2

µmu∞
R

sin θ (5.5)
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(a) Surface drag

F 0D =

Z 2π

0

Z π

0

−τR2 sin2 θ dθ dφ =
Z 2π

0

Z π

0

3

2

µmu∞
R

sin θR2 sin2 θ dθ dφ

= (2π)
3

2
µmu∞R

Z π

0

sin3 θ dθ = 6πµmu∞R
Z π
2

0

sin3 dθ

= 6πµmu∞R
µ
2

3

¶
= 4πµmu∞R

(b) Form drag

F 00D =

Z 2π

0

Z π

0

−pdR2 sin θ cos θdθ dφ =
Z 2π

0

Z π

0

3

2

µmu∞
R

cos θR2 sin θ cos θdθ dφ

= (2π)
3

2
µmu∞R

Z π

0

sin θ cos2 θ dθ = 3πµmu∞R
µ
−cos

3 θ

3

¶π
0

= 3πµmu∞R
µ
2

3

¶
= 2πµmu∞R

7. Derive Rubey�s fall velocity equation [Eqs. (5.23a) and (5.23b)] combining
Equations (5.18) and (5.22b).

Solution

ω2 =
4

3CD
(G− 1)gds

CD =
24

Re
+ 2

Re =
ωds
ν

ω2
µ
24ν

ωds
+ 2

¶
− 4
3
(G− 1)gds = 0

2ω2 +
24ν

ds
ω − 4

3
(G− 1)gds = 0

Solving for ω gives that

ω =
1

ds

"r
2g

3
(G− 1) d3s + 36ν2 − 6ν

#
or

ω =

"s
2

3
+

36ν2

(G− 1) gd3s
−
s

36ν2

(G− 1) gd3s

#p
(G− 1) gds
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8. Substitute the appropriate stress tensor components for the ßow of Newtonian
ßuids in Cartesian coordinates [Eqs. (5.2) and (5.3] into the last four terms
in parentheses of Equation (5.26) to obtain the energy dissipation function in
Equation (5.27).

Solution Consider the following relations.

τxx = 2µm
∂vx
∂x

− 2
3
µm

µ
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

¶
τyy = 2µm

∂vy
∂y

− 2
3
µm

µ
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

¶
τ zz = 2µm

∂vz
∂z

− 2
3
µm

µ
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

¶
τ zx = µm

µ
∂vz
∂x

+
∂vx
∂z

¶
, τ zy = µm

µ
∂vz
∂y

+
∂vy
∂z

¶
, τxy = µm

µ
∂vx
∂y

+
∂vy
∂x

¶
Then we have

χD =

µ
τxx
∂vx
∂x

+ τ yy
∂vy
∂y

+ τ zz
∂vz
∂z

¶
+τ zx

µ
∂vz
∂x

+
∂vx
∂z

¶
+ τ zy

µ
∂vz
∂y

+
∂vy
∂z

¶
+ τxy

µ
∂vx
∂y

+
∂vy
∂x

¶
= 2µm

"µ
∂vx
∂x

¶2
+

µ
∂vy
∂y

¶2
+

µ
∂vz
∂z

¶2#
− 2µm

3

µ
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

¶2
+µm

"µ
∂vz
∂x

+
∂vx
∂z

¶2
+

µ
∂vz
∂y

+
∂vy
∂z

¶2
+

µ
∂vx
∂y

+
∂vy
∂x

¶2#

Note: The term −p
µ
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

¶
in Equation (5.27) is not a dissipation

term.

9. Describe each member of the dissipation function [Eq. (5.28)] in terms of the
fundamental modes of deformation shown in Figure 3.2 (translation, linear de-
formation, angular deformation, and rotation of a ßuid element).

Solution

χD = 2µm

"µ
∂vx
∂x

¶2
+

µ
∂vy
∂y

¶2
+

µ
∂vz
∂z

¶2#

+µm

"µ
∂vz
∂x

+
∂vx
∂z

¶2
+

µ
∂vz
∂y

+
∂vy
∂z

¶2
+

µ
∂vx
∂y

+
∂vy
∂x

¶2#
in which the terms in the Þrst bracket [ ] are due to linear deformation, and
those in the second bracket [ ] are due to angular deformation.
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Problem 5.1

Plot the velocity, dynamic pressure, and shear stress distributions around the surface
of a sphere for creeping motion given by Stokes� law [Eqs. (5.8) and (5.9)] and compare
with irrotational ßow without circulation (Problem 4.3).

Solution (a) For creeping ßow, the velocity is zero everywhere on the surface
because of no-slipping condition. The pressure distribution on the surface is

p = p0 − ρgR cos θ − 3
2

µu∞
R

cos θ

in which the Þrst term is the ambient pressure, the second term is the static pressure,
and the third term is the dynamic pressure whose distribution on the surface is then

pd = −3
2

µu∞
R

cos θ

The shear stress distribution on the surface is

τ rθ = −3
2

µu∞
R

sin θ

The plots are shown below.
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θ pd/ (µu∞/R) τ rθ/ (µu∞/R)
0 −1.5 0
30◦ −1.3 −0.75
60◦ −0.75 −1.3
90◦ 0 −1.5
120◦ 0.75 −1.3
150◦ 1.3 −0.75
180◦ 1.5 0
210◦ 1.3 0.75
240◦ 0.75 1.3
270◦ 0 1.5
300◦ −0.75 1.3
330◦ −1.3 0.75
360◦ −1.5 0

Some typical values are shown in the above table.
(b) For irrotational ßow, because the ßuid is inviscid, there is no shear stress on

the surface. The velocity and pressure distributions have been shown in Figure (b)
of the problem.
The comparison between Stokes� ßow and irrotational ßow at the surface of the

sphere is as follows:

Velocity Pressure Shear stress
Stokes� ßow zero due to velocity change and viscosity non-zero

Irrotational ßow non-zero due to velocity change zero

Problem 5.2

Plot Rubey�s relationship for the drag coefficient CD in Figure 5.2. How does it
compare with the experimental measurements? At a given Rep, which of Equations
(5.18) and (5.19) induces larger settling velocities?
Solution Rubey�s drag coefficient equation:

CD =
24

Rep
+ 2

The typical values are listed in the following table. .

Rep 2 5 10 50 100 500 1000 ∞
CD 14 6.8 4.4 2.48 2.24 2.048 2.024 2.0

It is compared with Figure 5.2 as follows, in which the dashed line denotes Rubey�s
equation.
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Rubey�s equation for the drag coefficient, CD, underpredicts the value of CD for
Rep < 20, and overpredicts the value of CD for Rep > 20. For a given Reynolds
number, Rubey�s equation always underpredicts the value of fall velocity compared

to Eq. (5.19), i.e., CD =
24

Rep
+ 1.5.

Problem 5.3

Evaluate the dissipation function χD from Table 5.5 for a vertical axis Rankine vortex
described in cylindrical coordinates by (a) forced vortex

vθ =
Γvr

2πr20
, vz = vr = 0 (rotational ßow for r < r0)

and (b) free vortex

vθ =
Γv
2πr

, vz = vr = 0 (irrotational ßow for r > r0)
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Solution

χD = µm

(
2

"µ
∂vr
∂r

¶2
+

µ
1

r

∂vθ
∂θ

+
vr
r

¶2
+

µ
∂vz
∂z

¶2#

+

·
r
∂

∂r

³vθ
r

´
+
1

r

∂vr
∂θ

¸2
+

·
1

r

∂vz
∂θ

+
∂vθ
∂z

¸2
+

·
∂vr
∂z

+
∂vz
∂r

¸2)
For vθ = f(r), and vz = vr = 0, we have

χD = µm

2
Ã∂vr

∂r

,!2
+

Ã
1

r

∂vθ
∂θ

,
+
vr
r

,!2
+

Ã
∂vz
∂z

,!2
+

"
r
∂

∂r

³vθ
r

´
+
1

r

∂vr
∂θ

,#2
+

"
1

r

∂vz
∂θ

,
+
∂vθ
∂z

,#2
+

"
∂vr
∂z

,
+
∂vz
∂r

,#2
= µm

·
r
∂

∂r

³vθ
r

´¸2
(a) Forced vortex:

χD = µm

·
r
∂

∂r

³vθ
r

´¸2
= µm

·
r
∂

∂r

µ
Γv
2πr20

¶¸2
= 0

(b) Free vortex:

χD = µm

·
r
∂

∂r

³vθ
r

´¸2
= µm

·
r
∂

∂r

µ
Γv
2πr2

¶¸2
=
µmΓ

2
v

π2r4

Problem 5.4

The sediment size distribution of a 1,200-mg sample is to be determined using the
BWT. If the water temperature is 24◦C and the solid weight for each 10-ml withdrawal
is given, complete the following table and deter- mine the particle size distribution:

Particle Withdrawal Sample Dry weight Cumulative Percent
diameter time volume of sediment dry weight Percent Þnera

(mm) (min) (ml) (mg) (mg) settled (%W)
0.25 0.485 10 144 144 12
0.125 10 72 216 18
0.0625 10 204 420 35 78
0.0312 10 264 684 57 58
0.0156 10 252
0.0078 10 84 84
0.0039 10 48 1068
0.00195 4,461 10 45
aSee Figure 5.5



COMPUTER PROBLEM 5.1 47

Solution The withdrawal time can be found from Figure 5.7 (p.84).

Particle Withdrawal Sample Dry weight Cumulative Percent
diameter time volume of sediment dry weight Percent Þnera

(mm) (min) (ml) (mg) (mg) settled (%W)
0.25 0.485 10 144 144 12 94
0.125 1.32 10 72 216 18 90
0.0625 4.33 10 204 420 35 78
0.0312 17.4 10 264 684 57 58
0.0156 69.6 10 252 936 78 48
0.0078 279 10 84 1020 84 30
0.0039 1114 10 48 1068 89 14
0.00195 4,461 10 45 1113 99 11
a These values are obtained from Figure 5.5.

Computer Problem 5.1

Write a simple computer program to determine the particle size ds, the fall velocity ω,
the ßocculated fall velocity ωf , the particle Reynolds number Rep, the dimensionless
particle diameter d∗, and the time of settling per meter of quienscent water at 5◦C,
and complete the following table:

ds ω ωf Settling
Class name (mm) (cm/s) (cm/s) Rep d∗ time
Medium clay
Medium silt
Medium sand
Medium gravel
Small cobble
Medium boulder

Solution Basic equations are

d∗ = ds

·
(G− 1)g
ν2m

¸1
3

ω =
8νm
ds

h¡
1 + 0.0139d3∗

¢0.5 − 1i
ωf =

250

d2s
ω if ds < 40 µm

in which ds is in micrometers.
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t =

½
L/ω if ßocculation does not ocuur
L/ωf if ßocculation occurs

Rep =

½
ωds/νm if ßocculation does not ocuur
ωfds/νm if ßocculation occurs

The results are shown in the following table.

ds ω ωaf Settling tb Settling tcf
Class name (mm) (cm/s) (cm/s) Rep d∗ (s) (s)

1020 384 2.59× 106 19600 0.260
Medium boulder 512 272 9.16× 105 9810 0.368

128 136 1.14× 105 2450 0.737
Small cobble 64 96 4.05× 104 1230 1.04

16 47.9 5050 306 2.09
Medium gravel 8 33.8 178 153 2.96

0.5 6.4 21.1 9.58 15.6
Medium sand 0.25 2.86 4.71 4.79 34.9

0.031 0.0569 3.02× 10−3 0.594 1757
Medium silt 0.016 0.0152 1.56× 10−3 0.306 6579

0.002 2.37×10−4 0.0148 1.95× 10−4 0.0383 6750
Medium clay 0.001 5.93×10−5 0.0148 9.76× 10−5 0.0192 6750

Notes: aFlocculation does not occur if ds ≥ 4× 10−5 m.
bSettling time t = L/ω if without ßocculation.
ctf = L/ωf if ßocculation occurs.

MATLAB Program

%Program: Computer Program 5.1

G = 2.65; g = 9.81; T = 5; L = 1;

nu_m = (1.14-0.031.*(T-15)+0.00068.*(T-15).^2).*1e-6;

d_s = [1024 512 128 64 16 8 0.5 0.25 0.031 0.016 0.002 0.001].*1e-3;

d_star = d_s.*(((G-1).*g)./nu_m.^2).^(1./3);

omega = 8.*nu_m./d_s.*(sqrt(1+0.0139.*d_star.^3)-1);

omega_f = 250./(d_s.*1e6).^2.*omega;

for i=1:12

if d_s(i) < 4e-5

Re_p(i) = omega_f(i).*d_s(i)./nu_m; t(i) = L./omega_f(i);

else

Re_p(i) = omega(i).*d_s(i)./nu_m; t(i) = L./omega(i);
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end

end

table = [d_s;omega;omega_f;Re_p;d_star;t];

fid = fopen(�cp5_1.txt�,�w�);

fprintf(fid,�%11.2e& %11.2e& %11.2e& %11.2e& %11.2e& %11.2e\\\\\n�,table);

fclose(fid);

type cp5_1.txt
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Turbulent velocity proÞles

Exercises

1. Substitute Equations (6.la-d) into the Navier-Stokes equations (Table 5.1) to
obtain Equation (6.4a).

Solution Consider the equation in the x direction.

∂vx
∂t

+ vx
∂vx
∂x

+ vy
∂vx
∂y

+ vz
∂vx
∂z

= gx − 1

ρm

∂p

∂x
+ νm∇2vx (6.1)

Adding vx

µ
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

¶
, which is zero, to the left-hand side gives that

∂vx
∂t

+
∂v2x
∂x

+
∂vxvy
∂y

+
∂vxvz
∂z

= gx − 1

ρm

∂p

∂x
+ νm∇2vx (6.2)

Assuming that

p = p+ p+

vx = vx + v
+
x

vy = vy + v
+
y

vz = vz + v
+
z

then (6.2) becomes that

∂ (vx + v
+
x )

∂t
+
∂ (vx + v

+
x )
2

∂x
+
∂ (vx + v

+
x )
¡
vy + v

+
y

¢
∂y

+
∂ (vx + v

+
x ) (vz + v

+
z )

∂z

= gx − 1

ρm

∂ (p+ p+)

∂x
+ νm∇2

¡
vx + v

+
x

¢
51
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Taking Reynolds average over the above equation and considering

p+ = v+x = v
+
y = v

+
z = 0

and

v2x = (vx + v+x )
2 = v2x + v

02
x

vxvy = vxvy + v+x v
+
y

vxvz = vxvz + v+x v
+
z

yields

∂vx
∂t
+vx

∂vx
∂x
+vy

∂vx
∂y
+vz

∂vx
∂z
+

"
∂v+x v

+
x

∂x
+
∂v+x v

+
y

∂y
+
∂v+x v

+
z

∂z

#
= gx− 1

ρm

∂p

∂x
+νm∇2vx

or

∂vx
∂t
+vx

∂vx
∂x
+vy

∂vx
∂y
+vz

∂vx
∂z

= gx− 1

ρm

∂p

∂x
+νm∇2vx−

"
∂v+x v

+
x

∂x
+
∂v+x v

+
y

∂y
+
∂v+x v

+
z

∂z

#

Similarly, we can derive the equations in the y and z directions.

2. Demonstrate that Equation (6.13) is obtained from Equation (6.12) when z0 =
k0s/30.

Solution

vx
u∗

=
1

κ
ln
z

z0
=
1

κ
ln
30z

k0s

=
2.3

0.4
log

30z

k0s
= 5.75 log

30z

k0s

3. Demonstrate that Equation (6.20) is obtained from Equation (6.12) when z0 =
νm/9u∗.

Solution

vx
u∗

=
1

κ
ln
z

z0
=
1

κ
ln
9u∗z
νm

=
2.3

0.4
log

9u∗z
νm

= 5.75 log
u∗z
νm

+ 5.75 log 9

= 5.75 log
u∗z
νm

+ 5.5
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4. Derive Equation (6.23) from Equations (6.22b) and (6.20) at z = δ.

Solution Equating (6.22b) and (6.20) gives that

u∗δ
νm

= 5.75 log
u∗δ
νm

+ 5.5

Solving for
u∗δ
νm

gives that

u∗δ
νm

= 11.6

or

δ =
11.6νm
u∗

Problem 6.1

Consider the clear-water and sediment-laden velocity proÞles measured in a smooth
laboratory ßume at a constant discharge by Coleman (1986). Notice the changes in
the velocity proÞles due to the presence of sediments. Determine the von Karman
constant κ from Equation (6.12) for the two velocity proÞles in the following tabula-
tion, given u∗ = 0.041 m/s, ds = 0.105 mm, Q = 0.064 m3/s, h ≈ 0.17 m, Sf = 0.002,
and W = 0.356 m.

Sediment-
Clear-water laden

Elevationa ßow velocity velocity Concentration
(mm) (m/s) (m/s) by volume
6 0.709 0.576 2.1×10−2
12 0.773 0.649 1.2×10−2
18 0.823 0.743 7.7×10−3
24 0.849 0.798 5.9×10−3
30 0.884 0.838 4.8×10−3
46 0.927 0.916 3.2×10−3
69 0.981 0.976 2.5×10−3
91 1.026 1.047 1.6×10−3
122 1.054 1.07 8.0×10−4
137 1.053 1.07
152 1.048 1.057
162 1.039 1.048

a Elevation above the bed.

Solution From (6.12)

vx
u∗
=
1

κ
ln
z

z0
=
1

κ
ln z + constant
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A MATLAB Program has been written to plot the velocity distribution and es-
timate κ. If the main portions of both velocity distributions are considered, κ is
calculated as 0.3822 for the clear water and 0.2451 for the sediment-laden ßow. If
the lowest portions of both velocity proÞles are considered, κ = 0.3999 for the clear
water and 0.3893 for the sediment-laden ßow.

Clear water        
Sediment-laden flow

12 14 16 18 20 22 24 26 28
100

101

102

103
Comparison of velocity distribution

vx/u*

y 
(m

m
)

The main portion of the velocity is considered

Clear water        
Sediment-laden flow

14 16 18 20 22 24 26 28
100

101

102

103

vx/u*

y 
(m

m
)

Comparison of velocity distribution

The lowest portion is considered

Appendix: MATLAB Program

%Program: Problem 6.1, PYJ Page 109

u_star = 0.041; %m/s

d_s = 0.105; %mm

Q = 0.064; %m^3/s

h = 0.17; %m

S_f = 0.002; W = 0.356; %m

y = [6 12 18 24 30 46 69 91 122 137 152 162];

u1 = [0.709 0.773 0.823 0.849 0.884 0.927 0.981 1.026 1.054...

1.053 1.048 1.039]./u_star;

u2 = [0.576 0.649 0.743 0.798 0.838 0.916 0.976 1.047 1.07...

1.07 1.057 1.048]./u_star;

semilogy(u1,y,�o�,u2,y,�+�), hold on

legend(�Clear water�,�Sediment-laden flow�)

c1 = polyfit(log(y(1:5)),u1(1:5),1);

uu1 = polyval(c1,log(6:0.1:122));

semilogy(uu1,[6:0.1:122],�:�)

c2 = polyfit(log(y(1:5)),u2(1:5),1);

uu1 = polyval(c2,log(6:0.1:122));

semilogy(uu1,[6:0.1:122],�-�)
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sxlabel(�v_x/u_*�), sylabel(�y (mm)�)

title(�Comparison of velocity distribution�)

k0 = 1./c1(1), km = 1./c2(1), hold off

Problem 6.2

(a) In turbulent ßows, determine the elevation at which the local velocity vx is equal
to the depth-averaged velocity Vx. (b) Determine the elevation at which the local
velocity vx equals the shear velocity u∗.
Solution (a) Consider the general velocity distribution.

vx
u∗
=
1

κ
ln z + C0

The depth-averaged velocity is

Vx
u∗

=
1

h

Z h

0

·
1

κ
ln z + C0

¸
dz =

1

h

·
1

κ
(z ln z − z)|h0 + C0h

¸
=

1

h

·
1

κ
(h lnh− h) + C0h

¸
=
1

κ
(lnh− 1) + C0

Equating the above two equations gives that

1

κ
ln z =

1

κ
(lnh− 1)

or

ln
h

z
= 1

which gives that

z = 0.368h

(b) For hydraulically smooth wall, when u = u∗, u/u∗ = u∗z/ν < 5. Therefore,
we need to use the liner law, i.e.

1 =
u∗z
ν

which gives that

z =
νm
u∗

For hydraulically rough wall, a point where u = u∗ does not exist.
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Problem 6.3

Determine the Darcy-Weisbach friction factor f from the data in Problem 6.1.
Solution From Problem 6.1, we have

u∗ = 0.041 m/s and V =
Q

Wh
=

0.064

(0.356) (0.17)
= 1.058 m/s

then

f = 8
³u∗
V

´2
= 8

µ
0.041

1.058

¶2
= 0.012

Problem 6.4

(a) Calculate the laminar sublayer thickness δ in Problem 6.1. (b)Estimate the range
of laminar sublayer thicknesses for bed slopes 10−5 < S0 < 0.01 and ßow depths 0.5
m< h < 5 m.
Solution (a) Assume that the temperature is 20◦C, then νm = 10−6 m2/s. From

(6.23) on page 100, we have

δ =
11.6νm
u∗

=
11.6 (10−6)
0.041

= 2.86× 10−4 m = 0.286 mm

(b) The lower limit of the shear velocity is

u∗ =
p
ghS =

p
9.81 (0.5) (10−5) = 0.007 m/s

The upper limit if the shear velocity is

u∗ =
p
ghS =

p
9.81 (5) (0.01) = 0.7 m/s

So the range of δ is
11.6 (10−6)
0.007

m > δ >
11.6 (10−6)

0.7
m

i.e.
1.66 mm > δ > 0.0166 mm

Problem 6.5

From turbulent velocity measurements at two elevations (v1 at z1, and v2 at z2) in a
wide rectangular channel, use Equation (6.12) to determine the shear velocity u∗; the
boundary shear stress τ 0; and the laminar sublayer thickness δ.
Solution Equation (6.12) is

vx
u∗
=
1

κ
ln z − 1

κ
ln z0
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� The shear velocity can be found as follows.
v1
u∗
=
1

κ
ln z1 − 1

κ
ln z0 and

v2
u∗
=
1

κ
ln z2 − 1

κ
ln z0 (6.4)

From the above two equations, we get

v1 − v2
u∗

=
1

κ
(ln z1 − ln z2) = 1

κ
ln
z1
z2

i.e.

u∗ = κ
(v1 − v2)
ln
z1
z2

� The boundary shear stress can be found by

τ 0 = ρu
2
∗ = ρκ

2

v1 − v2
ln
z1
z2


2

� The laminar sublayer is

δ =
11.6νm
u∗

= 11.6
νm
κ

ln
z1
z2

(v1 − v2)

Problem 6.6

(a) With reference to Problem 6. 1, evaluate the parameters κ and Πw from the
velocity defect formulation in Equation (6.26). Compare the value of κ with the
value obtained previously (Problem 6.1) from Equation (6.12). (b) Compare the
experimental velocity proÞles from Problem 6.1 with the velocity proÞles calculated
from Equations (6.13) and (6.20).

Solution (a) From the following plots, we get that

κ =
2.3

5.2
= 0.44 for both clear water and sediment-laden ßows

Π =
1.63κ

2
= 0.34 for clear water

Π =
4.3κ

2
= 0.95 for sediment-laden ßows
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(b) The experimental velocity proÞles and Equation (6.20) are plotted in the
following Þgure. Note that Equation (6.13) is not compared because the ßume exper-
imental ßows are smooth boundary ßows.

Appendix MatLab Programs

%Program: Problem 6.6(a), PYJ Page 111

u_star = 0.041; %m/s

d_s = 0.105; %mm

Q = 0.064; %m^3/s

h = 0.17; %m

S_f = 0.002; W = 0.356; %m

y = [6 12 18 24 30 46 69 91 122]; % 137 152 162];

u1 = [0.709 0.773 0.823 0.849 0.884 0.927 0.981 1.026 1.054];

u2 = [0.576 0.649 0.743 0.798 0.838 0.916 0.976 1.047 1.07];

y = y./122;

u1 = (1.054 - u1)./u_star;
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u2 = (1.07 - u2)./u_star;

figure(1)

semilogx(y,u1,�o�), hold on

title(�Clear Water�)

sxlabel(�y/{\delta}�)

sylabel(�\up{-5}\dfrac{u_{max}-u}{u_*}�,�Rot�,0)

A = (u1(1)-u1(2))/log(y(1)/y(2));

C = u1(1) - A*log(y(1));

x = [y(1) 1];

y = A*log(x) + C;

semilogx(x,y)

line([0.117 0.25 0.25],[6.5 6.5 4.7])

stext(0.17,6.7,�1�), stext(0.25,5.5,�\dfrac{2.3}{\kappa}=5.2�)

%Program: Problem 6.6(b), PYJ Page 111

figure(2)

y = y./1000; nu = 1e-6;

u = (2.5*log(u_star*y./nu) + 5.5)*u_star;

plot(u,y*1000), hold off

legend(�Clear water data�,�Sediment-laden flow data�,�Equation (6.20)�)

title(�Comparison of velocity profiles�)

xlabel(�u (m/s)�), ylabel(�z (mm)�)

Problem 6.7

For the velocity proÞle given in Problem 6.1, calculate the depth-averaged velocity
from (a) the velocity proÞle; (b) the one-point method; (c) the two point method; (d)
the three-point method; and (e) the surface method.
Solution (a) The depth-average velocity is found that

V = 0.9207 m / s for clear water

V = 0.9014 m / s for sediment-ladenßow

(b) The one-point velocity is

V = u0.4 = u|0.4×122mm = u|48.8mm = 0.927+
µ
0.981− 0.927
69− 46

¶
(48.8− 46) = 0.934 m/s

(c) The two-point velocity is

u|0.2×122mm = u|24.4mm = 0.849 m/s
u|0.8×122mm = u|97.6mm = 1.026 +

µ
1.054− 1.026
122− 91

¶
(97.6− 91) = 1.032 m/s
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V =
u|0.2×122mm + u|0.8×122mm

2
= 0.940 m/s

(d) The three-point velocity is

V =
u|0.2×122mm + u|0.4×122mm + u|0.8×122mm

3
= 0.938 m/s

(e) The surface method gives that

V = 0.85umax = 0.85 (1.054) = 0.896 m/s

The comparison is shown below.

Measured One-point Two-point Three-point Surface
V (m) 0.927 0.934 0.940 0.938 0.896
Error (%) 0.75% 1.4% 1.2% -3.3%

Appendix MatLab Program

%Program: Problem 6.7, PYJ Page 111

y = [6 12 18 24 30 46 69 91 122];

u1 = [0.709 0.773 0.823 0.849 0.884 0.927 0.981 1.026 1.054];

u2 = [0.576 0.649 0.743 0.798 0.838 0.916 0.976 1.047 1.07];

n = 9;

% clear water

S = u1(1)*y(2)/2;

for i = 2:n-1

S = S + u1(i)*(y(i+1)-y(i-1))/2;

end

S = S + u1(n)*(y(n)-y(n-1))/2;

V1 = S/122; %depth-averaged velocity

% sediment-lden flow

S = u2(1)*y(2)/2;

for i = 2:n-1

S = S + u2(i)*(y(i+1)-y(i-1))/2;

end

S = S + u2(n)*(y(n)-y(n-1))/2;

V2 = S/122; %depth-averaged velocity
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Incipient motion

Problem 7.1

What is the sediment size corresponding to beginning of motion when the shear
velocity u∗ = 0.1 m/s?
Solution The shear stress corresponding to u∗ = 0.1 m/s is

τ = ρu2∗ = (1000) (0.1)
2 = 10 N/m2

From Figure 7.7, we can get

ds = 1.27 cm

or assume that
τ c

(ρs − ρ)gds
= 0.047

then we get

ds = 1.31 cm

Problem 7.2

Given the stream slope S0 = 10−3, at what ßow depth would coarse gravel enter
motion?

Solution For coarse gravel, we have ds = 16− 32 mm. Now

τ c
(ρs − ρ)gds

=
ρghS0

(ρs − ρ)gds
=

hS0
(G− 1) ds = 0.047

then

h =
0.047 (G− 1) ds

S0
=
0.047 (1.65) (16× 10−3)

10−3
= 1.24 m

61
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Problem 7.3

Calculate the stability factor of 8-in. riprap on an embankment inclined at a 1V: 2H
sideslope if the shear stress τ 0 = 1 lb/ft

2.
Solution

1. The particle size ds = 8 in= 0.667 ft;

2. the angle of repose is approximately φ = 41.5◦ (from Fig. 7.2);

3. the sideslope is Θ1 = tan
−1 1
2
= 26.6◦;

4. the downstream slope is assumed to be Θ0 = 0
◦;

5. the angle Θ = tan−1
µ
sinΘ0
sinΘ1

¶
= 0;

6. the factor aΘ =
p
cos2Θ1 − sin2Θ0 = cosΘ1 = 0.895;

7. the deviation angle λ = 0;

8. from Equation (7.11a), we have

η0 =
21τ 0

(γs − γ) ds
=

21 (1)

(1.65) (62.4) (0.667)
= 0.306

9. from Equation (7.13), assuming M = N , we have

β = tan−1


cos (λ+Θ)

2
p
1− a2Θ

η0 tanφ
+ sin (λ+Θ)

 = tan−1


cos 0◦

2
√
1− 0.8952

(0.306) tan 41.5◦
+ sin 0◦

 = 16.88◦

10. from Equation (7.10), we have

η1 = η0

·
1 + sin (λ+ β +Θ)

2

¸
= 0.306

·
1 + sin 16.18◦

2

¸
= 0.197

11. from (7.8), because λ ≥ 0,

SF0 =
aΘ tanφ

η1 tanφ+
p
1− a2Θ cosβ

=
0.895 tan 41.5◦

(0.197) tan 41.5◦ +
√
1− 0.8952 cos 16.88◦

=
0.792

0.174 + 0.427
= 1.32 > 1

then the particle is stable.
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Problem 7.4

An angular 10-mm sediment particle is submerged on an embankment inclined at
Θ1 = 20

◦ and Θ0 = 0◦. Calculate the critical shear stress from the moment stability
method when the streamlines near the particle are (a) λ = 15◦ (deßected downward);
(b) λ = 0◦ (horizontal ßow); and (c) λ = −15◦ (deßected upward).
Solution This problem is to simultaneously solve Eqs. (7.8b), (7.10) and (7.13).

The MatLab Program and results are shown in Problem 7.5.

Problem 7.5

Compare the values of critical shear stress τΘc from Problem 7.4 with those calculated
with Equation (7.16) and with Lane�s method [Eq. (7.18)], given Θ0 = 0 and Π1d = 0.
Solution The values are given in the following tabulation:

Moment SimpliÞed Lane�s
Angle λ stability stability method
(deg) (N/m2) (N/m2) (N/m2)
-15◦ up 6.58 7.22 6.26
0 5.69 6.26 6.26
15◦ down 5.00 5.43 6.26

MATLAB Program

% Problem 7.5: Find critical shear stress

% Method in Section 7.3

lambda = 15; % degree

Pi_ld = 0;

d_s = 10e-3; % m

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Section 7.3

phi = 37; % degree

theta_1 = 20; % degree

theta_0 = 0; % degree

x = fsolve(�p7_5f�,[1 1 1]�,1,[],lambda,d_s,phi,theta_0,theta_1);

beta = x(1);

eta_0 = x(2);

eta_1 = x(3);
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method = �Moment method�

tau_0 = eta_0*(2650-1000)*9.81*d_s*0.047

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Simplified method (Section 7.4)

phi = radian(phi); % radian

theta_0 = radian(theta_0); % radian

theta_1 = radian(theta_1); % radian

lambda = radian(lambda); % radian

a = sin(theta_1)*sin(lambda)+sin(theta_0)*cos(lambda);

b =tan(phi)*sqrt(1+Pi_ld.^2);

c = sin(theta_0).^2 + sin(theta_1).^2;

d = sin(phi).^2;

ratio = -a/b + sqrt((a/b).^2 +1 - c/d);

method = �Simplified method�

tau_tc = ratio*0.047*(2650-1000)*9.81*d_s

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Lane�s method Eq.(7.18), p.127

method = �Lane��s method�

tau_tc = sqrt(1-(sin(theta_1)/sin(phi)).^2)*0.047*(2650-1000)*9.81*d_s

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%%%%% FUNCTION %%%%%%%%%%%%%%%%%%%%%

function f = p7_5f(x,lambda,d_s,phi,theta_0,theta_1)

beta = x(1); eta_0 = x(2); eta_1 = x(3);

lambda = radian(lambda); % radian

phi = radian(phi); % radian

theta_0 = radian(theta_0); % radian

theta_1 = radian(theta_1); % radian

theta = atan(sin(theta_0)/sin(theta_1));

a_theta = sqrt(cos(theta_1).^2 - sin(theta_0).^2);

f(1) = tan(beta) - cos(lambda + theta)./(2*sqrt(1-...

a_theta.^2)./eta_0*tan(phi) + sin(lambda + theta));
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f(2) = eta_1./eta_0 - 0.5*(1 + sin(lambda + beta + theta));

f(3) = a_theta*tan(phi) - (eta_1*tan(phi) - sqrt(1 -...

a_theta.^2)*cos(beta));

Problem 7.6

Design a stable channel conveying 14 m3/s in coarse gravel, d50 = 10 mm and d90 = 20
mm, at a slope S0 = 0.0006.
Solution (1) Find the ßow depth. The ßow depth is set such that the bed

particles are at incipient motion, assuming Rh = h.

τ b = 0.97ρghS0 = 0.06(ρs − ρ)gd50 tanφ
in which φ = 36.5◦ from Fig. 7.1.

h =
0.06(G− 1)d50 tanφ

0.97S0
=
0.06 (1.65) (0.01) (tan 36.5◦)

0.97 (0.0006)
= 1.26 m

(2) Determine the sideslope angle Θ1. Using Lane�s method, we have

τ s = 0.75ρghS0 = 0.06(ρs − ρ)gd50 tanφ
s
1−

µ
sinΘ1
sinφ

¶2
which gives that

sinΘ1 = sinφ

s
1−

µ
0.75hS0

0.06(G− 1)d50 tanφ
¶2

= sin 36.5◦

s
1−

µ
0.75 (1.26) (0.0006)

0.06 (G− 1) (0.01) tan 36.5◦
¶2

= 0.377

or
Θ1 = 22.1

◦

(3) Determine the channel width. The cross-sectional area of a trapezoidal channel
is

A = Bh+ h2 cotΘ1

in which B is width of the bottom. The perimeter is

P = B + 2h/ sinΘ1

The hydraulic radius is

Rh =
A

P
=
Bh+ h2 cotΘ1
B + 2h/ sinΘ1

(7.1)
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Then the velocity is

V =
Q

A
=

Q

h (B + h cotΘ1)
(7.2)

From Eq. (6.14), we get

V =
p
gRhS0

·
2.5 ln

µ
12.2Rh
3d90

¶¸
(7.3)

From (7.2) and (7.3), we get

Q

h (B + h cotΘ1)
=
p
gRhS0

·
2.5 ln

µ
12.2Rh
3d90

¶¸
(7.4)

Now solving (7.1) and (7.4) simultaneously for Rh and B given Q = 14 m3/s,
d90 = 0.02 m and S = 0.0006 requires

Rh = 0.95 m, B = 8.17 m

MATLAB Program

% Problem 7.6: Stable channel design

Q = 14; % m^3/s

d_90 = 0.02; % m

d_50 = 0.01; % m

phi = radian(36.5); % degree

S_0 = 0.0006;

% Find the flow depth

h = 0.06*1.65*d_50*tan(phi)/(0.97*S_0);

% Find the sideslope angle

theta_1 = asin(sin(phi)*sqrt(1 - ...

(0.75*S_0*h/0.06/1.65/d_50/tan(phi)).^2));
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% Determine the channel bottom

x = fsolve(�p7_6f�,[1 10]�,1,[],h,theta_1,Q,S_0,d_90);

h

theta_1 = 180/pi*theta_1

R_h = x(1);

B = x(2)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function f = p7_6f(x,h,theta_1,Q,S_0,d_90)

R_h = x(1);

B = x(2);

f(1) = B*h + h.^2*cot(theta_1) - B*R_h - 2*h*R_h/sin(theta_1);

f(2) = Q/h/(B + h*cot(theta_1)) ...

- sqrt(9.81*R_h*S_0)*2.5*log(12.2*R_h/3/d_90);
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Bedforms

Exercise

1. Demonstrate that Equations (8.1) and (8.2) reduce to Equations (8.3) and (8.4).

Solution

∂

∂x

µ
p

ρm
+
v2

2

¶
= gx + (vy ⊗z −vz⊗y) + 1

ρm

µ
∂τxx
∂x

+
∂τyx
∂y

+
∂τ zx
∂z

¶
(8.1)

∂

∂z

µ
p

ρm
+
v2

2

¶
= gz + (vx ⊗y −vy⊗x) + 1

ρm

µ
∂τxz
∂x

+
∂τyz
∂y

+
∂τ zz
∂z

¶
(8.2)

Assumptions:
τxx = τyx = τyz = τ zz = 0

vx = v, vy = vz = 0

Substituting the above relations into (8.1) gives that

g
∂

∂x

µ
p

ρmg
+
v2

2g

¶
= gx +

1

ρm

∂τ zx
∂z

(8.3)

Substituting the above relations into (8.2) and considering

⊗y = ∂vx
∂z

− ∂vz
∂x

=
∂vx
∂z

gives that
∂

∂z

µ
p

ρm
+
v2

2

¶
= gz + vx

∂vx
∂z

+
1

ρm

∂τxz
∂x

(8.4)

Problem 8.1

Identify the conditions under which the pressure and shear stress distributions vary
linearly with ßow depth.
Answer. Steady uniform ßow.
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Problem 8.2

Determine the ßow regime and type of bedform in the Rio Grande conveyance channel,
given the mean velocity V = 0.5 m/s, the ßow depth h = 0.40 m, the bed slope
S0 = 52 cm/km, and the grain size distributions d50 = 0.24 mm and d65 = 0.35 mm.
Solution The stream power is

τ0V = γhS0V = (62.4) (0.4/0.3048) (0.52/1000) (0.5/0.3048) = 0.07 lb/ft-s

According to Simons and Richardson�s method (Figure 8.8), the bedforms are ripples.

Problem 8.3

Check the type of bedform in a 200-ft-wide channel conveying 8500 ft3/s in a channel
sloping at 9.6 × 10−5 given the mean velocity V = 3.6 ft/s and the median grain
diameter dm = 0.213 mm.
Solution The ßow depth is

h =
Q

WV
=

8500

(200) (3.6)
= 11.8 ft

the stream power is

τ 0V = γhS0V = (62.4) (11.8)
¡
9.6× 10−5¢ (3.6) = 0.254 lb/ft-s

According to Simons and Richardson�s method (Figure 8.8), the bedforms are dunes.

Problem 8.4

Predict the type and geometry of bedforms in a sand-bed channel, d35 = 0.35 mm.
and d65 = 0.42 mm, sloping at S0 = 0.001 with ßow depth h = 1 m when the water
temperature is 40◦F.
Solution According to the method of Engelund and Hanson (Figure 8.12), we

have

τ ∗ =
τ 0

(γs − γ) d65
=

γhS0
(γs − γ) d65

=
hS0

(G− 1) d65 =
(1) (0.001)

(1.65) (0.42× 10−3) = 1.44

Therefore, the bedforms are in the transition from plane bed to antidunes.

Problem 8.5

A 20-m-wide alluvial channel conveys a discharge Q = 45 m3/s. If the channel slope
is S0 = 0.0003 and the median sediment size is dm = 0.4 mm, determine (a) the
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ßow depth from Engelund�s method; (b) the type of bedform; and (c) the bedform
geometry from van Rijn�s method.
Solution (a) Engelund Method
The dune data in Figure 8.12 can be approximated with

γh0S0
(γs − γ)ds

= 0.06 + 0.4

µ
γhS0

(γs − γ)ds

¶
(p8.5a)

From Eq. (6.14), we have the skin friction

V√
gh0S0

= 2.5 ln

µ
h0

2dm

¶
+ 6 (p8.5b)

The continuity equation is

Continuity : Q = V hB (p8.5c)

in which τ
0
∗ =

γh0S0
(γs − γ)ds

, and τ ∗ =
γhS0

(γs − γ)ds
while h, h0 and V are unknowns.

Solution Procedures: (1) Assume h, Þnd h0 from (p8.5a); (2) Calculate V from
(p8.5b); (3) Calculate h from (p8.5c); and (4) Compare h assumed with calculated.
If they are not close, repeat the calculations. A MATLAB has been written to carry
out the calculation.
Given: Q = 45 m3/s, B = 20 m, S0 = 3×10−4, and dm = 0.4 mm. The calculated

results are

h = 1.954 m h0 = 0.826 m V = 1.15 m

MATLAB PROGRAM FOR ENGELUND METHOD
function table = engelund(Q,B,ds,Se)

% [h,h1,V] = engelund(Q,B,ds,S): Calculate flow depth

% using Engelund method

% h = total hydraulic radius;

% h1 = sand hydraulic radius;

% V = mean velocity in m/s;

% Q = discharge in m^3/s;

% B = channel width in m;

% ds = sediment size in m;

% Se = energy slope.

%

% Written by JUNKE GUO, Nov. 12, 1996

%

h = 1; %assumed flow depth

hh = 3; %another assumed flow depth. MATLAB while.

G = 2.65;
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tau1 = 0.05;

Fr = 0.2;

while abs(hh-h) > 1e-4

h = (hh+h)./2;

tau = h.*Se./(G-1)./ds;

if Fr < 1

if tau1 < 0.05

tau1 = tau;

else

tau1 = 0.06+0.4.*tau.^2;

end

end

if Fr >= 1

if tau1 >= 0.55 & tau1 < 1

tau1 = tau;

else

tau1 = (0.702.*tau.^(-1.8)+0.298).^(-1./1.8);

end

end

h1 = tau1.*(G-1).*ds./Se;

V = sqrt(9.81.*h1.*Se).*2.5.*log(5.5.*h1./ds);

hh = Q./V./B;

Fr = V./sqrt(9.81.*hh);

end

table = [h h1 V];

(b) Bedform Prediction

d∗ = ds

·
(G− 1) g
ν2

¸1/3
; T from Eq. (8.9b)

d∗ = 10.1 T = 9.43 Bedform = Dune

MATLAB PROGRAM

function s = bedform(ds,Tem,h1,S)

%bedform(ds,Tem,h1,S): Bedform classification by van Rijn�s method

%

% ds = sediment diameter in m;

% Tem = temparature;
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% h1 = sand hydraulic radius;

% S = slope;

% T = transport-stage function;

% output = Ripple or Dune or Transition or Upper regime

%

% Written by JUNKE GUO, Nov.12, 1996

% Reference: Julien, Erosion and sedimentation, p145

G = 2.65; g = 9.81;

nu = (1.14-0.031.*(Tem-15)+0.00068.*(Tem-15).^2).*1e-6;

dstar = ds.*((G-1).*g/nu.^2).^(1./3)

if dstar < 0.3

taustarc = 0.5.*tan(pi./6);

elseif dstar >= 0.3 & dstar < 19

taustarc = 0.25.*dstar.^(-0.6).*tan(pi./6);

elseif dstar >=19 & dstar < 50

taustarc = 0.06.*tan(pi./6);

end

taustar1 = h1.*S./(G-1)./ds;

T = taustar1./taustarc - 1;

if dstar < 10 & T < 3, s = �Ripple�; end

if dstar >= 10 | T >= 3 & T < 15, s = �Dune�; end

if T >= 15 & T < 25, s = �Transition�; end

if T >= 25, s = �Upper regime�; end

(c) Bedform Geometry

Λ = 7.3h = (7.3) (1.95) = 14.2 m

∆

h
= 0.11

µ
d50
h

¶0.3 ¡
1− e−0.5T¢ (25− T )

∆ = (1.95) (0.11)

µ
4× 10−4
1.95

¶0.3 ¡
1− e−0.5(9.43)¢ (25− 9.43) = 0.259 m

i.e.

Λ = 14.2 m ∆ = 0.259 m

Problem 8.6

Dunes 6.4 m in height and 518 m in length were measured in the Mississippi River.
If the ßow depth is 38.7 m, the river energy slope 7.5 cm/km, the water temperature
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16◦C, the depth-averaged ßow velocity 2.6 m/s, and the grain size d50 = 0.25 mm
and d90 = 0.59 mm: (a) check the type of bedform predicted by the methods of Liu,
Chabert and Chauvin, Simons and Richardson, Bogardi, and van Rijn; (b) estimate
τ 00b from Equation (8.13); and (c) calculate ks, from Þeld data using Equation (8.15)
and plot the results in Figure CS8.1.3.
Solution (a) Given

∆ = 6.4 m, Λ = 518 m, h = 38.7 m, Sf = 7.5× 10−5, T = 16◦C
V = 2.6 m/s, d50 = 0.25 mm, d90 = 0.59 mm

we have the following parameters:

ν = 1.16× 10−6 m2/s
ω = 33.65 mm/s

u∗ =
p
ghSf =

p
(9.81) (38.7) (7.5× 10−5) = 0.169 m/s

d∗ = d50

·
(G− 1) g
ν2

¸1/3
=
¡
0.25× 10−3¢ · (1.65) (9.81)

(1.16× 10−6)2
¸1/3

= 5.73

Re∗ =
u∗d50
ν

=
(0.169) (0.25× 10−3)

1.16× 10−6 = 36.4

u∗
ω
=

0.169

0.03365
= 5.07

τ ∗ =
τ 0

(γs − γ) d50
=

γhSf
(γs − γ) d50

=
hSf

(G− 1) d50 =
(38.7) (7.5× 10−5)
(1.65) (0.25× 10−3) = 7.03

gd50
u2∗

=
0.6

τ∗
=
0.6

7.03
= 0.085

τ0V = γhSfV = (62.4) (38.7/0.3048)
¡
7.5× 10−5¢ (2.6/0.3048) = 5.07 lb/ft-s

T =
τ 0∗ − τ ∗c
τ ∗c

=
u02∗ − u2∗c
u2∗c

=
ρV 2

τ c [5.75 log (4h/d90)]
2 − 1

=
(1000) (2.6)2

0.047 (1650) (9.81) (0.25× 10−3)
·
5.75 log

µ
4 (38.7)

0.59× 10−3
¶¸2 − 1

= 35.6

Liu�s method: From Figure 8.6, given Re∗ = 36.4 and u∗/ω = 5.07, the bedforms
are antidunes. Chabert and Chauvin�s method: From Figure 8.7, given τ ∗ = 6.87
and Re∗ = 36.4, the bedforms are off the chart. Simons and Richardson�s method:
Given τ0V = 5.07 lb/ft-s and ds = 0.25 mm, from Figure 8.8, we get antidunes.
Bogardi�s method: Given gd50/u

2
∗ = 0.0873 and ds = 0.25 mm, from Figure 8.9, we
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get antidunes. van Rijn�s method: Given T = 35.6 and d∗ = 5.73, from Figure 8.10,
we get antidunes. Discussion: All methods give antidunes, except perhaps Chabert
and Chauvin. This shows that most existing bedform predictors cannot be applied
to large rivers.
(b) From Figure 8.12, given τ ∗ = 6.87 (antidunes), we have τ 0∗ = 1.91. Then

τ 00∗ = τ∗ − τ 0∗ = 6.87− 1.91 = 4.96

τ 00 = (γs − γ) d50τ 00∗ = (1650) (9.81)
¡
0.25× 10−3¢ (4.96) = 20 N/m2

(c) r
8

f
=
V

u∗
=

2.6

0.169
, f = 0.0338

From Equation (8.15), we haver
8

0.0338
= 5.75 log

12 (38.7)

ks
, ks = 0.98 m

Since we have Λ = 518 m and ∆ = 6.4, then

∆

h

µ
d50
h

¶−0.3
=

6.4

38.7

µ
0.00025

38.7

¶−0.3
= 5.96

∆

Λ

µ
d50
h

¶−0.3
=

6.4

518

µ
0.00025

38.7

¶−0.3
= 0.44

which is plotted in Figure CS8.1.3 as shown below.
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% Problem 8.6

T = 35.6; y1 = 5.96; y2 = 0.44;

figure(1), subplot(211), semilogy(T,y1,�o�), hold on

x = linspace(0,25,100);

y1 = 0.11.*(1-exp(-0.5.*x)).*(25-x);

semilogy(x,y1), hold off

sylabel(�\Delta/h(h/d_{50})^{0.3}�)

subplot(212), semilogy(T,y2,�o�), hold on

y2 = 0.015.*(1-exp(-0.5.*x)).*(25-x);

semilogy(x,y2), hold off

sxlabel(�Transport stage parameter T�)

sylabel(�\Delta/\Lambda(h/d_{50})^{0.3}�)

subplot

Problem 8.7

Surveys of the Red Deer River indicate the formation of sand dunes 0.6 m high and
5.2 m long in bed material d50 = 0.34 mm and d90 = 1.2 mm. If the ßow depth
is 2 m, the average ßow velocity 0.95 m/s, and the slope 7.4 cm/km, (a) compare
the bedform characteristics with those of Liu, Chabert and Chauvin, Simons and
Richardson, Bogardi, Yalin, Engelund, and van Rijn; (b) separate the total bed shear
stress τ b into grain and form shear stress components τ 0b and τ

00
b using the methods

of Engelund and van Rijn; and (c) compare the bedform length and height with the
methods of Yalin and van Rijn.
Solution (a) Measurement data:

∆ = 0.6 m, Λ = 5.2 m, d50 = 0.34 mm, d90 = 1.2 mm

h = 2 m, V = 0.95 m/s, S0 = 7.4× 10−5

Assume that the temperature is T = 20◦C, the kinematic viscosity is

ν = 1.01× 10−6 m2/s
and the fall velocity is

ω = 48.35 mm/s

The following parameters are calculated:

u∗ =
p
ghSf =

p
(9.81) (2) (7.4× 10−5) = 0.0381 m/s

d∗ = d50

·
(G− 1) g
ν2

¸1/3
=
¡
0.34× 10−3¢ · (1.65) (9.81)

(1.01× 10−6)2
¸1/3

= 12.8

Re∗ =
u∗d50
ν

=
(0.0381) (0.34× 10−3)

1.01× 10−6 = 56.7
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u∗
ω
=
0.0381

0.04835
= 0.788

τ∗ =
τ0

(γs − γ) d50
=

γhSf
(γs − γ) d50

=
hSf

(G− 1) d50 =
(2) (7.4× 10−5)

(1.65) (0.34× 10−3) = 0.264
gd50
u2∗

=
0.6

τ∗
=

0.6

0.264
= 2.27

τ 0V = γhSfV = (62.4) (2/0.3048)
¡
7.4× 10−5¢ (0.95/0.3048) = 0.0944 lb/ft-s

T =
τ 0∗ − τ∗c
τ ∗c

=
u02∗ − u2∗c
u2∗c

=
ρV 2

τ c [5.75 log (4h/d90)]
2 − 1

=
(1000) (0.95)2

0.047 (1650) (9.81) (0.34× 10−3)
·
5.75 log

µ
4 (2)

1.2× 10−3
¶¸2 − 1

= 6.22

Liu�s method: From Figure 8.6, given Re∗ = 12.8 and u∗/ω = 0.788, the bedforms
are dunes. Chabert and Chauvin�s method: From Figure 8.7, given τ∗ = 0.264
and Re∗ = 12.8, the bedforms are ripples to dunes. Simons and Richardson�s
method: Given τ 0V = 0.0944 lb/ft-s and ds = 0.34 mm, from Figure 8.8, we get
dunes. Bogardi�s method: Given gd50/u

2
∗ = 2.27 and ds = 0.34 mm, from Figure

8.9, we get dunes. Engelund�s method: Given τ ∗ = 0.264, the bedforms are dunes.
van Rijn�s method: Given T = 6.22 and d∗ = 8.54, from Figure 8.10, we get dunes.
Discussion: All methods give dune bedforms for this river. This shows that existing
bedform predict methods can be applied to small rivers.
(b) Engelund�s method: From Figure 8.12, given τ∗ = 0.264 (dunes), we have

τ 0∗ = 0.0879. Then

τ 00∗ = τ∗ − τ 0∗ = 0.264− 0.0879 = 0.176
τ 00 = (γs − γ) d50τ 00∗ = (1650) (9.81)

¡
0.34× 10−3¢ (0.176) = 0.969 N/m2

τ 0 = τ − τ 00 = γhS0 − τ 00 = (9810) (2)
¡
7.4× 10−5¢− 0.969 = 0.483 N/m2

(c) Yalin�s method: The dune length is

Λ = 2πh = 2π (2) = 12.6 m

van Rijn�s method: The dune height is

∆ = 0.11h

µ
d50
h

¶0.3 ¡
1− e−0.5T¢ (25− T )

= 0.11 (2)

µ
1.2× 10−3

2

¶0.3 ¡
1− e−0.5(6.22)¢ (25− 6.22)

= 0.426 m

The dune length is
Λ = 7.3h = 7.3 (2) = 14.6 m



78 CHAPTER 8. BEDFORMS

Computer Problem 8.1

From the Bergsche Maas bedform data given in the tabulation on the following page,
(a) calculate the grain Chezy coefficient C 0 and the sediment transport parameter T ;
(b) plot the data on van Rijn�s dune height and dune steepness diagrams; and (c)
calculate ks, from Þeld measurements and plot in Figure 8.13.

Q Sf h V ds ∆ Λ T C 0

(m3/s) (cm/km) (m) (m/s) (µm) (m) (m) (m1/2/s)
2160.00 12.50 8.60 1.35 480 1.50 22.50 8.2 86.8
2160.00 12.50 8.00 1.35 410 1.00 14.00 9.6 87.6
2160.00 12.50 10.50 1.30 300 1.50 30.00 11.3 91.8
2160.00 12.50 10.00 1.40 500 1.60 32.00 8.4 87.4
2160.00 12.50 7.60 1.40 520 1.40 21.00 8.5 85.5
2160.00 12.50 8.40 1.40 380 1.50 22.50 11.1 88.5
2160.00 12.50 8.70 1.70 300 1.50 30.00 20.6 90.5
2160.00 12.50 7.50 1.55 250 2.50 50.00 20.3 91.0
2160.00 12.50 8.30 1.50 260 1.80 36.00 18.0 91.3
2160.00 12.50 9.50 1.35 230 1.80 36.00 15.7 93.2
2160.00 12.50 8.80 1.35 240 1.80 36.00 15.3 92.4
2160.00 12.50 9.00 1.30 240 1.80 36.00 14.1 92.6
2160.00 12.50 9.60 1.50 220 2.20 33.00 20.5 93.6
2160.00 12.50 8.70 1.50 370 1.90 28.50 13.1 88.9
2160.00 12.50 8.20 1.35 330 2.00 36.00 11.7 89.5
2160.00 12.50 8.20 1.35 480 1.40 22.40 8.3 86.5
2160.00 12.50 8.10 1.40 350 1.00 20.00 12.0 88.9
2160.00 12.50 8.00 1.50 420 0.60 9.00 11.9 87.4
2160.00 12.50 7.80 1.50 410 0.60 9.00 12.2 87.4
2160.00 12.50 6.80 1.50 400 0.40 8.00 12.8 86.6
2160.00 12.50 6.40 1.50 270 0.60 6.00 18.2 89.3
2160.00 12.50 5.80 1.50 220 1.00 10.00 22.1 90.2
2160.00 12.50 6.20 1.50 210 1.20 24.00 22.7 91.0
2160.00 12.50 6.60 1.50 210 1.00 50.00 22.5 91.5
2160.00 12.50 8.30 1.50 180 0.90 36.00 24.9 94.2
2160.00 12.50 8.10 1.35 400 1.50 22.50 9.8 87.9
Source: After Julien (1992)

Solution (a) The values of the grain Chezy coefficient C 0 and the sediment
transport parameter T are shown in the last two columns of the above table.

(b) The plots of the dune height and length are shown in the following Þgures.
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(c) The plot of the Þeld data is shown in the following Þgure.
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MATLAB Program

A = [2160.00 12.50 8.60 1.35 480 1.50 22.50
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2160.00 12.50 8.00 1.35 410 1.00 14.00

2160.00 12.50 10.50 1.30 300 1.50 30.00

2160.00 12.50 10.00 1.40 500 1.60 32.00

2160.00 12.50 7.60 1.40 520 1.40 21.00

2160.00 12.50 8.40 1.40 380 1.50 22.50

2160.00 12.50 8.70 1.70 300 1.50 30.00

2160.00 12.50 7.50 1.55 250 2.50 50.00

2160.00 12.50 8.30 1.50 260 1.80 36.00

2160.00 12.50 9.50 1.35 230 1.80 36.00

2160.00 12.50 8.80 1.35 240 1.80 36.00

2160.00 12.50 9.00 1.30 240 1.80 36.00

2160.00 12.50 9.60 1.50 220 2.20 33.00

2160.00 12.50 8.70 1.50 370 1.90 28.50

2160.00 12.50 8.20 1.35 330 2.00 36.00

2160.00 12.50 8.20 1.35 480 1.40 22.40

2160.00 12.50 8.10 1.40 350 1.00 20.00

2160.00 12.50 8.00 1.50 420 0.60 9.00

2160.00 12.50 7.80 1.50 410 0.60 9.00

2160.00 12.50 6.80 1.50 400 0.40 8.00

2160.00 12.50 6.40 1.50 270 0.60 6.00

2160.00 12.50 5.80 1.50 220 1.00 10.00

2160.00 12.50 6.20 1.50 210 1.20 24.00

2160.00 12.50 6.60 1.50 210 1.00 50.00

2160.00 12.50 8.30 1.50 180 0.90 36.00

2160.00 12.50 8.10 1.35 400 1.50 22.50];

h = A(:,3); V = A(:,4); d_90 = 1e-6*A(:,5); Delta = A(:,6); Lambda = A(:,7);

% (a)

Q = 2160; B = Q./h./V; R_h = h.*B./(2*h+B);

C1 = 2.5*sqrt(9.81).*log(4.*R_h./d_90);

T = 1000.*V.^2./0.033/1650/9.81./d_90./(C1./sqrt(9.81)).^2 - 1;

% (b)

y1 = Delta./h.*(d_90./h).^(-0.3);

y2 = Delta./Lambda.*(d_90./h).^(-0.3);

figure(1)

subplot(211), semilogy(T,y1,�o�), hold on

x = linspace(0,25,100);

y1 = 0.11.*(1-exp(-0.5.*x)).*(25-x);

semilogy(x,y1), hold off

sylabel(�\Delta/h(h/d_{50})^{0.3}�)

subplot(212), semilogy(T,y2,�o�), hold on
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y2 = 0.015.*(1-exp(-0.5.*x)).*(25-x);

semilogy(x,y2), hold off

sxlabel(�Transport stage parameter T�)

sylabel(�\Delta/\Lambda(h/d_{50})^{0.3}�)

subplot

% (c)

u_star = sqrt(9.81.*h.*12.5e-5);

k_s = 12.*h.*exp(-0.4.*V./u_star) - 3.*d_90;

x = Delta./Lambda;

y = k_s./Delta;

figure(2)

semilogx(x,y,�o�), hold on

x = logspace(-3,log10(0.2),100);

y = 1.1.*(1-exp(-25.*x));

semilogx(x,y), hold off

sxlabel(�Bedform steepness \Delta/\Lambda�)

sylabel(�k_s/\Delta�)

Computer Problem 8.2

Consider the bedform and resistance to ßow in the backwater proÞle analyzed in
Computer Problem 3.1.
(a) Assume the rigid boundary is replaced with uniform 1-mm sand. Select an

appropriate bedform predictor and determine the type of bedform to be expected
along the 25-km reach of the channel using previously calculated hydraulic param-
eters. (Check your results with a second bedform predictor.) Also determine the
corresponding resistance to ßow along the channel and recalculate the backwater pro-
Þle. Brießy discuss the methods, assumptions, and results. Three sketches should
be provided along the 25 km of the reach: (i) type of bedforms; (ii) Manning n or
Darcy-Weisbach f ; and (iii) water surface elevation.
(b) Repeat the procedure described in (a) after replacing the bed material with

the sediment size distribution from Problem 2.4.
Solution BASIC EQUATION OF BACKWATER SURFACE
The basic equation of backwater surface is

dh

dx
= −S0

1−
µ
hn
h

¶3
1−

µ
hc
h

¶3 (8.5)
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in which the negative sign �-� means the direction of x direction toward upstream.
hc is estimated by

hc =

µ
q2

g

¶1
3

(8.6)

For alluvial channels, hn is a function of bedform while bedform type in turn
depends on ßow depth h and other ßow and sediment variables, i.e., hn = f(h, others).
For this case, we use Engelund�s method to determine hn. That is, solving the above
two equations and the following equations simultaneously.

Form drag:

If Fr < 1 and τ 0∗ < 0.06 τ 0∗ = τ∗
If Fr < 1 and 0.06 ≤ τ 0∗ < 0.55 τ 0∗ = 0.06 + 0.4τ

2
∗

If Fr ≥1 and 0.55 ≤ τ 0∗ < 1 τ 0∗ = τ∗
If Fr ≥ 1 and 1 ≤ τ 0∗ τ 0∗ = (0.702τ

−1.8
∗ + 0.298)−1./1.8

Skin friction:
V√
gh0S0

= 2.5 ln

µ
h0

2.5Ds

¶
+ 6

Continuity: Q = V hnB

The plots are shown in the following page. A MATLAB program is shown in Appendix
I.
RESULTS AND DISCUSSIONS
Bedform Type
Bedform type has been automatically considered in the processes of the cal-

culations using Engelund method. But Engelund method can only discern lower
ßow regime and higher ßow regime. To tell ripple and dune, Simons and Richard-
son�s method is applied. Accordingly, the stream power (τ0V = γhSeV, in which

Se = S0 +
dh

dx
in this case) is also listed in Table 1. Then the bedform type can be

determined by reading Figure 8.8 (p.143) where ds = 0.3 mm. The results are shown
in the last column in Table 1 and Figure 1. It can be found that the bedform is
initially ripple, and gradually becomes dune, transition and higher ßow regime with
the increase of stream power.
Water Surface ProÞle
The water surface is calculated using the present program and shown in Table 1

and in Figure 2. The ßow depth at x = 15000 m is 2 m which is deeper than that
in the rigid bed where h = 1.74 m. This is because the downstream dune resistance
raises the water elevation. However, the ßow depth far away from the dam is less
than that in the rigid bed. This is because the higher ßow regime resistance is smaller
than that in rigid bed.
Darcy-Weisbach Friction Coefficient
The Darcy-Weisbach friction coefficient f is calculated by

f =
8τ 0
ρV 2

=
8ghSe
V 2
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which is shown in Table 1 and Figure 3. It can be found that the maximum values
of f occur between x = 4000 - 6500 m where the corresponding bedforms are dunes.
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Table 1 Results of Computation

Distance Darcy Stream

from Flow Flow friction power

dam depth velocity factor (tau)V Bedform

x (m) h (m) V (m) f (bl/ft.s) type

--------------------------------------------------------------------

0 10.000 0.372 0.038 0.017 Ripple

117 9.884 0.376 0.038 0.020 Ripple

1055 8.954 0.415 0.043 0.027 Ripple

1992 8.026 0.463 0.044 0.038 Ripple

2930 7.103 0.524 0.045 0.057 Ripple

3867 6.187 0.601 0.046 0.089 Dune

4805 5.283 0.704 0.048 0.150 Dune

5742 4.402 0.845 0.050 0.255 Dune

6497 3.724 0.999 0.049 0.403 Dune

7038 3.270 1.138 0.047 0.584 Transition

7472 2.937 1.267 0.046 0.796 Antidune & Plane

7835 2.690 1.383 0.046 1.029 Antidune & Plane

8150 2.505 1.485 0.045 1.272 Antidune & Plane

8435 2.365 1.573 0.045 1.520 Antidune & Plane

8723 2.252 1.652 0.046 1.756 Antidune & Plane

8990 2.172 1.712 0.045 1.956 Antidune & Plane

9250 2.116 1.758 0.045 2.119 Antidune & Plane

9514 2.075 1.792 0.046 2.246 Antidune & Plane

9790 2.047 1.817 0.046 2.340 Antidune & Plane

10090 2.028 1.834 0.046 2.407 Antidune & Plane

10426 2.015 1.846 0.046 2.451 Antidune & Plane

10814 2.007 1.853 0.045 2.477 Antidune & Plane

11280 2.003 1.857 0.045 2.491 Antidune & Plane

11864 2.001 1.859 0.045 2.498 Antidune & Plane

12643 2.000 1.860 0.045 2.500 Antidune & Plane

13581 2.000 1.860 0.045 2.501 Antidune & Plane

14518 2.000 1.860 0.045 2.501 Antidune & Plane

15000 2.000 1.860 0.045 2.501 Antidune & Plane

15000 2.000 1.860 0.054 1.250 Antidune & Plane

15078 2.000 1.860 0.023 1.250 Antidune & Plane

15703 2.000 1.860 0.023 1.250 Antidune & Plane

16328 2.000 1.860 0.023 1.250 Antidune & Plane

16953 2.000 1.860 0.023 1.250 Antidune & Plane

17578 2.000 1.860 0.023 1.250 Antidune & Plane

18203 2.000 1.860 0.023 1.250 Antidune & Plane

18828 2.000 1.860 0.023 1.250 Antidune & Plane

19453 2.000 1.860 0.023 1.250 Antidune & Plane
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20078 2.000 1.860 0.023 1.250 Antidune & Plane

20703 2.000 1.860 0.023 1.250 Antidune & Plane

21328 2.000 1.860 0.023 1.250 Antidune & Plane

21953 2.000 1.860 0.023 1.250 Antidune & Plane

22578 2.000 1.860 0.023 1.250 Antidune & Plane

23203 2.000 1.860 0.023 1.250 Antidune & Plane

23828 2.000 1.860 0.023 1.250 Antidune & Plane

24453 2.000 1.860 0.023 1.250 Antidune & Plane

25000 2.000 1.860 0.023 1.250 Antidune & Plane

APPENDIX MATLAB PROGRAM

%Main Program: Computer Problem 8.2

%General parameter

q = 3.72; %Unit discharge (m^2/s)

rho = 1000; %Water density

g = 9.81;

%Plot the channel bed profile

x = linspace(0,15000,70); y = 0.001.*x;

plot(x,y), text(x,y-0.45,�\�)

hold on

%Initial condition

x0 = 0; h0 = 10; xfinal = 15000;

S0 = 0.001;

[x,h1] = ode23v(�profile�,x0,xfinal,h0,S0,0);

v1 = q./h1;

for i =1:size(x)-1

Se(i) = S0 + (h1(i+1)-h1(i))./(x(i+1)-x(i));

tau(i) = rho.*g.*h1(i).*Se(i);

f(i) = 8.*tau(i)./rho./v1(i).^2;

end

f = [0.038 f]�;

plot(x,0.001.*x+h1,�r--�) %Plot water surface profile

plot(x,0.001.*x+f,�b:�) %Plot shear stress

table1 = [x�; h1�; v1�; f�]�;

legend(�channel bed�,�flow depth�,�velocity�,�shear stress�)

%Plot the channel bed profile
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x2 = linspace(15000,25000,50); y = 15 + (x2-15000).*0.0005;

plot(x2,y), text(x2,y-0.45,�\�)

%Initial condition

x0 = 15000; h0 = h1(28); xfinal = 25000;

S0 = 0.0005;

[x3,h2] = ode23v(�profile�,x0,xfinal,h0,S0,0);

v2 = q./h2;

for i =1:size(x3)-1

Se(i) = S0;

tau(i) = rho.*g.*h2(i).*Se(i);

ff(i) = 8.*tau(i)./rho./v2(i).^2;

end

ff = [0.0454 ff]�;

plot(x3,15+(x3-15000).*0.0005+h2,�r--�)

plot(x3,15+(x3-15000).*0.0005+ff,�b:�)

table2 = [x2�; h2�; v2�; ff�]�;

table = [table1;table2];

fid = fopen(�cp3_1a.txt�,�w�)

fprintf(fid,�%10.4f %10.4f %10.4f %10.4f\n�,table�)

title(�Plot of Results of Computer Problem 3.1�)

sxlabel(�Distance from the dam x (m)�)

sylabel(�h(m), V(m/s), and \tau (N/m^2)�)

stext(15000,8,�Note: The values of h, V and {\tau} are�)

stext(15000,6,� relative to the local bed elevation�)

%Backwater Surface Profile Equation

function dh = profile(x,h,S0,Se)

q = 3.72;

g = 9.81;

ds = 0.3e-3;

Se = S0 + dh; %The x-aix direction is tarward to upstream

table = eng(q,1,ds,Se);

hn = table(1);

hc = (q.^2./g).^(1./3);

dh = -S0.*(1-(hn./h).^3)./(1-(hc./h).^3);function table = eng(Q,B,ds,Se)



COMPUTER PROBLEM 8.2 87

function table = engelund(Q,B,ds,Se)

% [h,h1,V] = engelund(Q,B,ds,Se): Calculate flow depth

% using Engelund method

%

% h = total hydraulic radius;

% h1 = sand hydraulic radius;

% V = mean velocity in m/s;

% Q = discharge in m^3/s;

% B = channel width in m;

% ds = sediment size in m;

% Se = energy slope.

%

% Copy right by JUNKE GUO, Nov. 12, 1996

h = 1; %assumed flow depth

hh = 3; %another assumed flow depth. MATLAB while.

G = 2.65;

tau1 = 0.05;

Fr = 0.2;

while abs(hh-h) > 1e-4

h = (hh+h)./2;

tau = h.*Se./(G-1)./ds;

%Lower flow regime

if Fr < 1

if tau1 < 0.05

tau1 = tau;

else

tau1 = 0.06+0.4.*tau.^2;

end

end

%Higher flow regime

if Fr >= 1

if tau1 >= 0.55 & tau1 < 1

tau1 = tau;

else

tau1 = (0.702.*tau.^(-1.8)+0.298).^(-1./1.8);

end

end

h1 = tau1.*(G-1).*ds./Se;

V = sqrt(9.81.*h1.*Se).*2.5.*log(5.5.*h1./ds);
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hh = Q./V./B;

Fr = V./sqrt(9.81.*hh);

end

table = [h h1 V];



Chapter 9

Bedload

Problem 9.1

Calculate the unit bedload discharge for a channel given the slope S0 = 0.01, the ßow
depth h = 20 cm, and the grain size d50 = 15 mm. From Duboys� equation, calculate
qbw in lb/ft-s, and qbv in ft

2/s.
Solution

τ0 = γhS0 = (62.4) (0.2/0.3048) (0.01) = 0.409 lb/ft
2

qbv =
0.173

d
3/4
s

τ 0 (τ0 − 0.0125− 0.019ds)

=
0.173

153/4
(0.409) (0.409− 0.0125− 0.019× 15)

= 1.04× 10−3 ft2/s

qbw = 1.04× 10−3 ft
3

ft-s
= 1.04× 10−3 ft

3

ft-s

µ
2.65× 62.4 lb

ft3

¶
= 0.17 lb/ft-s

Problem 9.2

Use Meyer-Peter and Muller�s method to calculate qbm in kg/m-s and qbv in m
2/s for

the conditions given in Problem 9.1.
Solution

qbvp
(G− 1) gd3s

= 8 (τ∗ − τ∗c)1.5

in which p
(G− 1) gd3s =

q
(1.65) (9.81) (15× 10−3)3 = 0.00739 m2/s

τ∗ =
γhS0

(γs − γ) ds
=

hS0
(G− 1) ds =

(0.2) (0.01)

(1.65) (0.015)
= 8.08× 10−2

89
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Therefore,

qbv = 8
p
(G− 1) gd3s (τ∗ − τ ∗c)1.5

= 8 (0.00739) (0.0808− 0.047)1.5
= 3.67× 10−4 m2/s

Problem 9.3

Use Einstein and Brown�s method to calculate the bedload transport rate in a 100-
m-wide coarse sand-bed channel with slope S0 = 0.003 when the applied shear stress
τ0 equals τ c. Determine the transport rate Qbv in m

3/s and in ft3/s.
Solution When τ0 = τ c, we have

τ∗ = 0.047 < 0.18

Then Equation (9.5a) should be used.

qbv
ω0ds

= 2.15e−0.391/τ∗

in which for coarse sand, we have ds = 0.75 mm.

ω0 =
p
(G− 1) gds

Ãs
2

3
+

36ν2

(G− 1) gd3s
−
s

36ν2

(G− 1) gd3s

!

=
p
(1.65) (9.81) (0.75× 10−3)

s2
3
+

36 (1.0× 10−6)2
(1.65) (9.81) (0.75× 10−3)3

−
s

36 (1.0× 10−6)2
(1.65) (9.81) (0.75× 10−3)3


= 0.0823 m/s

Therefore,

qbv = 2.15ω0dse
−0.391/τ∗

= 2.15 (0.0823)
¡
0.75× 10−3¢ e−0.391/0.047

= 3.24× 10−8 m2/s

and

Qbv = Wqbv = (100)
¡
3.24× 10−8¢ = 3.24× 10−6 m3/s

= 1.14× 10−4 ft3/s
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Problem 9.4

Use Einstein and Brown�s bedload equation to calculate qbm in kg/m-s and qbw, in
lb/ft-s for the conditions given in Problem 9. 1.
Solution

τ∗ =
τ0

(γs − γ) d50
=

hS0
(G− 1) d50 =

(0.2) (0.01)

(1.65) (0.015)
= 0.0808

ω0 = 0.4 m/s

qbv = ω0d50 (2.15) e
−0.391τ∗ = 1.02× 10−4 m2/s

qbm = ρsqbv =

µ
2650

kg

m3

¶
1.02× 10−4 m

2

s
= 0.27 kg/m-s

qbw = γsqbv = (2.65× 62.4)
¡
1.02× 10−4/0.30482¢ = 0.18 lb/ft-s

Problem 9.5

Use the three methods detailed in this chapter to calculate the daily bedload in metric
tons in a 20-m-wide medium gravel-bed canal with a slope S0 = 0.001 and at ßow
depth h = 2 m. Compare the results in metric tons per day.
Solution Duboys� equation

qbv =
0.173

d
3/4
s

τ0 (τ 0 − 0.0125− 0.019ds)

in which qbv in ft
2/s, ds in mm, and τ 0 in lb/ft

2.
For this case, ds = 12 mm (medium gravel), h = 2 m = 6.56 ft, W = 20 m = 65.6

ft,
τ0 = γhS0 = (62.4) (6.56) (0.001) = 0.409 lb/ft

2

Thus,

qbv =
0.173

120.75
(0.409) (0.409− 0.0125− 0.019× 12) = 1.84× 10−3 ft2/s

Qbv = qbvW = 1.84× 10−3 ft
2

s
(65.6) ft = 0.121 ft3/s

= (0.121)
ft3

s
(0.3048)3

m3

ft3
(3600× 24) s

day

= 296 m3/day

Qbm = ρsQbv = (2.65)
metric tons

m3
(296)

m3

day
= 786 metric tons/day

Meyer-Peter and Muller�s equation
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qbvp
(G− 1) gd3s

= 8 (τ ∗ − τ∗c)3/2

For this case, ds = 12 mm, From Table 7.1

τ∗c = 0.047

τ∗ =
hS0

(G− 1) ds =
(2) (0.001)

(1.65) (0.012)
= 0.101

Thus,

qbv = 8 (0.101− 0.047)1.5
q
(1.65) (9.81) (0.012)3 = 5.31× 10−4 m2/s

Qbv = Wqbv = (20)
¡
5.31× 10−4¢ = 0.0106 m3/s = 917 m3/day

Qbm = ρsQbv = (2.65) (917) = 2431 metric tons/day

Einstein and Brown�s equation

qbv
ω0ds

=

 2.15e−0.391/τ∗ τ∗ < 0.18
40τ 3∗ 0.18 ≤ τ∗ < 0.52
15τ 1.5∗ 0.52 ≤ τ∗

in which ω0 = Rubey�s fall velocity.
For ds = 12 mm and T = 20◦C, we have

ω0 = 0.359 m/s

From the previous result, τ∗ = 0.101 < 0.18, thus

qbv
ω0ds

= 2.15e−0.391/τ∗ = 2.15e
−
0.391

0.101 = 0.0447

qbv = (0.0447) (0.259) (0.012) = 0.000192 m
2/s

Qbv =
¡
1.92× 10−4¢ (20) = 0.0038 m3/s = 332 m3/day

Qbm = ρsQbv = (2.65) (332) = 881 metric tons/day

Problem 9.6

(a) Which bed sediment sampler would you recommend for the canal in Problem 9.5?
(b)Which method would you recommend for measuring and controlling bedload in
the same canal?
Solution (a) A bucket sampler; and (b) A Helley-Smith sampler to measure

bedload. Reducing the ßow depth to about 1 m would reduce bedload.
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Problem 9.7

With reference to the Bergsche Maas bedform data given in Computer Problem 8.1,
(a) calculate the bedload sediment transport; and (b) estimate the time required for
the bedload to Þll the volume of a representative dune.
Solution (a) Meyer-Peter and Muller�s method:

qbvp
(G− 1) gd3s

= 8 (τ ∗ − τ∗c)3/2

in which

τ ∗c =


0.5 tanφ when d∗ < 0.3
0.25d−0.6∗ tanφ when 0.3 ≤ d∗ < 19
0.013d0.4∗ tanφ when 19 ≤ d∗ < 50
0.06 tanφ when d∗ ≥ 50

and φ = 30◦. The results are shown below.
Q Sf h V ds ∆ Λ T C 0 qbv

(m3/s) (cm/km) (m) (m/s) (µm) (m) (m) (m1/2/s) (10−3) m2/s
2160.00 12.50 8.60 1.35 480 1.50 22.50 8.2 86.8 0.5163
2160.00 12.50 8.00 1.35 410 1.00 14.00 9.6 87.6 0.4630
2160.00 12.50 10.50 1.30 300 1.50 30.00 11.3 91.8 0.7047
2160.00 12.50 10.00 1.40 500 1.60 32.00 8.4 87.4 0.6503
2160.00 12.50 7.60 1.40 520 1.40 21.00 8.5 85.5 0.4263
2160.00 12.50 8.40 1.40 380 1.50 22.50 11.1 88.5 0.4996
2160.00 12.50 8.70 1.70 300 1.50 30.00 20.6 90.5 0.5288
2160.00 12.50 7.50 1.55 250 2.50 50.00 20.3 91.0 0.4223
2160.00 12.50 8.30 1.50 260 1.80 36.00 18.0 91.3 0.4929
2160.00 12.50 9.50 1.35 230 1.80 36.00 15.7 93.2 0.6065
2160.00 12.50 8.80 1.35 240 1.80 36.00 15.3 92.4 0.5395
2160.00 12.50 9.00 1.30 240 1.80 36.00 14.1 92.6 0.5583
2160.00 12.50 9.60 1.50 220 2.20 33.00 20.5 93.6 0.6166
2160.00 12.50 8.70 1.50 370 1.90 28.50 13.1 88.9 0.5274
2160.00 12.50 8.20 1.35 330 2.00 36.00 11.7 89.5 0.4824
2160.00 12.50 8.20 1.35 480 1.40 22.40 8.3 86.5 0.4798
2160.00 12.50 8.10 1.40 350 1.00 20.00 12.0 88.9 0.4730
2160.00 12.50 8.00 1.50 420 0.60 9.00 11.9 87.4 0.4629
2160.00 12.50 7.80 1.50 410 0.60 9.00 12.2 87.4 0.4454
2160.00 12.50 6.80 1.50 400 0.40 8.00 12.8 86.6 0.3607
2160.00 12.50 6.40 1.50 270 0.60 6.00 18.2 89.3 0.3306
2160.00 12.50 5.80 1.50 220 1.00 10.00 22.1 90.2 0.2850
2160.00 12.50 6.20 1.50 210 1.20 24.00 22.7 91.0 0.3161
2160.00 12.50 6.60 1.50 210 1.00 50.00 22.5 91.5 0.3479
2160.00 12.50 8.30 1.50 180 0.90 36.00 24.9 94.2 0.4949
2160.00 12.50 8.10 1.35 400 1.50 22.50 9.8 87.9 0.4721
Source: After Julien (1992)
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(b) The average bedload rate is qbv = 4.81× 10−4 m2/s, the average dune length
is Λ = 26.2 m, the average dune height is ∆ = 1.38 m, so the average time to Þll a
representative dune is

t =
0.5Λ∆

qbv
=
0.5 (26.2) (1.38)

4.81× 10−4 = 37674 s = 10.5 hrs

MatLab Program

% Problem 9.7

A = [2160.00 12.50 8.60 1.35 480 1.50 22.50

2160.00 12.50 8.00 1.35 410 1.00 14.00

2160.00 12.50 10.50 1.30 300 1.50 30.00

2160.00 12.50 10.00 1.40 500 1.60 32.00

2160.00 12.50 7.60 1.40 520 1.40 21.00

2160.00 12.50 8.40 1.40 380 1.50 22.50

2160.00 12.50 8.70 1.70 300 1.50 30.00

2160.00 12.50 7.50 1.55 250 2.50 50.00

2160.00 12.50 8.30 1.50 260 1.80 36.00

2160.00 12.50 9.50 1.35 230 1.80 36.00

2160.00 12.50 8.80 1.35 240 1.80 36.00

2160.00 12.50 9.00 1.30 240 1.80 36.00

2160.00 12.50 9.60 1.50 220 2.20 33.00

2160.00 12.50 8.70 1.50 370 1.90 28.50

2160.00 12.50 8.20 1.35 330 2.00 36.00

2160.00 12.50 8.20 1.35 480 1.40 22.40

2160.00 12.50 8.10 1.40 350 1.00 20.00

2160.00 12.50 8.00 1.50 420 0.60 9.00

2160.00 12.50 7.80 1.50 410 0.60 9.00

2160.00 12.50 6.80 1.50 400 0.40 8.00

2160.00 12.50 6.40 1.50 270 0.60 6.00

2160.00 12.50 5.80 1.50 220 1.00 10.00

2160.00 12.50 6.20 1.50 210 1.20 24.00

2160.00 12.50 6.60 1.50 210 1.00 50.00

2160.00 12.50 8.30 1.50 180 0.90 36.00

2160.00 12.50 8.10 1.35 400 1.50 22.50];

S=A(:,2).*1e-5; h=A(:,3); V=A(:,4); d_s=1e-6*A(:,5); Delta=A(:,6); Lambda=A(:,7);

% (a) bedload rate

tau = h.*S./(1.65.*d_s); % nondimensional

d_star = d_s.*(1.65*9.81/1e-12).^(1/3);

phi = radian(30);
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if d_star < 0.3, tau_c = 0.5*tan(phi); % nondimensional

elseif d_star >=0.3 & d_star < 19, tau_c = 0.25.*d_star.^(-0.6).*tan(phi);

elseif d_star >= 19 and d_star < 50, tau_c =0.013.*d_star^0.4*tan(phi);

else tau_c = 0.06*tan(phi);

q_bv = sqrt(1.65*9.81.*d_s.^3)*8.*(tau - tau_c).^1.5; %unit: m^2/s

% (b)

q_bv = mean(q_bv);

Lambda = mean(Lambda); Delta = mean(Delta);

Area = 0.5*Lambda*Delta; % filled area

Time = Area/q_bv; % unit: s

Time = Time/3600; % unit: hour

Computer Problem 9.1

Consider the channel reach analyzed in Computer Problems 3.1 and 8.2. Select an
appropriate bedload relationship to calculate the bed sediment discharge in tons /m-
day for the uniform 1-mm sand in Computer Problem 8.2. Plot the results along the
25-km reach and discuss the method, assumptions, and results.
Solution Duboy�s equation and Meyer-Peter amd Muller�s equation are used.

The results are shown in the Þgure of Computer Problem 8.2.

Computer Problem 9.2

Write a computer program to calculate the bedload transport rate by size fraction
from the methods of Duboys, Meyer-Peter and Muller, and Einstein and Brown, and
repeat the calculations of the tabulation in Case Study 9.1 at h = 0.4 ft and τ 0 = 0.04
lb/ft2.
Solution The program is written in MatLab as below. The results (with Case

Study 9.1) are shown in the table on next page.

% Computer Problem 9.2

d_s = [0.074 0.125 0.246 0.351 0.495 0.700 0.990 1.400...

1.980 3.960]; % mm

dp_i = [0.002 0.00815 0.02935 0.0865 0.1555 0.2075 0.21050 0.14950...

0.0995 0.0515];

tau_0 = 0.06.*ones(size(d_s)); % lb/ft^2

q1_bv = duboy(d_s,tau_0).*dp_i; %lb/ft-s

q2_bv = meyer(d_s,tau_0).*dp_i; %lb/ft-s

T = 25.6; tau_star = tau_0./1.65./62.4./(d_s./1000./0.3048);
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q3_bv = brown(d_s,tau_star).*dp_i; %lb/ft-s

A = [d_s; dp_i; q1_bv*1e6; q2_bv*1e6; q3_bv*1e6]�

fid = fopen(�cp9_2.txt�,�w�);

fprintf(fid,�%5.3f& %8.4f& %7.3f& %7.3f& %7.3f\\\\\n�,A�);

sum1a = sum(q1_bv), sum1b = 2.65*62.4*sum1a,

sum2a = sum(q2_bv), sum2b = 2.65*62.4*sum2a,

sum3a = sum(q3_bv), sum3b = 2.65*62.4*sum3a,

function q_bv = brown(d_s,tau_star)

% d_s: mm; tau_star: nondimensional; q_bv: m^2/s

if tau_star < 0.18, q_bvs = 2.15.*exp(-0.391./tau_star);

elseif tau_star >= 0.52, q_bvs = 15.*tau_star.^1.5;

else, q_bvs = 40.*tau_star.^3; end

d_s = d_s.*1e-3; nu = 1e-5*0.3048.^2;

w = (sqrt(10.791.*d_s.^3 + 36.*nu.^2) - 6.*nu)./d_s;

q_bv = q_bvs.*w.*d_s./0.3048.^2; % unit: ft^2/s

function q_bv = duboy(d_s, tau_0)

% d_s: mm; tau_0: lb/ft^2; q_bv: ft^2/s

q_bv = 0.173./d_s.^0.75.*tau_0.*(tau_0 - 0.0125 - 0.019.*d_s);

n = size(d_s); n = n(2);

for i = 1:n,

if q_bv(i) < 0, q_bv(i) = 0; end

end

function q_bv = meyer(d_s, tau_0)

% tau_0: lb/ft^2; d_s: mm

d_s = d_s/1000/0.3048; tau_c = 5.*d_s; % psf

n = size(d_s); n = n(2);

for i = 1:n

if tau_0(i) > tau_c(i),

q_bv(i) = 12.9/165.4/sqrt(1000/515.4).*(tau_0(i) - tau_c(i)).^1.5;

else

q_bv(i) = 0;

end

end
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Meyer-Peter Einstein-
Duboy and Muller Brown
qbvi∆pi qbvi∆pi qbvi∆pi

ds (mm) ∆pi (10−6 ft2/s) (10−6 ft2/s) (10−6 ft2/s)
h = 0.2 ft, τ 0 = 0.02 lb/ft

2

0.074 0.0020 0.297 0.288 0.167
0.125 0.0081 0.687 1.097 0.614
0.246 0.0294 0.822 3.315 1.457
0.351 0.0865 0.545 8.232 2.991
0.495 0.1555 0.000 11.274 3.555
0.700 0.2075 0.000 9.132 3.001
0.990 0.2105 0.000 2.717 1.879
1.400 0.1495 0.000 0.000 0.811
1.980 0.0995 0.000 0.000 0.325
3.960 0.0515 0.000 0.000 0.060
Total qbv = 2.35×10−6 ft2/s 3.61×10−5 ft2/s 1.48×10−5 ft2/s

qbw = 3.89×10−4 lb/ft-s 0.006 lb/ft-s 0.0025 lb/ft-s
h = 0.4 ft, τ 0 = 0.04 lb/ft

2

0.074 0.0020 2.545 0.855 1.338
0.125 0.0081 6.740 3.374 4.914
0.246 0.0294 13.272 11.208 11.659
0.351 0.0865 27.343 30.689 23.932
0.495 0.1555 32.994 49.560 28.441
0.700 0.2075 26.643 55.950 24.011
0.990 0.2105 12.754 43.166 15.029
1.400 0.1495 0.723 18.610 6.489
1.980 0.0995 0.000 3.633 2.602
3.960 0.0515 0.000 0.000 0.482
Total qbv = 1.23×10−4 ft2/s 2.17×10−4 ft2/s 1.19×10−4 ft2/s

qbw = 0.0203 lb/ft-s 0.0359 lb/ft-s 0.0197 lb/ft-s
h = 0.6 ft, τ 0 = 0.06 lb/ft

2

0.074 0.0020 6.744 1.596 4.517
0.125 0.0081 18.159 6.366 16.584
0.246 0.0294 37.352 21.757 39.349
0.351 0.0865 80.394 61.185 80.770
0.495 0.1555 104.194 102.886 95.989
0.700 0.2075 96.254 124.161 81.038
0.990 0.2105 63.162 107.893 50.723
1.400 0.1495 25.199 59.658 21.900
1.980 0.0995 6.113 25.434 8.780
3.960 0.0515 0.000 0.000 1.627
Total qbv = 4.37×10−4 ft2/s 5.11×10−4 ft2/s 4.01×10−4 ft2/s

qbw = 0.0724 lb/ft-s 0.0845 lb/ft-s 0.0664 lb/ft-s



Chapter 10

Suspended load

Einstein sediment transport equation (Guo and Wood, 1995; Guo, Wu and
Molinas, 1996)

qs = du∗Ca

µ
ξa

1− ξa

¶z Z 1

ξa

·µ
U

u∗
+
1

κ

¶
+
1

κ
ln ξ

¸µ
1− ξ
ξ

¶z
dξ

which can be written as

qs = du∗Ca

µ
ξa

1− ξa

¶z ·µ
U

u∗
+
1

κ

¶
J1 (z) +

1

κ
J2 (z)

¸
in which

J1 (z) =

Z 1

ξa

µ
1− ξ
ξ

¶z
dξ

J2 (z) =

Z 1

ξa

µ
1− ξ
ξ

¶z
ln ξdξ

The integrals J1 and J2 can be calculated as follows:
For z < 1,

J1 (z) =
zπ

sin zπ
− E1−z

1− z
J2 (z) = − zπ

sin zπ
f(z)− E

1−z lnE
1− z +

E1−z

(1− z)2

in which

f (z) = 0.4227843351− 1

2β
ln
Γ (1− z + β)
Γ (1− z − β)

where β is a very small number, for example 10−5. f (z) can be approximated as

f(z) ≈ 0.4227843351− ln (2− z) + 1

1− z +
1

2 (2− z) +
1

24 (2− z)2

99
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For z = 1, J1 and J2 are calculated by

J1 (z = 1) = − lnE + E − 1
J2 (z = 1) = 1 + E lnE −E − 1

2
(lnE)2

For z > 1, the following recurrence formulas are used.

J1 (z) =
1

z − 1
·
(1− E)z
Ez−1

− zJ1 (z − 1)
¸

J2 (z) =
1

z − 1
·
(1− E)z
Ez−1

lnE − zJ2 (z − 1) + J1 (z)
¸

References:
Guo, J. and Wood, W. L. (1995). �Fine Suspended Sediment Transport Rates.�

J. of Hydr. Engrg., ASCE, 121(12), 919-922.
Guo, J., Wu, B., and Molinas, A. (1996). �Analytical Investigation of Einstein�s

Sediment Transport Integrals.� Proc. of International Conference on Reservoir Sedi-
mentation, Vol. 1, Edited by M. L. Albertson, A. Molinas, and R. Hotchkiss, Colorado
State University, Fort Collins, CO, 119-124.

Exercise

1. Derive concentration by weight Cw, [Eq. (10.1b)] from concentration by volume
Cv, (Eq. (10.1a)] given the density of sediment particles G = γs/γ.

Solution

CW =
sediment weight

total weight
=

ρsVs
ρVw + ρsVs

=
ρsVs

ρ (Vt − Vs) + ρsVs
=

ρsVs
ρVt + (ρs − ρ)Vs

=

ρs
ρ
Vs
VT

1 +
³
ρs
ρ
− 1
´
Vs
Vt

=
GCv

1 + (G− 1)Cv

2. (a) Derive Equation (10.19) from Equation (10.18); and (b) evaluate the maxi-
mum value of εz on a vertical.

Solution (a)

εz = βsεm = βs
τ

ρm

dz

dvx

in which

τ = τ0

³
1− z

h

´
dvx
dz

=
u∗
κz
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then

εs = βs
τ 0
¡
1− z

h

¢
ρm

κz

u∗
= βsκ

τ 0
ρmu∗

z

h
(h− z)

= βsκu∗
z

h
(h− z)

in which τ0 = ρmu
2
∗ is considered.

(b) The maximum value of εs occurs at z = 0.5h. Assume that βs = 1and
κ = 0.4, then

εsmax = (1) (0.4) (0.5) (0.5h) u∗ = 0.1hu∗

Problem 10.1

Plot the dimensionless concentration proÞles C/Ca for medium silt, Þne sand, and
coarse sand in a 3-m-deep stream sloping at S0 = 0.002. (Hint: Assume a = 2ds)
Solution Concentration proÞle:

C

Ca
=

µ
1− ξ
ξ

· ξa
1− ξa

¶Ro
in which ξ = z/h, ξa = a/h, and Ro= ω/ (βsκu∗). Assume that T = 10

◦C, βs = 1and
κ = 0.4. u∗ =

√
ghS0 =

p
(9.81) (3) (0.002) = 0.243 m/s.

ds ξa ωa Ro
(mm) (mm/s)

Medium silt 0.016 1.07×10−5 0.167 1.72×10−3
Fine sand 0.125 8.33×10−5 10.1 0.103
Coarse sand 0.5 3.33×10−4 66.4 0.683
a From Table 5.4

The concentration proÞles are shown in the following Þgure.

10-4 10-3 10-2 10-1 100 101
0

0.2

0.4

0.6

0.8

1

C/Ca

z/
h Coarse sand

Fine sand

Medium silt
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Problem 10.2

Given the sediment concentration proÞle from Problem 6.1:
(a) plot the concentration proÞle logC versus log[(h − z)/z]; (b) estimate the

particle diameter from the Rouse number in (a); and (c) determine the unit sediment
discharge from the given data.
Solution (a) Plot the concentration proÞle logC versus log[(h− z)/z].

10-1 100 101 102
10-4

10-3

10-2

10-1

(d-z)/z

C

logC = 0.6351log[(d-z)/z] - 2.5427

(b) The Rouse number is Ro= 0.6351.
(c) The unit sediment discharge can be calculated as follows:

C (10−3) u (m/s) z (mm) qs 10
−4(m2/s)

23 0.734 6 1.01
12 0.789 12 1.14
8.2 0.827 18 1.22
6.1 0.867 24 1.27
4.8 0.891 30 1.28
2.6 0.987 69 1.77
1.6 1.030 91 1.50
0.76 1.048 122 0.972P

1.02×10−3

Hence, qs = 1.02× 10−3 m2/s.
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Problem 10.3

Calculate the daily sediment load in a nearly rectangular 50-m-wide stream with
an average ßow depth h = 2 m and slope S0 = 0.0002 when 25% of the sediment
load is Þne silt, 25% is very Þne silt, 25% is clay, and the middepth concentration is
C = 50, 000 mg/l.
Solution The shear velocity is

u∗ =
p
ghS0 =

p
(9.81) (2) (0.0002) = 0.0626 m/s

Assume T = 10◦C, βs = 1, and κ = 0.4, then we have

Sediment ds (mm) ω (m/s) Ro= ω/(βsκu∗) a (mm)
Clay 0.002 2.6×10−6 1.04×10−4 4×10−6
Very Þne silt 0.004 1×10−5 3.99×10−4 8×10−6
Fine silt 0.008 4.2×10−5 1.68×10−3 16×10−6

From the above table, we see that the Rouse numbers are very small. So, the con-
centration proÞles are almost uniform, i.e., C = 50, 000 mg/l= 50 kg/m3 anywhere.
Assume the channel bed is smooth. The average velocity from equation (6.21) is

V =
u∗
κ
ln
u∗h
ν
+ 3.25u∗

=
0.0626

0.4
ln
(0.0626) (2)

1.31× 10−6 + (3.25) (0.0626)
= 1.99 m/s

Then the sediment transport rate is

Qs = VWhC = (1.99) (50) (2) (50) = 9950 kg/s

= 9950
kg

s

µ
1 ton

1000 kg

¶µ
3600× 24 s

day

¶
= 859, 680 tons/day

Problem 10.4

A physical model of a river 50 m wide and 2 m deep is to be constructed in the
hydraulics laboratory at a scale of 1: 100 horizontal and 1: 20 vertical. Calculate the
ratio of transversal to vertical mixing time scales: (a) for the model and (b) for the
prototype.
Solution (a) Then the transversal mixing timescale is tt =

Lt
V
= W 2

hu∗ . The

vertical mixing timescale is tv =
h
V
= h

0.1u∗ . The ratio is

tt
tv
=
W 2

hu∗
· 0.1u∗
h

= 0.1

µ
W

h

¶2
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For the model, we have Wm = 50/100 = 0.5 m, hm = 2/20 = 0.1 m. Then
tt/tv = 0.1 (0.5/0.1)

2 = 2.5.
For the prototype, we have tt/tv = 0.1 (50/2)

2 = 62.5.

Problem 10.5

Calculate the distance required for complete transversal mixing in a large river at a
discharge of 500,000 ft3/s. Assume an average river width of 2 mi, a slope of about
0.4 ft/mi, and Manning coefficient n = 0.02.
Solution Given Q = 500, 000 ft3/s, W = 2 miles= 10560 ft, S0 = 4 ft/mile=

7.576× 10−5, and n = 0.02, according to Manning equation, we have

h =

Ã
nQ

1.49S
1/2
0 W

!0.6
=

µ
(0.02) (500000)

1.49 (10560)
√
7.576× 10−5

¶0.6
= 13.12 ft

V =
Q

Wh
=

500000

(10560) (13.12)
= 3.61 ft/s

u∗ =
p
ghS0 =

p
(9.81) (13.12) (7.576× 10−5) = 0.179 m/s

tt =
W 2

hu∗
=

(10560)2

(13.12) (0.179)
= 47.5× 106 s

L = V tt = (3.61)
¡
47.5× 106¢ = 171× 106 ft

= 32000 mi

Problem 10.6

The tabulation on page 203 gives the velocity distribution and the suspended sand
concentration for the fraction passing a 0.105-mm sieve and retained on a 0.074-mm
sieve on the Missouri River. Given the slope 0.00012, ßow depth 7.8 ft, river width
800 ft, and water temperature 7◦C:
(a) plot the velocity proÞle V versus log z and concentration logC versus log [(h− z)/z];
(b) compute from the graphs and given data the following:
u∗ = shear velocity, V = mean velocity, κ = von Karman constant, f = Darcy-

Weisbach friction factor, and Ro= Rouse number;
(c) compute the unit sediment discharge for this size fraction from Þeld measure-

ments; and
(d) calculate the ßux-averaged concentration.
Solution Given:

ds = 0.074− 0.105 mm, S0 = 1.2× 10−4
h = 7.8 ft, W = 800 ft, T = 7◦C

(a) Velocity proÞle and concentration proÞle
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Data of Missouri
Curve-fitting   
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3.5
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Figure 1  Velocity Profile

vx = 
u*

κ
__ ln z + b

in which 
u*

κ
__ = 0.7122, b = 4.5477

z (ft)

v x
 (f

t/s
)

Data of Missouri
Curve-fitting   

10-1 100 101 102
101

102

103
Figure 2  Concentration profile

lnC = Ro ln h- z
z

____ + b

in which Ro = 0.3469, b = 5.1789

(h- z)/z

C

The curve-Þtting velocity proÞle can also be written

vx =
u∗
κ
ln
z

h
+
u∗
κ
lnh+ b

=
u∗
κ
ln ξ + vxmax

in which ξ = z/h, and vxmax =
u∗
κ
lnh+ b = 0.7122 ln 7.8 + 4.5477 = 6.01 ft/s.

The curve-Þtting concentration proÞle can also read

C = eb
µ
1− ξ
ξ

¶Ro
(b) Computations of parameters
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� Shear velocity
u∗ =

p
ghS0 =

p
(32.2) (7.8) (1.2× 10−4) = 0.173 ft/s

� Mean velocity
From Figure 1, the velocity proÞle reads

vx = 0.7122 ln z + 4.5477

which gives the mean velocity as

V =
1

7.8

Z 7.8

0

(0.7122 ln z + 4.5477) dz =
(4.5477) (7.8)

7.8
+
0.7122

7.8

Z 7.8

0

ln z dz

=
35.47

7.8
+
0.7122

7.8
(z ln z − z)7.80 =

35.47

7.8
+
0.7122

7.8
(7.8 ln 7.8− 7.8)

= 5.30 ft/s

� von Karman constant
From Figure 1, we get

u∗
κ
= 0.7122

which gives

κ =
u∗

0.7122
=
0.173

0.7122
= 0.244

� Darcy-Weisbach friction factor
V

u∗
=

r
8

f

which gives

f = 8
³u∗
V

´2
= 8

µ
0.173

5.3

¶2
= 0.00852

� Rouse number
From Figure 2, we get

Ro = 0.3469

(c) Unit sediment discharge

qt =

Z h

k0s/30
vxCdz

= h

Z 1

k0s
30h

³u∗
κ
ln ξ + vxmax

´
eb
µ
1− ξ
ξ

¶Ro
dξ

= heb

(
u∗
κ

Z 1

k0s
30h

µ
1− ξ
ξ

¶Ro
ln ξdξ + vxmax

Z 1

k0s
30h

µ
1− ξ
ξ

¶Ro
dξ

)
= heb

nu∗
κ
J2 + vxmaxJ1

o
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in which J1 and J2 are calculated by (
ds
30h
= 0.0895×10−3

(30)(7.8×0.3048) = 1.25× 10−5 → 0)

J1 =

Z 1

0

µ
1− ξ
ξ

¶Ro
dξ =

Roπ

sin(Roπ)

J2 =

Z 1

0

µ
1− ξ
ξ

¶Ro
ln ξdξ = −J1f (Ro)

where

f (x) = 0.4228− ln(2− x) + 1

1− x +
1

2 (2− x) +
1

24(2− x)2
Now,

Ro = 0.3469

J1 =
0.3469π

sin (0.3469π)
= 1.229

f (0.3469) = 0.4228− ln(2− 0.3469) + 1

1− 0.3469 +
1

2(2− 0.3469) +
1

24(2− 0.3469)2
= 0.4228− 0.5027 + 1.5312 + 0.3025 + 0.01525 = 1.769

J2 = − (1.229) (1.769) = −2.174
In addition, we have

h = 7.8 ft, b = 5.1789,
u∗
κ
= 0.7122 ft/s vxmax = 6.01 ft/s

Thus,

qt = heb
nu∗
κ
J2 + vxmaxJ1

o
= (7.8) e5.1789 [(0.7122) (−2.174) + (6.01) (1.229)]
= (1384.4) (−1.5483 + 7.8363)
= 8082 ft · ft/s ·mg/l

(d) Flux-averaged concentration

C =
qt
hV

=
8082 ft · ft/s ·mg/l
(7.8 ft)(5.30 ft/s)

= 195.5 mg/l

i.e.

C = 195.5 mg/l

Appendix Program
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%Problem 10.6 (page 202)

yv = [0.7 0.9 1.2 1.4 1.7 2.2 2.7 2.9 3.2 3.4...

3.7 4.2 4.8 5.8 6.8]; %ft

v = [4.3 4.5 4.64 4.77 4.83 5.12 5.30 5.40...

5.42 5.42 5.50 5.60 5.60 5.70 5.95]; %ft/s

yc = [0.7 0.9 1.2 1.4 1.7 2.2 2.7 3.2 3.7 4.8 5.8]; %ft

C = [411 380 305 299 277 238 217 196 184 148 130]; %mg/l

figure(1)

clf

semilogx(yv,v,�o�), hold on

cv = polyfit(log(yv),v,1);

y = 0.4:0.1:7.8;

fit = polyval(cv,log(y));

semilogx(y,fit)

title(�Figure 1 Velocity Profile�)

sxlabel(�z (ft)�)

sylabel(�v_x (ft/s)�)

stext(0.2,6,�v_x = \frac{u_*}{\kappa} ln {\i z} + {\i b}�)

stext(0.2,5.7,�in which \frac{u_*}{\kappa} = 0.7122, b = 4.5477�)

legend(�Data of Missouri�,�Curve-fitting�)

fixstext

figure(2)

clf

loglog((7.8-yc)./yc,C,�o�), hold on

cc = polyfit(log((7.8-yc)./yc),log(C),1);

y = 0.4:0.1:6.8;

fit = polyval(cc,log((7.8-y)./y));

loglog((7.8-y)./y,exp(fit))

title(�Figure 2 Concentration profile�)

sxlabel(�(h-z)/z�)

sylabel(�C�)

stext(1,70,�ln{\i C} = Ro ln\frac{h-z}{z} + {\i b}�)

stext(1,40,�in which Ro = 0.3469, {\i b} = 5.1789�)

legend(�Data of Missouri�,�Curve-fitting�)

fixstext
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Problem 10.7

Bank erosion of Þne silts occurs on a short reach of a 100-m-wide meandering river
at a discharge of 750 m3/s. If the riverbed slope is 50 cm/km and the ßow depth is
5 m, and if the mass wasted is of the order of 10 metric tons per hour, determine
the distance required for complete mixing in the river, the maximum concentration
at that point, and the average sediment concentration.
Solution

W = 100 m, Q = 750 m3/s, S = 0.0005, h = 5 m

V =
Q

Wh
=

750

(100) (5)
= 1.5 m/s

·
M = 10 tons/hour =

10 (1000) kg

3600 s
= 2.78 kg/s

u∗ =
p
ghS =

p
(9.81) (5) (0.0005) = 0.1566 m/s

εt = 0.15hu∗ = (0.6) (5) (0.1566) = 0.117 m2/s

L = 0.06
W 2

εt
V = (0.06)

1002

0.117
(1.5) = 7692 m

C(x, y) =

·
M

h
√
4πεtV

exp

µ
− y

2V

4εyx

¶

Cmax =

·
M

h
√
4πεtV

=
2.78

(5)
p
4π (7692) (1.5)

= 4.265 kg/m3 = 4265 mg/l
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Total load

Problem 11.1

Compute the average sediment concentration Cppm in an alluvial canal using the
methods of Engelund and Hansen, Ackers and White, and Yang. The bed material
(speciÞc gravity 2.65) has the following particle size distribution:

Fraction Geometric Fraction
diameter mean by weight
(mm) (mm) (∆pi)

0.062-0.125 0.088 0.04
0.125-0.25 0.177 0.23
0.25-0.5 0.354 0.37
0.5-1.0 0.707 0.27
1.0-2.0 1.414 0.09

The canal carries a discharge of 105 m3/s with a water temperature of 15◦C. The
channel has a slope of 0.00027, an alluvial bed width of 46 m, a ßow depth of 2.32
m, and a sideslope of 2:1.
Solution The results are Engelund-Hansen, 319 ppm; Ackers-White, 399 ppm;

and Yang, 117 ppm. The equations can be found in pages 214-217. A MatLab
program has been written as follows:

% Problem 11.1

Q = 105; % m^3/s

T = 15; % C

S_f = 2.7e-4;

B = 46; % m

h = 2.32; % m

SS = 2;

111
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A = B*h + 2*h.^2;

P = B + 2*sqrt(5)*h;

R_h = A/B;

V = Q/A;

d_s = [0.088 0.177 0.354 0.707 1.414]; % mm

dp_i = [0.04 0.23 0.37 0.27 0.09];

d_s = d_s.*1e-3;

% Engelund-Hansen�s method

C_w = hansen(R_h,S_f,V,d_s).*dp_i; sum1 = sum(C_w); C1_ppm = 1e6*sum1

% Ackers and White�s method

C_w = ackers(T,d_s,u_star,V,h).*dp_i; sum2 = sum(C_w); C2_ppm = 1e6*sum2

% Yang�s method

d_s = d_s*1000;

Cppm = yang(T,u_star,d_s,V,S).*dp_i; C3_ppm = sum(Cppm)

% Yang�s method

function Cppm = yang(T,u_star,d_s,V,S)

nu = viscous(T);

w = rubey(T,d_s);

d_s = d_s.*1e-3;

Re = u_star.*d_s./nu;

if Re >= 70

Vc = 2.05.*ones(size(d_s));

else

Vc = 2.5./(log10(Re) - 0.06) + 0.66;

end

log_Cppm = 5.435 - 0.286.*log10(w.*d_s./nu) - 0.457.*log10(u_star./w)...

+ (1.799 - 0.409.*log10(w.*d_s./nu) - 0.314.*log10(u_star./w...

)).*log10(V.*S./w - Vc.*S);

Cppm = 10.^log_Cppm;

%Engelund-Hansen method

function C_w = hansen(R_h,S_f,V,d_s)

% C_w = hansen(R_h,S_f,V,d_s)

C_w = 0.05.*(2.65./1.65).*V.*S_f./(1.65.*9.81.*d_s).^0.5.*(R_h.*...
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S_f./1.65./d_s).^0.5;

% Ackers-White�s method

function C_w = ackers(T,d_s,u_star,V,h)

nu = viscous(T);

d_star = (1.65*9.81/nu.^2).^(1/3).*d_s;

if d_star >=60

c_AW1 = 0; c_AW2 = 0.025; c_AW3 = 0.17; c_AW4 = 1.5;

else

c_AW1 = 1 - 0.56.*log10(d_star);

c_AW2 = 10.^(2.86.*log10(d_star) -log10(d_star).^2 - 3.53);

c_AW3 = 0.23./sqrt(d_star) + 0.14;

c_AW4 = 9.66./d_star + 1.34;

end

c_AW5 = u_star.^c_AW1./sqrt(1.65.*9.81.*d_s).*(V./sqrt(32)./...

log10(10.*h./d_s)).^(1-c_AW1);

C_w = c_AW2.*2.65.*d_s./h.*(V./u_star).^c_AW1.*(c_AW5/c_AW3...

- 1).^c_AW4;

Problem 11.2

The Conca de Tremp watershed covers 43.1 km2 in Spain. The elevation ranges
from 530 to 1,460 m above sea level; the climate is typically Mediterranean with
690 mm of mean annual precipitation and a 12.5◦C mean annual temperature. The
Mediterranean forest has been depleted and the region has been intensively farmed for
centuries. With reference to the following upland erosion map in tons/hectare-year
(after Julien and Gonzalez del Tanago, 1991):
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(a) estimate the gross upland erosion and the sediment yield of the watershed;
(b) how does the erosion rate compare with (i) the geological erosion rate, 0.1

tons/acre-year (1 acre = 0.40468 hectare); (ii) accelerated erosion rates for pasture,
5 tons/acre-year; and (iii) the erosion rate of urban development, 50 tons/acre-year?
Solution (a) From the map, the average erosion rate is approximated 50

tons/hectare-year. The watershed covers 4310 hectares and the annual erosion loss is
50× 4310 = 215, 500 tons/yaer.
(b) The erosion rate of 50 tons/hectare-year corresponds to 20 tons per acre per

yaer. This rate exceeds the geological erosion rate (0.1 ton/acre-year) and the accel-
erated erosion rate (5 tons/acre-year), but it is less than the erosion rate of urban
development of 50 tons/acre-year.

Problem 11.3

Consider sediment transport in the Elkhorn River, Waterloo, Nebraska, given the
total drainage area of 6,900 Mi2 . The ßow-duration curve and the sediment-rating
curve are detailed in the following tabulations:

Sediment-rating curve
Flow-duration curve Suspended
% time Discharge Discharge load
exceeded (ft3/s) (ft3/s) (tons/day)

0.05 37,000 280 250
0.30 15,000 500 600
1.00 9,000 800 1,000
3.25 4,500 1,150 3,000
10.00 2,100 1,800 8,000
20.00 1,200 2,300 18,000
30.00 880 4,200 40,000
40.00 710 6,400 90,000
50.00 600 8,000 300,000
60.00 510 10,000 500,000
70.00 425
80.00 345
90.00 260
96.75 180

Calculate (a) the mean annual suspended sediment load using the ßow-duration
/sediment-rating-curve method; and (b) the sediment yield per square mile.
Solution The sediment-rating curve is Þtted to be

Qs = 9.6× 10−4Q2.139 (11.1)
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in which Q is in ft3/s and Qs in tons/day.
The time corresponding to each discharge in a year is

dti = 365 (pi − pi−1) , in days

Given a discharge, we can Þnd the corresponding sediment discharge Qsi from (11.1),
then the annual sediment discharge is

Qsa =
X

Qsidti = 3.64× 106 tons/year

The sediment yield per square mile is

Ys =
3.64× 106
6900

= 527 tons/mi2-year

102 103 104
102

103

104

105

106
Sediment-rating curve for Elkhorn River

Q (ft3/s)

Q
s (

to
ns

/d
ay

)

Qs = 9.6x10-4Q2.139

MatLab Program

% Problem 11.3, page 240

% Sediment-rating curve

Q = [280 500 800 1150 1800 2300 4200 6400 8000 10000];

Qs= [250 600 1000 3000 8000 18000 40000 90000 300000 500000];

loglog(Q, Qs, �o�), hold on
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c = polyfit(log(Q),log(Qs),1);

fit0 = polyval(c,log(Q));

fit = exp(fit0);

loglog(Q, fit)

sxlabel(�Q (ft^3/s)�)

sylabel(�Q_s (tons/day)�)

stext(200, 1e5, �Q_s = 9.6x10^{-4}Q^{2.139}�)

title(�Sediment-rating curve for Elkhorn River�)

% The mean annual suspended sediment load

p = [0.05 0.3 1.0 3.25 10 20 30 40 50 60 70 80 90 96.75];

Q = [37000 15000 9000 4500 2100 1200 880 710 600 510 425 345 260 180];

dp(1) = 0.05;

for i = 2:14, dp(i) = p(i) - p(i-1); end

dp = dp./100;

dt = dp*365;

Qs = 9.6e-4.*Q.^2.139;

Qs_a = sum(Qs.*dt)

% The sediment yield per square mile is

Qs_ps = Qs_a/6900
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Reservoir Sedimentation

Problem 12.1

From the data given in Case Study 12.2 on the Molineros Reservoir Project,

(a) determine the trap efficiency and the speciÞc weight of sediment deposits after
10 years;

(b) use the ßow-duration/sediment-rating-curve method to estimate the annual
sediment load;

(c) calculate the life expectancy of the reservoir; and

(d) examine the impact of a 1,000-year ßood in the next Þve years on the life
expectancy of the reservoir.

Solution L = 45, 000m, V = 2.98 km2, Qave = 47.2 m3/s, h̄ = 100 m,
W = 600m, qave = Qave/W = 0.0787m2/s.

(a) Settling velocity:

ω (mm/s) TEave = 1− e−Lωi/qave
Sand 30 1
Silt 0.1 1
Clay 0.001 0.5

Dry speciÞc weight:

ds (mm) γmd1 κ γmd10 ∆piγmd10
Sand 0.25 93 0 93 23.25
Silt 0.65 65 5.7 70.7 45.9
Clay 0.10 30 16 46 4.6

(b) Flow-duration sediment-rating-curve method. From Figure CS12.2.1, we have

117



118 CHAPTER 12. RESERVOIR SEDIMENTATION

Time ∆p Q C Qs = 0.0864QC Qs∆p = 365Qs∆p
intervals (%) (m3/s) (mg/l) (tons/day) (metric tons/year)
0-2 0.02 1000 100,000 8.6×106 62.8×106
2-5 0.03 400 50,000 1.73×106 18.9×106
5-10 0.05 200 20,000 345,000 6.3×106
10-20 0.10 100 10,000 86,000 3.1×106
20-40 0.20 50 5,000 22,000 1.6×106
40-100 0.60 20 2,000 3,500 0.8×106P

93.5×106

(c) The life expectation of the reservoir is calculated from Eq. (12.12) to be

TR =
V γmdrP
TEi∆piQτ i

=
3× 109m31.18 tons-yaers

m3 (1× 100× 106) tons = 35.4 years

(d) From Figure CS12.2.2, the 1000 year ßood would provide a load about 8×106
tons. Given γmdr of 1.2 tons/m

3, this corresponds to a volume of V = L/γmd = 8×106
tons-m3/1.2 tons= 6.7 × 106 m3. Given the reservoir volume of 3 × 109 m3, this
corresponds to less than 1% of the storage capacity of this reservoir.




